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Abstract

This paper builds a mixture representation of the reliability function of the conditional
residual lifetime of a coherent system in terms of the reliability functions of conditional
residual lifetimes of order statistics. Some stochastic ordering properties for the
conditional residual lifetime of a coherent system with independent and identically
distributed components are obtained, based on the stochastically ordered coefficient
vectors.
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1. Introduction

A system of components is said to be coherent if each of the components is relevant (this
means that the performance of a component does effect the performance of the system) and its
structure function is monotone in each argument. It is very important to study the stochastic
behavior and the ageing property of a coherent system in reliability engineering.

Since the coherent structure may be very complex, many researchers have compared the
performance of competing systems by means of the mixture representation of its reliability func-
tion. Consider a coherent system consisting of n components whose lifetimes X1, X», ..., X,
are independent and identically distributed (i.i.d.) with a common distribution function F, let
T(X) = T(Xy,..., X,) denote the lifetime of the system. Samaniego [16] (see also [9])
proved that the reliability function of the system 7 (X) can be expressed as a mixture of the
survival functions of order statistics with respect to its signature when F is continuous, that is,

n
P(T(X) > 1) =Y piP(Xin > 1),
i=1

where X;., is the ith smallest order statistic among Xy, X2, ..., X,, and p = (p1,..., pn)
with p; = P(T (X) = X;.,) is called the signature of the system. For more details on this topic,
we refer the reader to [4], [5], [10], [11], [13], [14], [15], [17], [20], and [22].

Many authors have studied various types of residual lifetime and inactivity time of coherent
systems in the past decade. See, for instance, [3], [7], [18], [20], and [22]. Recently, Navarro et
al. [13] represented the reliability functions of the residual lifetime [T (X) —¢ | T(X) > t] and
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conditional residual lifetime [T (X) —¢ | T(X) > ¢, Xk, < t]of coherent systems in terms of
the mixture of reliability functions of residual lifetimes of order statistics, i.e.

PTX)—1>x | T(X) >0 =Y siOPXin —1 > x | X > 1), (1.1)
i=1

where s; (1) = P(T(X) = Xy | T(X) > t)and Y "_, s;(t) = 1, and

i=1

P(TX)—t>x|TX)>t,Xpp <t)= ZSj(t,k)]P)(Xj;n —t>x|Xjym>1), (12)

j=1
where s1(¢,k), ..., s,(t, k), which implicitly depend on F, are real numbers such that
21}:1 sj(t,k) = 1. Suppose that T;(X) is the lifetime of a coherent system with i.i.d.
components having lifetimes X1, X», ..., X,, and corresponding mixing coefficients vector

s;(t),i = 1, 2. Furthermore, Navarro et al. [13] also established that s1(¢) <y (<pr, <ir) $2(¢)
implies that

[T1(X) — 1t | T\(X) > 1] <g (Zhr, <10) [T2(X) — 1 | T2(X) > 1].

However, just as illustrated by Example 3.2 of Navarro et al. [13], not all coefficients of
s(t,k) = (s1(t, k), ..., s,(t, k)) in (1.2) are necessarily nonnegative and, hence, it does not
denote the distribution of an arithmetic random variable anymore. Consequently, (1.2) cannot be
used to obtain stochastic comparison results except when all mixing coefficients are nonnegative.

In this paper we further investigate the mixture representation of the conditional residual
lifetime of a coherent system of type [T(X) — ¢t | T(X) > ¢, X¢.n <t]. The rest of this
paper is organized as follows. In Section 2 we introduce some stochastic orders to be used
throughout this paper and build several useful lemmas to be utilized in proving our main
conclusions. In Section 3, we present a new mixture representation of the conditional residual
lifetime of a coherent system in terms of conditional residual lifetimes of order statistics,
and then we build stochastic comparisons on the conditional residual lifetimes of coherent
systems consisting of the same group of independent components with identically distributed
lifetimes. Finally, we obtain stochastic order properties of conditional residual lifetimes of
coherent systems consisting of components with their identically distributed lifetimes being
stochastically ordered.

