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THE 2-SYLOW-SUBGROUP OF
THE TAME KERNEL OF NUMBER FIELDS

BORIS BRAUCKMANN

0. Introduction. For a number field F with ring of integers O the tame symbols
yield a surjective homomorphism A: K»(F) — L, K 1(0F/ p) with a finite kernel, which
is called the tame kernel, isomorphic to K>(Or). For the relative quadratic extension
E/ F, where E = F(y/—1) and E # F, let C5(E/ F)(2) denote the 2-Sylow-subgroup of
the relative S-class-group of E over F, where S consists of all infinite and dyadic primes
of F, and let m be the number of dyadic primes of F, which decompose in E. Then the
following formula holds (cf. [9],[15]):

4-rank(K2(Or)) = m +2- rank(Cs(E/ R/ im(ZC‘g(F))),

where ,CS(F) consists of all elements of order < 2 in the S-class-group of F. For an
odd prime p Coastes (cf. [6], [7]) has shown that the Main Conjecture in Iwasawa-theory
implies the p-primary part of the Birch-Tate Conjecture (cf. [1], [20]). For the prime 2
Federer (cf. [10]) has given an analogous Main Conjecture and Kolster (cf. [17]) has
shown that this conjecture implies the 2-primary part of the Birch-Tate Conjecture using
his results about the 2-Sylow-subgroup of K»(Or)(cf. [16]).

By the work of Wiles (cf. [21]) the Main Conjecture for odd primes has been proved
but Federer’s analog is still open. The major aim of this paper is to determine all
real quadratic number fields for which the 2-Sylow-subgroup of K»(OF) is elementary
abelian. According to Kolster (cf. [15]) the Birch-Tate Conjecture is valid for all these
fields. In the course of this paper we also obtain similar results about imaginary quadrat-
ic and real biquadratic number fields (Theorem 2.8 and 2.11) and construct a family of
number fields for which the Birch-Tate Conjecture is valid but the 2-Sylow-subgroup of
the tame kernel is not elementary abelian (Theorem 3.1).

Throughout we fix the following notations:

For a (finite) commutative group A

A(p) p-Sylow-subgroup of A
pA(AP) kernel (resp. image) of multiplication by p
pr-1k(A) pr-rank of A, i.e., the number of cyclic

components of A, whose order is divisible by p*
For a number field F
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Y(F) the set of all primes of F

SrorS a finite subset of Y (F) containing the
infinite primes

Fy completion of F atp € Y(F)

Or ( resp. OF) the ring of integers (resp. S-integers) of F

Ur ( resp. U,S,) units (resp. S-units) of F

Jr (resp. .li) idelgroup (resp. S-idelgroup) of F

C(F) (resp. C5(F)) class-group (resp. S-class-group) of F

h(F) ( resp. h5(F)) order of C(F) (resp. C5(F))

w(F) group of roots of unity in F

For a natural number n

n(p) p-primary part of n, i.e., the highest
power of p dividing n

G primitive n-th root of unity

1. S-class numbers. LetFE / F be a cyclic extension of number fields, Sr be a finite
set of primes containing the infinite primes and Sg := {P € Y(E) : B | pand p € S¢}.
If there is no confusion we write S instead of Sg resp. Sg. For an arbitrary number field
K, let Hf( be the Hilbert S-class field, i.e., the maximal abelian, unramified extension
of K, in which all finite primes of S are totally decomposed. Furthermore we define

ER:?/F:: {y€ F*:yisalocal norm at E/ F for all p ¢ S}.

LEMMA 1.1.  Let S contain all ramified primes in E/ F and (o) = Gal(E/ F). Then

. Ng/r
1 — Ker Ny, p — Jg [JSE* =55 Jp JJ3F* — Gal(Hy N E/ F) — 1

and
1 — JY O JSE" JSE" — Ker Ny p 2 R, [Ny W EOUS — 1

are exact sequences, where Vg (A JRE*): = yNg; (E)Up with Ngy o) = B -y, B €
J3.
PROOF.  All we have to show is that ¢/ ¢ is surjective.

Fory € ERg/F we define 3 = (3,) € J; as follows:

Ifp €SthenB, =y .

