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Abstract

We generalize Baker—Bowler’s theory of matroids over tracts to orthogonal matroids, define orthogonal matroids
with coefficients in tracts in terms of Wick functions, orthogonal signatures, circuit sets and orthogonal vector sets,
and establish basic properties on functoriality, duality and minors. Our cryptomorphic definitions of orthogonal
matroids over tracts provide proofs of several representation theorems for orthogonal matroids. In particular, we
give a new proof that an orthogonal matroid is regular if and only if it is representable over F, and F3, which was
originally shown by Geelen [16], and we prove that an orthogonal matroid is representable over the sixth-root-of-
unity partial field if and only if it is representable over F3 and Fj.
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1. Introduction

Let F be a field, and let V = F?" be a 2n-dimensional vector space over F endowed with a symmetric
nondegenerate bilinear form Q. We say a subspace W C V is isotropic if Q(W, W) = 0, and maximal
isotropic or Lagrangian if it is isotropic and of dimension n. Given a maximal isotropic subspace W of V,
one can associate to W a point w of PV (F) with coordinates w; indexed by the subsets I C {1,...,n},
where N = 2" — 1. Just as the usual Grassmannian G (r, n) parameterizes all r-dimensional subspaces
of an n-dimensional vector space, all maximal isotropic subspaces of V can be parameterized by the
Lagrangian orthogonal Grassmannian OG (n, 2n) C PN (F). The Lagrangian orthogonal Grassmannian
is a projective variety cut out by homogeneous quadratic polynomials known to physicists as the Wick
equations [21].

The combinatorial counterpart of Lagrangian orthogonal Grassmannians is the notion of a
Lagrangian orthogonal matroid. For simplicity, we omit the adjective ‘Lagrangian’ and call them
orthogonal matroids.

Let E = [n] U [n]* ={1,...,n} U{1",...,n"} with the obvious involution * : E — E that induces
an involution on the power set P(E), and denote by XAY the symmetric difference of two sets X and Y.
A subset A C E is said to be admissible or a subtransversal if A N A* = (. An n-element admissible
subset is a transversal. We call {x,x*} C E with x € E a divergence.

One of the simplest ways to define orthogonal matroids is via the symmetric exchange axiom.

Definition 1.1. An orthogonal matroid on E is a pair M = (E, 5), where the nonempty collection B
of transversals of E satisfies the following axiom: if By, B € B, then for every divergence {x;,x]} C
B AB,, there exists {xz,x;} C B;AB, with {xz,xZ} * {xl,x’l‘} such that B]A{xl,x’f,xz,xz} e B.

The finite set E(M) := E is called the ground set of the orthogonal matroid, and B(M) := B is the
collection of bases.

Orthogonal matroids were studied by various researchers from different perspectives. An equivalent
definition of orthogonal matroids was firstly introduced by Kung in [18] in 1978 under the name of
Pfaffian structures; see also [19]. Bouchet studied basic properties of orthogonal matroids, initially
under the name of symmetric matroids and later even A-matroids, including their bases, independent
sets, circuits, the rank function, a greedy algorithm, minors and representation theory of orthogonal
matroids over fields [8, 12, 10, 11]. One can associate an orthogonal matroid to a graph embedded on
an orientable surface [9, 13]. Orthogonal matroids also coincide with the class of Coxeter matroids of
type D, in the sense of [7].

Tracts were introduced by Baker and Bowler in [2] as an algebraic framework to represent matroids
that simultaneously generalizes the notion of linear subspaces, matroids, valuated matroids, oriented
matroids and regular matroids. This framework provides short and conceptual proofs for many matroid
representation theorems [5, 4]. Recently in [17], Jarra and Lorscheid extended Baker—Bowler’s theory
to flag matroids, which also lie in the class of Coxeter matroids of type A, as ordinary matroids.
An introduction to tracts will be given in Section 2.1.

We generalize the theory of matroids over tracts in [1] and [2] to orthogonal matroids and show
that there are (at least) three natural notions of orthogonal matroids over a tract F, which we call weak
orthogonal F-matroids, moderately weak orthogonal F-matroids and strong orthogonal F-matroids in

https://doi.org/10.1017/fms.2025.10085 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10085

Forum of Mathematics, Sigma 3

order of increasing strength. We give axiom systems for these in terms of Wick functions, orthogonal
signatures, circuit sets and vector sets, and prove the cryptomorphism for strong orthogonal F-matroids.

Theorem 1.2. Let E = [n] U [n]* and let F be a tract. Then there are natural bijections between:

1. Strong orthogonal F-matroids on E.

2. Strong orthogonal F-signatures on E.

3. Strong F-circuit sets of orthogonal matroids on E.
4. Orthogonal F-vector sets on E.

We also prove natural bijections between weaker notions.
Theorem 1.3. There is a natural bijection between:

1. Weak orthogonal F-matroids on E.
2. Weak F-circuit sets of orthogonal matroids on E.

Theorem 1.4. There is a natural bijection between:

1. Moderately weak orthogonal F-matroids on E.
2. Weak orthogonal F-signatures on E.

Our definitions show compatibility with various existing definitions in the following ways; see
Section 3.8.

1. If the support of a strong or weak orthogonal matroid on E over F is the lift of an ordinary matroid
on [n], then an orthogonal matroid on E over F is the same thing as a strong or weak matroid on [7]
over F' in the sense of [2].

2. A strong or weak orthogonal matroid over the Krasner hyperfield K is the same thing as an ordinary
orthogonal matroid.

3. A strong or weak orthogonal matroid over a field K is the same thing as a projective solution to the
Wick equations in PV (K), or an orthogonal matroid represented over K in the sense of [12].

4. A strong or weak orthogonal matroid over the regular partial field Uy is the same thing as a regular
representation of an orthogonal matroid in the sense of [16].

5. A strong or weak orthogonal matroid over the tropical hyperfield T is the same thing as a valuated
orthogonal matroid in the sense of [14, 27, 28], or a tropical Wick vector in the sense of [23].

6. A strong orthogonal matroid over the sign hyperfield S is the same thing as an oriented orthogonal
matroid in the sense of [27, 28].

Together with several properties of tracts, we are able to prove representation theorems for orthogonal
matroids. For instance, we give new proofs of the following characterizations of regular orthogonal
matroids.

Theorem 1.5 (Geelen, Theorem 4.13 of [16]). Let M be an orthogonal matroid. Then the following are
equivalent:

(i) M is representable over F, and Fs.
(ii) M is representable over the regular partial field Uy.
(iii) M is representable over all fields.

We say that an orthogonal matroid is regular if it satisfies one of the three equivalent conditions in
the above theorem. We also give two more characterizations of regular orthogonal matroids without a
specific minor M4 on [4] U [4]* (see Section 5 for a precise description of My).

Theorem 1.6. Let M be an orthogonal matroid with no minor isomorphic to My and let (K, <) be an
ordered field. Then the following are equivalent:
(i) M is regular.
(ii) M is representable over Fy and K.
(iii) M is representable over F, and the sign hyperfield S.
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We then extend Whittle’s theorem [29, Theorem 1.2] that a matroid is representable over both F3 and
F, if and only if it is representable over the sixth-root-of-unity partial field R¢ to orthogonal matroids.

Theorem 1.7. Let M be an orthogonal matroid. Then the following are equivalent:

(i) M is representable over the sixth-root-of-unity partial field Re.
(ii) M is representable over Fs and Fy.
(iii) M is representable over F3, F > for all primes p, and F, for all primes q with g = 1 (mod 3).

Structure of the paper. In the remaining part of Section 1, we recall the classical theory of
orthogonal matroids, mainly following [7], and describe matroids as orthogonal matroids. In Section 2,
we survey some of the main results from the theory of matroids over tracts [2, 1], including the
definition of tracts. In Section 3, we define three notions of orthogonal matroids over tracts — namely, the
weak, moderately weak and strong orthogonal matroids over tracts — using Wick functions, orthogonal
F-signatures, F-circuit sets of orthogonal matroids, and orthogonal F-vector sets. These four axiom
systems turn out to be cryptomorphic for strong orthogonal matroids over tracts, and the proofs are
given in Section 4. Section 4 also includes equivalences between the weaker notions, as well as several
examples and counterexamples. In Section 5, we discuss applications to representation theorems for
orthogonal matroids.

1.1. Orthogonal matroids

Let E = [n] U [n]*. The symmetric exchange axiom for orthogonal matroids on E turns out to be
equivalent to the strong symmetric exchange axiom [7, Theorem 4.2.4].

Proposition 1.8 (Strong Symmetric Exchange). If M = (E, B) is an orthogonal matroid, then for every
By, By € B and divergence {x\,x]} C B1ABy, there exists {x3,x5} C BiABy with {x2,x3} # {x1,x]}
such that both By A{x1,x],x2, X3} and ByA{xy,x],x2,x3} belong to B.

Example 1.9. Let M be a matroid on [n]. Then the pair lift(M) := ([n] U [n]*, B), where
B := {BU ([n] \ B)* : Bisabasis of M}, is an orthogonal matroid. This is called the lift of the
matroid M. Notice that an orthogonal matroid N on E = [n] U [n]* is the lift of a matroid if and only if
B N [n] have the same cardinality for all bases B of N.

Example 1.10. Let M = (E, I5) be an orthogonal matroid and let A C E be a subset such that A = A*.
Then MAA := (E, BAA) is an orthogonal matroid, where BAA := {BAA : B € B}. This is an example
of a general operation on orthogonal matroids called twisting.

Definition 1.11. Two orthogonal matroids M| and M, are isomorphic if there exists a bijection
f 1 E(M;) — E(M>) that respects the involutions on E (M) and E(M;), and a transversal T C E (M)
is a basis of M if and only if f(7) is a basis of M,.

Definition 1.12. Every subset of a basis is called an independent set. Admissible subsets of E that are
not independent are called dependent. A circuit is a minimal dependent set with respect to inclusion.

Let C(M) denote the family of circuits of an orthogonal matroid M. There is a characterization of
orthogonal matroids in terms of circuits.

Proposition 1.13 (Theorem 4.2.5 of [7]). Let C be a set of admissible subsets of E = [n] U [n]*. Then
C is the family of circuits of an orthogonal matroid if and only if C satisfies the following five axioms:

(C1) 0¢cC.

(C2) IfCy,Cy € CwithCy C Cy, then Cy = C,.

(C3) IfC, # C, € C, x € C; NCy, and Cy U C;y is admissible, then there exists C3 € C such that
C; S (CLUCy) \ {x}

(C4) IfCy,C, € C and Cy U Cy is not admissible, then C; U Cy contains at least two divergences.

(C5) IfTis atransversal and x ¢ T, then T U {x} contains an element in C.
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Recall that for a matroid M, there is a unique circuit contained in B U {e} for every basis B and an
element e ¢ B, called the fundamental circuit with respect to B and e. The next proposition gives an
analogous notion of fundamental circuits for orthogonal matroids.

Proposition 1.14 (Theorem 4.2.1 of [7]). Let M = (E, B) be an orthogonal matroid. Take B € B and
x ¢ B. Then there exists a unique circuit Cpy (B, x) of M such that Cpy (B, x) C B U {x}. Furthermore,
Cp (B, x) is given by Cpy (B, x) = {x}U{b e B\ {x*} : BA{b,b",x,x*} € B}.

We call Cy; (B, x) the fundamental circuit with respect to B and x, and we often write it as C(B, x)
if M is clear from the context.
We will use the following lemma frequently in Section 4.

Lemma 1.15. Let C be a circuit of an orthogonal matroid M. Then there exists a transversal T containing
C such that for every x € C, T a{x,x*} is a basis of M.

Proof. We choose an arbitrary y € C and take a basis B containing C \ {y}. Then T = BA{y,y*}
satisfies the desired property. m

Orthogonal matroids admit duals. Let M = (E, B) be an orthogonal matroid. Then the collection of
bases B* of the dual orthogonal matroid M* is defined as

B*:={B*: B € B}.

Circuits of M* are called cocircuits of M, and must be of the form C* for some circuit C of M.

We finally discuss minors of orthogonal matroids in the sense of [11].

Let M = (E, B) be an orthogonal matroid. An element x € E is singular if M has no basis containing
x, or equivalently, {x} is a circuit of M. Otherwise, we call the element x nonsingular. By (C4), if an
element x is singular, then x* is nonsingular.

Let M be an orthogonal matroid on E and let x € E. If x is nonsingular, then

{B\{x}:xe Be B(M)}

is the set of bases of an orthogonal matroid on E \ {x, x*}. We denote this orthogonal matroid by M|x.
If x is singular, then we define M|x := M|x*. We call M|x an elementary minor of M. In particular, if
x € [n] (resp. x € [n]*), then it corresponds to the contraction (resp. deletion) by x in the sense of [13].

An orthogonal matroid N is a minor of another orthogonal matroid M if N can be obtained from M
by taking elementary minors sequentially. Note that M |x|y = M|y|x, and thus, we write M|x;|xz] . .. |xx
as M|S where S = {xq,...,xr}.

For a collection C of subsets of E, let Min(C) denote the set of minimal elements of C with respect
to inclusion. The following proposition characterizes circuits of minors of orthogonal matroids.

