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Near Triangularizability Implies
Triangularizability

With my best regards, dedicated to A. Jafarian,
H. Radjavi, P. Rosenthal, and A.R. Sourour

Bamdad R. Yahaghi

Abstract. In this paper we consider collections of compact operators on a real or complex Banach
space including linear operators on finite-dimensional vector spaces. We show that such a collection is
simultaneously triangularizable if and only if it is arbitrarily close to a simultaneously triangularizable
collection of compact operators. As an application of these results we obtain an invariant subspace
theorem for certain bounded operators. We further prove that in finite dimensions near reducibility
implies reducibility whenever the ground field is R or C.

1 Introduction

We start by recalling some definitions and standard notations. Throughout this pa-
per, unless otherwise stated, X stands for a separable real or complex Banach space.
As is usual, by IF we mean R or C. The terms subspace and operator or linear opera-
tor will, respectively, be used to describe a closed subspace of a Banach space X and
a bounded linear operator on X. If F is a field and V is a finite-dimensional vector
space over F, then we use L (V) to denote the set (in fact the algebra) of linear trans-
formations on V. We use B(X) to denote the set (in fact the algebra) of bounded op-
erators on X; Bo(X) is used to denote the set (in fact the ideal) of compact operators
on X. We note that if X is a finite-dimensional real or complex Banach space, then
LX) = B(X) = Bo(X), and that every linear subspace of X is necessarily closed. A
subspace M is invariant for a collection F of bounded operators (resp. linear trans-
formations) if TM C M for all T € JF; M is hyperinvariant for I ift TM C M for
all T € FUJF’ where F’ denotes the commutant of F. A collection F of operators
(resp. transformations) is called reducible if ¥ = {0} or it has a nontrivial invari-
ant subspace. This definition is slightly unconventional, but it simplifies some of the
statements in what follows. For a collection € of vectors, (€) denotes the (not neces-
sarily closed) linear manifold spanned by C. A projection or an idempotent is a bounded
operator P € B(X) (resp. linear transformation P € £(V)) satisfying P> = P. If P is
an idempotent,

Mi={xeX:Px=x}=PX, N:={x€X:Px=0} =kerP,
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then P is said to be the projection on M along N, and M and N are complementary sub-
spaces of X, i.e., M+ N = X, M NN = {0}. In case the space is an arbitrary Hilbert
space and M _L N, the the projection P is called the orthogonal projection on M along
N, or simply the orthogonal projection on M. Let P and Q be two idempotents, by
definition P < Q if PQ = P = QP, equivalently PX C QX (resp. PV C QV), or
ker P O ker Q (see Lemma 7.5.2 of [9]). Existence of invariant (resp. hyperinvari-
ant) subspaces for a collection F of transformations or operators can be expressed
in terms of idempotents as follows. By Theorem 6.4.5(i) of [9], a subspace M is in-
variant (resp. hyperinvariant) for a family J of transformations or operators iff there
exists a projection P on M such that TP = PTP forall T € J (resp. TP = PTP for
all T € FUJF'). If the underlying space X happens to be a finite-dimensional Hilbert
space (resp. normed linear space), then the projection P above can be chosen to be
orthogonal, equivalently || P|| = 1, (resp. ||P|| < v/dim X in view of Theorem 4.15 of
[1]), where || - || denotes the operator norm induced by the norm of X.

A collection JF of operators (resp. transformations) is called simultaneously trian-
gularizable or simply triangularizable if there exists a maximal chain of subspaces
of X (resp. V) each of which is invariant for F. In case the underlying space is
finite-dimensional, it is easily seen that triangularizability of a family of linear trans-
formation is equivalent to the existence of a basis for the vector space such that
all transformations in the family have upper triangular matrix representation with
respect to that basis. In other words, there exists a finite chain of idempotents P;
(i=0,...,dim"V) such that

0=Py <Py <+ < Pgimvy =1,

and that TP; = P;TP; forall T € Fandi = 1,...,dimV. If the underlying space
X happens to be a finite-dimensional real or complex Hilbert space (resp. Banach
space), we may assume that ||P;|| = 1 (resp. |P;i|| < v/dim X in view of Theorem
4.15of [1]) forall 1 < i < dim X where || - || denotes the operator norm induced by
the norm of X.

Note that a collection of (individually) triangularizable operators is not necessarily
triangularizable.

2 Near Triangularizability in Finite Dimensions

We start off with a well-known theorem due to O. Perron (See [9], Theorem 1.6.2).

Theorem 2.1 (O. Perron)  If A is the algebra of n x n upper triangular matrices on
IF, relative to a given basis, then for every e > 0 there is an invertible matrix S, =
diag(n,...,n") wheren = n(e) depends on € such that

[S.'AS. — D(A)|| < e[| A]

forall A € A and where D(A) is the diagonal matrix with the same entries as A on its
main diagonal.