Ifp SthenB, =1
The idel 3 - y is locally everywhere a norm, hence there exists an idel a € Jg such that
Ngjp(a) = -y. n

Next we assume that E/ F is a cyclic extension of prime degree p. For this, let kff /F

be the sum of the number of primes of F that ramify in £/ F and the number of primes

in § that are inert in E/ F and define ry, /F a8 follows:

"E/F: = p- rk(ker(Uf-/(Uf_)P N FX/NE/F(E")))
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LEMMA 1.2.  For S as above, letS':= {p € S : p is ramified or inert in E| F}.

(i) Ifk}, = Othen N3, . = Ny EY) and if k. > O,

l— %g/F/NE/F(Ex) X 11 GalEp / Fp) 2 Gal(E/ F) — 1
pes'

is an exact sequence, where X is the global norm residue symbol and ¢ ((Up )p eS’)

= H Up .
(ii) Now we assume that S contains all ramified primes in E/ F and kg /F > 0. Then
the following holds:

ry e+ IS8T —1Sel =1 if¢ € u(F)
} ms DTS ) — E/F
P rk( E/F/NE/I'{E )UF) {%/F+|S’| — | SF] G & uFp)

PROOF. For (i) use global class field theory, (ii) is then a trivial consequence of (i)
and the unit theorem. n

Now let M be an arbitrary number field and L = M(/=1) be a quadratic exten-
sion; choose d # —1 mod M* such that F = M(/d) and K = M(\/—_d) are quadrat-
ic extensions. Let £ = M(\/——_l R \/?1) and S be the set of infinite and dyadic primes,
(o) = Gal(E/ F) and (1) = Gal(E/ K). We assume that

(a) K5(M) is odd and (b) K5(L) is odd .

Then the commutatives diagrams

NE/F NE/I(

Jg — Jr Jg — Jk
7 T resp. 1 i
NK/M NF/M
Jx — Ju Jr — Iu

where the horizontal arrows are the canonical injections, and the assumption (a) implies

JxJRE" | JEE¥(2) C Ker N/ p(2)
resp. JrJSE* | JZE*(2) C Ker Ng; x(2)

Now let o € Jg then we have the following formulas

a-o(a) ! = (a -T(a)) . (T(oz)“1 -Ta(r(a)_'))
resp. a-m(a) = (a -a(a))- (U(a)"1 -oT (a(a)_l)>
So the assumption (b) implies

JEOJSET | JREX(2) C JKJSE* | JRE (2)
resp. JETISEY | JSEN(2) C JRJSE" | JEE (2)
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In particular, if Ng; g( resp. Ng; r) is surjective we see that the following identity holds:
JEOBSE] JSEX(2) = JJSE| JSE*(2)
resp. JETIRE | REN(2) = JRJRE" | JEE ()
COROLLARY 1.3. For M = Q and d € N square-free we have:
(i) W5(E) = | Ker(C5(F) — CS(B))| ™! - | Gal(Hy N E/ K)| " - hS(F) - hS(K)
(ii) h(E) = | Ker(CS(K) — CS(B))| 127115 (b hS(K), if d # 1 mod 8.
s s AT
(iii) ‘Ker(CS(K) — CS(E))l = |Ker(C (H—C (E))| 2 ford# 1 (8)
[Ker(CS(F) — C5(B))| ford=—1 (8)

PROOF.
(),(ii)) Using Lemma 1.1, 1.2 and the remark above we get the claim. Note that for
d # 1 mod 8 the norm map N/ x is not surjective.
(iii) This is only a trivial consequence of (i) and (ii). [

COROLLARY 1.4. Let a,d € N be square-free and relatively prime, M = Q( /a).
With the notations as above the formula

K (EX2) = | Gal(Hy N E/ K)| ™' - B(F)(2) - *(K)(2)

holds in the cases:
(i) @a=2o0ra=2p,p=43 8)andd #7 (8)

(ii) a=p=3 8)andd #5,7 (8)

(iii) a=p=5 8 andd # 3,7 (8)

PROOF. See Corollary 1.3. n

Now let E/ F be a quadratic extension and assume that the S-class number h5(F) of
F is odd, which implies ki /F > 0. Then the exact hexagon discussed by Conner and
Hurrelbrink (cf. [8]) enables us to obtain a 2-rank formula for the S-class-group CS(E)
of E.

LEMMA 1.5. Notations as above.

2-tk(CB)) = ryy p+ kg = |SE| — 1.