Proposition 1.16. For an orthogonal matroid M and an element x € E, we have
C(M|x) =Min({C\ {x} : x* ¢ C € C(M) and C #+ {x}}.)
Proof. By the definition of M|x, if x is nonsingular, then {x} is not a circuit of M and

C(M|x) =Min{C € A: C ¢ B for all bases B of M with x € B}
= Min{C € A : C U {x} is dependent in M}
=Min{C € A : C or C U {x} is a circuit of M}
=Min{C\ {x}:x" ¢ C e C(M)},
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where A is the set of all subtransversals in E \ {x, x*}. Now we assume that x is singular. Then {x} is the
only circuit of M containing x, and M has no circuit containing x*. Since M |x = M|x*, by the previous
result, we have

C(M|x) =C(M|x™) =Min{C\ {x*}:x ¢ C e C(M)}
=Min{C \ {x}:x" ¢ C € C(M) and C # {x}}. m|

1.2. Matroids and orthogonal matroids

Recall that if M is a matroid on [n], then lift(M) is an orthogonal matroid whose set of bases B(lift(M))
is given by {B U ([n] \ B)* : B € B(M)}. There is a similar result for circuits.

Proposition 1.17 (Bouchet, Proposition 4.1 of [11]). Let M be a matroid. Then the set of circuits of the
orthogonal matroid lift(M) is

C(lift(M)) = {C : C is a circuit of M} U {D* : D is a cocircuit of M }.

Furthermore, the lift of the dual matroid M* can be obtained by taking the involution = for all bases
and circuits of the lift of the original matroid M. In other words, B(lift(M*)) = (B(lift(M)))* and
C(lift(M*)) = (C(lift(M)))*. An element x € E is singular in lift(M) if and only if either x € [n] and
x is aloop in M, or x € [n]* and x* is a coloop in M. Finally, minors of the lift of a matroid M can be
expressed as lifts of minors of M.

Proposition 1.18 (Bouchet, Corollary 5.3 of [11]). Let M be a matroid on [n] and let x € [n].
Then lift(M)|x = lift(M /x) and lift(M)|x* = lift(M \ x). As a consequence, we have C(lift(M)|x) =
CM/x)U(C*(M/x))* =C(M/x)U(C(M*\x))*, where C*(M /x) denotes the set of cocircuits of M | x.

2. Matroids over tracts

Let 0 < r < n be nonnegative integers and consider the finite set E = [n] = {1,...,n}. Denote by (If )
the family of all r-element subsets of E. In this section, we review the study of matroids over tracts in
[1] and [2].
2.1. Tracts

A tract F = (G, NF) is an abelian group G (written multiplicatively), together with an additive relation
structure N, which is a subset of the group semiring N[G] satisfying:

(T1) The zero element O of N[G] belongs to Ng.

(T2) The identity element 1 of G does not belong to Nf.
(T3) There is a unique element € of G such that 1 + € € Np.
(T4) If g € G and a € N, then ga € Nr.

We think of N as linear combinations of elements of G which ‘sum to zero’ and call it the null set
of the tract F.
A useful lemma from [2] about tracts is as follows.

Lemma 2.1 (Lemma 1.1 of [2]). Let F = (G, Nf) be a tract. Then we have the following:

() Ifx,y e Gwithx+y € N, theny = €x.
(i) €2 =1.
(iii) G N Ng =0.
Because of this lemma, we also write F for the set G U {0}, and write —1 instead of €. We will
sometimes use G and F* interchangeably.
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Figure 1. Examples of tracts and tract homomorphisms.

Y/

A tract homomorphism ¢ : F; — F, is a group homomorphism ¢ : F}* — F} such that the
induced semiring homomorphism N[F[‘] — N[F}] maps Nr, to Ng,. All tracts together with tract
homomorphisms between them form a category. An involution 7 of a tract F is a tract homomorphism
7 : F — F such that 72 is the identity map.

Example 2.2. The initial tractis1 = ({1,—1}, {0, 1+ (-1)}), where the multiplication on I* is the usual
one.

Example 2.3. Let K be a field and let G be a subgroup of K*. The multiplicative monoid F = K/G =
(K*/G) U {0} can be endowed with a natural tract structure by setting Ng := {Zle x; € N[K*/G] :
0e Zf.‘:l x; }. We call tracts of this form quotient hyperfields. Especially, whenever G = {1}, one can
view a field as a tract.

Example 2.4. The Krasner hyperfield is K = K/K* = ({1},N[1] \ {1}) for an arbitrary field K with
more than two elements. This is the terminal object in the category of tracts. The hyperfield of signs is
S =R/Rs¢ = ({1}, Ng), where an element ), x; € N[{+1}] is in Ng if and only if there is at least one
x; = 1 and at least one x; = —1, or all x; are zero.

Example 2.5. The tropical hyperfield T = (RU {+co}, NT), where +co serves as the zero element in the
tract. The multiplication on T* = R is the usual addition, and the ‘addition’ on T is defined as )’ x; € Nt
if and only if the minimum of x;’s is achieved at least twice.

Example 2.6. A partial field P is a pair (G, R) of a commutative ring R with 1 and a subgroup G of
the group of units of R such that —1 belongs to G and G generates the ring R. We can associate a tract
structure on any partial field P by setting the null set to be the set of all formal sums Z{.‘zl x; € N[G]
such that Zf.‘zl x; =0 € R. Notice that a partial field with G = R \ {0} is the same thing as a field.

Example 2.7. The regular partial field is Uy = ({1,—1},2Z). The sixth-root-of-unity partial field is
Rs = ((£),Z[{]), where ¢ € CXisarootof x> —x + 1 =0.

We list some examples of tracts and tract homomorphisms in Figure 1.

The category of tracts admits products, which will be useful for studying representations of matroids
and orthogonal matroids in Section 5. Let Fy, F, be tracts. The (categorical) product F| X F, can be
constructed explicitly as follows. As a set, F1 X F is (F}*® F3‘) U{0}, endowed with the coordinate-wise
multiplication on F}* & F3', and the rule 0 - (x1,x2) = (x1,x2) - 0 = 0. The null set of Fy x F is

k k k
NpxF, = {Z(x;,y[) eN[F[® F)] : Zx,- € N, and Zyk € NFZ}.

i=1 i=1 i=1

2.2. Grassmann-Pliicker functions

The easiest way of defining matroids over tracts is via the Grassmann—Pliicker functions. This is also
the tract analogue of the basis exchange axiom for ordinary matroids.
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Definition 2.8. Let F be a tract. A strong Grassmann—Pliicker function of rank r on E with coefficients
in F is a function ¢ : E” — F satisfying (GP1)-(GP3):

(GP1) ¢ is not identically zero.

(GP2) ¢ is alternating; that is, for all x,...x, € E, ¢(x1,...,x,) = 0if x; = x; for some i # j, and
XL, e Xy e Xy X)) = =X, Xy Xy Xp)e

(GP3) For any two subsets {xi,...,x,+1} and {y1,...,y,-1} of E, we have the Grassmann—Pliicker
relations:

r+l

Z(—l)k(p(xl, . ,.fk, . ,xr+|)go(xk,y1, . ,yr,l) € NF.
k=1

Definition 2.9. Let F be a tract. A weak Grassmann—Pliicker function of rank r on E with coefficients
in F is a function ¢ : E” — F such that the support {{xy,...,x,} € (f) so(x1,...,x) £ 0} of @ is
the set of bases of a rank r matroid on E, and ¢ satisfies (GP1), (GP2), and the next weaker replacement
of (GP3).

(GP3)" For any two subsets J; = {x1,...,x,41} and Jo = {y1,...,y,-1} of E with |J1| = r + 1,
|J2| =¥ = 1and |J; \ J2| = 3, we have the 3-term Grassmann—Pliicker relations:

r+l

Z(—l)kq)(xl, co X X))@ (XK, Y1, -, Ye—1) € NE.
k=1

Two strong (resp. weak) Grassmann—Pliicker functions ¢; and ¢, are equivalent if ¢| = c- ¢, for some
¢ € F*,and we call an equivalence class M, := [¢] of strong (resp. weak) Grassmann—Pliicker functions
a strong (resp. weak) matroid over the tract F, or simply a strong (resp. weak) F-matroid. It can be shown
that every strong F-matroid is a weak F-matroid. We denote by M . the underling ordinary matroid of a

strong or weak F-matroid M, whose set of bases is B(M ) = {{x,...,x;} € (’f) so(xr, ..., x0) # 0}

2.3. F-circuits and dual pairs

We now give two cryptomorphic definitions of matroids over a tract F in terms of F-circuits and dual
pairs of F-signatures.

Denote by FE the set of all functions from E to F. The support of X € F¥ is the set of elements
e in E such that X (e) # 0, and is denoted by X or SuppX. Given two functions X = (xi,...,x,) and
Y = (y1,...,yn) € FE, where F is endowed with an involution x X, the inner product of X and Y is
XY := ¥}, xiyx. We say that two functions X and Y are orthogonal, denotedby X L Y,if X-Y € Np.

When F is the field C of complex numbers or the sixth-root-of-unity partial field Rg, the involution
x — X should be taken to be the complex conjugation. For F € {K, S, T}, the involution should be taken
to be the identity map.

The linear span of X1, ..., Xy € FE is defined to be the set of all functions X € F¥ such that

i Xi+eXo+- -+ X —X € (NF)E

for some c¢q,...,ci € F.

Definition 2.10. Let M be an ordinary matroid on E. An F-signature of M is a subset C C FE such that
the following hold:

(i) The support C := {X : X € C} of C is the set of circuits of M.
(ii) Forall X € C and a € F*, we have aX € C.
(iii) If X,Y e Cand X C Y, then X = Y for some @ € F*.
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For an ordinary matroid M on E, we denote by Cys (B, e) the fundamental circuit of M with respect
to B € B(M) and e € E \ B. The subscript will be omitted if no confusion arises.

Definition 2.11. Let F be a tract and let M be an ordinary matroid on E. A subset C of FE is called a
strong F-circuit set of M if it satisfies the following axioms:

(CS1) Cis an F-signature of M.
(CS2) For every basis B of M and for each X € C, X is in the linear span of {X, }.cg\p, where X, € C
has support C(B, e).

We call C a weak F-circuit set of M if it satisfies (CS1) and the following replacement:

(CS2)" For every basis B of M and distinct elements e}, e; € E \ B, if X; and X; in C have supports
C(B, e}) and C(B, e3), respectively, and f is a common element of the two supports, then there
exists Y € C such that Y(f) = 0 and Y is in the linear span of X; and X5.

Definition 2.12. Let F be a tract and let M be an ordinary matroid on E. A pair (C, D) of subsets of FF
is called a strong dual pair of F-signatures of M if

(DP1) C is an F-signature of M.
(DP2) D is an F-signature of the dual matroid M*.
(DP3) X LYforall X eCandY € D.

A pair (C,D) is called a weak dual pair of F-signatures of M if it satisfies (DP1), (DP2), and the
following weakening of (DP1):

(DP3Y X LYforall X eCandY € Dwith |[XNY| <3.

2.4. F-vectors

One can naturally ask for an axiomatization of linear spaces over a tract F. Anderson answered this
question and gave another cryptomorphic definition of strong F-matroids in terms of F-vectors in [1].

For a subset W C FE, a support basis for YV is a minimal subset of E meeting every element
of Supp(W \ {0}). A reduced row-echelon form of VW with respect to a support basis B is a subset
Op = {wf}ieg C W such that wf(j) = ¢;; foreach i, j € B, and every w € W is in the linear span of
®p. Itis not difficult to see that if ®p exists, then it is unique. We say a collection ® = {® g} of reduced
row-echelon forms is tight if VW is precisely the set of elements of F£ which are in the linear span of
®p for all g € O.

Definition 2.13. A subset W of F¥ is an F-vector set on E if the following hold:

(V1) Every support basis has a reduced row-echelon form.
(V2) The collection of all such reduced row-echelon forms is tight.

2.5. Cryptomorphisms

The main results of [2, 1] are the following theorems.

Theorem 2.14 (Theorem 4.17 of [2] and Theorem 2.18 of [1]). Let E be a finite set and let F be a tract
endowed with an involution x +— X. Then there are natural bijections between:

1. Strong F-matroids on E.

2. Strong F-circuit sets of matroids on E.

3. Ordinary matroids on E endowed with a strong dual pair of F-signatures.
4. F-vector sets on E.
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Theorem 2.15 (Theorem 4.18 of [2]). Let E be a finite set and let F be a tract endowed with an involution
x > X. Then there are natural bijections between:

1. Weak F-matroids on E.
2. Weak F-circuit sets of matroids on E.
3. Ordinary matroids on E endowed with a weak dual pair of F-signatures.

2.6. Functoriality, duality and minors.

Let F be a tract with an involution x — X. The theory of functoriality, duality and minors for matroids
over tracts generalizes the corresponding classical theory for matroids. For simplicity, here we only give
the descriptions via the strong Grassmann—Pliicker functions.

Given a strong Grassmann—Pliicker function ¢ : E” — F and a tract homomorphism f : F — F’,
we define the pushforword f.¢ : E" — F’ as

(f*%a)(xl, e sxr) = f(‘p(xl’ e s-xr))'

It is not hard to see that f.¢ is a strong Grassmann—Pliicker function. Notice that pushforwards are

functorial: if F} i) P 5, F; are tract homomorphisms, then (g o f). = g. o f..
The dual Grassmann—Pliicker function ¢* : E"™" — F of ¢ is determined by (GP2) and

O (X1 X)) =8EN(XT, e Xy X5 X)) - (X, L, X,

where x{,...,x] is any ordering of E \ {x1,...,x,-r}, and sgn(x1, ..., X, X],...,x;) € {x1}is the
permutation sign taken as an element of F. This notion of dual Grassmann—Pliicker functions satisfies
©** = @, and the underlying matroid of ¢* is the dual matroid of the underlying matroid of ¢.

Let ¢ : E" — F be a strong Grassmann—Pliicker function with the underlying matroid M 0 and let
A C E. We denote by £ and k the ranks of A and E \ A in M o respectively.