Perron’s Theorem immediately implies the following:
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Corollary 2.2  Let F = {A, : o € A} be a norm bounded triangularizable family
of linear transformations on I (i.e., on R or C). Then there is a diagonalizable, thus

commutative, family {D,, : o € A} (relative to the triangularizing basis for F) such
that for every € > 0 there is an invertible transformation T, satisfying

|T- AT — Dol <,
foralla € A
Proof Triangularize J by a similarity T. Set

Do =D(T~'AaT); Te = TS ¢

+1

where M = sup{||Aq|| : @ € A}. [ |

Motivated by Theorem 1.6.4 of [9] and its proof, due to A. A. Jafarian, H. Radjavi,
P. Rosenthal, and A. R. Sourour, we were able to prove the following generalization.

Theorem 2.3  Let F be a family of linear transformations on a finite-dimensional vec-
tor space V over T with the following property: for each finite subfamily {A,, ..., A,}
of F, there is a constant K > 0 such that for every e > 0 there exists a triangularizable
family {Ty, ..., Ty}, and an invertible transformation S = S, satisfying

ITill < K, [[S71A;S = Tl <e,

for every 1 < j < m where || - || denotes any given norm on B(V). Then F is triangu-
larizable.

Proof First, we prove the assertion on C. Note that if J is a singleton, then we have
nothing to prove, so we may assume that |F| > 1. Let A be the algebra generated
by F. In view of Theorem 1.3.2 and Lemma 2.1.15 of [9], it suffices to show that the
trace of (BC — CB)" is 0 for all » € N and B,C € A. Given B,C € A, there are
A; € F, (1 <i < m), and noncommutative polynomials p and q such that

B = P(A17~~ 'aAm)v C= q(Al,"'aAm)'

Since all norms on B(V) are equivalent (for B(V) is a finite-dimensional vector space,

see [2], Theorem 3.3.1), without loss of generality, we may assume that || - || = || - ||
with respect to a fixed basis of the space. So in particular, for every T € B(V), we
have

e (D) < || T1],

where “tr” means the trace linear functional. Let K > 0 be the appropriate constant
for {Ai,...,An}. Define: h, : B(V)™ — B(V) by

hn(le" ',Xm) = (p(le ';Xm)q(Xla'-'vxm) _q(Xla' "va)P(Xl,-'-;Xm))n~
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We observe that h,, n € N, is a noncommutative polynomial in m linear transfor-
mations. It is easily seen that every such h, is a uniformly continuous function of
its arguments on any bounded set in (B(V)", || - |loo) Where [[(Xi1,...,Xu)|lcc =
max{||Xi]],..., || Xm] }. In particular, for every n > 0, there is a positive 6 with
0 < 0 < 1 such that

Hh,,(Xl,.. .,Xm) — hn(Yl,. ,Ym)” < n,

whenever | X; — Y| <, [ Xj]| <K+1, ||Yj]| < K+1foralll < j < m. Now, for
a given n > 0, find the corresponding 6 with 0 < 6§ < 1. By hypothesis, for this J,
there exists a triangularizable family {T, ..., T,,}, and an invertible transformation
S = §; satisfying

ITll < K, S48 = Tj]| < 0,

forevery 1 < j < m. Clearly,
|ST'A;S = Tj|| < 4,||ST'A;S|| < K+ 1, || T;|| < K +1,
for every 1 < j < m. It follows from uniform continuity of 4, that
|h.(STPALS, ..., ST ALS) — hy(Th, .., Tl < -

We note that tr(h, (T, ..., Ty)) = 0, for {T}, ..., T} is triangularizable. So we can
write

ltr(ha(Ar, ..., A)| = [tr(S™ hy(AL, . .., AR)S)|
= |tr(h,(ST'ALS, ..., ST1A,.9))]
= |tr(h,(ST'ALS, ..., ST A,S)) — tr(h,(Ty, ..., To))|
= [tr(h,(ST'ALS, ..., ST1ALS) — By (Ty, ..., Tw)).

Now, since [tr(T)| < ||T|| for every T € B(V), we can write
ltr(ha(Ar, .. An))| < [[Ba(ST'ALS, . ST AWS) — hu(To, .., To) || < .

Thus |tr(h,(A1,...,An))| < 7. Since n > 0 was arbitrary, it follows that
tr(h,(Ay,...,Ay)) = 0. Thatis, tr((BC — CB)") = 0 forall n € N. Thus A,
and therefore J, is triangularizable by Theorem 1.3.2 of [9].

To settle the assertion on R, fixing a basis for the space, it suffices to prove the
matrix version of the assertion. That being noted, first we claim that every A € JF is
triangularizable over R. To see this, using the hypothesis and if necessary by passing
to a subsequence, it is easily seen that for every A € JF there exists a subsequence
(Si)ien of invertible matrices and a triangularizable matrix T in My(R) (N = dim V)
such that lim; SflASi = T. Thus, lim; S;IA"Si = T" for n € N, and hence

tr(A") = lim tr(S; 'A"S;) = tr(T"),
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for all n € N. Now, by Theorem 2.1.16 of [9], the two matrices A and T share the
same characteristic polynomial. Therefore, triangularizability of A follows from that
of T, for the characteristic polynomial for T splits over R, settling the claim. Now,
to establish the assertion on R, note that the complex counterpart of the assertion
we just proved, implies that the family J is triangularizable over C. Now, since F
consists of individually triangularizable matrices over R, the triangularizability of F
over R follows from Lemma 2.2.8 of [13], as desired. [ |

Remarks 1. Using the same argument one can prove that the Near Triangularizabil-
ity Theorem above holds for families of linear transformations on a finite-dimen-
sional vector space over any topologically closed subfield of an algebraically closed
complete field F with a nontrivial absolute value. (See Chapter XII of [7] for a nice
exposition of fields with absolute values).

