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INTEGRAL KERNELS WITH
REFLECTION GROUP INVARIANCE

Dedicated to P. G. Rooney on the occasion of his 65th birthday

CHARLES F. DUNKL

Root systems and Coxeter groups are important tools in multivariable analysis. This
paper is concerned with differential-difference and integral operators, and orthogonality
structures for polynomials associated to Coxeter groups. For each such group, the struc-
tures allow as many parameters as the number of conjugacy classes of reflections. The
classical orthogonal polynomials of Gegenbauer and Jacobi type appear in this theory
as two-dimensional cases. For each Coxeter group and admissible choice of parame-
ters there is a structure analogous to spherical harmonics which relies on the connec-
tion between a Laplacian operator and orthogonality on the unit sphere with respect to a
group-invariant measure. The theory has been developed in several papers of the author
[4,5,6,7]. In this paper, the emphasis is on the study of an intertwining operator which
allows the transfer of certain results about ordinary harmonic polynomials to those as-
sociated to Coxeter groups. In particular, a formula and a bound are obtained for the
Poisson kernel.

The presentation begins with a quick review of the basic definitions and then some
integral identities involving Laguerre polynomials and the Gaussian measure. Next there
is a study of the analogy between partial derivatives and the differential-difference op-
erators as applied to inner products on spaces of polynomials.

The intertwining operator is then defined and shown to be a bounded linear operator
with respect to a useful norm on polynomials (absolutely convergent series of homoge-
neous parts). The author conjectures that the intertwining operator is a positive integral
transform in general (in one dimension, it is a form of Weyl’s fractional integral). The
paper ends with a reasonably explicit integral for the Poisson kernel for the ball, a ker-
nel which reproduces certain functions from their boundary values, and some examples
coming from the group Z;, including Gegenbauer and disk polynomials.

1. Background. Suppose that G is a finite reflection group (also called Coxeter
group) on RY with the set {vi : i = 1,2,...,m} of positive roots. Let g; denote the
reflection along v;, that is, xo; : x — 2({x, v;) / | vi|*)v; for x € R" with the inner product
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(x,y) := ¥N, x;y; and the norm |x| := (x,x)'/2. Thus G is a finite orthogonal group
generated by reflections; the set of reflections in G is {o,— 1 <i < m}; and there is a
fixed vector xg so that (v;,x0) > Ofor1 <i<m.

Choose positive parameters a;, 1 < i < m, suchthato; = a; whenever o; is conjugate
to 0; in G (assume also that |v;| = |v;| in this case, so that v;w = %v; for some w € G).

Define h(x) := TI, |{x,v;)|%, a positively homogeneous G-invariant function of
degree ¥ := ¥ ;. The invariance refers to the action of G on functions on R N defined
by Rw)f(x) = f(xw), x € RN, w € G. The hypotheses on «; imply that R(w)h = h for
allw € G.

The main concern of this work is the orthogonality structure for polynomials on the
unit sphere S := {x € R" : |x| = 1} with respect to the measure h>dw, where dw is the
normalized rotation-invariant measure on S. The key device is the differential-difference
operator

Vif(x) := Vf(x)+ Zm: ajwvj,
j=1 <X’Vj>

(V is the gradient), and its components T;, where Tif (x) := ( V,f(x), e;) (standard unit
vectors eq,ez,...,enN).

Let P, denote the space of homogeneous polynomials of degree ninx;, x2, ..., xy. Say
that a linear operator L is homogeneous of degree k if L, C P, foreachn =0, 1,....
It was shown in [5] that V, is homogeneous of degree —1,and theset {7; : i = 1,...,N}

generates a commutative algebra of operators containing the A-Laplacian A, := Y™V | T2
The main orthogonality theorem [4, p. 37] states that if p € P, then

n—1
/Spqhzdw = Oforallg € ;)fp,-
Jj=

if and only if Ayp = 0.

Accordingly, we define H} := B, N (ker A,), the space of h-harmonic polynomials
of degree n. Also let H, := B, N (ker A), the ordinary harmonic polynomials.

