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Abstract

Let X be a set and o be a positive function on X. We introduce and study a locally convex topology
B1(=, o) on the space 21(T, o) such that the strong dual of Nz, o), ﬂl(E, o)) can be identified
with the Banach space (co(2, 1/0), || - |co.0). We also show that, except for the case where X is finite,
there are infinitely many such locally convex topologies on £! (X, o). Finally, we investigate some other
properties of the locally convex space (£!(Z, ), B1(Z, o)), and as an application, we answer partially
a question raised by A. I. Singh ['L§°(G)* as the second dual of the group algebra L'(G) with a locally
convex topology’, Michigan Math. J. 46 (1999), 143-150].
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1. Introduction

Throughout this paper, let ¥ be an arbitrary set and o be a positive function on X.
We denote by £!(Z, o) the space of all complex-valued functions ¢ on £ such that
o € £'(%), the usual Lebesgue space of the discrete space . Then £!(X, o) with
the norm || - ||1,, defined by

lellto = lloelh

is a Banach space. For each x € X, we denote by §, the function defined on ¥ by
8, (t) =1 for t = x and 8, () = 0 otherwise. Also, let £>°(X, 1/0) denote the space
of all complex-valued functions f on ¥ with f/o € £°(X), the space of all bounded
functions on X. Then £*°(X, 1/0) with the norm || - ||s0,s defined by

I flloo.c = I1f/0lloo

is a Banach space. Moreover, £>°(Z, 1/0) is the dual of £! (X, o) by the pairing

O 0) =Y F@e@) (f €l®(Z, 1/0), ¢ €' (T, 0)).
xey
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Denote by c¢o(X, 1/0) the subspace of £°°(Z, 1/0) consisting of all functions f on &
with f/o € co(X), the space of all functions on X vanishing at infinity, and note that
¢1(Z, o) is the dual of ¢(Z, 1/0) under the above duality.

The study of the strict topology on C(X), the space of continuous functions on the
topological space X, began with Buck’s work in [1]. There is an extensive literature
on this subject; see, for example, [10, 11]. Also, for such a study in another context,
see [4, 14, 16], for example. For a generalization of the strict topology and/or strict
topology in a more general setting, see, for example, [2, 7].

In this paper, we introduce and study a locally convex topology B!(Z, o) on
¢Y(=, o) such that ¢o(Z, 1/0) can be identified with the strong dual of (=, o).
We then show that, except for the trivial case where X is finite, there are infinitely
many such locally convex topologies T on £!(X, ), and hence co(Z, 1/0) can be
considered as the strong dual of £! (2, o). We study, among other things, some locally
convex space properties of the space (¢!(Z, o), B1(Z, o)). Finally, we give a partial
answer to a question raised by Singh in [12].

2. A locally convex topology on £!(XZ, o)

Let ¥ be a set and 0 : ¥ — (0, o0). The set of increasing sequences of finite
subsets of X is denoted by F and the set of increasing sequences (r,) of real numbers
in (0, oo) with r, — oo by R. For any (F},,) € F and (r,) € R, set

U, () =g e €S, 0): Y lplo(x) <1y foralln = 1,

xeky

and note that U ((F,), (r,)) is a convex balanced absorbing set in the space (=, o).
It is easy to see that the family I/ of all sets U ((F},), (r,,)), for (F,) € F and (r,,) € R,
is a base of neighbourhoods of zero for a locally convex topology on £'(Z, o); see,
for example, [13, Theorem 1.18]. We denote this topology by B!(X, o) and call it
the strict topology on £!(Z, ). Note that the strict topology can be generated by the
family {Py : U € U} of seminorms on (=, o), where

Pute)i=sup fr;t Y lp@lo () in =1}

xeF,

for all ¢ € N2, o) and U := U((F,), (r,)) € U. We denote the norm topology on
(2, o) by n(Z, 0); note that 81(Z, o) <n(T, o).

PROPOSITION 2.1. Let ¥ be an infinite set and o be a positive function on X. Then
a subset of L1 (X, o) is n(X, o)-bounded if and only if it is B (X, 0)-bounded.

