SUBMETHODS OF
REGULAR MATRIX SUMMABILITY METHODS

CASPER GOFFMAN and G. M. PETERSEN

1. Introduction By a submethod of a regular matrix method 4 we mean
a method (see 1 or 3) whose matrix is obtained by deleting a set of rows from
the matrix 4. We establish a one-one correspondence between the sub-
methods of 4 and the points of the interval 0 < ¢ < 1. We designate the sub-
method which corresponds to £ by 4 (£¢) and are accordingly able to speak of
sets of submethods of measure 0, of the first category, etc. Now, every bounded
sequence {s,} is summed by certain submethods of 4. We find that if {s,} is
not summed by 4 itself, then the set of submethods of A by means of which it
is summed is of the first category, but may be either of measure 0 or 1. A sub-
method of 4 may be either equivalent to 4 or strictly stronger than 4. We
find that the set of submethods equivalent to A is always of the first category.
On the other hand, every regular method A has equivalent methods B and C
such that the set of submethods of B which are equivalent to B is of measure
0 and the set of submethods of C which are equivalent to C is of measure 1.
However, certain important methods are equivalent to almost all of their
submethods, but we prove this only for the (C, 1) method. We consider only
bounded sequences, so that equivalence, etc., are relative to the set of bounded
sequences. There is some analogy between this work and work on the Borel
property (4; 5).

2. Category. Let A = (an,) be an infinite matrix. We establish a one-one
correspondence between the submethods of 4 and the points of the interval
0 < ¢ < 1 by associating with each point £ in this interval the submatrix of A
whose nth row is deleted if and only if @, = 0 in the non-terminating binary
expansion .ai@s . . . @, . . . of £&. We designate the submatrix corresponding to ¢
as A (¢) and use the same notation for the corresponding summability method.
We say that a set of submethods 4 (§), £ € E, has a specific property whenever
the set E has this property. We shall refer only to regular methods although it
will be clear that our results hold for other methods as well.

THEOREM 1. If A4 is a regular method and {s,} is a bounded sequence which is not
summable by means of A, then the set of submethods of A by means of which {s,}
is summable is of the first category.

Proof. Let & be a real number for which 4 (§) does not sum {s,}, and let D
be the set of ¢ obtained by changing the binary expansion of & in a finite
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number of places. D is everywhere dense, and there is a 2 > 0 such that, for
every £ € D, the 4 (¢) transform {¢,, ¢} of {s,} satisfies the condition
limsup ¢, > liminf ¢, ; + k.
n—o0 n—00

We now consider the set .S, of all £ such that there are u, » > n for which
|t, t—t.¢] > k. For every u, the set S, is open. For, if £€ S,, u > v > n, and
|ty e—tut] > kb, and if [n—&| < 2771, then |ty ,—tu.ql = |ts.s—tue]l > , so that
7 € S,. But D C S, for every #, so that the set

S=N S,
n=1
is an everywhere dense set of type Gs. Hence, its complement is of the first
category. Finally, it is evident that for every £ € S the sequence {s,} is not
summable by means of 4 (£).

Although the set of those 4 (¢) which sum {s,} is of the first category, it is
non-denumerable. For, if {s,} is summable by means of 4 (¢) then it is sum-
mable by means of every submethod of 4 (§).

We now show that the set of submethods of a regular method 4 which are
equivalent to 4 is of the first category.

LEMMA 1. Let A be a regular method for which

lim max |am,| = 0.
Mm—00 N

There is a strictly increasing F(n) such that if {s,} is A summable and s, = 1,

n=mn,=12...) ands, = 0 for all other n, where n,.1—n, > F(n,) for an
infinite number of values of v, then
4 —lims, = 0.
n->c0
Proof. For each n, there is an » > »n and an F(n) such that
z 1 = 1
(1) ,42_1 lan| < o’ F;(n)laml < om "

Let {s,} satisfy the conditions of the Lemma, and let » be such that
Nyp1—ny, > F(n,). Let » > n, satisfy (1) for n,. (We write @ for #,.)