We will study the intertwining operator V which is homogeneous of degree 0 and is
uniquely defined by T,V = V9, 1 < i < N,and VI = 1 (where 3f(x) = 1-f(x)).
Note that V#H, C H*. We also study various inner products on polynomials and obtain
bounds on the Poisson kernel for A-harmonic functions in the unit ball. The Gaussian
distribution gets involved with A, by use of polar coordinates. We collect some facts
about such integrals.

Let p be the normalized Gaussian measure on R” defined by du(x) =
(2m)N/2¢715°/2 g If f is a continuous function of polynomial growth on R ¥, then

(1.1 /RNfdp, - (2‘—N/2/f(g>) /O°° rN_le"'g/zdr/Sf(rx)dw(x).

If f is positively homogeneous of degree 2k, then

(1.2) /RNﬂfdp=2"”(r(§+k+v)/r(g)) /Sﬂzzdw
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(recally = T, o).
This leads to an orthogonal decomposition of L*(h?dy). Let
g
Hl= L2 (62 2p < p € Y

Formula (1.1) and the orthogonality theorem for A, show H, L H, forn # m.
The Laguerre polynomials are given by
A+ & (—n) ¢
i A 1])A iU
- =0 )i J-

LY =
and satisfy
00
A+ 17! /0 LOOLD DA™ dt = Spm(A + 1),/ 1!
(see Szegd [15, p. 100ff]). Thus,

S PO L 212 LT 2 2] ) 20002 o)

(1.3) 2 (¥ +7 +n+k)
= it 0 —@—/Spn%hzdws

—1
for pp, gn € . We introduce the normalization constants cy := ( Jrw WP dp) and

-1

Cy = (fs h? dw) ; by (1.2), ¢y =27 (l"(% + 7)/ F(%))CN. Thanks to Selberg, Mac-
donald, Heckman, Opdam, and others, there is a closed form for cy. For Weyl groups the
formula is

m A2 [o4]
oy :,l:ll(b%l—) (F((v;,,vf} +o+ 1)/ T((va, v)) + 1)),

where v = (2/ |j|?)y; (the co-root) and vy = § S ajv; (denoted by p in Opdam’s
paper [13]). Macdonald [12] conjectured this formula for root systems of Weyl groups
and proved it for groups of the type Ay, By (or Cy), Dy by use of Selberg’s integral [14].
Askey [1] also discussed integrals of this type. Opdam [13] proved the conjecture for all
Weyl groups by use of shift operators. Although these have the effect of relating different
parameter values, similar to the operator V discussed here, they are not homogeneous of
degree 0 and are defined only on the G-invariant polynomials. For the Coxeter groups
with just one conjugacy class of reflections (Hs, Hs, I(k) dihedral, k odd),

m 12va N
C—uH(M) [ Ddea+D

MUV 2 ) S T+

where {dj,dy,...,dy} are the degrees of the fundamental invariants ((2,6,10),
(2,12,20,30), (2, k) respectively). For the even dihedral group I>(2k) with

h(x) := |x* — &~ - [xk+xj‘|’3
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(interpreting x € C = R?),

T(k(a+ )+ 1)TQ2a + HI(2B +1)
T(ar +8 + DI + DI(B +1)

/IRZ W2 du = 92k +B)

(note that the choice of /4 implies that each |v;| = 2). Heckman [9] recently showed
that Opdam’s shift operators could be defined for non-crystallographic reflection groups
by use of the author’s differential-difference operators. Subsequently, in an as yet un-
published work, Opdam proved the H3 and H4 formulas. (Of course, the dihedral group
integrals are ordinary beta integrals.)

2. Theintertwining operator. We review some concepts from the paper [7], which
deals with inverting the operator Zf’:l x;T;. Forw € G,0 < t < 1, let p,(r) be defined
by

weG

(1/16]) 3 putow = exp(dogn Y- a1 = 7)),
j=1

a central element of the group algebra R G; thus w +— p,.(¢) is a class function. Label the
conjugacy classes of reflections by 1,2,..., £, and let §; be the value of «; associated
to class j, then p,,(7) is a polynomial in #*', /% ..., 1% with integer coefficients. (For the
irreducible Coxeter groups £ = 1 except for I,(2m), By, F4, G, when £ = 2.) Further,
pw(t) > 0and Syeg pw(®) = |G] for0 <t < 1.