PROOF. Let B be a ,31(2, o)-bounded set in £!(Z, o), and suppose that B is not
n(X, o)-bounded. Then there is a sequence (¢,) € B such that ||¢,|/1,c > n for all
n > 1. For each n > 1, choose a finite set F, in X such that

> lgn@)lo(x) = n

xeF,
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and note that (F},) € F. Let (r,,) be a sequence in R with r,% > n. Since B is 81(Z, 0)-
bounded, there is a constant s > O such that

B C sU((Fu), (rn))
for all n > 1. We therefore have

n< Y lgn()o(x) < rs

xeF,
which is a contradiction. The converse is clear. a

We denote by 7,(%, o) the strong topology on Lz, o), ,31(2, 0))*; that is, the
topology of uniform convergence on bounded subsets of £! (X, o) with respect to the
weak topology o(LN(Z, 0), (T, 0), BY(Z, 0))*). We also denote the topology
given on (¢! (2, ), B (Z, 0))* by the norm

11l = sup{lf ()| : ¢ € £'(Z, 0), @10 =1},

by 7,(¥, o). An immediate consequence of Proposition 2.1 is that on (=, o),
,31 (X, 0))* the strong topology 7, (X, o) coincides with the topology 7,(XZ, o).

PROPOSITION 2.2. Let ¥ be a set and o be a positive function on . On L' (2, o) the
norm topology n(X, o) coincides with the strict topology B (X, o) if and only if T is
finite.

PRrROOF. Consider the set
U:i={pet'(Z,0): ¢l <1}

and note that U is n(X, o)-open, and thus ﬂl(E, o)-open. It follows that there is a
sequence ((Fy), (ry)) in F x R such that U ((F,), (r,)) € U. Suppose that X is not
finite, so we can choose ng such that r,, > 1 and x,, € X \ F,. Let

Q= o*(xno)_l&cno.

We then have ¢ € U((F,), (r,)), but o ¢ U. O

3. Dual of £1(X, o) with the strict topology
We commence this section with the following key result.

THEOREM 3.1. Let ¥ be a set and o be a positive function on X. Let T be a
locally convex topology on (2, o) with 0o(2, 0) <t < BYZ, o). Then the dual
of (L1(Z, o), T) endowed with the strong topology can be identified with co(Z, 1/0)
endowed with || - || 00,0 -topology.

PROOF. It is sufficient to prove the theorem for the case T = ,81(2, o). To this end
we first show that

0(co(Z, 1/0)) € (L1 (Z, o), B1(Z, o))*.
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Let f bein cg(X, 1/0) and € > 0 be given. Choose an element ((F}), (r;)) of F X R
with r, —> o0 and r; > 2 such that

IfOl <ero(x) (n=1)
for x € ¥ \ F,,. We show that

O(f), ) =& forallp € U((Fy), (rn))

from which it follows that 6(f) € (¢! (2, o), B'(Z, o))*.
To this end, let ¢ € U((F,), (r,)), and set Fop = and rg = 2. Since f(x) =0 for
allx € £\ U2, Fy, it follows from

o0

U U n+l\Fn)

n=2

that

O 0)l = | Y s

xeX

< Y IfWlew)

xelUy, F

<Z( > I @lie)l)

n=0 xe€kF,41\Fy
SZern‘z( > lpwlow).
n=0 X€F,11\Fy

On the other hand,

i r,,_Z( Z |<P(x)|o(x)) = i:(rn_2 _ rﬂ’ﬁ)( Z |(p(x)|a(x)>

n=0 x€Fui1\Fy n=0 x€Fu1\Fi
-2
+r Y le@lek)

XEFWH»I\FI

=20 =o' (X lele)
n=0

XEFy 41

+rai Y. le@lox)

x€Fm41

m
-1
= Zz(rn n-‘rl) +rm+1
n=0

Thus,
OCf). @) <e@ry’ —ri)) <e.
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This shows that
0(f) € (1=, 0), (T, o)™
Now, let H be a B!(Z, o)-continuous functional on £!(X, o). Then there is an
element ((F,), (r,)) in F x R such that
I{H, p)| <1 forall g € U((Fpn), (rn)).

