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RAPIDLY DECREASING BEHAVIOUR OF SOLUTIONS IN
NONLINEAR 3-D-THERMOELASTICITY

SoNG JIANG

In this paper we study the asymptotic behaviour, as |z| — oo, of solutions to
the initial value problem in nonlinear three-dimensional thermoelasticity in some
weighted Sobolev spaces. We show that under some conditions, solutions decrease
fast for each t as z tends to infinity. We also consider the possible extension of the
method presented in this paper to the initial boundary value problem in exterior
domains.

1. INTRODUCTION

We consider the initial value problem (1.1)-(1.4) in R3

8%u; ~ 6 .
(1.1) 02u; — Ciajp(Vu, 0) ;p — Cia(Vy, 0)5; =0, i=12,3,
2
(1.2) a(Vu, )8, — aap(Vu, 0, V6) 9 ” ~ Cia(Vu, ) g & "'
ﬁ T o
2

~bija(Vu, 6, V8) 75— — di(Vu,8 Vo) a
with initial data
(1.3) u(0) =u°, Bwu(0)=1", 6(0)=26°

where repeated indices indicate summation from 1 to 3, u = (ul,uz,us)T is a vector
function, @ is a scalar function, both depending on t € R} and z € R®, T denotes
transposition, Ciqjg, 5;a, a, o8, bijo and d; are given smooth functions.

The system (1.1)—(1.3) typically arises in nonlinear thermoelasticity (see Slemrod
[9], Racke [8], also see Carlson [2] for extended considerations), where v and 8 stand
for the displacement vector and the temperature difference, respectively; and
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¥ = 9¥(Vu, ) is the free Helmholtz energy, ¢ = ¢(Vu, 8, V0) is the heat flux vector and
f(6) is a C* function such that f(8) =8+ T, for —Tp/2 < 6 < Tp/2 + sup, |6°| and
0< f1 € f(0) € fa < o0 for ~00 < 8 < 00, f1, f2 constants, Ty > 0 the reference
temperature.

Note that in the original equations f(8) = 8 + T,. Here, in order to get rid of the
possibly singular term 6 + T, we introduce the transformation f(8) (see Slemrod [9]).
which is identical to 84T} for any non-negative ° and small time interval by the local
existence, or for small initial data by the global existence stated in Section 3.

Our purpose in this paper is to investigate the rapidly decreasing behaviour of
solutions of (1.1)-(1.4) in some weighted Sobolev spaces. The motivation for studying
the rapidly decreasing behaviour of solutions of (1.1)—(1.4) is not only the interest in
the asymptotic behaviour as |z| — oo itself, but also its importance for numerical
solution of (1.1)-(1.4) (see Jiang [5] on utilising the far field behaviour of solutions
to solve numerically (1.1)—(1.4) in the one-dimensional case). Recently, the author [4]
studied the far field behaviour of solutions to (1.1)-(1.4) in the one-dimensional case
by applying the Fourier transform to the related linearised problem. Here, we use a
different method to show that solutions of (1.1)—(1.4) decrease fast for each ¢t as z tends
to infinity. The main results in this paper are the following.

THEOREM 4.1. Let the conditions of Theorem 3.1 be satisfied. Also assume that
u® € H?, u',8° € H? for » > 0. Then the local solution u, 8 on [0,T*] of (1.1)-(1.4)
established in Theorem 3.1 satisfies

(1.5) D’D.u, 88, D26 L=([0,T*],S:~?)
and
(1.6) 2" Du)]|__, + MMOECHIa—s + || Dl608)]|| ., < CE.

for any t € [0,T*], where C = C(r,T*,e), €o = ||‘u('||._'_1'2 + ||‘ul||"2 + ||0°”.'2 and
E, =e + Iuolr,s + Ilu'l |r,2 + Iaolr,z'
THEOREM 4.2. Let the conditions of Theorem 3.2 be satisfied. Also assume

that u® € H2, 4',0° € H? for r > 0. Then for any T > 0 the global solution u, 8 of
(1.1)—(1.4) established in Theorem 3.2 satisfies

(1.7) D'D,u, 80, D.0e L™([0,T],5:%)
and
18)  ||PDu)|| _, + OB, .. +|[|D2000)]| _, < Clri0,8,T)E.

for any t € [0,T)], where E, is the same as in Theorem 4.1.
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REMARK 1.1.. The notations appearing above are defined in Section 2.