Let{ay,...,as} be amaximal independent subset of A in M . The contraction 0/A: (E\A)t S F
is defined by

(p/A) (X153 Xp—g) = Q(X15 .oy Xpog, @15 -5 Ar).
Choose {bi,...,b,—r} such that {by,...,b,_x} is a basis of Mw/(E \ A). Then the deletion
@\ A: (E\ AK — Fis defined by
(@\A)(x1,...,x%) =@(x1, ..., Xk, b1y ooy bri).
The following lemma shows that the contractions and deletions are well-defined.

Lemma 2.16 (Lemma 4.4 of [2]). The following hold.

1. Both ¢/A and ¢\ A are strong Grassmann—Pliicker functions, and they are independent of all choices
up to a global multiplication by a nonzero element of F.

2. M‘pA:*M‘piAandM‘p\Azﬂ‘p\A.

3. (¢\A)" =g /A

3. Orthogonal matroids over tracts

Let E = [n] U [n]* be a finite set and let F be a tract endowed with an involution x + X. In Section 3.1,
we define strong, moderately weak, and weak orthogonal matroids on E over F in terms of Wick
functions. We then establish other cryptomorphic definitions, including orthogonal F-signatures and
F-circuit sets of orthogonal matroids in Section 3.2, and orthogonal F-vector sets in Section 3.3. We

https://doi.org/10.1017/fms.2025.10085 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10085

Forum of Mathematics, Sigma 11

then summarize equivalences and implications of various notions in Section 3.4. In Sections 3.5-3.7, we
introduce functoriality, duality and minors, and in Section 3.8, we explain how orthogonal F-matroids
generalize historical works on orthogonal matroids by specifying F.

3.1. Wick functions

We describe the first cryptomorphic characterization of strong, moderately weak and weak orthogonal
matroids over tracts in terms of Wick functions. We denote by 7, the family of all transversals of E.

Definition 3.1. A strong Wick function on E with coefficients in F is ¢ : T, — F such that:

(W1) ¢ is not identically zero.
(W2) Forall Ty, T, € T,, we have

DD (T {xe, x; De(Taa e, 5} }) € N,
k=1

where (T1AT7) N [n] = {x| < -+ <X}

Proposition 3.2. The support Supp(¢) :={T € T, : ¢(T) # 0} of a strong Wick function ¢ is the set of
bases of an ordinary orthogonal matroid.

Proof. Clearly, Supp(¢) # 0 by (W1). Let By, B, be in Supp(¢) with {x,x*} C B;AB,. Let
T, = BiA{x,x*}and T» = BrA{x,x*}, and we write (BjABy) N [n] = (T1aATx)N[n] = {x; < - < X }.
Takei € [m] such that {x;,x}} = {x,x"}. Then we have o(T1 A{x;, x; })o(Toa{x;, x}}) = @(B1)¢(B2) #
0. By (W2), there exists y € {x1,...,xmu} \ {x;} such that o(T12{y, y*})e(Tr2{y, y*}) # 0, implying
that B;A{x,x*}A{y,y"} = T;a{y,y"} € Supp(¢) for both j € {1,2}. O

Definition 3.3. Let ¢ : 7,, — F be a map such that the support of ¢ is the set of bases of an orthogonal
matroid. We say that ¢ is a moderately weak Wick function on E with coefficients in F if ¢ satisfies (W1)
and the following weakened version of (W2):

(W2)Y For all T}, T € T, if (T1aTz) N [n] = {x1y < .-+ < x,}, and at most four of
o(Ty Mxp, x; ) e(Tas{x, x}. })’s are nonzero, then we have
m
(=D o(Ti a{xi, x; D@ (T2t {xx, 37 }) € Np
k=1

We say that ¢ is a weak Wick function on E with coefficients in F if ¢ satisfies (W1) and:
(W2)’ Forall Ty, T> € Tp, if (T1ATy) N [n] = {x1 < x2 < x3 < x4}, then we have

4

(=D*@(Ti a{xi, xi De(Ta{xe, xi}) € Nr.
k=1

Two strong Wick functions ¢ and y with coeflicients in F are equivalent if ¢ = cy for some nonzero
c € F, and we call an equivalence class M, = [¢] of strong Wick functions a strong orthogonal
matroid over the tract F, or simply a strong orthogonal F-matroid. We similarly define (moderately)
weak orthogonal F-matroid. 1t is trivial that every moderately weak orthogonal F-matroid is weak.
Proposition 3.2 shows that every strong orthogonal F-matroid is a moderately weak orthogonal F-
matroid. The three notions of orthogonal F-matroids are the same when F is a partial field [3], the
tropical hyperfield T [23] or the Krasner hyperfield K. We denote by M . the underlying orthogonal
matroid of the orthogonal F-matroid M, whose set of bases is Supp(¢p).
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Proposition 3.4. There is a natural bijection between the set of all strong F-matroids on [n] and the set
of all strong orthogonal F-matroids My on [n] U [n]* such that the intersections of bases of M y and
[n] have the same cardinality.

Proof. Let ¢ : [n]" — F be a strong Grassmann—Pliicker function. Define ¢ : 7, — F to be
w(T) = ¢(ai,...,a,) if T = BU ([n] \ B)* for B = {a; < --- < a,}, and ¢ (T) = 0 otherwise.
It is obvious that i is not identically zero, and we claim that  satisfies (W2). To prove (W2), we
take 71,7, € T, with (T1AT:) N [n] = {x; < -+ < x,,}. Suppose without loss of generality that
T'nnl ={by < <bptand HhN[n] = {c; < -+ < cro1}. Fxx € (To \ T1) N [n], then
Y(Tio{xg,xi}) = Y (Do{xg,x;}) = 0. If x, = b; € (Ty \ T2) N [n], then since [T N [x¢]| = j and
|T> N [xi]| =k —j+2|Ty NTy N [xk]], we have

W (T a{xk,x3 1) = @(b1y ... by ... bryr) and Y(Taa{xr,xi}) = (=D Jo(bj c1, ... cr1).

It follows that

m r+l1
DD T Dy (oo, xi 1) = ) (=D @(br, ., by, . bra)@(bjscis . er1) € N
k=1 J=1

Therefore, ¢ is a strong Wick function whose support forms the bases of lift(M ¢)'

Conversely, let i be a strong Wick function on E = [n] U [n]* such that all elements of {B N [n] :
B € Supp(¥)} have the same cardinality r. Let ¢ : [r]” — F be the (unique) function satisfying
(GP1) and (GP2) defined by ¢(ay,...,a,) := ¥ (T), where T = {ay,...,a,} U ([n] \ {a1,...,a;})*
for all {a; < --- < a,} C [n]. Take J; = {by < -+ < byy1},J2 = {c1,...,¢r—1} C [n], and write
Ji=J1U([n]\J1)" and J] = Jo U ([n] \ J2)*. Then

r+l r+l

Z(—I)J@O(l’l, s by br)e(bjict, . crmt) = Z(—l)j (I a{by, b3} - (=)™ (Jya{b), b)),
= '

J=1

where m  is the number of elements in J, that are less than b ;. Write (J{AJ}) N [n] = {x1,...,xp}. If
e € J,thensince all elements of { BN[n] : B € Supp(y) } have cardinality r, we have y (J;A{e, e*}) = 0.
Therefore, we have

r+l m
DU @bt By b @byt ert) = > (=D Y] A, xp D (J38 (e, X 1) € N
j=1 k=1

It’s not hard to see that the two constructions are inverses of each other. O

Remark 3.5. The variant of Proposition 3.4 for weak F-matroids and weak orthogonal F-matroids
holds, and the proof is similar.

3.2. Orthogonal signatures and circuit sets

Let M be an ordinary orthogonal matroid on E. As in Section 2, we denote the support of X € FF by
X={i€E:X(@i#0}.If X € FE, we write X* € FF for the function defined by X*(i) := X (i*).
Notice that this induces an obvious involution * on the subsets of FE.

Definition 3.6. A subset C C F¥ is an F-signature of M if the following hold:

(i) The support C = {X : X € C} of C is the set of circuits of M.
(ii) If X € Cand @ € F*, then aX € C.

We call M, := M the underlying orthogonal matroid of C and call each element of C an F-circuit.
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The inner product {-,-y on F¥ with respect to the involution x +> X is defined to be

XYy = Y (XOY(E) +XEY ),

i€[n]

Note that (Y, X) = (X,Y). Let " : FE — FF be such that X(i) = X(i) if i € [n] and X(i) = X(i)
otherwise. Then (X,Y*) = ¥;cx X ()Y (i*).

We say that an F-signature C of M satisfies the 2-term orthogonality if the following holds:
(02) (X,Y*y e Npforall X,Y e Cwith | XNY*| =2

Lemma 3.7. Let C be an F-signature of M satisfying the 2-term orthogonality (0»). If X, X’ € C and
X = X', then X = aX’ for some @ € F*.

Proof. Consider two F-circuits X and X’ in C with X = X’ = C. Suppose for contradiction that there
exist distinct elements e, f € C with X(e)/X(f) # X'(e)/X’(f). Let B be a basis of M containing
Ca{e,e*}, and let D be the fundamental circuit C(B, f*). Then C N D* = {e, f}. Let Y be an
F-circuit in C such that Y = D. Then (X,Y*) = X(e)Y(e*) + X(f)Y(f*) € Nf by (0»), and thus,
X(e)/X(f) =Y (f*)/Y(e*). We also have the same result for X’, a contradiction. o

Definition 3.8. We call an F-signature C of M a strong orthogonal F-signature of M if
(O) (X,Y*) € Np forall X,Y €C.

We call an F-signature C of M a weak orthogonal F-signature of M if

(OY (X,Y*) e Np forall X,Y € C with | X NY*| < 4.

Remark 3.9. Let (C, D) be a dual pair of F-signatures of a matroid N on [n]. For each D € D, let D
be the function from [n]* to F defined by D (x*) = D(x). Consider C; :=C and D; := {D, : D € D},
the obvious embeddings of C and D in F¥ = FI"IVInI" By Proposition 1.17, C; U Dj is an F-signature
of lift(N). It is readily seen from definitions that (C, D) is a strong dual pair of F-signatures of N if and
only if C; U D7 is a strong orthogonal F-signature of lift(N). In addition, (C, D) is a weak dual pair of
F-signatures of N if and only if C; U Dj is an F-signature of lift(N) which satisfies the following:

(03) (X,Y*) € Np forall X,Y € Cwith [ X NY*| <3

We will show later in Example 3.12 that for some field K, there exists a K-signature of an orthogonal
matroid which satisfies (O3) but not (O)'.

Definition 3.10. A strong F-circuit set of M is an F-signature C of M satisfying (O,) and the following
property:
(L) For every F-circuit X € C and a basis B of M, the vector X is in the linear span of {X, }.cp:, where
X, is an F-circuit in C with support C(B, ¢).
A weak F-circuit set of M is an F-signature C of M satisfying (O,) and the next weakened version of (L):
(L-i)’ Let B be an arbitrary basis of M, and let e1, e, € B* be distinct. Let X; € C be an F-circuit with

support X; = C(B,e¢;) fori =1,2.If X1 UXpis admissible and if f € X1 N Xa, then there exists

an F-circuit Y € C such that Y(f) = 0 and Y is in the linear span of X; and X,.

(L-ii)" Let B be an arbitrary basis of M, and let e, e, e3 € B* be distinct. Let X; € C be an F-circuit
with support & =C(B,¢;) fori =1,2,3. If none of& U X; with 1 <i < j <3 is admissible,
then there exists an F-circuit ¥ € C such that Y (e]) = Y(e3) = Y(e3) = 0 and Y is in the linear
span of X;, X5, and X3.

Notice that both (L-i)" and (L-ii)’ follow from (L). To show that (L) implies (L.-i)’, we consider
f € X1 N X; as given in (L-i)". By (C3), there exists a circuit C C (X; U X2) \ {f}. Observe that
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e1, ey € C; otherwise, C is a proper subset of Xz or X X, a contradiction. Let Y be the F-circuit whose
support is C. Applylng (L), we see that Y is in the linear span of {X, }.cp+. We claim that the coefficients
for terms other than X; and X, must be zero. In fact, if e € B* but e # ey, e», then e € C(B, e) \ C. As
a result, the coefficient for X, is zero. Therefore, ¥ is in the linear span of X, and X,.

For (L-ii)’, we consider X; = C(B,e¢;) for i = 1,2,3 as given in (L-ii)". Since X; U X, is not
admissible, X;(e3) # 0 and Xz(e ) # 0. Then B’ := BA{ey, e}, ez, e} } is a basis. Let D = C(B’ e3).
Then ey, e>,e3 € D. Consider the F-circuit Y whose support is D. Then, Y(e;) = 0 for 1 <i < 3 and
Y is in the linear span of {X,}.cp+ by (L). Note that D = C(B’,e3) C BU {el 62,6‘3} Therefore if
e € B*bute # ey, s, 3, then e ¢ D, and hence, Y is in the linear span of X1, X5, and X;.

Remark 3.11. Let C be a weak F-circuit set of a matroid N on [n]. By [2], its dual D is the F-signature
of the dual matroid N* such that X L Y forall X € CandY € D with [X NY| = 2. Let C; and D; be
natural embeddings of C and D into F"1V["]" Then C; U Dy is an F-signature of lift(N) that satisfies
(02) and (L-i)’ by definition, and C; U D} vacuously satisfies (L-ii)’. Therefore, C; U D7 is an weak
F-circuit set of lift(N). If C is a strong F-circuit set of N, then C; UDj is a strong F-circuit set of lift(V).