It is clear that H is also norm continuous on £' (X, o). It follows that H = 6( f) for
some f € £°(X, 1/0). We show that f € co(Z, 1/0). It suffices to prove that

If ()] <o (x)r, !

foralln >1andall x € ¥ \ Fj,.
To this end, suppose on the contrary that there exist m > 1 and xg € X \ F;,; such
that

|f (x0)| > 0 (x0)ry -
Thus, there is a function g € £*°(X, 1/0) suchthat gf = | f|o and [|g|lco.c < 1. Letg
be a function in £' (X, o) with
Gz(p = rmgaxo.

Then

|Z f(x)(p(x)‘ _ ‘Z rmgG#
XeX

XeEX
1f Go)l
o (x0)

=rp

> 1.

That is, |(H, ¢)| > 1 which contradicts the fact that ¢ € U ((F},), (r,)). Therefore,
0(co(Z, 1/0)) = (¢'(2, 0), B/ (T, o).

Moreover, || flloco.c = 0(f)] for all f € co(X, 1/0). Now, invoke Proposition 2.1
to conclude that 0 is an identification from co(X, 1/0) endowed with the || - [|co.5-
topology onto (2, 0)), BY(=, 0))* endowed with the norm topology. d

We denote by o¢g(X, o) the weak topology o (' (2, 0), 0(co(Z, 1/0))). Let us
remark that
00(Z, 0) < (T, 0) <n(T, o).

PROPOSITION 3.2. Let X be a set and o be a positive function on X. Then the weak
topology o0(Z, o) on £ (X, o) coincides with the strict topology B (2, o) if and only
if X is finite.

PROOF. Suppose that X is infinite. Let (F,) € F be an increasing sequence with
Fo=@. So, if r, =n, then U((F,), (r,)) is a ,31(2, o )-neighbourhood of zero.
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Let E be the subspace of (=, 0) consisting of all ¢ € (2, o) with
> px)o(x)=0 foralln>1,

xeF,
and note that ¢, ¢ E, where ¢, = xf,\F,_,- Then E has infinite codimension in
21 (2, o). It follows that any subspace F of ?1(Z, o) contained in U ((Fy,), (rn)) has
infinite codimension; this is because F C E. Since any o((X, o )-neighbourhood of
zero contains a subspace of ¢1(2, o) with finite codimension, U ((F,), (r,)) is not a
00(Z, o)-neighbourhood of zero, whereas it is a 8! (£, o’)-neighbourhood. O

COROLLARY 3.3. Let X be an infinite set and o be a positive function on X. Then
there exist uncountably many locally convex topologies T on £ (X, o) such that

00(Z,0) <7 < B(Z, 0).
PROOF. Since X is infinite, Proposition 3.2 implies that og(X, o) < Bl (T, 0). We
now only need to recall from [8] that the only case in which the dual pair generates

a finite number of polar topologies is when all polar topologies are equal to the weak
topology. O

4. Some properties of the strict topology

In this section, we investigate the strict topology on £!'(, o) as a locally convex
topology.

PROPOSITION 4.1. Let ¥ be a set and o be a positive function on %. The locally
convex space (=, 0), ,81 (2, 0)) is complete.

PROOF. Let (¢q) be a B1(Z, o)-Cauchy net in £' (2, o). Obviously, we can find a
function ¢ on X such that (¢,) converges to ¢ in the pointwise topology. Suppose
towards a contradiction that ¢ is not in ¢Y(Z, ). Then we can find a sequence (x,)
in ¥ such that

ky

D lpGilo (i) = 2k,

i=1
forall n > 1, where 1 <kj <ky <---. Let Fy, :={x,, Xy, .. ., X, } and 1, := k.
There exists o such that

D 1) — p@)lo(x) <k (e, B = ).
xeF,

Taking the limit over B we get
Z |0y (X) — @(x)|o(x) <k, foralln>1,
xeF,

and so

> 10ag ()]0 (x) = kn,

xeF,
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which contradicts the fact that ¢ is in ¢1(=, o). Hence XS (2, o). Since (=, o)
has a base at zero consisting of a pointwise closed set, it follows easily that (¢, )
converges to ¢ in the strict topology. U

We denote the topology of pointwise convergence on £!(Z, o) by 7(Z, o).