THEOREM 2.1 [7]. Let (fi,...,f,) be an “h-exact 1-form” of polynomials (that is,
Tif; = Tif; for all i,j), then

| 1 N
F(x) = — Y /0 puw(®) D (xw)fi(exw) dt
i=1

lGl welG
satisfies T;F(x) = fi(x), further, if g is another polynomial with T;g(x) = fi(x) for all i,
then F(x) = g(x) — g(0).

This formula is used inductively to define V (from [7]).

DEFINITION 2.2. Let V be the linear operator on polynomials defined by V1 = 1,
and if f € P4, then

(V@) [ pur” di

N
i=1

1
Vi(x) = —
|G| WXE:G
forn=0,1,2,....

THEOREM 2.3. V is one-to-one on each B, n € Z,; T;V = Vo, for1 <i < N; V
is uniquely determined by the conditions VP, C B,, V1 = 1, T;V = V0, for all i; and
R(wo)V = VR(wy) for wy € G.

PROOF. Most of these statements were proved in [7]. Note, for example, that induc-
tion shows (Vo,f )f’zl is an h-exact 1-form, and so Theorem 2.1 implies T;Vf(x) = Vof(x)
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(f € Pui1). To show that V commutes with the action of G assume that R(wg)Vg =
V(R(wo)g) for g € By, wo € G. For f € Prt, V (Rwo)f )(x) = Vf(xwo)wy" (chain-
rule, and wy is orthogonal). Thus

di[R(wo)f 1(x) = Z 9if (xwo)wo j = Z wo,iiR(wo)d,f (x),

and

N N N
0wy 30 wo i V(Rw)ONGw) = 3 (owwo); (R(wo) VIf ) (xw)
i=1 j=1

J=1

by inductive hypothesis,
N
= Y owwo); (V(D;f) ) cwwo).
j=1
Now in the expression for V(R(wo)f)(x), these calculations lead to

V(Rwah ) = —= 3 Z(xwvvo), VoifCowwo) [ puir" de.

IG| weG j=

Replace the summation index by w = wow' wy ! and use the fact that Pw(t) = pw(t) to
see that V(R(wo)f )(x) = V¥ (xwo). .

There is a useful norm on 332, P, for which V is a bounded linear operator. For
any polynomial p, let ||p||o := supjy<; |[p(x)|. For formal sums f(x) = 302 fu(x) with
fn € Py, let ||flla := T2 |Ifnlloos and let A := {f : ||f]la < oo}, a subalgebra of the
space of functions continuous on the closed unit ball and infinitely differentiable in the
interior. There is another approach to norms for homogeneous polynomials by way of
iterated directional derivatives. We define the d and T versions together.

DEFINITION 2.4.  Let || 1||s = ||[1]|r = 1, and for f € By, let

Il = — sup{ 1 V) < ] = 1,

and

Il = —— sup{ll{». VA lla = Iyl = 13,

forn = 0,1,2,... (note that x — (y, V,f) is in B, for each fixed y). Equivalently, for
f e Tn’

1 n
Il = o f [ LT Vi 0] s vy o €S

a similar expression holds for || f||5.
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PROPOSITION 2.5.  Forf € P, || Vflir = ||fl5-

PROOF. For any y,y2,...,y, €S,

n
i=

(0 Vi i@ = V(10 V)5).