Indeed, denote by  : FI"IVI"I" _ Flnl the canonical projection map. Then an F-signature C
of lift(N) is a weak (resp. strong) F-circuit set if and only if {n(X) : X € Cwith X C [n]} and
{n(X*) : X € C with X* C [n]} are weak (resp. strong) F-circuit sets of N and N* respectively, and
those two F-circuit sets are the dual of each other.

Example 3.12. Let K be a field with |[K*| > 1 and char(K) # 3 and letx € K \ {0, —3}. We assume the
trivial involution on K. Let C be a subset of K #IVI4]" consisting of the following eight vectors and their
scalar multiples by nonzero elements:

0111 -101 -1 -1-101 -11-10
1000/ 010 0) 0 0 10) 000 1)
x000 0x00 00-—x 0 00 0—x
ort11ypy -101-1/) 110 -1/ 1-11 0/
ayp dp as ag
by by b3 by

is a K-signature of the orthogonal matroid whose set of bases is {[4], [4]*} U {ijk*[* : ijkl = [4]}.
Notice that C satisfies (O3) and (L-i)’, but neither (O)’ nor (L-ii)’.

where ( ) means X € K[*IVI4]" such that X (i) = a; and X(i*) = b; with i € [4]. Then C

We prove the following results in Section 4.

Theorem 3.13. An F-signature of an orthogonal matroid is a strong orthogonal F-signature if and only
if it is a strong F-circuit set.

Theorem 3.14. Every weak F-circuit set of an orthogonal matroid is a weak orthogonal F-signature.

The converse of Theorem 3.14 is not true; see Example 4.22.

3.3. Orthogonal F-vector sets

Let V be a subset of FE. A vector X € V is elementary in V if (i) it is nonzero, and (ii) it has a minimal
support in V' \ {0}, and (iii) its support X is admissible. A transversal T € T, is a support basis of V if
there is no X € V \ {0} such that X C T. A fundamental circuit form for V with respect to a support
basis Bis {X) , : ¢ € B*} where X} , € V is such that Supp(Xy ) € Ba{e,e*} and X} ,(e) = 1. We

simply write XX as X, if it is clear from the context.
B,e
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Definition 3.15. We call V C FE an orthogonal F-vector set if the following hold:

(V1) For all elementary vectors X,Y € V, if | X NY*| < 2, then (X,Y*) € Np.

(V2) Support bases exist, and for each support basis B, there exists a corresponding fundamental circuit
form.

(V3) V is exactly the set of vectors X € FE such that for every support basis B of V, X belongs to the
linear span of {X, : e € B*}.

The axiom (V3) implies the uniqueness of the fundamental circuit form for each support basis of
an orthogonal F-vector set )V, and that every fundamental circuit form of an orthogonal F-vector set
consists of elementary vectors of V. When F is a field, a subset WW C F [n] is an F-vector set if and only
if it is a linear subspace [1]. We give an analogue of this for orthogonal F-vector sets.

Theorem 3.16. Let F be a field and V be a subset of FE.

(1) IfV is an orthogonal F-vector set, then it is a Lagrangian subspace with respect to the inner product
¢, ().
(i) Whenever char(F) # 2, the converse of (i) holds.
We delay the proof of Theorem 3.16(i) to Section 4.5. Theorem 3.16(ii) can be deduced from the

results of [22]. The condition that char(F) # 2 in (ii) is crucial, since otherwise, V = {(x,x) : x € F}
is a Lagrangian subspace of FI'IVIII" but not an orthogonal F-vector set.

Lemma 3.17 (Oum, Propositions 4.2 and 4.3(i) of [22]). Let F be a field and letV C F¥ be a Lagrangian
subspace with respect to (-, ()*).

(1) There is a support basis of V.
(ii) If char(F) # 2, then for each support basis B of V and x € B*, there exists a unique vector X € V
such that X € BA{x,x*} and X (x) = 1.

Proof of Theorem 3.16(ii). Since V is isotropic, it satisfies (V1). By Lemma 3.17, (V2) holds. Since
the n vectors in each fundamental circuit form are independent, V satisfies (V3). Therefore, V is an
orthogonal F-vector set. O

3.4. Main theorems
We prove the equivalence of four notions of strong orthogonal matroids over tracts.

Theorem 3.18. Let E = [n] U [n]* and let F be a tract endowed with an involution x v X. Then there
are natural bijections between:

(1) Strong orthogonal F-matroids on E.

(2) Strong orthogonal F-signatures on E.

(3) Strong F-circuit sets of orthogonal matroids on E.
(4) Orthogonal F-vector sets on E.

Similarly, we have the next two equivalences for weaker notions.

Theorem 3.19. Let E = [n] U [n]* and let F be a tract endowed with an involution x v X. Then there
is a natural bijection between.:

(1) Moderately weak orthogonal F-matroids on E.
(2) Weak orthogonal F-signatures on E.

Theorem 3.20. Let E = [n] U [n]* and let F be a tract endowed with an involution x +— X. Then there
is a natural bijection between:

(1) Weak orthogonal F-matroids on E.
(2) Weak F-circuit sets of orthogonal matroids on E.
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Strong F-circuit sets Lagrangian
of orthogonal matroids subspaces
I 3.13 o I 3.16
Strong 3.4 Strong orthogonal 3.18 Strong orthogonal 3.18 Orthogonal
F-matroids F-matroids F-signatures F-vector set
N N
N Moderately weak 3.19 Weak orthogonal
orthogonal F-matroids F-signatures

N N 3.14

Weak Weak orthogonal 3.20 Weak F-circuit sets
F-matroids F-matroids of orthogonal matroids

Figure 2. Summary of results in Section 3.1-3.4. In (a), we assume that F € {T,K} or F is a partial
field [3, 23]. In (b), we assume that F is a field with char(F) + 2.

We will provide proofs for Theorems 3.18, 3.19 and 3.20 in Section 4. Since the notions of weak
and strong orthogonal F-matroid coincide if F is a partial field [3], the tropical hyperfield T [23], or the
Krasner hyperfield K, it follows that the three notions of orthogonal F-matroids are equivalent when F
is any of these specific tracts.

We summarize our results in Figure 2. Additionally, we remark that in Figure 2, each inclusion is
strict for certain tracts; see Examples 4.22 and 4.23.

Remark 3.21. In [2], Baker and Bowler defined strong and weak matroids over a tract and showed
cryptomorphisms among different axiom systems. For orthogonal matroids, we introduce a third mod-
erately weak orthogonal F-matroids over a tract F. We have various reasons for this. First, Example
4.22 shows that there are no bijections between weak orthogonal F-matroids and weak orthogonal
F-signatures, while Theorems 4.4 and 4.11 prove that there is a natural bijection between moderately
weak orthogonal F-matroids and weak orthogonal F-signatures. Second, Wenzel defined in [25] the
Tutte group and the inner Tutte group of an orthogonal matroid, where the multiplicative relations for
the Tutte groups recognize the axiom system for the moderately weak orthogonal matroids; see the
Remark after [25, Definition 2.5]. Finally, our ongoing work shows that we can define the universal
pasture and the foundation of an orthogonal matroid that represent respectively the functors taking a
pasture to the set of moderately weak orthogonal F-matroids and to the set of rescaling equivalence
classes of moderately weak orthogonal F-matroids in the sense of [5] and [4]; we will not further
elaborate on this direction, as it is not the main goal of the present paper.

3.5. Functoriality.

Now we discuss the behavior of strong and weak orthogonal matroids over tracts with respect to tract
homomorphisms. The following propositions are all straightforward from the definitions.

Proposition 3.22. Let f : F1 — F> be a tract homomorphism, and let ¢ be a strong Wick function with
coefficients in Fy. Then the composition f o ¢ is a strong Wick function with coefficients in F». The same
results hold for weak and moderately weak Wick functions.

By the above proposition, we define the pushforward operator f, taking orthogonal F;-matroids
to orthogonal F,-matroids by f.([¢]) := [f o ¢]. Notice that the pushforwards are functorial: if

Fi i) P LR F35 are tract homomorphisms, then (g o f). = g« o f.. If F; = K, the terminal object of the
category of tracts, then the orthogonal K-matroid [ f o ¢] is the same thing as M o
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Proposition 3.23. Let F| and F» be tracts equipped with involutions | and 1), respectively, and let
f : F1 = F, be a tract homomorphism that respects the involutions (i.e., fot; =1y 0 f). IfC is a strong
(resp. weak or moderately weak) orthogonal Fi-signature of an ordinary orthogonal matroid M, then
f:(C) :={cf(X) : c € FY, X € C} is a strong (resp. weak or moderately weak) orthogonal F,-signature
of M. The same results hold for strong and weak circuit sets over tracts of an orthogonal matroid.

Therefore, we also have the pushforward operator f taking orthogonal F|-signatures (resp. F-circuit
set) to orthogonal F,-signatures (resp. F,-circuit set). If F; = K, then f,(C) is the same thing as the set
of circuits of M.

However, the simple pushforwards of orthogonal F-vector sets are not defined properly. In fact, let
f : F1 — F, be a tract homomorphism respecting the involutions and let V' be an orthogonal F-vector
set. Then the set f.(V) = {cf(X) : ¢ € F), X € V} is not necessarily an orthogonal F,-vector set; see
Example 4.26.

Proposition 3.24. Let F\, F, be tracts, and let 1, @, be strong Wick functions with coefficients in Fy, F,,
respectively, with the same underlying orthogonal matroid M. Then ¢\ X @3 : T, — F| X F; defined as
(o1 X @2)(T) = (@1 (T), p2(T)) is a strong Wick function with coefficients in the product F\ X Fy. The
same results hold for weak and moderately weak Wick functions.

3.6. Duality.

Let ¢ : T, — F be a strong Wick function over F. Its dual strong Wick function ¢* : T, — F is
defined as

©"(T) = o(T")

for all T € 7,. It is indeed a strong Wick function with underlying orthogonal matroid (M (p)* from
definitions. We define the duals of weak and moderately weak Wick F-functions in the same way.

Given a strong (resp. weak) orthogonal F-signature C, we can define its dual strong (resp. weak)
orthogonal F-signature C* by setting

C':={X":XeC},

and the underlying orthogonal matroid of C* is (M)*. The duals of strong and weak F-circuit sets of
orthogonal matroids are defined in the same way.

3.7. Minors
Let ¢ be a strong or (moderately) weak Wick function on E with coefficients in F" and take e € E. Then
we define ¢|e to be the function from the set of transversals of E \ {e,e*} to F as

©(T U {e}) if eisnonsingularin M,

(ple)(T) = {‘p(T U{e*}) otherwise.

Proposition 3.25. Let ¢ be a strong Wick F-function ¢ on E and e € E. Then y|e is a strong Wick
F-function and M ole = M o le. The same holds for weak and moderately weak Wick F-functions.

We define minors of strong or weak orthogonal signatures as follows. Let C be a strong or weak
orthogonal F-signature of an orthogonal matroid M on E. For e € E, let C|e be the set of functions in

{n(X) e FEMe¢} . X € C with X(¢*) =0 and X # {e}}

that have minimal supports, where 77 : FE — FEMe-€"} i5 the obvious projection.
The next proposition is direct from Proposition 1.16.
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Proposition 3.26. Let C be a strong (resp. weak) orthogonal F-signature of an orthogonal matroid M
on E and let e € E. Then Cle is a strong (resp. weak) orthogonal F-signature of M |e.

Minors of a strong or weak F-circuit set of an orthogonal matroid are defined in the same way as
minors of an orthogonal F-signature, and an analogue of Proposition 3.26 holds.
One possible candidate of a minor of an orthogonal F-vector set V C FF with respect to e € E is

Vie := {n(X) € FEMe<} . X € V with X (e*) = 0},

which coincides with the deletion and the contraction of an F-vector set of a matroid in [1, Section 4.2].
However, V|e is not necessarily an orthogonal F-signature in general, even if F is a partial field and the
underlying orthogonal matroid of V is the lift of a matroid; see Example 4.25. We remark that if F is a
field, then V|e is an orthogonal F-vector set by [22, Proposition 3.8].

3.8. Other related work

We briefly indicate how our notions of strong and weak orthogonal F-matroids generalize various flavors
of orthogonal matroids in the literature, as mentioned in Section 1.

Example 3.27. If the support of a strong or weak orthogonal matroid on E over F is the lift of an
ordinary matroid on [n], then an orthogonal matroid on E over F is the same thing as a strong or weak
matroid on [n] over F in the sense of [2]. This follows from Proposition 3.4.

Example 3.28. A strong or weak orthogonal matroid over the Krasner hyperfield K is the same thing
as an ordinary orthogonal matroid.

Example 3.29. When F' = K is afield, a strong or weak Wick K-matroid is the same thing as a projective
solution to Wick equations in PV (K), where N = 2" — 1. In addition, when char(K) # 2, a strong or
weak orthogonal K-matroid is the same thing as a maximal isotropic subspace of K*" in the usual sense.
Indeed, a weak Wick function with coefficients in the field K automatically satisfies (W2). This follows
from [3, Theorem 1.6].

Example 3.30. A strong or weak orthogonal matroid over the regular partial field Uy is the same thing
as a regular orthogonal matroid in the sense of [16]. This follows from the discussion on page 33 in loc.
cit. and [3, Theorem 1.6].

Example 3.31. A strong or weak orthogonal matroid over the tropical hyperfield T is the same thing as
a valuated orthogonal matroid in the sense of [14] or a tropical Wick vector in the sense of [23]. This
follows from Theorem 5.1 of loc. cit.

Example 3.32. A strong orthogonal matroid over the sign hyperfield S is the same thing as an oriented
orthogonal matroid in the sense of [27, 28]. This follows from the discussion at the top of page 241
of [28].