REMARK 1.2.. Theorems 4.1 and 4.2 together with the Sobolev imbedding theorem
imply that |ﬁiu(t)|, |Beu()], |6(2)] = O(|z|"') for each t as |z| — oco. Also see
Remark 2.1 in Section 2.

It follows from Theorem 4.1, Remark 3.1 and Lemma 2.3 that

COROLLARY 4.3. Let the conditions of Theorem 3.1 be satisfied. Assume tbat

u®, u', 6° € S(R®). Then for the local solution u, 8 on [0,T*], we have
(1.9) u, 8¢€C>([0,T*],S(R%)).

The paper is organised as follows: Section 2 gives the notation, the assumptions
and proves some lemmas. In Section 3 we state the local, and global existence theorems.
In Section 4 we prove Theorems 4.1 and 4.2, and at the end of the section we consider
the extension of the method given in Section 4 to the initial boundary value problem
in exterior domains.

2. ASSUMPTIONS, NOTATIONS AND PRELIMINARIES

We denote by W™? (1 < p € oo, 0 < m < 00) the usual Sobolev spaces on R*
with the norm ||-[|,, , (see Adams [1]) WP = Npenugoy W™?. ||-|| and (-,-) stand
for the norm and the inner product in L? (R’) , respectively. We also use

0; = 0/0z;, 92 =0871077652 (la] = a; + az + as).

For any integer L > 0,
Dlu=(8u;lal=L), D'u=(8{0gu;j+lal=1L),
Dyu=(02u; ol <L), Du=(8j62u;j+lal<L).

For a vector valued function f = (f;,---, fm)T and a non-negative integer L we set

DLf = (Dtfy,--- ,DEfm)",  DEf=(DLfi,---,DEfm),
ﬁff = (.I—)ffla"' 1ﬁ:fm)Ts ﬁLf = (ﬁLfls"' 15Lfm)T

and f € X (a normed space with norm ||-||,) means that each component of f is
in X and ||fllx = [fillx + -+ lIfmllx- S(R®) is the Schwartz space of all rapidly

1/2
decreasing infinitely differentiable functions on R3. Throughout o(z) = (1 + |z|2) )
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z € R®. For r, s € R' we denote by H; the completion of S(R*) in the norm |u|,, =

lo™F(s*F (v))||, where F and F~! are the Fourier and inverse Fourier transforms,

respectively. For r € R! and s € NU {0}, we denote by W? the completion of S (R’)
1/2

in the norm [ul;, = (EIGK' ||ara;=u||’) . Both H! and W! are Hilbert spaces

with the inner products (u,v),, = (¢"F (o’ F(u)),0"F (0" F(v))) and (u,v);, =

ZI: (070%u,070Zv), respectively. HJ and W{ coincide with the usual Sobolev spaces
lx|<s

H* and W*. C§° (R"‘) is the space of all infinitely differentiable functions with compact
supports. Let m € N U {0}, X be a Banach space with norm ||, G € R! a
domain, thus C™(G,X) denotes the space of all X -valued functions which are m-
times continuously differentiable in G.

We also introduce the Hilbert space S2 = 52(R®) defined by
(2.1) S!=H!NH;
with the inner product and norm
(2:2) ((w,9)),,, = (w,9), 0+ (2,9)g
(23) [T i (R g

Throughout this paper, C (sometimes used as C(a,b,---) to emphasise that C depend
on a,b,-..) will denote various constants in various places.

Now, we state the assumptions for (1.1)-(1.4).
AssuMpPTION 2.1.

(1) ¥ and q are sufficiently smooth functions.
(2) @ap(P,p,v) = aga(Pyp,v), PeR>3, pecR', veRS.
(3) There is a constant ko > 0 such that
Ciaip(P,m)&€inans > Ko ll* In*)  aap(Pu,v)eals > ko l€1°,  a(Pp) > Ko
for PER™, pe R, and v, €= (1,62,6)", 1 = (11,m2,m)" €R®.
In order to obtain global smooth solutions of (1.1)—(1.4), we also require
AssumMPTION 2.2.

Ciaip(V4,0) - Ciaja(0,0),  |Cia(Vu,0) - Caa(0,0)],

|(V5,8) ~ a(0,0)| = O(IVul* +16]°) and

09a(Vu,8,V0)  894(0,0,0) dg;
(00 /0zp) 0(00/0zg) |’ | 0(0u;/0za)
= O(IVul* + 161 +V6I*)

’

0g;
’ ]

https://doi.org/10.1017/5000497270002880X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002880X

(5] Solutions in 3-D-thermoelasticity 93

near the origin.