Throughout the paper, we use the term increasing and decreasing in place of nondecreasing
and nonincreasing, respectively, all components of a concerned system are independent and
identical, all random variables under consideration are absolutely continuous and have O as the
common left endpoint of their supports, and expectations are finite as they appear.

2. Preliminaries and lemmas

For two random variables X and Y with respective distribution functions F and G, denote
their respective probability density functions by f and g, andlet F=1—FandG=1-G
be the corresponding reliability functions.

Definition 2.1. The random variable X is said to be smaller than Y in the
(i) usual stochastic order (denoted by X <y Y) if G(x) > F(x) for all x;

(i1) hazard rate order (denoted by X <p, Y) if G(x)/F(x)is increasing in x;
(iii) likelihood ratio order (denoted by X <j; Y) if g(x)/f (x) is increasing in x.
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An arithmetic random variable only takes some positive integer as its possible value. This
note concerns the stochastic comparison of arithmetic random variables with possible values
in {1, ..., n}, where n usually denotes the number of components in a coherent system. For
briefness, we directly define the following orders on their probability vector instead.

Definition 2.2. A probability vector p = (pi,..., p,) is said to be smaller than ¢ =
(q17"'9qn) in the

(i) usual stochastic order (denoted by p < ‘I)ifZ.’,l':i q;j = Z?:i pjforalli=1,2,...,n;
(i) hazard rate order (denoted by p <nr q)if 3__; q;/ >__; p; is increasing in i
(iii) likelihood ratio order (denoted by p <, q) if ¢;/ p; is increasing in i, when p;, g; > 0.
The following several lemmas will be useful in establishing our main results.

Lemma 2.1. ([12].) Assume that © is a subset of the real line R, and that U is a nonnegative
random variable whose distribution belongs to the family # = {H(- | 6): 8 € O}, which
satisfies, for 01,6, € ©,

H(-|6)) <st (=50) H(- | 62) whenever 6; < 6.

Let ¥ (u, 0) be a real-valued function defined on R x ®, which is measurable in u for each 0
such that Bg [y (U, 0)] exists. Then Eg[y (U, 0)] is

(i) increasing in 0 if W (u, 0) is increasing in 6 and increasing (decreasing) in u; and
(i1) decreasing in 0 if ¥ (u, 0) is decreasing in 6 and decreasing (increasing) in u.

Lemma 2.2. ([6].) Let A, B, and C be subsets of the real line. Let L(x, z) be SR, (sign regular
of order2) for x € A and z € B, and let M(z,y) be SRy for z € B and y € C. Then, for any
o -finite measures ((z),

K(x,y):/I;L(x,z)M(z,y)du(z)

is also SRy forx € Aandy € C and €;(K) = &;(L)e;(M) fori = 1,2, where ¢;(K) = &;
denotes the constant sign of the i-order determinant.

Lemma 2.3. Let ¢1(t) = F(1)/F(t) and ¢»(t) = G(1)/G(t). If X <g Y then

5O G = Dehwui
O (G~ Dl (ui—-1

Ar(u) =

is increasing in u € Ry for each t > 0 and any integers j and k such that 1 <k < j.

Proof. Foru € Ry and ¢ > 0, define

-1
Ot )= (7) ('; :j)(j —Delui T, i=1,2.

=k
Then A; (1) can be rewritten as

Do (2, u)

Ar(u) = m,

uelRiandr > 0.
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If X <q Y then ¢»(¢) < ¢1(¢) for all > 0, and, hence, ¢f (t) is RR» (reverse regular of order
2)in (i,1) € {1, 2} x N for each fixed ¢t > 0. Moreover, it is easy to see that u/~'=1is RR,
in (I,u) € N x Ry for each fixed j € N. Therefore, by Lemma 2.2, ®;(¢, u) is TP, (totally
positive of order 2) in (i, u) € {1, 2} x R for each fixed > 0. That is, A; () is increasing in
u € Ry for fixed r > 0.