1 1

In the latter expression, the argument of V is a constant and V1 = 1. Thus the suprema
over yj,...,y, of the two expressions are the same. u
Van der Corput and Schaake [2] strengthened the Bernstein inequality and proved
that ||[flls = |If]leo for f € B, (in particular, |V f(x)|? is maximized on S at the same x
maximizing |f(x)| and |V f(x)|2 = n?|f(x)|? there).
PROPOSITION 2.6.  Forf € B, ||flloo < |Ifl7-

PROOF. Inductively, assume |g(x)| < |x|"| g||r for g € P, (obvious for n = 0), and
letf € B,41. By Theorem 2.1,

1 i N
f0) == 5 [ pu® X wN(Tf axw) d.
i=1

|G| weG
For fixed z € S, [[{z, Vif) It < supyes [y, Vif) [lr = (n + D||f]|7. By the inductive

hypothesis, |(z, Vif(0))| < [[{(z.Vif)llr < (n+ D||f|lr (each x,z € S). Using the
homogeneity we have

N
lZ(xw),-Tif(txw). < hoow| ™+ D|f |17,
i=1

and so
~ n ~ 1 n
@l < "o+ DIFIA/ 16D 3 [ putordr = 5™ 1fllr
weG
because p,(1) > 0 and Yyeg pu(t) = |G| for 0 < < 1. »
The following is a corollary to this proposition and the van der Corput-Schaake in-
equality.

THEOREM 2.7. 'V extends to a bounded operator on A, where Vf = 300 Vf,, for
f=520fuinA | VFlla < Iflla, and [VEO] < 02 x| [ falloo < [1flla ([ < D).

The author conjectures that, in fact, |Vf(x)| < sup{|f(| : |y| < |x|} and the

functional f +— Vf(x) is positive for each x. For G = Z,, h(x) = x{ we already know V
as an explicit fractional integral of Weyl type (see Theorem 5.1).
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3. Inner products on polynomials. Consider the pairing on ‘P, given by [p, qly :=
p(0)g(x), p,q € P,; where p(d;) means that x; is replaced by a% in p(x). Note that
P qly = Ymmy!- - -mypmgm, for m € Zf with m; + ---+ my = nand p(x) =
Zm pm '...xy" and similarly for g. The reproducing kernel for this pairing is

(x,y) /n' that is, ((x,dy)"/ n)q(y) = gq(x) for g € B,, x € RN. With the goal of
constructing the Poisson kernel for A-harmonic functions, we consider the action of V on
this pairing.

DEFINITION 3.1. Forx,y € RN, let K(x, y) = Vxe(”) . Here, V, indicates the vari-
able for the transformation; also ||e{*» ||, = eP!. Further, let K, (x,y) := Vi({x,y)"/ n!),
nez,.

PROPOSITION 3.2. Forn € Z,, x,y € RV,
(i) |Ka(e, )| < maxyew |(xw,y)["/ nl;
(ii) Kn(xw,yw) = Ku(x,y), w € G;
(iii) Ku(x,y) = Ky(y,%);
(iv) (Vp):Ku(x, ) = Ko 1 (x, y)ys
(v) Knpr1(x,y) = ﬁ Twea(aw, y) K, (xw, y) fd pw(O" dt forn > 0 and Ko(x,y) = 1.

PROOF. Part (v) is used to prove the others. Indeed,
Kna(x,3) =V (<x »"™/ (+ 1))
2 f pul() Z(xw),( ( f)(xwt)) dt,

|G| weG

where f(x) = (x,y)"™!/(n+1)!, but a%’f(x) = y;(x,y)"/n! and thus Va%_f = Ku(x,»)yi.
Let d(x,y) := maX,cc | {xw,y)| (thus min,ec |xw £ y|? = |x|? + |y|? — 2d(x,y)). Use
Formula (v) and assume |K,(x, y)| < d(x,y)"/n! for some n > 0, then

|K,(xw, y)| <d(x,y)"/n!, allw € G,
and
|Kun )] < 1o GI > (doeyy™! /) ) [ putor! dn
= d(x, y)"+l /(n+1)!