4. Cryptomorphisms for orthogonal matroids over tracts

In this section, we give proofs of the main theorems of the paper and confirm Figure 2. Our plan is
as follows. We first construct strong (resp. weak) orthogonal signatures from strong (resp. moderately
weak) Wick functions in Section 4.1 and show the converse in Section 4.2. In Section 4.3, we show the
equivalence between weak orthogonal F-matroids and weak F-circuit sets using the constructions in
Sections 4.1 and 4.2. In Section 4.4, we prove Theorem 3.13 that orthogonal F-signatures and F-circuit
sets coincide for the strong case. In Section 4.5, we show the equivalence between strong orthogonal
signatures and orthogonal vector sets, as well as Theorem 3.16(i). We sum up all main theorems in
Section 4.6. Section 4.7 provides several pathological examples.
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Recall that 7, denotes the family of all transversals of E = [n] U [n]". For every i € E, let i be the
element in [n] such that {i,i"} N [n] = {i}. For i, j € [n], let (i, j] be the subset {k € [n] : i <k < j}
if i < j, and (J,{] otherwise. ForT € T, and i, j € E, let mT denote |T N (i, j]| We often omit the
superscription 7 in m . if it is clear from the context. If «, B € FX, we write 2 = for a~!'B. We often
denote a finite set S = {al, as,...,am,} by enumerating its elements, such as a1a2 R P

4.1. From Wick functions to orthogonal signatures

Let ¢ be a weak Wick function on E with coefficients in a tract F. We denote by M = M . the underlying
orthogonal matroid of [¢]. We first suggest a candidate for the orthogonal signature induced from the
given Wick function ¢.

Recall that the set of bases of M is Supp(¢) = {B € T, : ¢(B) # 0}. For each circuit C of M,
we define a function X € FF such that X = C as follows. Let T 2 C be a transversal such that
Ta{x,x*} € Supp(gp) for all x € C, which exists by Lemma 1.15. Then for every e, f € C, we set

(@) _ _ynt, eTafe )
X() TR}

We call X an F-circuit of ¢ with support C.

“.1)

Lemmad4.1. The ratio ((;)) is independent of the choice of T. Explicitly, let T1, T, be distinct transversals

containing C such that both Ty A{x,x*} and T, A{x,x"} are bases of M for all x € C. Then

1y p(Tir{e,e’}) _ -1y p(Thr{e,e’})
e(Tia{f, f*}) o(Da{f. f*})

where m; = |T; N (e, f]| for eachi = 1,2.

Proof. We proceed by induction on |7} \ T3|. Since TiA{x,x*} and ThA{x,x*} with x € C # 0 are
distinct bases of M, we know that |7} \ 7»| is even and at least 2.

Suppose that |T7 \ T»| = 2. Write T \ T, = {a, b} so that AT, = {a,a”,b,b*}. Then neither
Tya{a,a"} nor Ty a{b, b} is a basis since they contain C. Thus, ¢(T12{a,a"}) = ¢(T16{b,b*}) =0
Denote m = |{a,b} N (¢, f]|. Note that m; + m = m, (mod 2). By the axiom (W2) applied to
TiA{e,e*, f, f*}and T\ A{a,a*, b, b*} = T, we have

o(Tialf, fHe(Dafe,e}) + (1) o(Tia{e, e De(T2a{f, [*}) € NF,

(-

which implies the desired equality.

Now we assume that |77 \ 7| > 2. Fix x € C and let B; := T;A{x,x*} with i € {1,2}. Then By and
B are bases of M. Take y € T} \ T». By the symmetric exchange axiom, there is z € (71 \ Tz) \ {y}
such that ByA{y, y*,z,z*} is a basis of M. Let Ty := T\ A{y, y*, 2, 7*}. We claim that for every w € C,
the transversal Toa{w,w*} is a basis of M. Indeed, since ToA{x,x*} = Bia{y,y*, z,z"}, we may
assume that w # x. Then by Proposition 1.14, Ty A{w,w*} = BiA{x,x*,w,w"} is a basis of M. Both
Bia{x,x*,y,y*} =T1a{y,y*} and By A{x, x*, z, 2"} = T1 A{z, 7"} contain C, and hence, neither of them
is a basis. Then the symmetric exchange forces that ToA{w, w*} = BiA{x,x*,y,y*, 7,75, w,w*} is a
basis. Notice that |TyAT}| = 4 and |ToAT,| < |T1AT,|. Therefore, we conclude the desired equality by
the claim and the induction hypothesis. O

Proposition 4.2. Every circuit C of M corresponds to a well-defined projective F-circuit X € FF of ¢
with support C (i.e. X is well-defined and unique up to multiplication by an element in F*).

Proof. Lemma 4.1 shows the uniqueness. We assert furthermore that X is well-defined. This can be
proved directly. Let T be a transversal such that C C T and TA{x,x*} € Supp(¢) for all x € C. Take
e,f.g€C.Sincem, s +mys g +m,q =0 (mod 2), we have
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X(o) X(f)

T8{ee)) | iy ST D)
X(f) X(g)

o(Ta{f, f*}) o(Tr{g, g*})
p(Tafe,e’}) _ X(e)
e(Ta{g.g*}) ~ X(g)

By Proposition 4.2, the set C,, of all projective F-circuits induced from ¢ is an F-signature of M.

— (_1)me,f

= (=)

Theorem 4.3. Let F be a tract. If ¢ is a strong Wick function over F, then C, is a strong orthogonal
F-signature.

Proof. Let X1, X, € C,. We may assume that XN &* # 0. By Lemma 1.15, there is a transversal T;
containing X; such that 7;A{e, "} is a basis for every e € X; and i = 1, 2. Note that

e(Tiafe. e })p(Tanfe.e’}) =0

for all e € (T1AT2) \ (X14X2). Write Ty N T = {e1,e2,...,e4} wWithe] < e; < .-+ < e, and
write X; N Xp* = {ea;,--..eq,} With @1 < -+ < @p. Then (T12T:) N [n] = {e],...,eq}. Let
mj :=|T1 N (€q;,€q, || and n; := [Ty N (€q,, €q; ]| for each j € [b]. Since (T1AT2) N (€qy, €a; ]| = {ek :
a1 <k <aj},wehavem; +n; = aj —a; (mod 2). By (W2) applied to 71 and 7>, we have

a b
Ne 3 Y (=1 e(Tia{ei e De(Taafei ef}) = 3 (=D % @(Ti{ea, €4, De(Trn{eas €5, )
i=1 i=1

Therefore,

b
(X1, X3) = > Xi(ea) Ka(el,)
i=1

. C o Xi(eq,) Xa(eh,)

=Xilea)Ralein) 1 g o o

eTinlea. i) oDolen, ¢

o(T1a{eq,. €b, }) (T {ea,. eb, })
Xi(ea)Xa(eh,)

o(T1a{eq,. €t De(Tr0{ea,. € })

b
= Xi(ea) Xalel,) D (=)™
i=1

= (-1

b
X

(=D %p(T12{eq; €, ) p(Tar{en;s €4, }) € NF- 0
i=1

Theorem 4.4. Let F be a tract. If ¢ is a moderately weak Wick function over F, then C, is a weak

orthogonal F-signature.

Proof. 1t is not hard to see that C, satisfies (O)" if we replace (W2) with (W2)’ in the proof of
Theorem 4.3. m]

4.2. From orthogonal signatures to Wick functions

Throughout this part, C C FF is an F-signature of an ordinary orthogonal matroid M satisfying the
2-term orthogonality:

(0,) (X.,Y*) € N forall X,Y € C with |[X N Y*| = 2.

Recall that by Lemma 3.7, for each circuit C of M, the F-circuit X € C (and equivalently, X ywithX =C
is unique up to multiplication by an element in F*.
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We first set y(B, B) = 1 for every basis B of M. Let By, B, be two bases of M with |B;AB;| = 4. We
can write By = TA{f, f*} and B, = TA{e, e*} for some transversal T containing e and f. Let X € C
be the F-circuit whose support X is the fundamental circuit C(Bj, f). Then X = C(Bj,¢) C T, and in
particular, e, f € X. We define

X(e)
XN

v(B1, By) := (—l)m:-f

Proposition 4.5. y(B1, By) is well-defined.

Proof. By Lemma 3.7, y(Bj, B;) is independent of the choice of X for fixed 7. Let T} =
Ta{e,e"}a{f, "} 2 e, f*. Let X1 € C be such that X; = C(By,e*) = C(By, f*) 3 e*, f*. It suffices
to show that

(_1)m1f {((6) — (_1)mzlf )il(f )
X(f) Xi(e*)
Since (TATy) N (2, f] = max{e, f}, we have |m£f - mZ‘f | = 1.By (0,), X(e) X1 (e") + X ()X (f*) =
(X, X f Y € N, and therefore, we obtain the desired equaiity. m]

The next lemma is obvious from the definition.
Lemma 4.6. If B, B, are bases of M with |B)AB,| = 4, then we have y(B1, By) = y(B2, B1) ™.

Now we define a candidate for a Wick function on E with coefficients in ¥ whose underlying matroid
is exactly M. Fix a basis By of M, and let ¢¢ : T, — F be such that:

() ¢c(Bo) =1(¢ NF).
(ii) For each basis B of M other than By, we set

¢c(B) :=y(B',B)pc(B’),

where B’ is a basis of M such that |B\ B’| =2 and |B \ By| = |B’ \ Bo| + 2.
(iii) For each non-basis transversal T, we set ¢(T) = 0.

To show that ¢¢ is well-defined, we need a result on the basis graphs of the orthogonal matroids.

The basis graph I'y of an ordinary orthogonal matroid N is a graph whose vertex set is the set of
bases of N, and two vertices B; and B; are adjacent if and only if |B; \ Bz2| = 2. For every graph G,
a directed cycle C of length € > 2 is a sequence (vg, V1), (vi,v2), ---, (ve—1,ve) of ordered pairs of
adjacent vertices in G such that all v are distinct except for vo = v,. We simply write C as a sequence
Vo, V1, - .-, Ve—1, Vo Of vertices. We denote by —C the directed cycle vg, ve—1, ..., Vi, vo. For directed
cycles Cy, Cy,...,Cy, of G, we say Cy is generated by Cy,...,Cy, if for all vertices u,v in G, two
ordered pairs (u, v) and (v, ) appear the same number of times in —Cy, C, - - -, C,,; see Figure 3.

The following theorem generalizes Maurer’s Homotopy Theorem for matroids [20].

Theorem 4.7 (Wenzel, Theorem 5.7 of [26]). Let N be an orthogonal matroid. Then every directed
cycle in the basis graph Uy is generated by directed cycles of length at most 4.

Lemma 4.8. The following hold for the basis graph I'y of an orthogonal matroid M with an F-signature
C satisfying (0»).

(i) If B1, B2, B3, By is a directed cycle of length 3 in Iy, then
y(B1,B2)y (B2, B3)y(B3,By) = 1.
(ii) If B1, By, B3, By, B} is a directed cycle of length 4 in Ty, then

y(B1, B2)y(B2, B3)y(B3, B4)y(B4, B1) = 1.
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=N

o A‘/

Figure 3. Cy is generated by Cy, C3, Cs.

Proof. (i) If By, By, B3 are bases of M with |B; \ B;| = 2 for all distinct i, j € [3], then there
exist a transversal 7 and distinct elements e]‘,e;, e§ € T such that B; = Ta{e;, e;‘} > e¢; for each
i € [3]. For distinct i, j € [3], let T;; = TA{ei,e;f‘}A{ej,e;} and X;; € C be the F-circuit with
X[J' = C(B,-,ej) = C(Bj,ei) Cc le Then

Xij(ei)
Xij(ej)
where m;; := |T;; N (e;, e;]|. Let Y be the F-circuit with Y = C(By,e]) C T. Then Y = C(Bp, e3) =
C(Bs, e3),and thus, {e], €3, e} C Y. By (0y),ifi # j € [3],WehavethatXij(el-)Y(e;f)+)~(ij(ej)f’(e}) =
<X,'j,Y*> € Npr. Thus,
Xi2(er) Xo3(e2) Xz1(e3) _17(93) _?(63) _Y(ef)
Xi2(e2) Xa3(e3) Xz1(er) Y(ep) |\ Y(ez) )\ Y(ey)

i

(B, Bj) = (=1)™J

By relabeling, we may assume thate] < e; < e3. Then (T12N(e7, e2])A(TazN(ez, e3]) A(Ti3N(ey, e3]) =
{e3}. Hence, m1, + my3 + m3 is odd, and therefore, y(B1, B>)y(B2, B3)y(B3, By) = 1.

(ii) By (i) and Lemma 4.6, we may assume that the directed cycle By, B>, B3, B4, B} is not generated
by directed cycles of length 3. Then |B; \ B;+1| = 2 and |B; \ Bi+2| = 4 for all i € [4], where all subscripts
are read modulo 4. Thus, there exist a transversal T and distinct elements e, e;, e3,e4 € T such that
Bl = T12, Bz = T13, B3 = T34, and B4 = T24, where T[ =TA Uiel{ei,e;f} forall I C [4] In addition,
none of T, T4, Tr3, and Tj,34 is a basis.