[ee]
by = Z ArpSp
p=1

n n+F(n)—1 ©
= Z @Sy + Z_ @Sy + _Z _QruSu
p=1 p=n+1 u=n+F(n)
n 0
= Z QruSu + Z _ QS
pu=1 pu=n+F(n)

and

n (o) 1
It < E lan| + _Z _ ol <=
p=1 F(n) n

p=n+

Hence, if the 4 transform {¢,} of {s,} converges, its limit must be 0.
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For a detailed discussion of counting functions used in a different way see
(6).
LeMMA 2. With the same restrictions on A as in Lemma 1, there is a G(n) such
that if the binary expansion of £ is 1 forn = n, (v = 1,2,...) and 1s 0 every-
where else, and if n,.1—n, > G(n,) for an infinite number of values of v, then
A (¥) s strictly stronger than A.

Proof. We need only choose the sequence {G(n)} so that whenever
r—n > G(n) there is a v = v(n) such that

ila l<1 and H_zp:(n){a |<1
= nm n b, ™m n .

for every n, where v(n) is strictly increasing. Suppose { satisfies the condition
of the Lemma. Let

ny <M KNy < Mo K oo KU <My, < .n

be places for which the binary expansion of ¢ is 1, such that for every k,
my—mny, > G(n), and the binary expansion of ¢ is 0 at all places between #;
and m;. Supposing that s, has been defined for all # < »(n;), we let s, = 0 for

v(ng) < n < v(ng)+F(ny)
and s, = 1 for
v(mg) +F(ny) <n < v(nggr).

The construction of the sequence {s,} is then completed by induction. It is
evidently summable to 1 by the 4 (¢§) method. If {s,} were summable by the
A method then, by Lemma 1, its limit would be 0. Hence {s,} is not 4 sum-
mable.

LEMMA 3. I 'f A 1s a regular row finite method for which

lim sup max |@m,| > 0

m—00 n

there is also a G(n) for which the conclusion in Lemma 2 holds.

Proof. By hypothesis, there is a sequence m, (v = 1,2,...) and a £ > 0
such that, for every », there is a &, for which

|amyk,,] > k‘

Evidently,
limék, = «.

Voo

We define G(n) so that whenever #,.1—n, > G(n,), it follows that there is an
m, with

1
n, < My < Nyt1, ,anv+1k“' < 7—1— ) ku > k(nv),
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where k(m) is defined so that [a,, x| is the last non-zero element of the mth
row. Now, if £ satisfies the conditions of the Lemma, we may define {s,} to be
1 at a certain infinite set of values of k, and 0 everywhere else such that {s,} is
A (¢) summable to 0. But this {s,} is not A summable.

LEMMA 4. For every regular A, there is a regular row finite B such that A (£) is
equivalent to B(§) for all 0 < £ < 1.

Proof. For every n, there is an m, such that

©

1
Z Ianml <’—1.

m=mn+1

We let b, = apm, if m < m,, and by, = 0 if m > m,. The matrix B = (b,,)
has the required character.
We now prove:

TuEOREM II. For every regular method A, the set of & for which A () is equi-
valent to A is of the first category.

Proof. Because of Lemma 4, we need only prove the theorem for row finite
methods. Suppose then that 4 is row finite. Let E, be the set of all £ such that

ny41(8) =m0 (8) < Gin,(8)}

for all n,(¢) > p, where n.(£), n2(£), . . . are the places at which the binary
expansion of ¢ is 1. We show that E, is a closed, nowhere dense set. For, if
n § E,, there is an n, > p for which

g1 (n) —m,(n) > G{n,(n)}

so that 5 is at a positive distance from E,. Hence, the complement C(E,) of
E, is open. That C(E,) is everywhere dense is obvious since a point 7 can have
arbitrary 0’s and 1’s in its first # places, for every n, and belong to C(E,). It
follows that the set
E= UE
p=1

is of the first category. But, by Lemmas 2 and 3, this set contains all £ for
which 4 (¢) is equivalent to 4.

3. Measure. The situation is not as clear cut with respect to measure as
it is with respect to category. Indeed, we have:

TuaeoreM III. For every regular method A there exist methods B and C,
equivalent to A, such that B 1s equivalent to B(£) for almost all values of ¢ and
C(%) is strictly sironger than C for almost all values of &.