(since p,,(t) > 0 and ¥, pu(¢) = | G|). This shows (i).
Part (ii) follows from the commutation relation R(w)V = VR(w), w € G (Theo-
rem 2.3). Indeed,

K,(xw, yw) = RW)K(x, yw) = V,R(w)((x,yw)" [ n!)
= Vi({xw,yw)" [ n!) = Vi((x,y)" [ n!) = Ku(x, y).
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We prove part (iii) inductively by use of (v). Assume K,(x,y) = K,(y,x) (clear for

n = 0), then
Kunn) = T 3 () Kalyw ) [ e de
n+1\y,X) = —— yw, x nYw, X Pw
" |G| weG 0
= LS G ) Kl y)/'p (D" dr
|G| weG 0
= n+l (x’)’)’
after the change of summation variable w' = w™! and by the fact p,,(r) = p,, 1 (t) (estab-
lished in [7]).
Finally,

(Vh)xKn(xsy) = (Vh)xVx((X,y)"/ﬂ!) = vax(<x,)’)"/n!)
= Ve((xy)" "/ (n = D)y = Koy (x, y)y.
n
COROLLARY 3.3. Ifp € P, then K,(x,T")p(y) = p(x), for all x € RN, where

K, (x,T%) is the operator formed by replacing y; by T; with respect to the variable y, in
K, (x,y).

PROOF. If g € P,, then g(x) = ({x,0y)"/nN)q(y) and Viq(x) = K,(x,9,)q(y). Ap-
ply V, to both sides (the left side is constant in y) to obtain V,q(x) = K,(x, T")V,q(y);
formally V,d, = T”V,. The required identity holds for all Vg with ¢ € P,, and V is
one-to-one on P,. .

DEFINITION 3.4.  The bilinear form [p, q], := p(T*)q(x), forp,q € P,,n =0,1,....
THEOREM 3.5. Forp,q € ‘P,

[p.qln = KT, T)p(x)q(y) = g, Pl

PROOF. By Corollary 3.3, p(x) = K,(x, T7")p(y). The operators T* and 7° commute
and thus

[P, gl = Kn(T", T)p(»)g(x) = Ku(T", T*)p(y)q(x)
by 3.2(iii). The latter expression equals [q, pls. n
In fact, [p, qly is positive-definite. We establish this by expanding p, g in series of

products of |x|? and h-harmonic polynomials and then relating the form [p, gl to the
L*(S; h*dw) inner product.

THEOREM 3.6. Let p,q € ‘P, and express

P = 3 x| Zpp-a(x),
j<n/2

q) = 3 |x|¥gn_ai(x),

j<n/2
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With pp_2j, qn—2j € 5{,}'_@ then

Poglh = 3 ¥jln—2j+Y +N/2)[Pn—2js Gn2jln-
j<n/2

PROOF. The series expansions were shown to uniquely exist in [4, p. 37]. Recall
= YN, T2, thus

gl =3 > Apa2e(T)(|x|Ygnzs(x)).

j<n/2 €<n/2
By the identity,
(3.6) An| X7 fn(x) = 4jm +j+7 — 1+ N/ 2)[ x| ¥ f(x) + | x| Y Anfon(2),
forf,, € B,,m=0,1,2,... (see [4, p. 38]), we see that
AL (1X1¥gn2j(0) = 4 (=e(—n+j =7 +1 =N/ 2)¢|x|7 7 g3,

which is zero if £ > j.

If £ < j, then [|x|¥gu—2j(x), |x|*!Pu2¢(x)]x = O by the same argument and the
pairing is symmetric (Theorem 3.5). The only remaining terms are those withj = £,
namely, #j!(n — 2j +7 + N/ 2)ipn—2j(T*)gn—2/(x). .

LEMMA3.7. The adjoint of T; acting on L*(R™N, h? dy) is given by T} g(x) = x;g(x)—
T;g(x) for polynomials g.

PROOF. Integration by parts shows
J
/RN (a—x’_f (x))g(x)h(x)2 dp(x)

ad
- RNf(x)(ggu))h(x)Z ()

()

+ [ Nf(x)g(X){ 24005 + i )x,} ()

(f, g polynomials). For a fixed root v},

" f————(xz):i(; % g ()
Jx)gx)
RY (x,v)
_ [ fgW) f(0g(xo;)
RLRET) (xo)
in the second integral replace x by xo; which changes (x, v;) to (xoj,v;) = —(x,v;) and
leaves h(x)*du (x) invariant (assume «; > 1 for integrability). Note also that

o j)l

h(x) h(x) Za]< o)
X, Vj

h(x)* dp(x)

ho? d ()_/ f(xa)g(x)