Before proving Theorems 4.1 and 4.2, we need some lemmas. The following two

lemmas can be found in Triebel (10, 11}.
LEMMA 2.1. Fors e NU{0}, H! =W_. |-|., and |-|;, are equivalent norms.
LEMMA 2.2. For any s,r € R?,

(H;) = HZ},
where X' denotes the dual of a Banach space X .
The following lemmas 2.3-2.5 are given in Tsutsumi [12].

LEMMA 2.3. S! C S:,I if » > r' and s > s'. The intersection N, ,>0S"
(= NrseNSh (R’) ), equipped with the initial topology, is the Schwartz space S(R’) .
Moreover the intersection N,S! is S(R%).

LEMMA 2.4. We have
(S2) =H°, + Hy.
LEMMA 2.5. Let r,5 > 0. Assume u € S:'(RS). Then uw € H:_, and
lulr—1,s < C(r, 8)ll|wlllr,rs-

REMARK 2.1. By Lemma 2.1, 2.5 and the Sobolev imbedding theorem we see that if
u e §T*? with s € NU{0} and r € N, then

sup o™} (2)Dzu(z)| < C(ry8)[ulr-1,042 < C(ry8)l[[ellr,r(st2),
z€E

that is [D.u(z)| = O(lz|="1) as |z| — oo.
The following lemma follows from a straightforward calculation and we shall omit

its proof here.

LEMMA 2.6. Let p€ C§°(R®) such that p=1if |z| <1 and p =0 if |z| > 2.
Let p.(z) = p(ez) for 0 <e <1. Thenas e — 0,

pe(z) = 1 uniformly on any bounded set in R3,
DZp.(z) » 0 uniformlyin R*, |a|# 0.

Moreover, for any |a| € NU {0}, we have
IDZpe(2)] < Cag™(0(2)™1°1"™,  0<y <o,

where the constant Cq > 0 is independent of ¢.
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3. LocAL, AND GLOBAL EXISTENCE THEOREMS

In this section we give the local and global existence theorems, which are useful in
the proofs of Theorems 4.1 and 4.2 in the subsequent section.

THEOREM 3.1. (Local existence) Let Assumption 2.1 be satisfied. Let s > 5 be
an integer. Assume that v € W*t1:2 4l §° ¢ W*2, Then there is a T* > 0 such
that (1.1)—(1.4) has a unique solution u, § with

3.1) { u € N, C([0,T*], W*+1—42) | g € nl_,C([0,T*], W*~2"?),

V6 € L*([0, T*], W*2).

Furthermore, we have

2 . 1 ‘ ¢ 1/2
(62) S ilerimsa + 310 Osia + ([ 170N )

=0
< C(Iw’llss2,2 + 1wt lls2 + 16°l2)  for any ¢ €[0,T"],
where C > 0 is a constant depending only on T*, ||u®||s+1,2, ||u}|ls,2 and ||6°|],2-
PROOF: See Kawashima [7], Vol’pert and Hudjaev [13], also see Racke [8]. 0

REMARK 3.1. From Theorem 3.1, it follows that if u%, u!, 8° € W2, then u,
8 € C=([0,T*),W=?).
The following global existence theorem was proven by Racke [8].

THEOREM 3.2. (Global existence) Let Assumptions 2.1 and 2.2 be satisfied. Let
U° = (Vuo,ul,Oo)T. Then there are integers s,8,,--+ ,8¢ with 8 > 5 and asmall § > 0
such that if u® € L? (Rs) and

UO € Wl,2 n le,9/7 N Wl(,13/11 N ng,26/15 n W‘e,lﬂ/ll with
NU° a2 + 10 Nuy 077 + 1U°Mlag 18721 + 1U°|lsg 2625 + NU° llag 18711 < &,

there exists a unique smooth solution of (1.1)—(1.4) satisfying

(33) v €N, C([0,00), W), §e N, C*((0,00), W),
(3.4) 1(Vu(t), Beu(2), (1) a2 < C(s,8)[U° sz, V€ [0,00).

4. THE PROOF OF THEOREM 4.1 AND 4.2

PROOF OF THEOREM 4.1: By the definition of S} (R’) and Theorem 3.1, it suffices
to show that

(4.1) D'D,u, D.8, 86¢eL=(0,T*],H’), V6 e L*([0,T"),H?),
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and

t 1/2
(4.2) |(ﬁ’ﬁiu,ﬁia,a,a) T O)leo + ( / |V0(T)|Z,2d-r) < C(r, T, e)E,
1}

for any 0 < ¢t < T*, where ¢y and E, are the same as in Theorem 4.1.

