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Abstract

Let G be a finite abelian group, A a nonempty subset of G and & > 2 an integer. For g € G, let R4 ;(g)
denote the number of solutions of the equation x| + -+ + x;, = g with x; € A for 1 <i<h. Kiss et
al. [‘Groups, partitions and representation functions’, Publ. Math. Debrecen 85(3) (2014), 425-433]
proved that (a) if Ra,(g) = R\an(g) for all g € G, then |G| = 2|A|, and (b) if £ is even and |G| = 2|A|,
then R4 4(g) = Ro\an(g) for all g € G. We prove that Rg\ax(g) — (—1)”RA,h(g) does not depend on g.
In particular, if & is even and R4 ;(g) = Rg\an(g) for some g € G, then |G| = 2|A|. If A > 1 is odd and
Ran(g) = Ravan(g) for all g € G, then Ra(g) = IAI"! forall g € G. If 1 > 1 is odd and |G| is even, then
there exists a subset A of G with |A| = %lGl such that Ry ,(g) # Ro\an(g) forall g € G.
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1. Introduction

Let G be a finite abelian group and A a nonempty subset of G. For g € G and an integer
h > 2, let Ra ;(g) denote the number of solutions of the equation x; + - - - + x;, = g, with
x;eAforl <i<h.

Recently, Kiss et al. [5] proved the following results.

TueoreM A (Kiss et al. [5]). Let h > 2 be a fixed integer, G a finite abelian group and
A a nonempty subset of G.

() IfRan(g) = Re\an(g) for all g € G, then |G| = 2|Al.
(i1) Ifhis even and |G| = 2|A|, then Ran(8) = Ro\an(g) for all g € G.

Trueorem B (Kiss et al. [5]). If h > 2 is a fixed odd integer and A C Z,, with |A| = %m
then there exists g € Z,, such that Ra ;(g) # Rz, \a.1(8).

For related results, one may refer to [1-4] and [6-11]. In this paper, we prove
further results about these representation functions.
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THeoREM 1.1. Let h > 2 be an integer, G a finite abelian group and A a nonempty subset
of G. Then, for every g € G,

(Gl - 1AD" - (=D"|A]"
G '

Re\an(g) = (=1)"Ran(g) =

CoroLLARY 1.2. Let h > 2 be an even integer, G a finite abelian group and A a nonempty
subset of G. Then Ry ;,(g) = Rg\an(g) for some g € G if and only if |G| = 2|A|. Moreover,
Run(8) = Ro\an(g) for some g € G if and only if Ra5(8) = Ro\an(g) for all g € G.

Corollary 1.2 follows immediately from Theorem 1.1.

CoroLLARY 1.3. Let h > 3 be an odd integer, G a finite abelian group and A a nonempty
subset of G. Suppose that Ry ;(8) = Ro\an(g) for all g € G. Then

Ran(g) = Ra\an(g) = JIAI"™" forall g e G.
Corollary 1.3 follows immediately from Theorems 1.1 and A(i).

CorOLLARY 1.4. Let h > 3 be an odd integer, G a finite abelian group and A a nonempty
subset of G.

(@)  IfRan(g) = Ro\an(g) for some g € G, then |G| is even.
(b) IfRan(g) = Ro\an(g) for all g € G, then |G| = 2|A| is divisible by 4.

THeOREM 1.5. Let h > 3 be an odd integer and G be a finite abelian group of even order.
Then, there exists a subset A C G with |A| = %IGI such that

Ro\an(g) # Ran(g) forall g €G.

In Section 2, we will give proofs of Theorem 1.1, Corollary 1.4 and Theorem 1.5.

2. Proofs

Proor or THEOREM 1.1. Let y4(x) be the characteristic function of the set A C G, that
is,

1 ifxeA,

xal0) = {o ifxeG\ A.