2. Inview of Theorem 7.6.1 of [9] and Lemma 2.5.8(iv) of [13], using an argument
almost identical to that of the preceding theorem, one can prove an analogue of the
theorem for C,, operators on complex Hilbert spaces (see [13], Theorem 3.3.3).

In the preceding theorem, if the invertible transformation S = S, can always be
chosen to be bounded by a function in K, or equivalently can be chosen to be the
identity transformation, then we can drop K and prove the following result.

Theorem 2.4 (Near Triangularizability Theorem) Let J be a family of linear trans-
formations on a finite-dimensional vector space V over F with the following property: For
each finite subfamily {A,, ..., A} of F and for every € > 0 there exists a triangulariz-
able family {T\, ..., T,} satisfying |A; — Tj|| < ¢ forevery1 < j < m where || - ||
denotes any given norm on B(V). Then F is triangularizable.

Proof Fixing a basis for the space, it suffices to prove the matrix version of the as-
sertion. Set n = dim V. Since M,,(FF) is n>-dimensional, it suffices to show that each
finite subfamily {A;, ..., A} of F is triangularizable. In doing so, it is easily seen
from the hypothesis that there exist triangularizable families { Tk, . .., Tk } (k € N)
such that A; = limy T; for all 1 < j < m. Now, since for each k € N the family
{Tx1,. .., Tkm} is triangularizable, it follows from the definition that there exists a
finite chain of orthogonal projections

0=Pyg <Py <+ <Py, =1,

such that Tk,‘ij = ijTkiij forallke N, 1 <i<m, 1< j < n. Inview of a well-
known theorem of Riesz about compactness of the unit ball of finite-dimensional
normed spaces, if necessary, by passing to convergent subsequences, we may assume
that there exists a finite chain of orthogonal projections

0=P <P <:--- <P, =1,
such that P; = limy Py;. This together with A; = limy Ty; and Ty Prj = PxjTii Py

forallk € N, 1 < i < m, 1 < j < n, obviously, shows that {A;,...,A,} is
triangularizable relative to the chain P;’s above, completing the proof. ]
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Recall that given a transformation T, a collection F of linear transformations on a

real or complex vector space V, and a norm || - || on B(V), by definition dist(F, T) =
inf{||]A — T|| : A € F}. The following result is a quick consequence of the preceding
theorem.

Corollary 2.5 Let J;,F (i € N) be nonempty families of linear transformations on a
finite-dimensional real or complex vector space V. If each family F,, (n € N) is triangu-
larizable and lim,, dist(F,,, A) = 0 for all A € F, then F is triangularizable.

Proof Theorem 2.4. [ |
We need the following lemma.

Lemma 2.6  Let A be a linear transformation on a real or complex finite-dimensional
vector space. Let (D,)qen be a sequence of simultaneously diagonalizable linear trans-
formations and (S,),en a sequence of invertible linear transformations such that
lim, ||S; 'AS, — D,|| = 0, then (D,),en is bounded.

Proof Diagonalize (D,),cn by a similarity T. Set N, = T~'D,T; S, = S,T . We
note that (N,),en is a sequence of diagonal, hence normal, linear transformations.
We can write

lim ||S,'AS! — N, || = | T7'S;'AS, T — T~'D,T||

< IT T tim ||S, *AS, — Dy =0

So lim,, ||S, ~*AS! — N,|| = 0. Now it follows from Lemma 1.6.5 of [9] that (N,,),en
is bounded. This implies that (D,,),cn is bounded. [ |

Corollary 2.7  Let J be a collection of linear transformations on a real or complex
finite-dimensional vector space V. Then the following assertions are equivalent:

(1)  The collection F is triangularizable.

(ii) There is a basis B for the space such that for each finite subset {A1,...,An} of
F, there exists a diagonalizable, hence commutative, set {Dy,..., Dy}, relative
to B, of linear transformations such that for every e > 0 there is an invertible
transformation S = S, satisfying ||ST'A;S — Dj|| < ¢, forall1 < j < m.

(iii) There is a basis B for the space such that for each finite subset {A,,..., A} of
JF and every € > 0, there exists a diagonalizable, hence commutative, set of linear
transformations {Dy, . . ., Dy, }, relative to B, and an invertible linear transforma-
tion S = S, such that ||S7'A;S — Dj|| < ¢, forall1 < j < m.