(x,v)
= h(x)? dp(x);

he? dp+ [ |

h(x)z.
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Combining these ingredients, we obtain
d
JonTr@sme? dueo = [, (70 (e~ 5-e00)

+ f: aj(vj)f(x)(—2g(x) +8(x0)+ g(XUj))/ (x, Vi>)h(x)2 dp(x).
=

THEOREM 3.8. Ifp,q € H}, then

p.qln = CNfRNpqhzdu = 2"(% +7>"c§V/Spqh2dw.

PROOF. Since p(T*)q(x) is a constant,
Pl = e [, (P(T)400) A dp ()
= o [, 40P 1)o7 du()

= o [, 4@(P) + po(®) () dp(x)

with a polynomial py of degree less than n. Repeated use of the relation 77 g(x) = x;g(x)—
Tig(x), and the fact that deg(7;g) < deg(g) shows that the terms of highest degree in
p(T*)*1 are exactly p(x). But fgw~ qp0h2 dp = 0O since g € 5—4” (recall Formula (1.1)).
This shows [p,gl, = cn Jrv pgh®du. The rest of the theorem follows from identity
(1.2). n

Thus [p, gl is positive-definite. There is a natural isomorphism of polynomials that
maps P, and B, into orthogonal subspaces of L2 (R ", h* du) (for n # m); indeed the
image of B, is Yj<,/2 ®H',;; (see Section 1). The idea of forming e~*/2
Macdonald’s use of ¢*/2 in [12] in connection with [p, ¢];. Observe that e~/ 2 maps 2,
10 Xj<n/2 Paaj-

PROPOSITION 3.9. Letf € H! m,j € Z,, then

23 Y00 = (2L (A 20,

an element of H e

PROOF. By Formula (3.6),

i (_1\(n!
e—Ah/2|x|2jf(x) — zj: ( 1) 2

=

comes from

(=De(=m—j =7 + 1 =N/ 22|77 f (),
(and use the reversed form for the Laguerre polynomial,

(=1 & (=Pe(=) — A

—8_ 1\¢
N iso £! e

Ay
LY =

]

The pairing [, -], has an obvious extension to all polynomials with the convention

[p,qln = 0ifp € B,, g € P,, n # m. Macdonald proved the following for the pairing
[-,-]5 (the relatively easy proof does not seem to be adaptable to Ay).
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THEOREM 3.10. For p, q polynomials,

[p.qln =N /IRN(@‘A"/ZP)(‘—"A"/ZCI)h2 du.

PROOF. By Theorem 3.6, it suffices to establish this for p, g of the form
P() = |xZpn(x), g0 = ¥ Ygn(x) With ppr, gm € H,).
By (3.6),
y N
[p.qln = 4’J!<m+7 + E)j[.pmsqm]h

; N N
= 4/j! — m__ / 2
4/.(m+7+ 2)j2 (2 +’Y>ch/Spmth dw

(N
— aym+2j (L J 2
2 ].(2 +’Y>m+ch/Sp,,,th dw.
The righthand side of the formula (by 3.9) equals
on [ 2L T2 (52 2 pr(x)gm (O i)
r(%) T(5+v+m
=27 (N
r(%+7) (%)

using Formula (1.3). n
Note that

C;v(j!)22m+2j+7 ) /;‘pmthzdw

Athcm+"1+N/ 2—1)(|xl 2/ 2)pm(x)
= —2m+Y +N/2+k— DL N2 (1612 2)p,0(0)
for p € H, (a simple calculation using identity (3.6)). Thus AyH), = H!, (k> 1),
L
and we can characterize ', as (ker(Af,”)ﬂ 2}";02" fl}) N (ker(A’;) N Z}"Q&"" fl}) (as
a subspace of L2 (RN, h? du)).