PROOF. By [8, Lemma 9.1] we have the following exact sequence
T 2
1 —kerm — Up/(Up* 5 RYE[ F) — CS(E) [ (C(B))” — 1,
where RY(E/ F) is an elementary abelian 2-group with
2-tk(RY(E/ F)) = k3 — 1 and 2-rk(ker ) = r},

[cf. 8, Lemma 1.4.]. n

At this point we would like to remark that it is also possible to obtain a 4-rank formula
for C5(E), and that this formula is analogous to the one discussed by Redei and Reichardt
for the class-group in the narrow sense [cf. 2], [cf. 19].
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COROLLARY 1.6. Let E = Q(+v/d) withd # 1 square-free, S be the set of infinite
and dyadic primes and let t denote the number of odd prime factors of d and r: = rs.

E/Q
r+t+1—|Sg| ifd>0
(i) 2-1k(C5(B)) = {r+t—1 ifd<0,d#1 (8)
r+t—2 ifd<0,d=1 (8)
o raten)- [T, 120

PROOF. (i) is only a special case of Lemma 1.5 and (ii) is then a consequence of [15,
Lemma 1.4], see also [4, Theorem 1]. m

2. The 2-Sylow-subgroup of the tame kernel.

2.1.  Quadratic number fields. Let E = Q(v/d,v/—1),F = Q(v/d) and K = Q(v/—d)
with d > 1 square-free. By S we denote the set of infinite and dyadic primes and by ¢ the
number of odd prime factors of d.

THEOREM 2.1.  The following assertions are equivalent:
(i) K2(OF)(2) is elementary abelian.

(ii) CS(K)(2) is elementary abelian and r‘;/o —1= r;(/Q.

(iii) C5(K)(2) is elementary abelian and for alld'|d : d' # 7 (8).

PROOF. (i)4>(ii): By [15, Theorem 3.1] and Corollary 1.3 the 2-Sylow-subgroup of
the tame kernel is elementary abelian if and only if d Z 7 (8) and the following formula
is valid: B5(K)(2) = | Gal(HyN E/ K| -22-%(C®)_Using Corollary 1.6 we get the claim.

(1)< (iii): trivial. ]

COROLLARY 2.2. Ifp = 13 (8) is a prime factor of d, the K»(OF)(2) is elementary
abelian if and only if C(K)(2) is elementary abelian and for alld’ | d : d' £ 7 (8).

COROLLARY 2.3. Assume that all odd prime factors of d are congruent to 1 mod 8.

(i) d = p : K2(Op)(2) is elementary abelian iff p # x* + 32y* forall x,y € 7.

(ii) d = 2p : Ky(OF)(2) is elementary abelian iff either p # x> +32y* andp = 1 (16)

orp=x>+32y*andp =9 (16).
(iii) d=p-q p-q=2v* —u® withu,v € N
K>(OF)(2) is elementary abelian (ﬁ(g) = —1and (E)(K) = —1.
q P’ q

(iv) d=2p-q p-q=2v*—u*withu,v € N:

K>(OF)(2) is elementary abelian iff (E) =—1
q

vyevy [ ifpg=1 (16)
and (L)) = {—1 ifpg=9 (16)

Here (-) denotes the Legendre-symbol.

PROOF. By Theorem 2.1 K»(Or)(2) is elementary abelian iff A(K) = 2™*!. So the
corollary is a trivial consequence of [5], [12], [13], [18]. .
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COROLLARY 2.4. Each of the following two assertions implies, that K;(Op)(2) is not
elementary abelian:
(i) Let d = 2d' and let the number of prime factors p = 3 (8) of &’ be even and
greater than zero.
(ii) Letd =1 (8) and p =5 (8) a prime factor of d.

PROOF. Assume that K>(OFr)(2) is elementary abelian. We then get by Corollary 2.2:
C(K)(2) is elementary abelian and forallm | d : m # 7 (8).

But this is impossible, since @ = (—8,d’) resp. @ = (—4,d) are of the second kind (cf.
[19)). n

COROLLARY 2.5. Let d < 100, then K;(OF)(2) is elementary abelian if and only if

de{2,35,6,10,11,13,17,19,22,26,29, 33, 34,37,38,43,
51,53,58,59,61,67,73,74, 82, 83, 85,86,89,97 } .

COROLLARY 2.6.  The 2-Sylow-subgroup of the tame kernel of real quadratic number
fields can be elementary abelian of arbitrary rank.