3. Main results

Let T(X) = T(Xy, ..., X,) be the lifetime of a coherent system with i.i.d. component
lifetimes X1, X5, ..., X, from a continuous distribution function F. Let F =1— F be the
common reliability functions, and let X 1.,, X2y, . . ., X;;:n be the corresponding order statistics.
In this section we study the residual lifetime of a coherent system when the system is working
and at least k of the components have failed at time ¢, i.e. the conditional random variable
[T(X)—1t]| T(X)>t, Xk:n <t]. First, a mixture representation for the reliability function

of the conditional residual lifetime of a coherent system is presented.

Theorem 3.1. Suppose that a coherent system has lifetime T (X) and signature p, and that
P(T(X) >t, Xpep <t) > 0forsomek € {1,...,n—1}. Then, forall x > 0,

P(T(X)—t>x|TX)>t, Xpen <t)

= Y Pt PXin =t > x | Xi > 1, X < 1), 3.1
i=k+1

where p(t, k) = (0, ...,0, pk+1(t, k), ..., pu(t, k)) with

pit, k) =P(T(X) =Xy | T(X) > 1, Xpin <1)
_ ij(Xj:n >t, Xikew < 1)
Z?:k.H PiPXin > t, Xpew < 1t)

3.2)

such that 37y pj(t, k) = 1.
Proof. By the total probability law,

P(T(X) —t > x | T(X) > 1, X <1)
= Y POTX) —t>x, T(X)=Xju | T(X) >, Xpen <1)
j=k+1
YPTX)—t>x | T(X) > 1, T(X) = X, Xpen <1)
j=k+1
XP(T(X) =Xjin | T(X) > 1, Xgen <1)

n
3 PXjuw 1> x| Xju > 1. T(X) = Xjin, Xin <1)
j=k+1
X P(T(X) = Xjon | T(X) > 1, Xpm < 1).
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By the independence of the order statistics with their ranks (see, e.g. [9]), we have

P(T(X)—t>x|TX)>t, Xpen <t)

n
= 3 P — 1> x| Xjuu > 1, Xpen < OP(TX) = Xji | TX) > 1, Xy < 1),
j=k+1

Define, for j = k+1,...,n,

pit. ) =P(T(X) = Xjun | T(X) > 1, Xpen < 1)
P(T(X) = Xjun, T(X) > t, Xgn < 1)
- P(T(X) > 1, Xion < 1)
_P(T(X) = Xj)P(T(X) > t, Xgw <t | T(X) = Xjup)
Y PTX) > 1, T(X) = Xio, Xin < 1)
_ P(T(X) = Xjn) ]P(Xj:n >, Xjp <)
TN PT(X) = X P(T(X) > 1, Xpen <t | T(X) = Xion)
_ P(T(X) = Xj:n)P(Xj:n >t, Xgn <)
TN PT(X) = Xi)P(Xion > £, X < 1)
_ PiPXjm >t, Xpw <1)
Y PiPXi >t Xpw < 1)

Then

Xn: pj(t, k) Z']1'=k+1 ijP(Xj:n >1t, Xpn <)
J\R) =

=1
j=k+1 Z?=k+1 PiP(Xim >, Xgn <)

This completes the proof.

Theorem 3.1 represents the conditional residual lifetime [7(X) — ¢ | T(X) > ¢, Xk < t]
of a coherent system at time ¢ as a mixture of the conditional residual lifetime [X ., —
t| Xjn >t, Xp:n < t]of order statistics (that is, the lifetimes of k-out-of-n systems) through
the coefficients p;(¢, k). Note that the vector of coefficients p(t, k) depends only on the
structure of the system and the distribution function of the components; see some examples in
Table 1. Also, note that (3.1) is similar to (1.1) with the additional condition X, < t.

The result below shows that, as one discrete distribution, the vector of coefficients in (3.1),

pt, k)=,...,0, pry1(t, k), ..., pu(t, k)),
is increasing in ¢ > 0 in the sense of the usual stochastic order.

Theorem 3.2. Suppose that the coherent system concerned p(t, k) consists of components with
i.i.d. lifetimes. Then, p(t1,k) <g p(t2, k) fortr >t1 >0andk =1,...,n— 1.