(iv) For each finite subfamily {A1, ..., A, } of F, there is a constant K > 0 such that

for every € > 0 there exists a triangularizable family {T\, ..., Ty}, and an invert-
ible transformation S = S, satisfying | Tj|| < K, [|ST'A;S — Tj|| < ¢, for every
1<j<m
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(v) There exist triangularizable families F,, (n € N) of linear transformations on 'V
such that lim, dist(F,, f) = 0forall f € F.

Proof Obviously Corollary 2.2 shows that (i) implies (ii). That (ii) implies (iii) is
obvious. That (iii) implies (iv) follows from Lemma 2.6. Taking ¢ = 1/# in (iii),
we get a diagonalizable set {D,, ..., Dy} of linear transformations, relative to B,
and an invertible linear transformation S, such that ||S;'A;S, — D,;j|| < 1/ for all
1 < j < m. Hence lim, [|S,'A;S, — Dyj|| = 0forall 1 < j < m. SoLemma 2.6
implies that {||D,;|| }sen is bounded for all 1 < j < m. Thus there exists 0 < K € R
such that ||D,;|| < K foralli € N, 1 < j < m. Now it is obvious that (iii) implies
(iv). That (iv) implies (i) is nothing but Theorem 2.3. Finally, (i) obviously implies
(v). That (v) implies (i) is a quick consequence of Corollary 2.5. [ |

In order to prove the Near Triangularizability Theorem for real Banach spaces, it
turns out that we basically need a criterion for triangularizability of an algebra of
linear transformations on real vector spaces. It is known that an algebra A of linear
transformations on a finite-dimensional vector space over C is triangularizable if and
only if AB — BA is nilpotent for all A, B € A (see Theorem 1.3.2 of [9]). It will turn
out that the criterion for triangularizability of an algebra of linear transformations
over reals is rather surprising in the sense that individual triangularizability of the
members of the algebra implies triangularizability of the algebra. As a matter of fact,
it turns out that R does not play an important role in the proof of our criterion. The
aforementioned triangularization criterion holds for algebras of linear transforma-
tions on finite-dimensional vector spaces over any field over which there exists an
irreducible polynomial of degree 2.

For a given field F and k € N with k > 1, we say that F is k-closed if every poly-
nomial of degree k over F is reducible over F. It is plain that a field F is algebraically
closed if and only if F is k-closed for all k € N with k > 1.

Recall that if V is a finite-dimensional vector space over a field F, then a linear
transformation T on 'V is triangularizable if and only if the characteristic polynomial
for T is a product of linear polynomials over F (to prove this, use the Triangular-
ization Lemma, Lemma 1.1.4 of [9], or see Theorem 6.4.5 of [4]), or equivalently
(T) C F where 5(T) denotes the spectrum of T in the algebraic closure of F. Also
recall that Burnside’s Theorem asserts that the only irreducible algebra in L(V) is
L(V) provided that the ground field is algebraically closed.

Motivated by the proof of Burnside’s Theorem due to I. Halperin and P. Rosenthal
(see Theorem 1.2.2 of [9], or [5]), we restate Burnside’s Theorem as follows.

Theorem 2.8  Let V be a finite-dimensional vector space over a field F of dimension
greater than 1. If there exists an irreducible algebra A of linear transformations with
G(A) C F, then A = L(V), and therefore F is k-closed for each k = 2,... n. In
particular, Burnside’s Theorem holds in L(V).

Proof In view of individual triangularizability of the members of the algebra A, the

proof is identical to that of Burnside’s Theorem due to I. Halperin and P. Rosenthal
(see Theorem 1.2.2 of [9], or [5]). [ |
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Theorem 2.8 implies the following. Later on, as mentioned before, we will use
part (ii) of the following theorem to prove the Near Triangularizability Theorem for
compact operators on real Banach spaces.

Theorem 2.9 (i) Let F be a field that is not 2-closed, and 'V an n-dimensional vector
space over F with n > 1. Let A be an algebra in L(V). Then A is triangularizable if
and only if every A € A is triangularizable. Conversely, let a field F be given. If every
algebra A in L(V) with 6(A) C F is triangularizable, then F is not 2-closed.

(ii) Let V be a finite-dimensional vector space over R, and let A be an algebra of
linear transformations in B(V). Then A is triangularizable if and only if every element
of A is triangularizable.

Proof (i) “=” Obvious.

“«=” The proof is just a quick consequence of Theorem 2.8 together with the Tri-
angularization Lemma (see Lemma 1.1.4 of [9]).

For the converse, fixing a basis for V, we need to prove the matrix version of the
assertion. Again we use contradiction. Suppose that F is 2-closed. This hypothesis
easily implies that the nontriangularizable algebra A := diag(M,(F), 0,—_,) has the
property that 5(A) C F. On the other hand, A must be triangularizable by hypoth-
esis, for 5(A) C F, a contradiction.