We shall show (4.1)-(4.2) by induction on r. It can be easily seen by Theorem 3.1
that (4.1)-(4.2) are valid for » = 0. Suppose that (4.1)—(4.2) hold for all values less
than or equal to r — 1 (r > 1), we show (4.1)-(4.2) for r.

Let p(z) € Cs°(R®) with p(z) = 1 for |z| < 1 and p(z) = 0 for |z| > 2. Set
pe(z) = p(ez) for 0 < e < 1. Denote

(4.3) u®(t, ) = pe(-)u(t, ), 0°(t,-) = pe(-)0(t,-), te(0,T7],

Now, multiplication of (1.1)-(1.2) with p, implies that u® and 8¢ satisfy

8%us ~ 86°
2.6 v, J __(. —_— = ft
(4.4) 8fuf C.a,p(Vu,O)aznazﬂ Cm(Vu,O)aza fi(u,8),
(4.5)
320‘ 0%us
a(Vu,0)0:6° — ang(Vu,, V0) - “,(V'u. 0)—F
3t3
bija(Vu,8,V0 62"; Vu,8,V0 “(u,0
— bija(Vu,d, )m_dt( u,v, )3.':.- = ¢°(u,0),
where
(4.6)
. 9’p. dp. Bu;  Bp. Ou; =~ Op.
F1(0.8) = ~Cuaigy 5w~ Cuoo (Gh ot + s ) = Conict
B B
(4.7)

8p. Op. 80 ~ dp.
Focey® ~ 200Gy Gy — Ciagy 0ot
b &pe — bija (Bp, Bu; , O Bu.) d.'aP‘O

T Yiag, Bz, Oz, Oz; ' Oz, Oz, Bz

93("'1 0) —Qap

If we utilise (3) of Assumption 2.1, Lemma 2.1, the energy estimate (3.2) and the
Sobolev imbedding theorem, we infer that for 0 < t < T*

¢ Bu oc™ut) d(c"u
(2rC'°Jﬂgu"a )(t)—( laJﬂa(a )’ ( J))()

(48) 80" , Oo" , Out . Oué 8o
- (C"C‘l'ﬁ az H a ) (t) ( 'GJﬁa a ’ az ) (t)

> eollou (8|3, — Cxllﬂ'u‘(t)llz C(re0)lu(t)l-1,0 ~ (co/2)lu ()7 1,
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where ¢y and c¢; are positive constants. By applying the induction hypotheses and the
equality: f(t) = f(0)+ fot f'(7)dr, we arrive at

Aus Ous c
2rey. T4 3 £01..2(4) |2
(‘y iajp 9z, 3::5) (t) > 2 u (t)lr,l

(4.9) t
~0(r,T*,e0) { (B + (B2 + [ (w120 + 0 2e) )

for any t € [0,T*], where

(4'10) El = ||P=“0”-+1,2 + “Pcu1||-.2 + ||P¢00||:,2 + l/’z"‘o|r,8 + |Pz"'1|r,2 + |P300|r,2'

Multiplying (4.4) and (4.5) by 0?"8;uf and o?7° in L?(R3), respectively, we have by
partial integration and (4.9) that

1Bt (8)R o + (D)2, + 185 ()20 + / V8 (r) 2 gdr
(4.11) <C(r,T*,eo){(Er)’+(E:)’+ /0 (10eu® o + [uf|2, +16°2 ) (7)dr
+ [ 07 0 + b o)r:',o)(f)dr} ,

where f° = (f¢, f£,5)T and we have used the estimate:

sup{ |6¢a|, |VCiaJ'ﬂ|1 |V5ial1 lvaaﬂ|7 IVbl':ial }(t)
(4.12) z€ER3

< Cleo)(IVu(B)lls,2 + [16(t)]ls,2) < C(eo)  for any € [0,T7),

which follows from (3.2) in Theorem 3.1 and the Sobolev imbedding theorem. Recalling
the definitions of ff and ¢°, we apply Lemma 2.6 and the induction hypotheses to
deduce

|F5(u,0) ()70, 19°(u, 0)()I70 < C(Iu(t)7_1,0 + 1Beu(t)[F s 0 + 16(2)17 )

(4.13) ,
<C(E), Vtelo,T*.