Proof. Let a,, (n = 1,2,...) be the rows of 4, and let B be the matrix
whose rows are a1, @z, @3, ...,Qn, - .., dn ... Where a, is repeated 2"~! times
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for every n. Let E, be the set of ¢ for which a, is a row of B(£). The measure
of E, is 1—2"" Let S be the set of £ for which B(§) contains all but a finite
number of the rows of 4. Then

m=1 n=m
is of measure 1. This little argument is sometimes called the Borel-Cantelli
lemma (2, p. 201). Obviously, B(%) is equivalent to B for every £ € S, and B
is equivalent to 4.

Now, let D be strictly stronger than 4 and let C be the matrix whose rows
are ay, dy, a9, do, ds, ... ,0p dy, ..., d,, ... where the nth row, d,, of D is
repeated 2"! times. The method C is then equivalent to 4. But for almost all
values of £, all but a finite number of rows of C(¢) are taken from D. Hence,
C(%) is strictly stronger than C for almost all values of £.

We show next that if 4 is the (C, 1) method, then A4 (§) is equivalent to
A for almost all &.

LEMMA 5. There is an integer valued function ¢(n) such that

O A
N300 n n=1

We omit the proof which can be easily supplied by the reader.

We consider the one-one correspondence between the set of increasing
sequences of positive integers and the set of points in the interval 0 < x < 1,
obtained by mating each sequence

My <My < ... < m < ...

with the point whose non-terminating binary expansion .a¢;as...a, ... has
a, =1forn =mn, (k=1,2,...) and a, = 0 everywhere else. The measure
of a set of increasing sequences is defined as the measure of its set of images
in the interval 0 < x < 1.

LEMMA 6. The set of increasing sequences 1y < #s < ... < my < ... of
positive integers which satisfy the condition

lin

ko

Pagr 7~ M
My

is of measure 1.
Proof. For every k, the measure of the set for which
Mpr—Hy > ¢ (k)

is 27¢®, Thus, for every m, the measure of the set for which there is at least
one k > m for which n,1—n; > ¢(k) does not exceed

[oe)

Z 2*‘4’(1:) .

k=m
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It follows, by Lemma 5, that the set for which n,.1—n; < ¢(k) for all but a
finite number of values of % is of measure 1. But 7,11 —#n, < ¢(k) implies

Mgyl — N < ¢(k) < ¢(k)
A 2 .

x
Ny N
Since
(k) _
T =0

it follows that the set of increasing sequences for which

lim Bt — e _
00 Ny
has measure 1.
Let£€ (0,1),andletn; <m, < ... <, < ...be thesequence of integers

at which 1 appears in its binary expansion.

LEMMA 7. If A is the (C, 1) method and § is such that

. Ngy1 — N
lim 2 —2% =

Jisoo k

then A (£) 1s equivalent to A.

Proof. Let {s,} be a bounded sequence, |[s,| < M, for all n, and let {¢,] be
the A transform of {s,}. Then, for every # and k, we have

n+k

lfn_tn%—kf = E n_!_kzsl

ni=1

1 1 n+k 2kM
<(n*n—f-k)z:lsl—*‘ I‘ZH! \n__—I_—-;

Suppose {s,} is summable by the 4 (¢£) method. Let ¢ > 0. There is a k such
that, for every j > k, |t —t,;| < teand n; < n < n;y, implies

2(n — ny)
n

2(nj+1 —n

j

[ta; — ta] < M < ﬂM<%

Hence, |t,—t.] < ¢ for every n > n,, and so {s,} is summable by means of 4.
By Lemmas 6 and 7, we have:

THEOREM IV. The (C, 1) summability method is equivalent to almost all of its
submethods.

Finally, we prove:

THEOREM V. If A is a regular method, and {s,} is a bounded sequence not
summable by means of A, then the set of submethods of A which sums {s,} is of
measure either 0 or 1, and either value can occur.

Proof. Let {s,} be a bounded sequence summed by 4; to 1 and by 4, to 0.
Form A by intertwining the rows of 4; with those of 4, so that almost all
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submethods of 4 are equivalent to submethods of 4;. Then {s,} is not summed
by A but is summed by almost all of its submethods. The (C, 1) method is
such that any sequence {s,} which it does not sum is also not summed by al-
most all of its submethods.

The set of submethods which sums a given sequence is homogeneous so that
it must have measure 0 or 1.
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