(ii) This is a quick consequence of (i) because R is not 2-closed. [ |

Remark In [10], we extend Theorems 2.8 and 2.9 to F-algebras of triangularizable
linear transformations in L(V) with spectra in F where V is a finite-dimensional
vector space over a field K, and F is a subfield of K that is not 2-closed.

We now prove a near reducibility theorem. The idea of the proof below is similar
to that of Theorem 2.4. However, we include the proof for the sake of completeness.

Theorem 2.10 (Near Reducibility Theorem) Let F be a family of linear transforma-
tions on a finite-dimensional vector space V over IF with the following property: For each
finite subfamily {Ai, ..., An} of F and for every € > 0 there exists a reducible family
{T1,..., Tn} satisfying

[4j = Tjll <e,

forevery 1 < j < m. Then F is reducible.

Proof Fixing a basis for the space, it suffices to prove the matrix version of the as-
sertion. Set n = dim V. Since M,,(F) is n*-dimensional, it suffices to show that each
finite subfamily {A;,..., A} of F is reducible. In doing so, it is easily seen from
the hypothesis that there exist reducible families { Ty, . . ., T } (k € N) of matrices
such that A; = limy Ty; for all 1 < j < m. Now from reducibility of { T4, ..., Tkm}»
we see that there exist orthogonal projections Py’s such that Ty Py = P TPk for all
k€ Nand 1 < i < m. In view of a well-known theorem of Riesz about compact-
ness of the unit ball of finite-dimensional normed spaces, if necessary, by passing to
a convergent subsequence, we may assume that there exists an orthogonal projection
P such that P = limy P;. This together with A; = limy T; and Ty Py = Py Ty; Py for
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allk € N, 1 < i < m, obviously, shows that {A},...,A,,} is reducible, completing
the proof. ]

Remarks 1. Using the argument of Theorem 3.2.12 of [13], one can prove that
the near reducibility theorem above holds for families of linear transformations on
a finite-dimensional vector space over an algebraically closed complete field F with a
nontrivial absolute value.

2. Having proved the above near reducibility theorem, one can prove an analogue
of Corollary 2.5 for reducible collections of transformations on a real or complex
vector space. More precisely, one can prove: Let V be a finite-dimensional real or
complex vector space, Fi, F (i € N) nonempty families of linear transformations on V.
If each family F,(n € N) is reducible and lim,, dist(F,,, A) = 0 for all A € F, then F is
reducible.

The following useful lemma, taken from [13], is needed for the proof of the coun-
terpart of Theorem 2.9 for algebras of compact operators on real Banach spaces. It
is worth mentioning that we are quoting the lemma below and some of its conse-
quences for reader’s convenience.

Lemma 2.11  Let X be a real or complex Banach space, 8 a semigroup in B(X), and
T a nonzero linear operator in B(X). If 8 is irreducible, then so is TS| x where R = TX
is the closure of the range of T.

Proof See [11] or Lemma 2.5.1 of [13]. |

Let X be a complex (resp. real) Banach space, and S a subset of C (resp. R). By an
S-semigroup 8§ of B(X), we mean a multiplicative semigroup of bounded operators
that is closed under scalar multiplication by the elements of S. The following lemma
is the counterpart of Lemma 7.4.5 of [9] which is due to Radjavi. We should point
out that the proof below is essentially an imitation of Radjavi’s proof.

Lemma 2.12  Let X be a real Banach space and let S be a uniformly closed R -
semigroup of compact triangularizable operators on X where R denotes the set of posi-
tive real numbers. If § contains an operator that is not quasinilpotent, then 8 contains a
nonzero finite-rank operator that is either idempotent or nilpotent.

Proof The idea of proof is identical to that of Lemma 7.4.5 of [9]. First note that by
multiplying by an appropriate sequence of positive reals, we can assume that there
isa K € § of spectral radius 1. Since o(K) € R, it follows that K has either one or
two eigenvalues of absolute value 1, namely either 1 or —1. If necessary, by repeated
application of Corollary 6.4.13 of [9], one can conclude that there are complementary
invariant subspaces N and R of K such that N is finite-dimensional, & # o(K|x) C
{-1,1},and p(K|x) < 1. From this point on, the proofis identical to that of Lemma
7.4.5 of [9] which we omit for the sake of brevity. [ |

As pointed outin [11], Turovskii’s Theorem [9, Theorem 8.1.11] and Lomonosov’s
Lemma [9, Lemma 7.3.1] hold on arbitrary real Banach spaces as well. The proofs are
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identical to those of their counterparts over complex Banach spaces. The following
lemma is needed to prove the counterpart of Theorem 2.9 (ii) for algebras of compact
operators on real Banach spaces.

Lemma 2.13  Let X be a real Banach space of dimension greater than 1, and let A be
a subalgebra of triangularizable compact operators. Then A is reducible.