PROPOSITION 4.2. Let ¥ be a set and o be a positive function on . On £\ (2, o)
the topology (2, o) coincides with the topology B (X, o) if and only if T is finite.

PROOF. Suppose that ¥ is infinite and let A be an infinite countable subset of X, say
A={x1,x2,...},
such that x; # x; for i # j. Then A \ F # ¢ for all finite subsets F of X. Let F be
a finite subset of ¥ and choose xp € A \ F. For each natural number n, define the
function ¢(r n) € (=, 0) by
QF.ny(xF) =nlo " (xF)
and zero otherwise. Consider the set
I'={(F,n): F C X is finite and n > 1}

directed by (F,n) < (F',n’) if and only if F C F' and n <n’. Then (¢,)yer
converges to zero in the (X, o)-topology.

Define F,, :={x1, x2, ..., x,} and r,, :=n!. For any y := (F, n) € I', the chosen
xF is an element of F;,, for some ng > n and hence

sup{rl > Wi @lo nz1] = 1.

" xeF,
In other words, Py (¢(r,ny)) = 1, where U := U ((F},), (r)). Therefore (¢, )y er could
not converge to zero in the B! (X, o)-topology. O

PROPOSITION 4.3. Let X be a set and o be a positive function on X. The topologies
(X, o) and B (Z, o) coincide on all norm bounded subsets ofﬁ1 (2, 0).

PROOF. We only need to prove that if (¢y) is uniformly bounded and ¢, —> O
in the 7 (X, o)-topology, then ¢, —> 0 in the B'(Z, o)-topology. Assume that
loall1,e <M for all , and let ((F,), (r,)) € F x R. Let ¢ > 0 and ng > 1 be such
that erp,, > M. Then

sup L lpa(X)|o(x):n>npp <e.
v

" xeF,
Since ¢, —> 0 in the 7 (X, o )-topology, there exists o such that
> lga)lo(x) < ery
xeF,

for all n < ng and @ > «g. So, Py (p,) < € for all @ > ag and U € U. The result now
follows. O
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PROPOSITION 4.4. Let X be a set and o be a positive function on X. A sequence (@)
in €' (2, o) is BY(T, o)-convergent if and only if it is (X, o )-convergent and norm
bounded.

PROOF. The ‘if’ part follows from Proposition 4.3. To prove the converse, suppose
that (¢,) is a sequence in 2Y(Z, o) which is not norm bounded. We show that (en)
does not also converge in the strict topology. We can assume that [|@, /1., > 2" for all
n > 1. Select K,, := {x1, x2, ..., x,} such that

D len()o(x) = 2"

xeF,

Setting Fy, :=J/_, Ki and r, :=n,

1
Py (en) = Sup{r— > len)lo(x) in> 1}
" xeF,

2}’!
> sup{— n> 1},
n

where U := U ((Fy), (r,))- So, (¢,) does not converge in the strict topology. O

Let us recall some definitions from the theory of locally convex spaces. A locally
convex space (E, 1) is called a barrelled space if each barrel set (that is, a closed
convex balanced absorbing set) in E is a neighbourhood of zero; it is called a
bornological space when every convex balanced subset that absorbs bounded subsets
in E is a neighbourhood of zero.

PROPOSITION 4.5. Let X be a set and o be a positive function on X. Let T be a locally
convex topology such that oo(2, o) <t < BY(Z, ). Then the following statements
are equivalent.

(@) (LT, 0), 1) is bornological.

(b) (£(Z, 0), 1) is barrelled.

©) (N=,0),1)is quasi-barrelled.

(d) (T, 0), 1) is reflexive.

(e) ('(Z, 0), T) is metrizable.

®) X isfinite.

PROOF. We only need to show that (f) holds if (a) or (b) holds. This follows from
the fact that any metrizable space is a bornological space, and any reflexive space is a
quasi-barrelled and therefore barrelled space.