PROPOSITION 3.11.  Fork,m € Z, with2k < m,

V(i %—ZJV‘) C i }szj,r
=0 J=0

PROOF. Note H,j; = {L}"+N/2*”(|x|2/2)p(x) : p € Hyu_j}. The two spaces are
the images of e=/2, ¢=%/2 applied to B, N ker(A¥*"), B,, N ker(Ak*!) respectively. But
Ve /2 = ¢=M/2y, V(P, N ker A¥*') = B, N ker(A*"), and V is one-to-one. .

There is an identity of Hecke for harmonic polynomials which can be adapted to A-
harmonic polynomials.
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PROPOSITION 3.12.  Ifp € H?!, then
— —hl*/2. 2
p(y)=e cN IRNp(x)K(x, Vh(x)” du(x)

fory e RV,
PROOF. Choose m > n, and let f,,(x) = 7 Kj(x,y). By Corollary 3.3 and Theo-
rem 3.10,
POY = Ul = e [, PO 2 (0h(x)” dp(o).

Now e 8/2f,,(x) = Scpa((=1312/2V/ 1) =i Kilx,y). Let m — oo and use the
dominated convergence theorem to get the stated formula. L]

4. The Poisson kernel. This is the reproducing kernel P(x, y) which is defined by
the property:
fO) = ¢y [FOPC Y duw()

foreachf € H' ne Z,,|y| < 1.

Let P,(x, y) denote the component of degree n; that is, P,(x,y) = Zj{ill Gnj(X)Ggnj(y),
where {¢,; : j = 1,2,...,d,} is a real orthonormal basis for 4" (in L*(S, ¢\ h*dw)),
and d, = dim ?ﬂ' = dim ‘B, — dim B, . Thus, for each fixed y, x — P,(x,y) is in H,.
Further P(x,y) = %72, Pu(x, y) as a formal series.

THEOREM 4.1. Forn € Z,,

Py = T (% + v)nznAzj

2|y ¥ ;
B Q—n—7 —N/2)! x| ¥y Ky—2j(x, ),

forx,y € RV

PROOF. The kernel P,(x, y) is uniquely defined by the reproducing property for #{".
Let f € H/, then f(y) = K,(T*,y)f(x) (Corollary 3.3). Fix y, and let p(x) = K,(x,y)
so that f(y) = [p.flx. Expand p(x) = Sjc,/2 || 2 pu_j(x) with p,_; € ,'sz, then
FO) = oS In = [psfln = 2"(gi +7) ¢y Js pafh®dw (by Theorem 3.8). Thus, Pa(x, y) =
2" (% + 7) Ppn(x) with p, being the (orthogonal) projection of p on #£*. It was shown in
[4, p. 38] that

. N B

j<n/2
But Ay K, (x,y) = |y|*K,—2(x,y) (for A, acting on x), so that Aﬁp(x) = |y ¥K,—2i(x,y). m

By formally adding 3°7° ) P,(x,y) and reversing the summation, we are led to the fol-
lowing theorem.
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THEOREM 4.2. Fixy € R" with|y| < 1, then

Pexy) = Ve((L = [y = 2(xy) + |y(37Y/27),

and

0< P(ry) < (1= [y[*)/ (min|wx £ y{)*

for |yl < 1=|x|.

PROOF. Denote by f, the function which is the argument of V, in the statement. We
claimf, € A, with |£,]4 = (1 — |y|H( — |y]) 2" Indeed,

2(x, —N/2—
50 = (1= [ 2y (1= 2Ly

L+[y]?

N
(112 271v/2—7°°(7+7)n 2" n
(1= P+ Py 30 22 e e )

But [|{x,)"loo = |y]" and 0 < 2|y| < 1+]y]* for [y < 1,50

2 ~N/2-
I = (= bt by e (1 ((220))

1+[y
=1 —|yH—|yh™2.

Thus, Vfy(x) is defined and continuous for |x| < 1. Further,

% (N
VA@ = (L= 3 1 (5 +7) 27Kn(e )L+ [y )N/
m=0 m

© N 00 ) m+%’+’7 A .
=(1- lylz)Z(*w) 2"Kn(x, y) 2(—1y(—~——.-—~)—’1ylzf-
m=0" 2 m J=0 J!