PROOF. Let di: = 2p; with a prime p; = 5 (8). If d, is defined, then we choose a
prime p,y wWith py;p = 5 (8) and ppy; = —1 (p) for 1 < i < n and define d,.: =
d, - pps1. Let K, = Q(+/—d,) and F,, = Q(+4/d,), by induction the 2-Sylow-subgroup of
the class-group of K, is elementary abelian (cf. [11]) and we deduce from Corollary 2.2
that K»(OF,)(2) is elementary abelian of rank n + 1. u

REMARK 2.7.
(i) For F = Q(+/d) the tame kernel is generated by Steinberg-symbols if and only
ifd=2,d=50rd = 13.
(ii) For a suitable choice of d the tame kernel of F = Q (+/d) contains an element of
order 2%, where k is an arbitrary natural number.

PROOF. cf. [3], [4]. =

THEOREM 2.8. The following assertions are equivalent:
(i) Kr(Ok)(2) is elementary abelian.
(ii) d # 1 (8), C5(F) is elementary abelian and rs

E/F+r;/0 = rf(/o +2ford #
+1 (8).

PROOF. We conclude from [9]:
K(Ok)(2) is elementary abelian iff d # 1 (8) and Ker(CS(E)(2) — C5(F)(2)) is
equal to im(,CS(K) — C5(E)).
CASE (A). d # +1 (8) It is well known that for d # —1 (8) the homomorphism
C5(F) — C5(E) is injective (cf. [15]), hence we get by Corollary 1.3 and Lemma 1.5:
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K»(Ok)(2) is elementary abelian iff C5(F)(2) is elementary abelian and rg Jpt

TEja =Tkjo +2-
CASE (B). d= —1 (8). Clearly r;/Q = r,g(/o. By Corollary 1.3 we have:

[Ker(C5(K) — CS(B))| = |Ker(CS(F) — C5(B))),
hence K,(Ok)(2) is elementary abelian iff A5 (F)(2) = 22 with r: = r3. Ja-ie. CS(F)(2)
is elementary abelian. [

COROLLARY 2.9. Letd =13 (8), then K>(Ok)(2) is elementary abelian if and only
if C*(F)(2) is elementary abelian, where C*(F) denotes the class-group of F in the narrow
sense.

PROOF. All we have to show is:
C5(F)(2) is elementary abelian and
r Jp+ r Jo = ry /a +2iff C*(F)(2) is elementary abelian.

CASE(A). d =5 (8), then C3(F) = C(F). Let e be the fundamental unit of F. If

(%)

Np/q(e) = —1, then C*(F) = C(F) and rf;/F = rf,/Q =1, rlg(/Q = 0, hence (*) is
valid.

Now let Ng/q(eo) = +1. Hence we get r; P = 2. If C*(F)(2) is elementary abelian,
so is C(F)(2) and —1 ¢ N/ o(F") (cf. [11]), which implies r. o= r /q- Conversely, if
C(F)(2) is elementary abelian and r;, o = ry /- then we get r Q= r /o = 0. which

implies that C*(F)(2) is elementary abelian.

CASE(B). d =3 (8), then 4-rk(C*(F)) = 4-1k(C(f)) (cf. [11]). Let (2) - O = p?
and Us = (—1,,ey), where again e is the fundamental unit of F. If p is a principal
ideal, i.e., p = (er) and Np/q(a) = —2, then we get ’i/r = r;/o =1, rf(/Q =0
and C5(F) = C(F), hence (*) is valid. If p is not a principal ideal, then clearly Us =

(—1,2(ie0) andrfs/F = 2. Furthermore, r;/Q = "Ig(/o iffrf,/Q = rf(/o = 0, so again (*)
is valid.

COROLLARY 2.10. Letd # 1 (8) and d < 200; K»(Ok)(2) is elementary abelian if
and only if d # 34 or d # 194.

2.2. Real biquadratic number fields. Let E = Q(V/d,/a,v/—1), F = Q(/d, /a),
K = Q(+/—d, /a) and M = Q(y/a) with a,d € N such that the assumptions of Corol-
lary 1.4 are valid; furthermore let S be the set of infinite and dyadic primes.

THEOREM 2.11.  The following assertions are equivalent:
(i) K2(OF)(2) is elementary abelian.