First, suppose that (a) holds and let / be the identity map from (=, 0), ,81 (2,0))
into (¢1(Z, o), n(T, 0)). Then I is a bounded map by Proposition 2.1. Since by
assumption (=, 0), B Iz, 0)isa bornological space, I is continuous. Therefore
n(x, o) =B (T, o). This, together with Proposition 2.2, implies (f).

Next, suppose that (b) holds. Then the unit ball

lpet(2,0):llglhe <1}
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is a B1(Z, o)-closed barrel set in £!(Z, o), and by assumption it is a Bl (Z, 0)-
neighbourhood of zero. That is, n(X, o) < ,31 (2, o). Invoke Proposition 2.2 to infer
that X is finite. O

Let us recall that the locally convex space (E, 7) is said to be a dual space if there
exists a locally convex space (Eq, tg) such that (E, t) coincides with the strong dual
of (Eo, 10).

PROPOSITION 4.6. Let ¥ be a set and o be a positive function on X. The space
(=, 0), BN(Z, 0)) is a dual space if and only if X is finite.

PROOF. We only prove the ‘only if” part. By Theorem 3.1,
(€'(2, 0), B'(Z, 0)* = co(Z, 1/0).

So, if (¢1(Z, ), BY(Z, o)) is a dual space, then (¢!(Z, o), B1(Z, o)) must be
normable; this follows from the fact that a dual space whose dual is normable, itself is
normable; see [5, Lemma 3.2]. Hence X is finite. O

PROPOSITION 4.7. Let ¥ be a set, o be a positive function on ¥ and A be a subset

of co(X, 1/a). Then the following statements are equivalent.

(@ AisBY(Z, 0)-equicontinuous.

(b) A is || - |lco,c-bounded and, for ¢ >0, there exists a finite subset F of ¥
such that {|f|, |¢|) <& for all f € A and ¢ et (o, ) with lellhe <1 and
coz(p) C X\ F.

() Ais| - |loo,o-bounded and, for ¢ > 0, there exists a finite subset F of ¥ such
that |f(x)| <eforall f e Aandx € ¥\ F.

PROOF. (a) = (b). Norm boundedness of A follows easily from definition and
B1(Z, o)-boundedness of the unit ball of £!(Z, o). Now, choose a neighbourhood
U((Fy), (ry)) such that

I(fol =<1

for f € A and ¢ € U((Fy), (ry)). For an arbitrary ¢ > 0, choose np € N such that
€ryy > 1. Set

We then have ¢ € eU ((Fy,), (rp)) for all ¢ € £1(2, o) with lelli,e <1and
coz(p) C X\ F.

So |{f, ¢)| < e for f € A. This implies that (| f|, |¢]) <e.
(b) = (c). Let e > 0 and F be as in part (b) and note that, for any pointx € £ \ F
and f € A,
[FOI= (11, 8:) <e.

https://doi.org/10.1017/5S0004972710001899 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972710001899

250 S. Maghsoudi and R. Nasr-Isfahani [10]

(c) = (a). Forn € N, choose a finite set F, such that | f(x)| < 272 forx € ¥ \ F.
Setting 7, :=2" and U := U ((Fy), (rn)), foreach f € A,

I(f,<p>|=ZIf(x)Il<p(x)l+Z( > I Wlel)
xeF] n=1 xeF,11\Fy
< Z|f<x>||<p(x)|+2(2—2" > lewl)
xeF; XEF 1\ Fy
—on (n+1
< Z|f(x>||<o(x)|+22 ( 5 )
xeF]
< 20 fllocs +2,

forall p € U and f € A. So, f is bounded on U for all f € A. This completes the
proof. O

A locally convex space (E, 1) is called a Mackey space if 7 coincides with the
Mackey topology wu(E, E*); also (E, t) is called a DF space if E possesses a
fundamental sequence of bounded sets (that is, a sequence of bounded sets (B,)
such that B, + B, C B,+1), and if every strongly bounded countable union of
equicontinuous subsets of E* is equicontinuous; see [6] for more details.