Proof In view of Lemma 5 on page 1091 of [3], we may, without loss of generality,
assume that the algebra A is uniformly closed. Use contradiction. If A is a Volterra
algebra, i.e., an algebra of quasinilpotent operators, then A is triangularizable, hence
reducible, by Lomonosov’s Lemma (Lemma 7.3.1 of [9]) which is a contradiction.
So suppose that A contains an operator that is not quasinilpotent. It follows from
the preceding lemma that A then contains a nonzero finite-rank operator F that is
either idempotent or nilpotent. Since A is assumed to be irreducible, without loss of
generality, we may assume that rank(F) > 1. Let R denote the range of F, by Lemma
2.11 the algebra FA| %, on the finite-dimensional space R over R of dimension greater
than 1, is irreducible. On the other hand, by Theorem 2.9(ii) the algebra FA|x is
triangularizable, hence reducible, for 0(A) C R for all A € A. This contradiction
proves the assertion. []

The following is the infinite-dimensional counterpart of Theorem 2.9(ii).

Theorem 2.14  Let X be a real Banach space of dimension greater than 1, and let A
be a subalgebra of compact operators. Then A is triangularizable if and only if every
element of A is triangularizable.

Proof Necessity is obvious. Sufficiency is established by the Triangularization Lem-
ma [9, Lemma 7.1.11] and Theorem 2.13. [ |

Remark In [11], the preceding theorem is extended to R-algebras of compact op-
erators on a real or complex Banach space with spectra in R where R is a subring
of R.

3 Near Triangularizability in Infinite Dimensions

In this section we prove the infinite-dimensional version of near triangularizability.
Here is the Near Triangularizability Theorem for arbitrary collections of compact
operators on a real or complex Banach space.

Theorem 3.1  Let I be a family of compact operators on a real or complex Banach
space with the following property: For each finite subfamily {A,, ..., A,} of F and for
every € > 0 there exists a triangularizable family {T,, ..., T,} of compact operators
satisfying ||Aj — Tj|| <, forevery 1 < j < m. Then F is triangularizable.

Proof We first prove the assertion for the case when the underlying space is a real
Banach space. Let A be the algebra generated by F. In view of Theorem 2.14, it

https://doi.org/10.4153/CMB-2004-029-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2004-029-x

308 Bamdad R. Yahaghi

suffices to show that every element of A is triangularizable. Given A € A, there are
A; € F,(1 <i < m,m € N), and noncommutative polynomial p such that

A=plAr,... Ay,

Let K = max{||A;]| : 1 < i < m}. As we mentioned before, it is easily seen that
every such p is a uniformly continuous function of its arguments on any bounded set
in ((BEO)™ ||+ ||loo) where ||(X, ..., Xm)|loo = max{||Xi]|,- .., [|Xm|}> and where
|| - || is the operator norm on B(X). In particular, for every n > 0, there is a §,, with
0 < 6, < 1such that

1
HP(X17-"7XM) _p(Ybqu)H < ;7

whenever

X = Yill <6, IXjll <K+1, V)] <K+1

foralll < j<m.
Now, by the hypothesis for this §,,, there is a triangularizable family { T,,1, . . . , Ty }
of linear transformations satisfying

1A4j = Tujll < 0n,
for every 1 < j < m. Clearly,
[Ajl] < K+ 1, [[Tujll < K+1, [|Aj = Tojl| < 6,
for every 1 < j < m. Thus it follows from (x) that

1
||p(A177Am) _p(Tn17~-~aTnm)|| < H

Thus ||p(Ay, ..., An) — Tl < %, where T, = p(Tp, ..., Tum). Obviously, T, is
a triangularizable operator, for {T,, ..., Ty} is a triangularizable family of linear
operators. In particular, 0(T,) C R, n € N. So we have p(A,,...,A,) = lim, T,
and o(T,) C R, n € N; hence it follows from Lemma 5 on page 1091 of [3] that
o(p(Ay,...,An)) C Randthat A = p(Ay,...,A,) is triangularizable, as desired.

We now prove the assertion for the case when the underlying space is a com-
plex Banach space. As before, we note that if F is a singleton, then we have nothing
to prove, for every compact operator is triangularizable. So we may assume that
|F| > 1. Let A be the algebra generated by F. In view of Theorem 7.6.1 of [9], it
suffices to prove that each commutator BC — CB is quasinilpotent for all B and C in
A.

To do so, we will show that p(BC —CB) = 0 where “p” denotes the spectral radius.
As before, given B,C € A, there are A; € F,(1 < i < m), and noncommutative
polynomials p and g such that

B = P(A17~~ 'aAm)a C= q(Al,"'aAm)'
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As before, set K = max{||A;|| : 1 < i < m}. Define
hGxr, s xm) = pler, - xm)q(xas oo X)) — g, s Xm) P(Xs - Xin).

Since the spectral radius is continuous at h(Ay, ..., Ay,), for h(Ay, ..., A,,) is a com-
pact operator, it follows that for a given € > 0, thereisa § = J(e) > 0 such that
lp(h(Ay, ..., An)) — p(A)| < e whenever ||h(Ay, ..., A,) — Al <.

