A NOTE ON A RESULT OF MAHLER'’S

INDAR S. LUTHAR
(Received 4 November 1965)

In a recent paper, Mahler [2] proved that for any algebraic number
field K of degree # and discriminant d there exists a constant C depending
only on # and 4 such that for any ceiling A(p) of K there exists a basis
®,, * * *, &, of the corresponding ideal a, such that

C--12(q) < laplg=< CA(g) for all g,
CrA(r) < |aple = Alr) for all 1;
(k=1,2,---, n).

Moreover, if p; denotes the rational prime below t, then
lokle = A(r)

for all ¢ for which p, > C""

For notations and definitions we refer the reader to the above-mentioned
paper of Mahler.

The object of this note is to prove the same result with a constant C,
which differs from Mahler’s constant by a factor which approaches zero
exponentially as # approaches infinity. We remark that for small », Mahler’s
constant is better than ours.

Let 8,, - - -, B, be a basis of a, and let

F(z) = Flzy, - -+, 2n) = 2 4(0) M Bray+ « * * +Baalg.
q

Then F(z) is a symmetric convex distance function and the volume ¥ of the
convex body
Fiz)=1

is given by the formula:
_ 2nnr,
onllval’

We now use a theorem of Mahler [1] and Hermann Weyl [3] to obtain a
unimodular matrix (g,;) such that
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il Vn
IT Flgn - - - &hn) = v
A=l

where y,, is a certain constant depending only on #. If we write

(1) { a, = gubr+  +&inbn
xy = gn1ﬂ1+ Tt +g1mﬂn
and
(2) my = F(gn, "\ &an) = 2 A(Q)_ll“hiq
q
then «,, - - -, «,, is a basis of a, and
®3) I my <y V-t =nly, 2777 "4 /d|.

h=1

By the inequality on arithmetic and geometric means we get

1 1
—my = = 3 A(Q)Haly = (477 TT 2(0)@ - IN () ]
n n q q

1.e.,

N(a) N ()] < 47 (”-;—)

Since «, € a,, therefore N(a,) =< [N{(«,)| and the above inequality gives
(4) my, =n - 418",
Using (2), (3), and (4) we obtain
™
lanlg < A(q)ms = A(q) E’"‘ < i@q)C

t#£h

. with
C = nly ni-rg—ng (nt@nm) /4|,

The remaining assertions of Mahler’s theorem with this C now follow
from his lemmas 1 and 2.

We remark finally that the ratio of Mahler’s constant to the constant
obtained here is

2Oyt (2 41) lval

,\/ ’ 4 41 e in
~ r8/n g — — ,
nly nl=ra=ra2=trk2rd/m | /4| 24/2 (n) (2)
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