Using the bound | K, (x,y)| < d(x,y)™ (from Proposition 3.2(i)) in the first equation
shows

IVA@| < (1= [y = 2d(x,y) + |y,

the stated bound. In the double sum the part homogeneous of degree n in y is

s 2E),

lyl zan*Z'(xay)’
an/Z (—%—’Y—n+2)} 7

which equals P,(x, y) for |x| = 1. The fact that P(x,y) > 0 follows from the maximum
principle for A, (in [4, p. 41]). ]

Note that the bound on P(x, y) shows that for fixed x,y on S, P(x,ry) — Qasr —1_
except possibly for y € { xw : w € G}, the G-orbit of x and its antipode.
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5. Examples. At the time of writing, a closed form for V is known only for h(x) =
x{ (the group 7). Even so, this allows a simple determination of the Poisson kernel for
the disc polynomials (Ikeda [10], see also [3] for formulas). They are orthogonal on the
disk {x € R? : |x| < 1} with the measure (1 — x? — x3)*dx,dx, and are realized as the
restrictions to S of -harmonic polynomials on R?, for h(x) = x§ witha = X +1/2,
which are even in x3.

THEOREM 5.1.  For N = 1, h(x) = [x|%, o > 0,

VF(x) = bg /_' 1 Fan(1 — > 11 + > dt,

where
bo =272°T2a + 1)/ (T(e)T(a +1)).

PROOF. Direct verification by way of beta integrals shows that
V" = ((1/ 20/ ( + 1/ 2),) ™
and
V= (1) et [ (@ + 1/ 2 )™, neZ,.
Further 7x%" = 2nx*" and Tx*™*! = (2n+ 1 + 2a)x>" (note

Tf(x) = f(0) + a (f(x) — f(—x)) / x,

and induction shows VT = T(%). Alternatively,

TVf(x) = bq /_11 (rf’(xt) +a(f(xt) —f(—xt))/x)(l — 0\ + 0% dr
= ba /—lu <tf’(”)(1 =0 A+ 0%+ 2(f(n)/ x)ar(l t")"") dt

_ ! / / -1
= ba [ Fan(t+(1 =)A= (A +0* dr
= Vf'(x);
integration by parts is used in the second term. .

To illustrate Proposition 3.11 for N = 1, Y = «, we note that VL(,,_'/ (2 /2) =

(/2 y@—1/2 . 1/2), > / 2)ne @ .
P2 ) 2) (i H), and V(a1 P02/ 2)) = L 72 2) (in
}[lf'”). Further, for N = 2, and h(x) = x5, the h-harmonic polynomials are Gegenbauer
polynomials so that V acts as a transform from trigonometric polynomials to the former,

a classical formula of Dirichlet type. Indeed.

|
bo /_l(cos() +itsin0)' (1 — D '+ dr

oot . n! . ot
= G, Cy(cosf) + l(2a T sinf C, " (cos @),

https://doi.org/10.4153/CJM-1991-069-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-069-8

INTEGRAL KERNELS WITH REFLECTION GROUP INVARIANCE 1227

n=1,2,3,... (aresult of Erdélyi [8] for the part even in 8 ). The Poisson kernel for this
family was discussed in [6]. A transform, and the Poisson kernel, for Jacobi polynomials
can also be obtained by using A(x) = |x;|#|x2|/* on R? and expressing V as a double
integral.

Turning to N = 3, h(x) = |x3|*, we get the Poisson kernel explicitly as

P(x,y)
1 —a—
ba [ (1= 1D(1 = 2y +x52 #1330+ W12 A= * A

_ =P (a+3/2,a_* 4x3y3 )
|x—y|2"+321 2a+1 7 |x—y|?

for |y < |x| = 1,x,y € R*. Asin [6], consider the hypergeometric function analytic
onC\ [1,00] (cutalong {z € R : z > 1}. Note —4x3y; = |x —y|? — |xa — y|?, where
xo = (x1,X2, —x3). The restriction of this kernel to polynomials even in x3 was already
determined in integral form by Kanjin [11].
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