Let X1, X3,Y3,Y; € C be F-circuits such that X; C T; and Y4—; C T4 for each i € {1,3}. Then

Xi(e3)
y(Ti2, Thi3) = (-1)"™ ——=,
Xi(e2)
X3(e4)
(T3, T34) = (-1)" ——=,
Xz(e1)
Yi(e})
¥(T12. Tag) = (=1)" ——,
Y3(€4)
Yi(e3)
Y(Ta4, T3g) = (-1)" —2,
Yl(e3)
where m = |T| N (ez,e3]|, m3 := T3 N (ey, es]], n3 := |Ti2a N (€1, e4]|, and ny := [Tr34 N (€2, €3]]

Note that m +m3 +n3 +ny is even, since (T N (e, e3]) A(Tx34 N (€2, €3]) = {e71, €2, €3, e4} N (€2, €3],
and (73 N (e, ea])A(Ti24 N (€7, es]) = {er, e2, €3, ea} N (eq, ea].
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Suppose for contradiction that X (el) #0(@d.e., e € Xl) Notice that Xl C(Bj, e3) is the unique
c1rcu1t of M contained in 77, and the subtransversal Tl \ { {el}is independent. Since T; is not a basis,

= (T1 \ {e}}) U {e1} is a basis, a contradiction. Thus, X;(e]) = 0. Similarly, one can check that all
of Xi(ey), X3(e2), X3(€3), Y3(e3), Y3(e3), Yi(e1), and Yy (e},) are zero, because none of T, T4, T23 and
T1234 is a basis of M. Therefore, by (O;), we have

Xi(e2)¥1(e5) + Xi(e3)V1(e5) = (X1,Y)) € Np,
and
X3(e)Xz(e}) + Xz (eq)Vs(e}) = (X3,Y;) € Np.

Therefore,

Xi(e3) X3(eq) _ynem Yi(e3) Y3(e})

v Tia)y (Tis, Taa) = ()™ Xi(e2) Xs(er) Yi(e3) Ya(e})

= y(T24, T34)y(T12, To4).

By Lemma 4.6, we obtain that

¥(B1, B2)y (B2, B3)y(B3, B4)y(Ba, B1)
= Y(T12, T13)y (113, T34) Y (To4, T34) 'y (T12, Toa) ™' = 1. o
Corollary 4.9. ¢¢ is well-defined.

Proof. Tt suffices to show that for arbitrary paths P = BBy ... By and P’ = B(B] ... B} in 'y, if
By = B, and By = By, then

k-1 -1
1_[ Y(Bi, Biy1) = 1_[ v(Bj,Bj.1).
i=0 j=0

This is straightforward from Lemmas 4.6, 4.8, and Theorem 4.7. O

Theorem 4.10. If C satisfies the orthogonality (0), then ¢c is a strong Wick function on E with
coefficients in F.

Proof. We only need to prove (W2). Take 71,7 € T, with Ty N T; = {ey,...,eq}, where
el < -+ < eq. If T} is a basis of M, then o(Tia{i,i*}) = 0 for all i € [n], and thus,
4 (=D)ip(Tia{e;, e;e(Tra{e;, ef}) € Nr. Therefore, we may assume that T is not a basis, and
similarly, we may assume that 7, is not a basis. Then there exist X;, X, € C such that X; C T; for
i=1,2. Write Xi N Xp" = {eq,,....€q,} Witha < --- < a@p.Fori € [a] \ {a1,...,ap)}, at least one
of Tiafe;, ef} and Tha{e;, e} } is not a basis. Hence,

a b
DD e(Tinfe, e Ne(Tafenef}) = Y (=) o(Tia{ea € Ne(Trd{eas, €4, ).

i=1 i=1
Therefore, we may assume that » > 1. We can also assume that there exists ¢ € [b] such that both
By = Tia{ea,., ey} and By := Tha{eq,, ey, } are bases. Then X, = C(T1a{eq,,€p, },eq,.) and
Xy =C(Thr{eq,,e C} ey, ), and therefore, T} A{eal €y, }is a basis for each i € [b] and] =1,2.
" Foreachi € [b],letm; :=|T} N (€a.- ea,]| and n; :=|T> N (eq,, €q,]|- By the definition of ¢¢, we
have

$iea) |y #T0wenh) Rolen) L eTaalew €D
i (ea) o(T1 5 {eayr o 1) X (ei) (ot {eae i )
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Since (T1AT2) N (€q,,€q;] equals {ex : @ < k < @;} if c <iand {eg : @; < k < a.} otherwise, we
have m; + n; = @; — @, (mod 2). By the orthogonality relation (O), we have

b
D Xi(ea) Ralel,) = (X1, X5) € Np.
i=1

Therefore,

b

2 (D% e(Tin{eq e Ne(Trt{eq i}

i=1

b
= (=% Y (1) p(Ty e ay €, NP(Trd €0y €, 1)
i=1

b

Tin{eq,.,e:, Thn{eq,, ey, - -
o(Tia{ea,, ey, }) p(Tarde,, a‘})ZXl(ea,-)Xz(eﬁ,i)eNF. -
i=1

= (1) T _
=D Xi(ea,) X2 (eq,.)

Theorem 4.11. IfC satisfies (O)’, then @¢ is a moderately weak Wick function on E with coefficients in F.
Proof. Tt yields if we replace (O) with (O)” in the proof of Theorem 4.10. |

4.3. Weak Wick functions and weak circuit sets

In this section, we prove the equivalence between the weak Wick functions and the weak circuit sets,
using the constructions in Sections 4.1 and 4.2.

Theorem 4.12. Let C be a weak F-circuit set of an orthogonal matroid. Then ¢c is a weak Wick
F-function.

Proof. Denote ¢ := p¢.LetT) be atransversal, and let e, e, €3, e4 € Ty be suchthate; < e; <'e3 < ey.
Let 7> be another transversal such that 7> \ T} = {e”l‘, ez, 5, ej}. We may assume that neither 7 nor 75
is a basis, and there is k € [4] such that both 7 A{ey, €} } and TrA{ey, e} } are bases of M. Let X and Y
be F-circuits in C such that X € 77 and Y C 7. Then for each i € [4], we have

phalened) o Ke) o eDalang) L T
(T A{ex, e }) X(ex) o(Tha{er, e }) Y(ep)
where m; := mg,ek = |T1 N (e;,ex]| and n; := mgf,ek = |T» N (e;,ex]|. Note that m; +n; = k — i
(mod 2). Hence, we have
Z (—1)ik o(Tiafe;, e;p(Tan{ei, ef}) 1. ):((ei)YN(e:f) ' *)
S e(Tin{er, e Do(Tan{er, er}) el X(enT (e})

By the strong symmetric exchange axiom, at least one of 6; := @(T1a{e;, e;})p(Tan{e;, e;}) with

i € [4] \ {k} is nonzero. If exactly one of 6; is nonzero, then (*) is 1 + % € Nr by (Oy).
< k
Therefore, we may assume that at least two of 6; are nonzero. We denote by a, b, c the distinct elements

of [4] \ {k}.

Suppose that 6, and ), are nonzero but 6. = 0. Then {e,, ep,er} C X and {e,,e;,e;} €Y. By
interchanging roles of 77 and 75 if necessary, we may assume that 7> A{e., e} is not a basis of M.
Then e;. ¢ Y. Because {e,, ep,er} C© X C Ty, neither T1A{eq, ey, ek, e } nor Tia{ep, ), ex, ep }is a
basis. Hence, C has F-circuits Z, and Z;, such thaté C Tiafei, e}, ex, eZ} for eachi € {a, b}. Because
T M{ea, ey}, Tinfex, ep }, and Ty a{ep, e} } are bases, we have {ej, e, e} } € Z,. Because TrA{ec, e}
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is not a basis, ep ¢ Z,. Similarly, {e ,€c, k} cZy and e, ¢ Zp. Then Z, U Zj, is admissible, and by
the circuit elimination axiom (C3), M has a circuit C contained in (Z U Zb) \{ec} €D\ {ec}. Then
Y = C, and hence, Y is in the linear span of Z, and Z, by (L-i)’. Rescaling Z, and Z,, if necessary, we
may assume that Z, (e;) = Y (e;,) and Zp,(e}) = Y (e}). Then Y(EZ) - ZNQ(e’;() - Z},(eZ) € Nr.By (0y),
Zi(ep) _ X(e) Zalep) Zp(ep) € Np.
Zi(e}) Y (e}) Y (ep)
Now we cons1der the case where 0,, 05, 0. are all nonzero. Then there are F-circuits Z,,
Zp, Zc in C such that Z; C TiA{ei, e}, ex, e} with i € {a,b,c}. It can be easily checked that
{ea.ep.ec.ef}n{e. ef} C Z; forevery i € {a,b,c}. Then by (L-ii)’, Y is in the linear span of Z;, Z>

for i € {a, b}, and thus, (*) isequal to 1 —

and Z3. Rescaling Z; if necessary, we may assume that Z; (ef) = Y(e;) for each i € {a,b,c}. Then
50« 5 0 % 5 0« 5« Zi(er) _ X(e)

Y(ep) —Za(ek)~— Zb(ek)~—Zc(ek~) € Nr.By (0y), Zi(eli) X(en) with i = a, b, ¢, and therefore, (*)
Za(e;i) _ Zb(e}i) _ Zc(e;*()

Te) T T ©NF O

isequalto 1 —

To prove the converse of Theorem 4.12, we consider the following weaker replacement of orthogo-
nality (Oy):

(02) Let X,Y € C be such that X and Y are fundamental circuits with respect to the same basis of M .,
then (X,Y*) € Np.

Lemma 4.13. Let C be an F-signature of an orthogonal matroid. If C satisfies (0,)" and (L-i)’, then it
satisfies (0).

Proof. Suppose for contradiction that (O,) does not hold. Let X and Y be F-circuits in C such that [ X UY|
is minimized subjectto | XNY*| = 2and (X, Y*) ¢ Np. Write XNY* = {e, f}. ThenJ := (XUY)\{e*, f}
is dependent in M., because otherwise, there is a basis B 2 J such that X and Y are fundamental circuits
with respect to B and thus (X, Y*) € N by (O;)’, a contradiction. Let C be a circuit contained in J which
minimizes | X U C|. Note that C N {e, f*} = 0 by (C4), and therearex € CN(X\Y)andy € CN (Y \ X)
by (C2). Because of the minimality of |X U C|, we deduce that J, := (XA{f, f*}) U (C\ {y}) is
independent. Let B; be a basis containing J>. Then X and C are fundamental circuits with respect to B,.
Let Z be an F-circuit whose support is C. By (L-i)’, there is an F-circuit X, such that X,(x) = 0 and X,
is in the linear span of X and Z. Then X, UY ¢ X UY, and for some & € F*, we have X;(e) = aX(e)
and X»(f*) = aX (f*). Therefore, a(X,Y*) = (X»,Y*) € Nf, a contradiction. O

We note that by Lemma 4.13, an F-signature of an orthogonal matroid is a strong F-circuit set if and
only if it satisfies (L) and (O,)’. In addition, (O) in Lemma 3.7 can be replaced by (O)’.

Theorem 4.14. Let ¢ be a weak Wick function. Then C,, is a weak F-circuit set of M o

Proof. By Lemma 4.13, it suffices to show that C,, satisfies (O,)’, (L-i)" and (L-ii)".
Let X and Y be F-circuits in C,, such that X = C(B, f) and Y = C(B, e) for some basis B and distinct
elements e, f € B*. We denote T} := BA{f, f*} 2 X and T, := BA{e,e*} 2 Y. Then

o Malf, f') _ V(")

() _ ity eTisle )
o(Toleed) T

X MR

and hence, (X,Y*) € Nf. Therefore, C, satisfies (O,)’.

Now we show that (L-i)’ holds. Let B be a basis of M M, and e, ey € B* be distinct elements. Let X;
and X, be F-circuits in C such that X; = C(B, ¢;) fori = 1,2. Suppose that X;(e3) = X(e]) = 0 and
there is an element f € X; N X;. Let Y be an F-circuit whose support is a subset of (X1 UXo) \ {f}
We claim that ¥ belongs to the linear span of X and X,. We may assume that X;(¢;) = ¥ (e;). Thus, it
suffices to show that ¥ (g) — X (g) — X2(g) € N forall g € (X; UXy) \ {e1,e2}.

Let Z € Cbesuchthat Z = C(B, f*).By (02)', Z(e})Xi(e))+Z(f*) Xi(f) € Np withi = 1, 2. Again,
by (02), =Z(f*)(X1(f)+Xa2(f)) = Z(e})Y (e1) + Z(e})Y (e2) € Np. Hence, X (f)+X2(f) € Np. So

=(-D"
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we may assume that g # f. By symmetry, we may assume that g € X, implying that BA{ey, e}, g,g"} is
a basis. Let W € C be such that W = C(B, g*). Let Ty := Ba{g,g"} and Ty := Ba{ey, e}, ez, €5, f, f*}.
Then W € Ty and Y C T>. Since BA{es, e, f, f*} and BA{ey, e}, g, g"} are bases ofMW both Y (ey)
and W (e]) are nonzero. We rewrite {e1, ez, f*, g} C Tz by {x1,x2,x3, x4} with X] < X3 < X3 < X3, and
let k € [4] be such that x; = e;. Since mgj.,xk + mg,xk = k —i (mod 2), by (W2)”, we have that

N o e WY ()
; WY (k) = W(xp) P () Zl T )

(T8 {xi, x; (T a{xi, x7})
(T a{xk, x; D (T a{xe, xp })

4
= W)Y (x) Z(—Uk-f € Nr.
i=1

By (0y)’, W(ej)?(ei) = W(e:f)zi(ei) = -W(g")Z;(g) for each i. Since W(g*) # 0 and Y (f*) = 0, we
conclude that Y(g) — Z,(g) — Z»(g) € Ng. Therefore, (L-i)’ holds.