PROPOSITION 4.8. Let ¥ be a set and o be a positive function on ¥. Then the
Sfollowing statements are equivalent.

(@ (N, 0), BI(Z, 0)) is Mackey space.

(b) (=, 0), B, 0)) is DF space.

(c) X isfinite.

PROOF. (a) = (¢). Let A= {6, :x € £} Cco(X, 1/0). Then an easy application of
the Smulian—Eberlein and Krein theorems implies weak compactness of A and its
closed convex hull. It follows from [15, Theorem 9.4.2] that A is equicontinuous.
Now invoke Proposition 4.7 to conclude that ¥ is finite.

(b) = (c). If there is a sequence (x,) of distinct elements of X, then Uflil {6x,}
is equicontinuous by (b). So, Uflozl{(an} satisfies condition (b) in Proposition 4.7, a
contradiction. O

PROPOSITION 4.9. Let ¥ be a set and o be a positive function on X. The strict
topology is the finest locally convex topology that agrees with the strict topology on
norm bounded subsets of ¢' (X, o) if and only if ¥ is countable.

PROOF. Let B%(E, o) denote the locally convex topology generated by seminorms

Prlp)=Ilfelr.
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where f € co(Z, 1/0). By [10], B%(Z, o) is the finest locally convex topology on

(=, o) that agrees with ,80(2, o) on bounded sets. It is clear that ,81(2, o) <

,30(2, o). Suppose that ¥ is uncountable. Let V¢ be the ,80(2, o)-neighbourhood
lpet'(,0):lfelh <1}

of zero, where f € co(Z, 1/0) and f(x) #0 forall x € X.

Then V¢ is not a B Iz, o)-neighbourhood; indeed, if there exists ((Fy), (ry)) €
F x R such that U((Fy), (ry)) € Vg, then r,8x € U((Fy), (ry)) for all n > 1 and
x € Iy, butr,é; ¢ Vg forsomen > 1 and x € Fj,.

Conversely, let £ be countable and

Vi=lpet'(Z.0): I feli <1}
For n € N, choose a finite set F,, C X such that
n2" f(x) <o((x)
forall x € ¥ \ F,,. We show that
U((Fn), (n)) S Vy.
Let o € U((Fy,), (n)). Then

n

Sle@f@i=>( X If@ewl)

xeF, m=1 xeF,\Fn_1
1 1
=2 (Y @)
m=1 x€Fu\Fpn—|
1
2_m.

M=

Il
_

m

Since f(x)=0forallx € ¥\ Uff:l F,, it follows that || f¢||; < 1 as required. O

A locally convex space E is called quasi-normable if every open subset U C E
contains an open subset V C E such that, for each o > 0, we can find a bounded
subset BC E withV C B+ aU.

PROPOSITION 4.10. Let ¥ be a set and o be a positive function on %. Then £ (2, o)
with the strict topology is always quasi-normable.

PROOF. Let U = U((Fy), (r,)) be an arbitrary Bgl(=, o)-neighbourhood of zero.
Choose a sequence of positive numbers (s,) € R such that s, <r, and (s, /r,) tends
to zero. Define

V =V ((Fn), (s2))-

For a given 0 < o < 1, choose a natural number ng such that s, < ar, for all n > ny.

It is easy to see that each ¢ € V is the sum of two functions x Fuy® and (1 — g Fno)‘/’

https://doi.org/10.1017/5S0004972710001899 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972710001899

252 S. Maghsoudi and R. Nasr-Isfahani [12]

such that
XE, ¢ €9 € £1(2, 0) : 9ll.o < o)
and (1 — xr, )¢ € aU, and the proof is complete. O

Let E be a locally convex space, and let I/ be a base at zero for E consisting
of absolutely convex sets. The linear space of all sequences (x,) in E such that
({f, xn))n € 2Y(N) for all f € E* is denoted by £{[E]. The seminorms

eu () i=sup{ D 1(fixa)l s f e U} W ew)
n=1

generate a locally convex topology on £1[E]. A sequence (x;) in E is called absolutely
Cauchy if

o
70 () =Y qu(xa) < 00
n=1
for all U e U, where gy denotes the Minkowski functional of U. The linear space
of all absolutely Cauchy sequences in E is denoted by £{{E} equipped with the
topology given by the seminorms 7ry;. A locally convex space E is called nuclear if
£1{E} = £1[E] topologically and algebraically; for more details, see [6], for example.
The following theorem shows that (=, o), ,81 (X, o)) behaves as a Banach space
with respect to nuclearity.