Observe that

Ran(g) = Z xalar) - xalap-1)xa(@ —ar — -+ —ap-1),
ay,as,...ap_1 €G
Ro\an(g) = Z (I =xala)--- (A = xalap-1))A = xalg —ay — -+ —ap-1)).

ay,a,...an-1€G
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Consequently, the terms in Rj;(g) cancel in Rgyan(g) — (—l)hRA,h(g) and the
remaining terms of R\ ,(g) are given by

Roun(® — (D'Ran@) = > > D Jxatan

ap,as,....an-1€G IC{1,2,...,h—1} i€l
1|
- D wmgma-—a) Y D ra)
ay,az,....ap-1€G 1c{1,2,....h—1} i€l
[I|<h-2

= > = [ ra@

1c{1,2,....h—1} ap,az,....ap—1€G i€l
1|
= > =Y xag—a = —a) | Jxat.
Ic{1,2,....h—1} aip,az,....ap-1€G i€l
[|<h-2

Forany I c{1,2,...,h—1},

Z HXA(CH)

Z HXA(ai) l—[ xg(aj)

aip,az,....an—1€G i€l aip,az,....ap—1€G i€l je{l,2,...,h—l}\1
= H(ZXA(CH))' l—[ (ZXG(aj))
iel " a;eG jel1.2,...i—1\I  a;€G
= |AMG 1, @.1)

Suppose I C {1,2,...,h— 1} with|[|<h—-2andletke{1,2,...,h—1}\ I. Then

Z xa(g —a —"'—ah—l)l_[XA(di)

ap,ay,....an-1€G i€l

= Z ZXA(g—al—'-'—Clh_l)l_[XA(ai)

aeG areG iel
1<t<h-1,t#k
= > Ya@]| [xa@=1a1 Y [ xata.
a,eG aceG i€l a,eG i€l
1<t<h—1,1#k 1<r<h-1,t#k

Noting that / C {t: 1 <t < h— 1,t # k}, by the argument used previously for (2.1),

Z I_IXA((Z,') = |A||I||G|h—2_|[|.

a,eG i€l
1<t<h-1,t#k

Thus
D xa@-ai = —a) | |xata) = 4" 6P

a,az,....ap-1€G i€l
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Hence
Ravan(@) = (=1'Ran(g)
=, el - Z (=D Gl2
Ic{12,...h—1) Ic{12,...h—1}
|I|<h 2
‘ -1 h-1
( )( l)klAllelh—l—k + Z( L )(_1)k+1|A|k+l|G|h—2—k
k=0 k=0
S (h-1 S(h-1
( . )( DARGI T+ ) (k _ 1)(—1)k|A|k|G|h‘1‘k
O k=1
h—-1
h—1\ (h-1
= |G|h—1 + (( ) + ( )) (_1)k|A|k|G|h—l—k
i\ k k-1
h-1 h-1 h
=16/ + Z( )(—1>"|A|"|G|’“" => (k)<—1>’<|A|k|G|h1k
k=1 k=0
_(61= JAD" — (=D)"A]"
G| '
This completes the proof of Theorem 1.1. O

Proor oF CoroLLARY 1.4. (a) Suppose that R4 ;(g) = Re\a,n(g) for some g € G. By
Theorem 1.1, 2|G|RA;(g) = (IG| — |A])" + |A". If |G| is odd, then (|G| — |A])" + |A]"
is odd, a contradiction. Hence |G| is even.
(b) Suppose that R4 5(g) = Re\ax(g) for all g € G. By Theorem A(i), |G| = 2|A|. In
view of Corollary 1.3,
Ran(8) = Ro\an(g) = 1A

for all g € G. Therefore |A| is even and |G| = 2|A]| is divisible by 4. This completes the
proof of Corollary 1.4. O

Proor or THEOREM 1.5. Since |G| is even, it follows from the fundamental theorem of
finite abelian groups that

G = Zoa @szlq @®--- eaZplm 1= Zpeo ® H,
where py, ..., p; are primes (not necessary distinct and not necessary odd), ap > 1 and
H=Z2,,® - ©ZLym.
Without loss of generality, we may assume that G = Zy ® H. Let
A ={(ay,az) :a; =0 (mod 2),a; € Zyn,a, € H}.
Then |A| = |G|/2 and
G\A={(b1,by): by =1 (mod 2),b| € Zy,b, € H}.
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For any g = (g1, g2) € G with g| € Zy« and g, € H,

g=1(81,82) = (h—1)(g1,8) + (—(h —2)g1, —(h — 2)g2).
If g is even, then Rg\a,4(g) = O since 4 is odd and

(81, 82), (=(h = 2)g1, —(h — 2)g2) € A.
Thus
Ryn(g) 2 1>0=Rean(g.
If gy is odd, then R4 ;,(g) = 0 and

(81,82),(=(h—2)g,—(h—2)g2) G\ A
since & is odd. Thus
Rovan(g) 2 1>0=Ry;(9).

This completes the proof of Theorem 1.5. ]
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