Proof. By definition, p(t1, k) <g p(t2, k) holds if and only if

Y pit k)= pilta.k) (3.3)
Jj=s j=s

forany s =k + 1, ..., n. By virtue of (3.2), (3.3) is equivalent to

Y i=s PiPXjm > 11, Xiew < 11) Y ies PiPXjm > 1, Xin < 1)
Ykt PiPXin > 11, Xpen <11) = Y ipy1 PiPXin > 1, Xin <12)
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TAaBLE 1: Coefficients in (3.1) for four-component systems.
TX)=TX1,...,Xn) p = (p1, p2, p3, P4) p@. 1)
X2:4 0,1,0,0) 0,1,0,0)
min{X |, max{X2, X3, X4}} (0, i 3=F® )

—_
PSR
(S]]
=
N>

( 4F(1)  3—F@) )

max{min{Xy, X5}, min{X3, X4}} S I13F0) 13FG)”

e

O O B= W= W A
=]
S—

1
37
min{max{X, X2}, max{X3, X4}} 0, % 0) (0, @ # 0)
: 11 (0,4F%(1),3F ()= F2(1),2—F (1) + F*())
max{X, min{X,, X3, X4}} (O, S 3 Z) T F AP0
X3:4 0,0, 1,0) 0,0,1,0)
X4:4 = max{X1, X2, X3, X4} 0,0,0, 1) 0,0,0,1)
Define _
Hj(k’ r) = IP)(X/n >t, Xgn <1).
It is sufficient to prove that
n n
YN pipilHGk, 1) H k. ) — Hjk, ) H; (k. 17)] < 0.
j=si=k+1

Since o
S pipilHj Gk, 1)) Hy k. 1) — Hj (k. 12) Hy (k, 11)] = 0,
j=s i=s

we need only prove that

n  s—1
YN pipilHjk, 1) H;(k, 1) — Hj(k, ) H; (k. 11)] < 0. (3.4)
j=s i=k+1
Note that
j—1 n
Hitk,t) =P(Xjoy > t, Xpn <) = < )F"—"’mF"’(r), (3.5)
m=k m

and define ¢ () = F(¢)/ F(t). Then inequality (3.4) can be rewritten as

n j—li-1
2. Z Piri) ) <"> (7)[¢m(t1)¢l(12) — ¢" ()¢ ()] < 0.
j=s i=k+1 m=k =k

Observe that
i—1 i—1

Z Z (Z) <};> [¢m(t1)¢1(52) _ ¢m(f2)¢l(t1)] _o:
m=k 1=k

it is then equivalent to prove that

n  s—1 j—li-1
D3 pipi (”)( > [0 (t1)$ (1) — 9" (1) (1)1 < 0
j=s i=k+1 m=i =k
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Now, since ¢ (¢) is an increasing function of ¢, it holds that, forall 1 <, and m > [,

¢" (1) (12) — ¢" (12)9' (1)) < 0.
This invokes the previous inequality and the desired result follows immediately.

The following result gives the tail stochastic behavior of a coherent system.

Theorem 3.3. Assume that a coherent system has signature p = (p1, ..., pi,0,...,0) with
pi > 0 for some integeri € {1, ..., n}. Then

lim p(t,k)=(,...,0,1,0,...,0) fork=1,...,i —1.

[—>00 N e’ ——

i—1 n—i

Proof. From (3.2), we have

Pj]P)(Xj:n >t, Xeen <°t)
er=k+1 PriP(Xyn > t, Xpp < 1)

Note that p;(t, k) = 0 for j > i. Then we need to only consider the j < i case. By (3.5), it
follows that

pjt, k)=

Pi Yomek () F" " (O F" (1)
i1 Pr ik (L) FL(0)
Pi Yot ()9 ()
Y P i (D90
B pi()e" @+ p; (L) O + -+ pi (1) 0
B i PO + (i i PGSO + -+ pi (7)) 0}
where ¢ (1) = F(t)/F(t). Since lim,_, o ¢(t) = 00, then

pjt, k)=

. 0, j<i,
g&mak%—l7jzh
which proves the result.