Now, for this § = §(e) > 0, there is an n with 0 < 1 < 1 such that

Hh(Xl7 s >Xm) - h(Yl7 <. 7Ym)|| < 67
whenever
1X; =Yill <n, IX;| <K +1, Y| <K +1

forall 1 < j < m. By the hypothesis, for this 0 < 1 < 1 there is a triangularizable
family {T1,..., T,x} of compact operators satisfying ||A; — T;|| < n for every 1 <
j < m. Clearly,

A < K41, [Tyl <K +1, 45— T <,
for every 1 < j < m. Thus it follows from (x) that
(A, ..., Ap) — h(Ty, ..., T)|| <.
So it follows from the continuity of spectral radius at h(A,, ..., A,,) that

Ip(h(Ar, ..., Aw)) = p(K(Th, ..., Tw))| <.

But p(h(Ty,...,Ty)) = 0, for {T),..., T,} is triangularizable. Thus we conclude
that
lo(h(Ar, ... AR))| < e,

for all ¢ > 0. Hence, p(BC — CB) = p(h(A1,...,A;)) = 0 for each commutator
BC — CB, B,C € A. Therefore, BC — CB is quasinilpotent for all B,C € A, com-
pleting the proof. u

Remark Having proved the above near triangularizability theorem, one can prove
an analogue of Corollary 2.5 for collections of compact operators on a real or com-
plex Banach space where nearness is measured by the operator norm.

4 A Reducibility Result

In this section we use the Near Triangularizability Theorem to prove a rather surpris-
ing reducibility result. Let X be a real or complex Banach space, and A,, A € B(X).
By s-lim, A, = A we mean A is the limit of A,’s in the strong operator topology on
B(X), i.e., lim, [[A,x — Ax|| = 0 for all x € X. To present our reducibility result, we
need the following two results.

https://doi.org/10.4153/CMB-2004-029-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2004-029-x

310 Bamdad R. Yahaghi

Lemma 4.1 Let X be a real or complex Banach space, A,;,A € B(X), and K,;,K €
Boo(X) (n € N). Ifs-lim, A, = A andlim, K, = K, then lim, A,K, = AK.

Proof We give the proof in three stages.
(i) If s-lim, A,, = A, thenlim, A,F = AF for all F € Byy(X).
Since F is a finite-rank operator, it follows that we can write

F= Z¢l & x;,
i=1

wherem € N, ¢; € X*, x; € X (1 < i < m), and ¢; ® x; is the rank-one operator
defined on X by ¢; @ x;(x) = ¢i(x)x;. It is easily seen that AF = Y " | ¢; ® Ax;.
Therefore, we can write

HAnF - AF”

H(An - A)F” = HSI\TP H(An - A)F()’)H
y||=1

sup || ¢i(n)(Auxi — Axi)]|.

lyl=1 =

On the other hand, since s-lim, A, = A, it follows that lim, A, x; = Ax; for each

i=1,...,m. Hence, for given € > 0, there exists N € N such that
€
HAnX,‘ —AXiH < W’

foralln > Nand 1 <i < m where M = max;<ij<u ||¢i||. So forall n > N we can
write

€ €
|A,F — AF|| < ; il (Anxi — Ax;)|| < Z;MZ’”M =5 <e
That is, lim, A,F = AF.

(ii) If s-lim, A, = A and lim,F, = K where F, € By(X) (n € N), then
lim, A, K = AK.

Since s-lim, A,, = A, it follows from the Principle of Uniform Boundedness (The-
orem II1.14.1 of [2]) that there exists M > 0 such that ||A||, ||A.]] < M for each
n € N. We have lim, F,, = K. Therefore, for a given € > 0, there exists N; > 0 such
that

Fy— K| < ———
IEn 3(M+1)’

for all n > N;. We can write

|AnK — AK|| < [|A4K — AyFy, || + [|AnFy, — AE, || + [[AFN, — AK]|
< [[Anll - [IK = En, [| + [|AnF, — AE, || + [|A]] - [|Fn, — K]
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On the other hand, (i) implies that lim,, ||A,Fy, — AFy,|| = 0. Hence there exists
N, > 0 such that
€
HAﬂFNl - AFNI H < 57

for all n > N,. Now for all n > max(N;, N,) we can write

€ € €

AK—AK| <M— +S4Mm—5 e
1A I 3M+1) 3 U3Ma1) €

That is, lim,, ||[A,K — AK|| = 0. In other words, lim,(A,K — AK) = 0 which is what
we wanted.

(iii) We now prove the general statement.

Again, in view of the Principle of Uniform Boundedness, it is easily seen that
there exists M > 0 such that ||A||, [|A.||, |K]], ||Ku|]| < M for each n € N. Since
lim, K,, = K, we conclude that for a given € > 0 there exists N; > 0 such that

€

K, —K —_—,
I < Sars D

for all n > Nj. The fact that K € By (X) along with (ii) implies that

lim [|A,K — AK]| = 0.
n

Thus, there exists N, > 0 such that [|A,K — AK|| < 5 forall n > N,. Now for all
n > max(Np, N;) we can write

14Ky — AR < JAuK, — AK]| + |4,K — AK]|

€ €
< |Aull - |IKy — K|| + [|A,)K —AK|| < M——— + = < e.
< Aul+ Ky = K|+ JAnK = AK]| < Mz Es S <
That is, lim,, ||A,K, — AK|| = 0. In other words, lim,, A,K,, = AK which is what we
wanted. [ |

The following result is needed for the proof of the main theorem of this section.