PROPOSITION 4.11. Let £ be a set and o be a positive function on ¥. Then £ (2, o)
with strict topology is a nuclear space if and only if X is finite.

PROOF. Proposition 4.7 implies that (=, 0), ,31(2, 0)) is sequentially evaluable;
recall that a locally convex space (E, 7) is said to be sequentially evaluable if every
B(E*, E)-convergent sequence in E* is equicontinuous. Note also that £! (£, o) has
a fundamental sequence of bounded sets (take, for example,

B, ={¢:l¢lo =n}

foralln > 1). Now, if (¢! (Z, o), ,31(2, 0)) is nuclear, then [9, Theorem 2.14] implies
that the Banach space

(2, 0), B1(Z, 0)* =co(, 1/0)

is nuclear, and hence X must be finite. O

5. An application to semigroup algebra

Let S be a semigroup and o be a weight function on it; that is, a positive function
with o (st) <o (s)o(t) forall s, t € S. The convolution product on 21(S, o) is defined
by

(@*¥)x) = ()Y (1)

st=x
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for ¢, ¥ € ¢(S,0) and x € S when st =x has a solution, and (p*xY¥)(x)=0
otherwise.

Here, we consider the semigroup algebra £'(S, o) with convolution as
multiplication, and prove separate 8! (S, o)-continuity of this multiplication for a large
class of semigroups.

First, let us recall that a semigroup S is called finitely cancellative if

-1

tTx={seS:ts=ux}

is finite for all x, ¢ € S.

PROPOSITION 5.1. Suppose that S is a countable finitely cancellative semigroup.
Then (£'(S, o), B'(S, o)) with convolution as multiplication is a complete semi-
topological algebra.

PROOF. Since § is countable, in view of Proposition 4.9, we only need to show
that convolution on (¢! (S, o), B1(S, 0)) is B (S, o)-continuous on (X, o )-bounded
sets; see [0]. Let (¢y) be a norm bounded net in (S, o) convergent to zero in
BL(S, o). Let y € £1(S, o) and fix xg € S. Choose a finite set F C S such that

g0 (x0)

v (Olo (1) < ———,
P 2

where M is a bound for the net (¢y). Then F~!xq is finite by the finite cancellativity
of S. So, if we put

&
F, = F_lxo and r, = M,
2¥ e

then ((F,), (ry)) € F x R, and so there is «g such that ¢, € U((F,), (r,)) for all

o > op. In particular,
g0 (xp)

D lea(®)lo(s) < AT

seF~1xg

for all & > «g, where
Flxy:= {seS:ts =xqgforsomer e F}.

Now, for each o > ),

> @V 0| =000 Y Iee@IVOlo$)o @)

st=xg St=xg

<o) 'Y D lea@lo@IY®)o @)

teF seF—1x

+o0)™ D D lga®lo @YD)l @)

t€S\F 5e(S\F)~lxg
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A

<o) Ylie D lea®)los)

seF~lxg

+oxo)'M Y WOl
teS\F
<e.

Hence, (¢q * ¥)(xg) —> 0 and ¢q % ¥ —> 0 in the B (S, o )-topology. O
The following example shows that Proposition 5.1 does not hold in general.

EXAMPLE 5.2. Let S={0}U{l/n:neN}. Then § with the operation st =
max{s, ¢} is a countable semigroup with identity. It is easy to see that ¢ > ¢ * §;
is not ,81 (S, o)-continuous on £' (S, 1); in particular, S is not finitely cancellative.

In conclusion, we give a special case of Proposition 5.1 which partially answers a
question raised by Singh in [12].

COROLLARY 5.3. If G is a countable group, then A /31 (G)) with convolution
as multiplication is a complete semi-topological algebra.
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