The next theorem extends Theorem 2.1 of [13] to the case of the conditional residual lifetime.

Theorem 3.4. Suppose that T;(X) is the lifetime of a coherent system with i.i.d. components
having lifetimes X1, X2, ..., X,, and corresponding mixing coefficients vector p;(t, k), i =
1,2. Then, foranyt > 0, p1(t, k) <s (Zhr, <1r) p2(t, k) implies that

[T1(X) — 1 | Ti(X) > 1, Xi:n < 1] <gt (Zhr, <) [T2(X) — 1 | T2(X) > 1, Xpen < 2]
Proof. By Corollary 3.1 of [21] we have, forany 1 <k < j <nandt > 0,
[(Xjom —t | Xjon > 1, Xpen 1] St [Xjrm — 1| Xjprm > 1, Xpew < 1]
Hence,

[Xj:n -1 Xj:n >t, X < t] <gt (Zhr) [Xj+1:n -1 Xj+1:n > 1, Xpp < 1]

The proof follows from (3.1) and the mixture preservation results given in [19].
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For two groups of i.i.d. random variables X1, X5, ..., X, and Y1, Y>, - -- , Y, Zhang [21],
Kochar et al. [8], and Goliforushani et al. [S] respectively showed that X <y, Y7 implies that
[Xj:n —t| Xgm St < Xj:n] Sst [Yj:n —t | Yew St < Yj:n]

foralll <k < j <n.

Before proceeding to the second main result, we address the following two useful results,
which are also of independent interest in the sense of strengthening the above usual stochastic
order to the hazard rate order and likelihood ratio order, respectively.

Theorem 3.5. If X1 <y Y) then, forall1 <k < j <n,
[Xj:n —t| Xpp <t < Xj:n] =hr [Yj:n —t | Yew <t < Yj:n]-
Proof. Note that

1 n!

P(Xjp—1>x| X1 > 1) =f w11 — w7 du

Fo (J— D@ — !

(see [5]) forall j > 1, where F;(x) = 1 — F(t 4+ x)/F(1).
Define ¢ (t) = F(t)/F(t) and ¢»(t) = G(t)/G(t). Then

PXjpm—t>x| Xpn <t < Xju)
I PX o > 143 | Xpw <1 < Xpp1)PXin < 1 < Xig1)
P(Xgn <t < Xjun)
TPt > 1% | Xt > 0() " ) Fl ()
Yok G Er=m @ F(r)
I PX et > 14 % | Xiet > D (1B (0)
Yok ()97 @)
Jo WF () <u <) S5 () (12D G = Dt w1711 = w)"I du
- Sk (o7 @) '

Likewise, P(Yj., —t > x | Yk <t < Yj.;) may be represented in a similar manner. Note that

IPD(Yj:n_t>x | Yioo <t < Yjn)
PXjp—t>x | Xpw <t < Xjun)
Jo 1Gi () <u < T () (2 G = Dehud =11 = w7 du
" 0= DS GGG - Dol ow = w
o B[y (U, 1)),

where, for Fy(x) <u < 1,

NG =u= DY (G0 G - Db
1) <u< DX ()20 = D ui !

j_

¥ (u, x)
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is increasing in both x and u by X <y, ¥ and Lemma 2.3, and the distribution function of the
nonnegative random variable U belongs to the family # = {H (- | x), x € X} with densities

j—1
— o
h | x) = e 1EE <u<DY (")) G =Dl -y
= LJ\j—1
with some normalizing constant c(x). Since h(u | x) is TP, in (4, x) € R%r, this implies that
H(- | x2) =ir H(- | x1) and, hence,
H( | x2) 2t H(- | x1) forx; > x; > 0.
From Lemma 2.1, it follows that
]Exlw(Uv xl) S Esz(Us XZ) fOr X2 2 )Cl > 0

Thus,
IP)(Yj:n —t>x | Yew St < Yj:n)
IED(Xj:n —t>x | Xpw <t < Xjun)

is increasing in x for any ¢ > (. This completes the proof.