Theorem 4.2  Let X be a real or complex Banach space of dimension greater than
one, § a semigroup of operators in B(X), and B € B(X) a bounded operator with
rank(B) > 2. If 8B is triangularizable, then & has a nontrivial invariant subspace.

Proof Let A denote the algebra generated by the semigroup S. We note that A = (8).
That being noted, it suffices to prove the assertion for an algebra A of operators in
B(X). Let C be a maximal chain of subspaces each of which is invariant for AB. Let
X_ = UxzyeecY. We now distinguish two cases.

(a) X_=X.

Obviously, there exists a Yy € CwithY # X, and a yy € Y such that By, # 0.
Define M := ABy,. If M = {0}, then (By,) is a nontrivial invariant subspace for A.
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If M # {0}, then we would have 0 # M = ABy, C Y # X. So M would then be a
nontrivial invariant subspace for A.

(b) X_ # X.

Since € is maximal, it follows that X_ € Cis a closed subspace of X of codimension
one, i.e., dim % = 1. Since rank(B) > 2, we see that there exists x, € X_ such that
Bxy # 0. Again define M := ABx,. If M = {0}, then (Bxo) is a nontrivial invariant
subspace for A. If M # {0}, then we would have 0 # M = ABxy C X_ # X. SoM
would then be a nontrivial invariant subspace for A. [ ]

Remarks 1. In the preceding theorem, if the triangularizing chain, say C, for SB
happens to have the property that X_ = X, e.g., any continuous chain, then, by
case (a) of the proof above, the assertion holds under the weaker hypothesis that B is
nonzero.

2. By adjusting case (b) of the proof above, it is easily seen that the preceding
theorem holds on finite-dimensional vector spaces over general fields. It is worth
noting that in the preceding theorem the hypothesis that rank(B) > 2 cannot be
weakened. To see this, let F be a field and n > 1. Note that M,,(F) is irreducible
whereas M,,(F)E is triangularizable where E is any rank-one matrix in M, (F). Also
note that B(X) is irreducible but B(X)T is triangularizable where T is any rank-one
operator on X. This, in view of the preceding remark, shows that if T is a rank-
one operator, then any triangularizing chain, say C, for B(X)T is not continuous at
X eCie, X #X.

3. It is not difficult to see that in the preceding theorem if the operator B hap-
pens to be 1-1, then reducibility of 8B implies that of 8. (See the remarks following
Theorem 2.3 of [12].)

Here is the main theorem of this section.

Theorem 4.3  Let X be a real or complex Banach space, Ay, A € B(X), and K,,K €
Boo(X) (n € N) with rank(K) > 2. If s-lim, A, = A, lim, K, = K, and {A,,K,,} is
triangularizable for each n € N, then A has a nontrivial invariant subspace.

Proof Let & denote the semigroup generated by A. In light of Theorem 4.2, it suf-
fices to show that SK is triangularizable. That is, we need to show that the collec-
tion {A’K}%°, is triangularizable. In view of Theorem 3.1, it suffices to show that
{A'K}°, satisfies the hypotheses of Theorem 3.1. Suppose that a finite subfamily
{A™K, ..., A™K} is given. Since s-lim; A; = A, it easily follows that s-lim; A}’ = A"
for each j = 1,...,m. Now, since lim; K; = K, we see from Lemma 4.1 that
lim; A]’K; = A"K for each j = 1,...,m. Since {A;, K;} is triangularizable, it fol-
lows that so is {A"K;, ..., A" K;} for each i € N. Since lim; A}’K; = A"K for each

j = 1,...,m, we conclude that for i large enough |AYK; — A"K|| < e, for each
j = 1,...,m. Therefore, the collection {A’K}?°, is triangularizable, finishing the
proof. ]

Corollary 4.4 (i) Let X be a real or complex Banach space, A,;, A € B(X), and K €
Boo(X) (n € N) with rank(K) > 2. If s-lim,, A, = A, and {A,,, K} is triangularizable
for each n € N, then A has a nontrivial invariant subspace.
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(ii) Let H be a real or complex Hilbert space, («;)ien be an orthonormal basis for I,
and A, A € B(H). Ifs-lim, A, = A, and for each n € N there exists a permutation
my, on N such that (o, i))ien is a triangularizing basis for A,, then A has a nontrivial
invariant subspace.

Proof (i) This is a special case of Theorem 4.3 when K,, = K forall n € N.
(ii) Let K be the compact (and in fact normal) operator defined by diag(1/ D

relative to the orthonormal basis («;);cn for the space H. Note that K € Boo(H), for

Boo(H) = Bo(H). The hypothesis implies that {A,, K} is triangularizable for each
n € N. So (i) applies. ]
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