Finally, we show that (L-ii)" holds. Let B be a basis of MSD and let X, X, X3 be F-circuits in
C such that their supports are C(B,e;), C(B,e3), C(B,e3) for some distinct e, e3,e3 € B*, and
Xi(ej.) # 0 for all i # j. Then BA{ey, e}, ez, €3}, Ba{ey, e}, e3, €3}, and Ba{er, €5, e3, 5} are all
bases. Let Y be an F-circuit in C whose support is C(Ba{ey, e’l‘, e, es}, eé). Then {e;,er,e3} CY C
Bna{ey, el. ez, e, e3, ez}. We claim that ¥ belongs to the linear span of X; with i = 1,2,3. We may
assume that X; (e;) = Y (e;) for each i. Hence, it suffices to show that Y ( f) = X; ()= X>2(f)-X3(f) € Np
for all f € B. Denote a := Xl(ez)f/(ez) € F*. Then X, (e;)?(€3) = —a by (0;)" applied to X,
afld Y. {\pplyingNagainfOz)’ to X~1 and ~Xz, we have Yz(e’f))?(el) = —a. Similarly, we deduce that
Xa(e3)Y (e3) = Xa(e])Y(e1) = —X3(e5)Y (e2) = @. Then X;y1(e}) + Xis2(e}) € Nf for each i, where
the subscripts are read modulo 3. Thus, we may assume that [ # e’l‘, ex, e;

Let T := BA{f, f*} and T» := BA{e;, e}, e, e, e3,e§} 2 Y. Let Z be an F-circuit in C such that
Z =C(B, f*) € T1. Note that X;(f) # 0 if and only if 71 A{e;, e}} is a basis. Hence, if X;(f) = 0 for
all i, then by (W2)”, o(Tr2{f, f*}) = 0so Y(f) = 0. Therefore, we may assume that at least one of
X;(f) is nonzero. By relabeling, we may assume that X;(f) # 0, and hence, Ty A{e;, e’l‘} is a basis.
Then Z(e;) # 0.

We rewrite {ey, ez, e3, f*} C Tp by {x1,x2,x3,x4} wWith X] < X; < X3 < Xg, and let k € [4] be such
that x; = e;. Note that mQ,xk + mg’x,( = k —i (mod 2). Then by (W2)”,

o(Ta{xi, x; DT a{xi, x7'})
(T &{xpe, xp (o a{xpe, X7 })

4 4
2, 26T () = ZG)T () Y (=)F € Nr.
i=1 i=1

By (0y)’, Z(e;f)?(ei) = Z(e;f))f,-(e,-) = —Z(f*)X;(f) for each i. Because f* € Z, we deduce that
Y(f) - X)) =Y () + Z(f)' 2, Z(e)Y (e;) € Nr. o

4.4. Strong orthogonal signatures and strong circuit sets

Let C be an F-signature of an orthogonal matroid M on E satisfying (O,). We say that X € FE is
consistent with C if for each basis B of M, the vector X belongs to the linear span of {X, : e € B*},
where X, is the unique F-circuit in C such that X, = C(B, ¢) and X.(e) = 1. Hence, (L) is equivalent
to that every F-circuit in C is consistent with C.

The orthogonal complement of W C FE is W+ := {X € FE : (X,Y*) € Ng forallY € W}.
Therefore, the orthogonality (O) is equivalent to that C € C*.

Lemma 4.15. Let C be an F-signature of an orthogonal matroid on E satisfying (02). If X € FE is
consistent with C, then X € C*.
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Proof. We claim that (X,Y*) € Np for allY € C. We may assume that X N Y* # 0. Write X N Y~ =

{e(*), e1,...,ee},andlet B be abasis of the underlying orthogonal matroid M . such that Y A{e, 86} C B.
Then {e, ..., e;} S B. Wedenote by m := |XNB*|,and if XN (B\Y)" is nonempty, then we enumerate
its elements as egy1, €242, - . ., €. Then XNB* = {ey, ..., ey }. For0 <i < m,let X; be the F-circuit in

Csuchthat X; = C(B,¢;) and X;(e;) = 1. Then X - 3| X(e;)X; € (Np)® since X is consistent with C.
Note that Y = C(B, e9) = Xo. By multiplying ¥ with Y(eg)~! € FX, we can assume that Y (eq) = 1. For
each 1 <i<m, Xo(e}) + X;i(ej) = (X0, X;) € Np by (O2), and so ¥ (e}) = —X;(e). Therefore,

(X,¥7) = R(eg) + ) X(enT(e]) = X(ef) = ) X(e)Xi(ep) € Nr. O
i=1 i=1

Lemma 4.16. Let C be an orthogonal F-signature of an orthogonal matroid on E. If X € C*, then X is
consistent with C.

Proof. Let B be a basis of M .. Write X N B* = {ey, ..., en}, and let X; be the F-circuit in C such that
X; = C(B,¢;) and X;(e;) = 1. We claim that X(f) — X; X(e;)X;(f) € Np forall f € E. For f € B*,
we have X;(f) = 1if f = e;, and X;(f) = 0 otherwise. Thus, we may assume that f € B. LetY € C
be such that Y = C(B, f*) and Y(f*) = L. If f* = e;, then X;(f) = X;(e;) =0and Y (e}) =Y(f) = 0.
Otherwise, we have X;(f) +Y(e]) = (X;,Y*) € Nr, and hence, —X;(f) = Y(e}). Therefore, by the
orthogonality (O),

X(f) - fo(ei)x(f) = X(f) +ZX<e,~>Y(e;“> = (X,Y*) € Np. O

We now prove Theorem 3.13 using the previous lemmas.

Proof of Theorem 3.13. Let C be an F-signature of an orthogonal matroid. Suppose that C is orthogonal.
Then C € C* and C satisfies (O,). By Lemma 4.16, C satisfies (L). Conversely, suppose C is a strong
F-circuit set. Then by Lemma 4.15, we deduce that C C C*, or equivalently, C is orthogonal. o

4.5. Orthogonal signatures and orthogonal vector sets

In [1], Anderson showed the equivalence between strong F-matroids and F-vector sets for matroids. The
orthogonal complement of an F-cocircuit set of an ordinary matroid M (i.e., an F-circuit set of the dual
matroid M*) is an F-vector set of M, and nonzero vectors having minimal supports in an F-vector set
of M form an F-circuit set of M. We prove that the strong orthogonal F-signatures and the orthogonal
F-vector sets can be derived from each other in a similar sense.

Lemma 4.17. Let V be an orthogonal F-vector set. Then there exists an ordinary orthogonal matroid M
whose set of bases equals the set of support bases of V. Furthermore, the set of supports of elementary
vectors in )V equals the set of circuits of M.

Proof. Let B be the set of support bases of V. It suffices to check that 5 # 0 and B satisfies the
symmetric exchange axiom.

We first show that B # 0. We may assume that V has an elementary vector X, since otherwise every
transversal is a support basis. Let Iy = X \ {e, e*} for an arbitrary ¢ € X. We say that a subtransversal
is V-independent if it does not contains any ¥ where Y € V \ {0}. Then [ is V-independent.

We claim that if a subtransversal / is V-independent and f € [n] \ 1, then 1 U {f} or I U {f*} is
V-independent. Suppose for contradiction that neither 7 U {f} nor 7 U {f*} is V-independent. Then
there are ¥1,Y> € V \ {0} such that Y; C 7U{f}and Y, C U {f*}. We may assume that ¥; and Y; are
elementary. Since / is V-independent, f € Y and f* € Y,. Then (Y1, Y;) = Y1 (f)Y2(f*) ¢ Nr, which
contradicts (V1). By the claim, fori =0, 1,2, ..., there is a V-independent set ;41 such that I; C I;1
and |I;41| = |I;] + 1, unless |I;| > n. Then for k := n — |Iy|, the subtransversal I is a V-independent set
of size n and hence, I is a support basis of V, implying that B # 0.
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Next, we show that B satisfies the symmetric exchange axiom. Let By, B, € Band e € B; \ B,. By
(V2), there is a fundamental circuit form {X, : g € B}} of V withrespect to By, where X; C B1A{g,g"}

and X,(g) = 1. Let X := X,+. Note that X is elementary in V by (V3). Since B, is a support basis,
X ¢ Bj. Thus, there is f € X \ By € (Bia{e,e*}) \ B, = (B1 \ B2) \ {e}. It suffices to show
that BiA{e, e*}A{f, f*} is a support basis of V. If not, then there is Y € V \ {0} with support Y C
BiA{e,e*}A{f, f*}. We may assume that Y is elementary in V. By (V1), X(f)Y(f*) = (X,Y*) € Ng
and thus, Y(f*) = 0. Then Y C BjA{e, e*}. Since B is a support basis, e* € Y. By (V3),Y =Y (e*)X,
which contradicts the fact that Y (f) = 0 # X(f). Therefore, BiA{e, e*, f, f*} is a support basis.
From the definitions of B and M, it is straightforward to see that the set of circuits of M equals the
set of supports of elementary vectors of V. O

In Lemma 4.16, if we assume additionally that X is elementary in C*, then X is indeed in C rather
than merely being consistent with C, as the next lemma shows. For W C F E let Elem(W) be the set of
elementary vectors in W.

Lemma 4.18. Let C be an orthogonal F-signature of an orthogonal matroid on E. Then Elem(C*+) = C.

Proof. Denote M := M. Note that C C C*, since C is orthogonal.

We first show that Elem(C+) 2 C. Suppose X € C is not elementary in C*. Then there is X’ € C+\ {0}
such that X’ € X. Lete € X \ X’ and let B be a basis of M containing XA{e, ¢*}. Choose f € X’ and
Y € CsothatY = C(B, f*). Then (X", Y*) = X'(f)Y(f*) ¢ N, a contradiction.

Next, we prove that Elem(C*) C C. Let X be an elementary vector in C*. Suppose for contradiction
that X is independent in M. Take an element e € X and a basis B of M containing X, and let Y € C be
such that Y = C(B, e*). Then (X,Y*) = X(e)Y(e*) ¢ NF, a contradiction. Therefore, X is dependent
in M. Then there is X’ € C such that X’ € X. Since C € C* and X is elementary in C*, we have
X € X'. Hence, X = X’. Now it suffices to show X = @X’ for some ¢ € F*. For e € X, we may
assume that X(e) = X’(e) = 1. Suppose that X # X’. Then X(f) # X’(f) for some f € X. For a
basis B of M containing XA{e,e*}, let Y € C be such that Y = C(B, f*) and Y(f*) = 1. Because
X(f)+Y(e*) = (X,Y*) € Np, we have X(f) = —Y(e*). We similarly deduce that X'(f) = Y (e*),
which contradicts the fact that X (f) # X’(f). Thus, X = X’ € C. O

Theorem 4.19. The following hold:

(i) IfC is an orthogonal F-signature, then C* is an orthogonal F-vector set and C = Elem(C%).
(ii) IfV is an orthogonal F-vector set, then Elem(V) is an orthogonal F-signature and V = Elem(V)*.

Proof. (i) By Lemma 4.18, Elem(C*) = C, and thus, C* satisfies (V1). In addition, the set of support
bases of C* is equal to the set of bases of M, ¢ Therefore, by (C5), C* satisfies (V2). By Lemmas 4.15
and 4.16, C* satisfies (V3).

(ii) Let C := Elem(V). By (V1), C satisfies the 2-term orthogonality relation (O,). By Lemma 4.17,
the set of support bases of V coincides with the set of support bases of C. Moreover, it is the set of bases
of some ordinary orthogonal matroid M. Then C is an F-signature of M and every fundamental circuit
form of C is a fundamental circuit form of V. Conversely, by (V3), every fundamental circuit form of V
is a fundamental circuit form of C. Therefore, X € FE isin V if and only if it is consistent with C. The
latter condition implies that X € C* by Lemma 4.15. Then C € V C C*. Therefore, C is an orthogonal
F-signature of M. By Lemma 4.16, if X € C*, then X is consistent with C. Hence, C* C V, and we
conclude C+ = V. mi

We finish the discussion of orthogonal vector sets with the proof of Theorem 3.16(i) that if F is a
field, then every orthogonal F-vector set is a Lagrangian subspace.

Proof of Theorem 3.16(i). By (V2) and (V3), V is an n-dimensional linear subspace of F (n]UIn]" 1 et
C := Elem(V). By Theorem 4.19(ii), (X,Y*) = 0 for all X,Y € C and V = C*. By Lemma 4.16, V is
the subspace spanned by C, and thus, (X,Y*) = 0 for all X,Y € V. Hence, V is isotropic and therefore
Lagrangian. O
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Example 4.20. By [2, Corollary 3.45], if F' is a doubly distributive partial hyperfield such as a field,
S, T or K, and if M is a strong F-matroid, then every vector (resp. covector) of M is orthogonal to all
covectors (resp. vectors) of M. For the proof, it is crucial to show that if F' is a doubly distributive partial
hyperfield, then every weak F-matroid is automatically a strong F-matroid. In the orthogonal case, if
F is a field and W c F!"IVI"]" ig an orthogonal F-vector set, then W+ = W by Theorem 3.16(i). So
one may ask naturally whether this fact can be generalized to doubly distributive partial hyperfields.
However, it is false even if we take F = K, the Krasner hyperfield. Let N be the orthogonal matroid on
[5]U[5]" in which a transversal B is a basis of N if and only if |BN [5]| is even and B # 172345, 12%345.
By computer search, we check that |C| = 15, [V| = 256, and |V*| = 169, where C is the unique K-circuit
set of N and V := C* is the corresponding orthogonal K-vector set.

4.6. Natural bijections

Summarizing the results in Sections 4.1-4.5, we prove the equivalence between various notions of
orthogonal matroids with coefficients in tracts, described in Theorems 3.18, 3.19 and 3.20. As a
corollary, we deduce Theorem 3.14.

The following lemma is straightforward from definitions.