Inserting (4.13) into (4.11), one gets
t
18w (2)[7,0 + [u® ()71 + 10°(2)17,0 + /; [V6(7)[7 odr

(4.14) t
< C(r,T" e0) {(E,f +E + [ (Bt W+ w°|3,o)(r)dr}
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for all 0 € ¢ < T*. So, we obtained a bound for 8;u*, -D—:,u‘ and #°. To estimate
the derivatives of higher order of u® and 8%, we take V and Va~! (respectively D2
and D2a~1) on both sides of (4.4) and (4.5), respectively, and multiply with 0?78, Vu{
and ag?"V6° (respectively with 0278, D?u$ and ao?"D26°) in L?(R®). By arguments
similar to those used for (4.14), we obtain

1B.Vus (D)2, + [Vus(§)R 5 + [VO(R)[2, + / |D26°(r) R dr
(4.15) . o
<Ol T e0) { (B + (B + [ (009 + Ve 4 VO, ) () ).

An application of the Gronwall ineqality to (4.14)—(4.15) gives
t
(416) 18 (1)I7, + lu*(t)I7s +16° (D)1, +/ |V8°(7)[2 2dr < C{(E.)* + (E2)*}
0

for any t € [0,7"*], where C = C(r,T*,eo) is independent of €. It follows from the
equations (4.4)-(4.5), (4.16) and the induction hypotheses that for t € [0,T*]

(4.17) 1820 (8)71 + 18:0°() 20 < C(r, T", e0){(E:)" + (E5)'}-

Thus, {_D—zﬁ:u‘}, {0:6°} and {ﬁiO‘} (respectively {V6°}) remain in a bounded set
of L=([0,T*], H?) (respectively L2([0,T*],H?)) provided that ¢ is sufficiently small.
Hence we can construct subsequences of {u®} and {6}, still denoted by {u°} and
{6°}, such that (note here Lemma 2.2 and the fact: (u‘,a‘)T — (u,G)T strongly in
L*>([0,T),L*(R%)) as e — 0 )

—_ — T g — T
(ﬁ’piuaa.oap:o‘) — (D’DLu,a,a, DZO) € L= ((0,T"], H?)
(4.18) (weak-*) in L*([0,T*],Hy) as £ — 0,
V8* —s V8 € L*([0,T*],H?) weakly in L*([0,T*],H?) as ¢ — 0,

which proves (4.1). The estimate (4.2) immediately follows from the lower semicontinu-
ity properties of the weak-* and weak topologies, and (4.16)—(4.17). Hence (4.1)—(4.2)
are valid for r. This completes the proof. 1]

PROOF OF THEOREM 4.2: Forany T > 0, we know from Theorem 3.2 that (u,0)T
satisfies the equations (1.1)-(1.4) on [0,T]. Utilising the estimate (3.4), following the
same arguments as in the proof of Theorem 4.1 (see the proof of (4.1)-(4.2)), we can
show the theorem.
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We close this section by considering the initial boundary value problem (1.1)-(1.4)
in an exterior domain §} with the Dirichlet boundary conditions

(4.19) ulen =0, 6Olea =0,

where 90 is the boundary of @ and sufficiently smooth. For the initial boundary value
problem (1.1)—(1.4), (4.19), we have a local existence theorem similar to Theorem 3.1
(see Jiang and Racke [8], Chrzgszczyk (3], and Zheng and Shen [14]). We may apply
the arguments similar to those used for Theorem 4.1 to show that the local solution on
[0,7*] of (1.1)~(1.4) and (4.19) satisfies

(4.20) D’u, 808, D.0€L>((0,T*], W),

where W2(Q) = {u € L*(Q);ulro0 = (Jo |a"'(:p:)u.(:z:)|2dz)1/2 < oo}. WPA) is a
Hilbert space with the inner product (u,v),4q = J;o?"(2)u(z)5(z)dz. It is worth
noticing that a slightly different technique in the derivation of (4.20) is that instead
of the differentiations with respect to z as in the derivation of (4.15), we perform the
differentiation with respect to ¢ to obtain an estimate for

%
1(82u%,8,Vu®,8,6°) T (t) 20 0 + / |8, V8°(r)dr 2 5 qdr
[1]

similar to (4.15), which together with the equations (4.4), (4.5), (4.19) and the regularity
for elliptic systems yields a bound for ff):u‘(t)lfvo,n + |ﬁi€‘(t)|ﬁ'o'n .
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