The next conclusion can be directly obtained from Theorem 3.7 of [1] or Theorem 3.2 of [2].
Theorem 3.6. If X| <y Y then, forall 1 <k < j <n,
[Xj:n — 1| Xpp <t < Xj:n] <Ir [Yj:n —t | Ypn <t < Yj:n]~

As the second main result, Theorem 3.7 below provides sufficient conditions for the
conditional residual lifetime of one coherent system to be larger than that of another coherent
system in three different senses: the usual stochastic order, hazard rate order, and likelihood
ratio order.

Theorem 3.7. Suppose that X = (X1,...,X,) and Y = (Y1,...,Y,) are lifetimes of two
groups of i.i.d. components, and coherent systems T1(X) and T(Y) have their corresponding
mixing coefficients vector p;(t,k) = (0,...,0, pix+1(t, k), ..., pin(t,k)), i = 1,2. Then,
foranyt > 0,

(1) X1 <nr Y1 and pi(t, k) <s (<nr) p2(t, k) imply that
[T1(X) =1 | Ti(X) > 1, Xpen < 1] Sg (Spe) [2(Y) =1 | T2(Y) > 1, Yien <21
(i) X1 <ir Y1 and p1(t, k) <ir p2(t, k) imply that
[T1(X) =1 | TW(X) > 1, Xpcn 1] < [2(Y) =1 | 2(Y) > 1, Yien < 2]
Proof. By the mixture representation (3.1),
P(T(X) —t>x | Ti(X) > 1, Xpn = 1)

n
= Y Lt OPX o —t > x | Xjop > 1, Xpen < 1),
j=k+1
P(To(Y) —t > x | Ta(¥Y) > £, Yin <1)
n
= Z P2,j(t7k)]P>(Yj:n —t>x| Yim >1t, Y < 1.
j=k—+1
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According to Theorem 3.5, X1 <pr Y; implies that, forall 1 <k < j <mn,
[(Xjm =1 | Xien <t < Xjin] Ste [Yjn —1 | Yien =t <Yl
and, hence,
[(Xjm — 1| Xien <t < Xjn] Sst Wjon — 1 | Yien <t < Yjunl.

As a consequence, the desired stochastic order and the hazard rate order follow from
Theorems 1.A.6 and 1.B.14 of [19], respectively.
From Theorem 3.6, X <j; Y| implies that

[Xj:n —t| Xpp St < Xj:n] <Ir [Yj:n —t | Ypn St < Yj:n]

forall 1 <k < j < n. Then, the likelihood ratio order directly follows from Theorem 1.C.17
of [19].

To close, we present a numerical example which indicates that the order between pi (¢, k)
and p; (¢, k) in Theorem 3.7 is necessary.

Example 3.1. Suppose that X, X, X3 and Y, Y>», Y3 are two sets of i.i.d. copies of X and Y,
respectively. Let X and Y have the following respective density functions:

fx) =1.2e7 12, g(x) =e™¥,

for x > 0. The systems T7(X) = max{min{X1, X3}, X3} and 7>(Y) = max{min{Yy, Y»}, Y3}
have the same signature p = (0, %, %) and the corresponding mixing coefficients vectors are

2F () 1 )
"2F() + 17 2F(1t) + 1

pi(t, 1) = (0

and

2G (1) 1
p2(t, 1) =0, — , — )
2Gt)+1 2G(@) +1
Let f1,3,¢(x) and g1 3, (x) be the density functions of the random variables [T7 (X)—t | T1(X) >
t, X13 <tland [TH(Y) —t | T»(Y) > t, Y1.3 < t], respectively. By some computations we

have
81,3,1(x) e+ (] 4 2e=(1+X) 4 o=t

f],3,t(x) & e—l.Z(H—x)(l + 2e—1.2(t+x) + e—1‘2t)
Note that X <j; ¥, but pi(z, 1) £y p2(z, 1), and, forr = 1,

= A(t, x).

A(l,1) =3.62418 > 3.53823 = A(1, 1.5),
thatis, [T1(X) —t | T1(X) > 1, X1.3 <t] i [QY) —t | Ta(Y) > 1, Yi:3 <1].
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