Lemma 4.21. Let F be a tract. Let C be an F-signature of an orthogonal matroid satisfying (0,), and
let ¢ be a weak Wick F-function. Then Cy, = C and [¢c,] = [¢].

Proof of Theorem 3.18. By Theorems 4.3, 4.10 and Lemma 4.21, there is a natural bijection between
(1) and (2). By Theorem 3.13, (2) and (3) are identical. By Theorem 4.19, there is a natural bijection

between (2) and (4). ]
Proof of Theorem 3.19. 1t is straightforward from Theorems 4.4, 4.11, and Lemma 4.21. O
Proof of Theorem 3.20. 1t is concluded by Theorem 4.12, 4.14, and Lemma 4.21. O
Proof of Theorem 3.14. 1t is an immediate corollary of Theorems 3.19 and 3.20. )

4.7. More examples

Strong orthogonal F-matroids generalize strong F-matroids by Proposition 3.4, and strong orthogo-
nal F-signatures of orthogonal matroids generalize strong dual pairs of F-signatures of matroids by
Remark 3.9. Baker and Bowler showed in [2] the equivalence of weak F-matroids and weak dual
pairs of F-signatures. By Theorem 3.19, moderately weak orthogonal F-matroids and weak orthog-
onal F-signatures are equivalent. However, in the previous equivalence, moderately weak orthogonal
F-matroids cannot be replaced by weak orthogonal F-matroids, as the class of weak orthogonal
F-matroids is strictly larger than the class of moderately weak orthogonal F-matroids for some tract F.
This is true even if we restrict the classes of weak and moderately weak orthogonal F-matroids to those
whose underlying orthogonal matroids are lifts of matroids.

Example 4.22. Let F be the tract ({1}, {1+1, 1+ 1+ 1}) with the trivial involution and let M be the lift
of the uniform matroid Us ¢. The set of bases of M is {abcd*e* f* : abcde f = [6]}. Since F* = {1},
the function ¢ : 7¢ — F whose support is the set of bases of M is uniquely determined. Because
M is the lift of a matroid, for all transversals 77 and T, with |(T1AT;) N [6]| = 4, at most three of
go(TlA{ij,ij.})ga(TzA{ij,ij.}) with 1 < j < 4 are nonzero, where (T1AT) N [6] = {i] < iy < i3 < i4}.
Therefore, ¢ is a weak Wick F-function. Consider Tf = {1,2,3,4,5%,6} and T2’ = (Tf)*- We have

?:l(—l)igo(Tl’A{i, "De(Tya{i,i*}) = 1+1+1+1¢ Nr. Hence, ¢ is not a moderately weak Wick
F-function. Similarly, if we take C to be the unique F-signature of M, then it is readily seen that C is a
weak F-circuit set but not a weak orthogonal F-signature.
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We also have an instance showing where the class of strong F-matroids is strictly larger than the
class of moderately weak F-matroids (i.e., the class of strong orthogonal F-signatures is strictly larger
than the class of weak orthogonal F-signatures).

Example 4.23. Let F be the tract ({1}, {1+1,1+1+1,1+1+1+1}) endowed with the trivial involution
and let M be the lift of Uy 3. Let C be the unique F-signature of M. Then for X,Y € C whose supports
are [5] and [5]%, respectively, we have (X,Y*) =1+ 1+ 1+ 1+ 1 ¢ Np, and thus, (O) does not hold.
However, (O)’ holds obviously by our choice of F.

By Theorem 2.15, if C is an F-signature of the lift of a matroid satisfying the 3-term orthogonality
(03), then ¢¢ is a weak Wick F-function. However, this is false in general for orthogonal matroids, even
if F is a field.

Example 4.24. Consider the K-signature C defined in Example 3.12, which satisfies (O3) but not (O)’.
Note that C,, = C, and thus, by Theorem 4.4, ¢¢ is not a moderately weak Wick K-function. Since
E(M.) = [4] U [4]", (W2)" and (W2)" are equivalent for ¢¢. Thus, ¢ is not a weak Wick function.

More precisely, we can compute ¢¢ by setting ¢ ([4]) = 1 and check whether it satisfies (W2)”". By
definition, it is easily seen that

1 if B=[4] or 1*23%4,

-1 ifBe {ijk*t" :ijkt =[4]}\ {1723%4},
—-x if B=[4]",

0  otherwise.

¢c(B) =

Then for 77 = 1234* and T, = 1*2*3%4,

4

4
(-Die(Tia{i,i*De(ha{i,i*}) =-1-1-1-x#0
=1

since x € K \ {0, —3}. Therefore, ¢c does not satisfies (W2)”.

In Sections 3.5 and 3.7, we promised to show that the minors and the pushforward operations of
an orthogonal F-vector set are not properly defined. Recall that for W C FF and e € E, Wle =
{n(X) € FEMee} - X € W with X(e*) = 0}, where 7 : FE — FE\{e:¢"} 5 the canonical projection.
For an orthogonal F-signature C and the corresponding F-vector set V := C*, it is readily seen that
V|e € (Cle)*. Example 4.25 provides an instance where V|e # (Cle)*. If f : F — F’ is a tract
homomorphism commuting with involutions of F and F’, one can check that f.(V) C (f.(C))*. It
might not be an equality, as Example 4.26 shows.

Example 4.25. Let M be the lift of U; 3. Then C(M) = {12, 13,23, 1*2*3"}. Consider the following
orthogonal Up-signature of M:

C :={(1,-1,0,0,0,0), (1,0,1,0,0,0), (0,1,1,0,0,0), (0,0,0,1,1,-1)},

where the coordinates of the vectors are indexed by 1,2, 3, 1*,2*, 3* in order. Let V := C* be the orthog-
onal Uy-vector set. Then V|3 = {(1,-1,0,0), (1,0,0,0), (0,1,0,0)} and (C|3)* = V|3U{(1,1,0,0)},
where the coordinates of vectors are indexed by 1,2, 1%, 2* in order.

Example 4.26. Similarly, let C = {(1, 1,0,0,0,0), (1,0,1,0,0,0), (0,1,1,0,0,0), (0,0,0,1,1,1)} C
(FZ)B]UB]* be the orthogonal F,-signature of the lift of U; 3, where the coordinates of each vector
are indexed by 1,2,3,1%,2%,3" in order. Let V := C*. Then it is an orthogonal F,-vector set by
Theorem 4.19 and (1,1,1,0,0,0) ¢ V. For the tract homomorphism f : F, — K, it is easily checked
that (1,1,1,0,0,0) € (£.(C))* \ f.(V) and Elem(f,(V)) = f.(C). Thus, f.(V) is not an orthogonal
K-vector set by Theorem 4.19.
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5. Applications

An ordinary orthogonal matroid M is representable (resp. weakly reprsentable) over a tract F if there
is a strong (resp. weak) orthogonal F-matroid whose underlying orthogonal matroid is M. When F is
a field, the representability of orthogonal matroids was introduced using skew-symmetric matrices in
[12], and coincides with our definition by [27, Theorem 2.2]. Note that whenever M is the lift of a
matroid N, the orthogonal matroid M is representable over a field K if and only if the matroid N admits
a usual matrix representation over K by [12, (4.4)].

The following theorem will be used repeatedly in this section.

Theorem 5.1 (Baker-Jin, Theorem 4.3 of [3]). Let P be a partial field and let ¢ : T,, — P be a function.
Then ¢ is a strong Wick function if and only if it is a weak Wick function. In particular, an orthogonal
matroid is representable over P if and only if it is weakly representable over P.

For a tract F and a nonnegative integer k, let prk be the set of elements in Np C N[F*] that are
formal sums of at most k elements of F*. To check whether a map ¢ : 7,, — F is a weak Wick function,
we only need the information of N§4 rather than Np.

One impressive result in matroid theory is that if a matroid is representable over F, and F3, then it is
representable over all fields [24]. Geelen extended this result to orthogonal matroids.

Theorem 5.2 (Geelen, Theorem 4.13 of [16]). Let M be an orthogonal matroid. Then the following are
equivalent:

(i) M is representable over Fy and Fs.
(ii) M is representable over the regular partial field Uy,.
(iii) M is representable over all fields.

The proof in [16] involves technical matrix calculations. However, using the theory of orthogonal
matroids over tracts, we are able to give a short and conceptual proof.

Proof. If M is representable over F, and F3 via strong Wick functions ¢ and ¢,, respectively, then by
Proposition 3.24, ¢ X ¢ is a strong Wick function over F, x F3 with underlying orthogonal matroid M.
Let f be the map from the set F, x F3 = {0, (1, £1)} to the set Uy = {0, =1} given by f(1,+1) = +1 and
f(0) = 0. Then we have f (Nﬂfj>< Fz) = NS:. Therefore, ¢ := f o (@1 X ) is a weak Wick function over
Uy and hence a strong Wick function by Theorem 5.1, and we have (i) implies (ii). For every field F,
since there is a natural tract homomorphism Uy — F induced by the map Z — F, we have (ii) implies

(iii) using Proposition 3.22. It is trivial that (iii) implies (i). m]

It is worth noting that the map f defined in the above proof is not a tract homomorphism.

We say that an orthogonal matroid is regular if it satisfies one of the three equivalent conditions in
Theorem 5.2. We now give two more characterizations of regular orthogonal matroids without a specific
minor My on [4] U [4]" whose bases are

{abcd*,a"b*c*d : abcd = [4]}.

An ordered field is a field together with a strict total order < such that for every x,y,z € F, (i) if
x <y,thenx+z < y+z and (ii) if 0 < x and 0 < y, then O < xy. For instance, the real field R with the
usual order is an ordered field.

Theorem 5.3. Let M be an orthogonal matroid with no minor isomorphic to M4 and let (K, <) be an
ordered field. Then the following are equivalent:
(i) M is regular.
(ii) M is representable over Fy and K.
(iii) M is representable over F, and the sign hyperfield S.

To show Theorem 5.3, we need the following lemma on orthogonal matroids with no minor
isomorphic to M.
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Lemma 5.4. Let F be a tract and ¢ a weak Wick function over F. If M, has no minor isomorphic to Ma,
then for all transversals Ty and Tr with T\\T> = {i1, i2, i3, i4}, at least one of p(T1 A{i}, i*]‘.})go(TzA{ij, i’;.})
with j € [4] is zero. ‘ ‘

Proof. Suppose for contradiction that all products are nonzero. Then all of the eight transversals
TkA{ij,ij.} with k € [2] and j € [4] are bases of M, LetS =T \ {i1,i2,13,i4}. Then M|S is
isomorphic to %, a contradiction. O

Proof of Theorem 5.3. If M is representable over F, and S via Wick functions ¢ and ¢,, respectively,
then by Proposition 3.24, ¢1 X ¢, is a Wick function over F, X S with underlying orthogonal matroid
M. Let g be the map from the set Fy x S = {0, (1,+1)} to the set Uy = {0, 1} given by g(0) = 0 and
g(1,+1) = +1. Then g(NK_f;Xs) = NS(?' Hence, by Lemma 5.4, ¢y := g o (¢1 X ¢2) is a weak Wick
function over Uy. By Theorem 5.1, ¢q is a strong Wick function, and we have (iii) implies (i). The

direction (i) implies (ii) follows trivially from Theorem 5.2. Finally, let o : K — S be such that

1 ifx >0,
o(x):=40 ifx=0,
—1 otherwise.

Then o is a tract homomorphism, and thus, we have (ii) implies (iii) by Proposition 3.22. O

Remark 5.5. The condition that an orthogonal matroid M does not have minors isomorphic to My is
sufficient but not necessary for the characterizations of regular orthogonal matroids in Theorem 5.3. In
fact, My itself is representable over the regular partial field Uy by setting ¢(7') = 1 if T is a basis, and
@(T) = 0 otherwise, and hence representable over all fields and the sign hyperfield S. It is still an open
question whether Theorem 5.3 holds for all orthogonal matroids.

Duchamp [15, Proposition 1.5] proved that an orthogonal matroid M is isomorphic to a twisting of
the lift of a matroid if and only if M has no minor isomorphic to the orthogonal matroid M3 on [3] U [3]*
whose set of bases is

B(M3) = {ab¢” : abe = [3]} U {[3]").

Note that M3 = % |4. So in particular, if M is isomorphic to the lift of a matroid, then it does not have
minors isomorphic to My. As a consequence, we have the following:

Corollary 5.6 (Bland—Las Vergnas, [6]). A matroid is regular if and only if it is binary and orientable,
if and only if the matroid is binary and representable over the reals.

We also extend Whittle’s theorem [29, Theorem 1.2] that a matroid is representable over both F; and
F, if and only if it is representable over the sixth-root-of-unity partial field R4 to orthogonal matroids.

Theorem 5.7. Let M be an orthogonal matroid. Then the following are equivalent:

(i) M is representable over the sixth-root-of-unity partial field Re.
(ii) M is representable over F3 and Fy.
(iii) M is representable over F3, F > for all primes p, and By for all primes g with ¢ = 1 (mod 3).

To show Theorem 5.7, we need the following lemma on Rg.
Lemma 5.8 (van Zwam, Lemma 2.5.12 and Table 4.1 of [30]). Let p be a prime.

L. There is a tract homomorphism Re — F 2.
2. If p =1 (mod 3), then there is a tract homomorphism Rg — Fp,.
3. There is a tract isomorphism Rg = Fz X Fy.
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Proof of Theorem 5.7. The proof is a straightforward application of Propositions 3.22, 3.24, and
Lemma 5.8, and is similar to the proof of Theorem 5.2. In particular, the only nontrivial part that if M
is representable over F3 and F4 then M is representable over R is guaranteed by the tract isomorphism
R¢ = F3 X F4 and Proposition 3.24. ]
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