(ii) CA(K)2) is elementary abelian and ry;\, = 13,/ \,

-2
PROOF. For all choices of a,d € N we have 1 > r,g(/M > rSF/M—2. By [15, Theorem
3.1], Corollary 1.4 and Lemma 1.5 we get:

r;‘/M_6.

K»(Op)(2) is elementary abelian iff /5(K)(2) = phm

Using Lemma 1.5 again we get the claim. n
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COROLLARY 2.12. Letd = 7 (8) and d' | d, then Ky(Of)(2) is not elementary
abelian.

PROOF. We assume that K;(OF)(2) is elementary abelian. In particular, this implies:
() Tkym = Tr/m 2

CASE(A). a = pora = 2-p with aprime p =5 (8). In this case we have U}, =
(—1,2,ep), where ey is the fundamental unit of M and Ny g (e0) = —1. If eg or —ey is
anorm at F/ M, the —1 is a norm at Q(+/d)/ Q, which is impossible since &' = 7 (8).
If 2 is anorm at F/ M, then 2 is a norm at K/ M. This implies together with (*), that +e,
is a norm at F/ M. Therefore we get £2 - ¢y is a norm at F/ M, but then again —1 is a
norm at Q(v/d)/ Q, which gives the desired contradiction.

CASE(B). a=pora=2-pora =2 withaprime p =3 (8). Analogous to Case
(A). .

EXAMPLES 2.13.  The 2-Sylow-subgroup of K»(OF) is elementary abelian for:
(i) a=p=3 (8)andd=q=3 (8).

(i) a=p=3 (8)andd=2-qwithq=3 (8)and (1) = —1.

(iii) a=p=5 (8)andd =2 - qwithq=5 (8) and () = —1.

Here p and ¢ are, as always, primes and (-) denotes the Legendre-symbol.

PROOF.
(i) Since H3(E) is odd the claim is trivial.
(ii) According to Theorem 2.11 we have to show
(a) C5(K)(2) is elementary abelian
(b) rlg(/M = ";/M -2
Using the class-number formula for biquadratic number fields (cf. [14]) we get:

KK)2)=1/2-hK)Q2)=1/2-1/2" h(Q(\/—2q))(2) . h(@(\/—qu))(Z) =2
So (A) is valid and by Lemma 1.5 it follows that r,g( /M is equal to 1. This yields ey €
Np/m(F*), where ¢ is the fundamental unit of M. Now let Uj, = (—1,a,ep) with
(2) - Oy = (a)? and Nyjq(a) = —2. By reciprocity o is a norm at F/M if and
only if +a is a local norm at the dyadic prime, but this is trival since Ny, q,(ta) €
NQZ(\/qu)/ QZ(QZ(\/E)"). So we get ri‘/M = 3, hence (b) is valid.

(iii) Analogous to (ii). n

3. The 2-primary part of the Birch-Tate Conjecture. According to Kolster (cf.
[15]) the 2-primary part of the Birch-Tate Conjecture for the totally real number field F
is valid if the 2-Sylow-subgroup of the tame kernel is elementary abelian. For quadratic
and several biquadratic number fields F, we can decide whether the 2-Sylow-subgroup
of K»(OF) is elementary abelian or not, cf. Theorem 2.1. and 2.11. Now we construct a
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family of number fields, for which K>(OF)(2) is not elementary abelian but the 2-primary
part of the Birch-Tate Conjecture is valid.

For this let M = Q(v/2), F = Q(2, V/p) and K = Q(W2, 4/P) with a prime
p = 1 (8). Theorem 2.11 implies that K>(OF)(2) is not elementary abelian and by

[15, Theorem 3.4] the Birch-Tate Conjecture is valid if #5(K)(2) = 2r;/M. By Lem-

ma 1.5 we get r;/M > 2 and if we choose p such that h(Q(\/:?)) = 4 (8), then

1++/2 4 Ny m(FY)(ct. [8]), ie., r;/M = 2. Using the class-number formula for bi-
quadratic number fields we get:

HK)Q2) = h(Q(/~2p))2).
If furthermore p = 1 (16) then A5(K)(2) is equal to 22; so we have proved the following.

THEOREM 3.1. Let F = Q(v/2, \/P) and p be a prime satisfying the following con-
dition:
p=1 (16)andp # x> + 32y’ forallx,y € Z

Then the Birch-Tate Conjecture is valid and the 2-Sylow-subgroup of K,(OF) is not ele-
mentary abelian.
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