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ON A MULTIDIMENSIONAL VOLKENBORN INTEGRAL AND
HIGHER ORDER BERNOULLI NUMBERS

MIN-S00 KiM AND JIN-W0O SON
In this paper, using a multidimensional Volkenborn integral, we give a p-adic
expression of the higher order Bernoulli numbers. This shows immediately the
relation to the sums of products of the ordinary Bernoulli numbers of Dilcher in
1996. We also consider the Mahler expansion of several p-adic variables function,
and give some examples.

1. INTRODUCTION AND NOTATION

The Bernoulli polynomials of order &, denoted B,(,k) (z), are defined by

t Nk L, o~ tr
(=) =X B

In particular, the values at £ = 0 are called Bernoulli numbers of order k&, that is,
,(lk)(O) = B,(,k) (see [1, 2,4, 5,9, 10, 14]). When k = 1, the polynomials or numbers
are called ordinary.

The polynomials B (z) and numbers B were first defined and studied by
Norlund [9]. Also Carlitz [2] and others investigated their properties. Recently they
have been studied by Adelberg [1], Howard [5], and Young [14]. In [1], Adelberg has
given congruences for BY) which extended the Kummer congruences and has deduced
information concerning the irreducibility of certain Bernoulli polynomials with order
divisible by p. Howard [5] investigated other numbers related to the higher order
Bernoulli numbers. Young [14] considered the p-adic integrals and measures to obtain
congruences for the higher order Bernoulli numbers and polynomials.

In this paper, using a multidimensional Volkenborn integral, we give a p-adic
expression for Bernoulli number of order k. As an easy corollary we see that a p-adic
expression for the higher order Bernoulli number is related to the sums of products of
the ordinary Bernoulli numbers in Dilcher [4]. We give some examples. Qur approach
essentially coincides with the p-adic expression for the ordinary Bernoulli numbers

Received 26th April, 2001

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/02 $A2.004-0.00.

99

https://doi.org/10.1017/50004972700020062 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700020062

60 M.-S. Kim and J.-W. Son 2]

introduced by many authors, see for example, [8, 11, 12]. We also consider the Mahler
expansion of several p-adic variables function and its examples.

We denote by p an arbitrary but fixed rational prime number throughout. We
shall use N, Z, Z,. Q, and C, for, respectively, the set of natural numbers, the
ring of rational integer, the ring of p-adic integer, the field of p-adic numbers, and
the completion of the algebraic closure of Q,. B, will be the nth ordinary Bernoulli
number defined by the generating function ¢/(e* —1). For s € C, write ord, (s) for
the p-adic ordinal of 5. It is easy to check ord, satisfies the following three properties.

(a) ordp (st) = ord, (s) + ord,, (¢);
(b) ordy (s +t) > min{ord, (s),ord,, (t)};
(c) ordy(s) = oo if and only if s=0.

2. SOME RESULTS

Let d be a fixed positive integer. We set X4 = lim, (Z/dp™Z), the map from
Z/dpMZ to Z/dpVZ for M > N , to be reduction moddp”™ . In the special case d = 1,
X1=12,. Let a+p"Z,={z € Q| |z ~al, <pN} foraeQ, and N € Z. Then
the sets of the form a + pNZp form a basis of open sets for the metric space Qp. This
means that any open subset of @, is a union of open subsets of this type. Note that
(see [6, 7, 11])

(1) ae+dp"Zy= |J (a+bdp") +dp" 2y, Xa\pXa= |J a+dpZ,
0<b<p 0<a<dp
(ap)=1

Let UD(Z,,C,) be the Banach algebra of all uniformly (or strictly) differentiable
functions f : Z, — C, under the pointwise operations and valuation (see [10, 11, 13]).

Let po(a+dpNZ,) = 1/(dp"™). The Volkenborn integral of a function f €
D(Z,,C,) is defined by (see [10, 11])

dp™ -1 dp™ -1

(2) f(:c) dpo(z) 1= Jim Z fl@)mo(a + dpV2Z,) = Jim (1/dp™) Z f(a)

using the p-adic limit of the Nth Riemann sum of f. Here are the main properties of
this integral.

PROPOSITION 1. (See(8,9,11,12].) Let |t|, <p*/(*"P t e C, and t #0,
and let x be a primitive Dirichlet character with conductor d. Then we have

. = d = t_1).
1 /Zpe po(z) = t/(e* — 1)
2. B,= fz,, z™ dpo(z).
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d-1
3. / x(z)e'® duo(z) = z(x(a)te“‘)/(e‘“ -1).
X4 a=0
4. Bnpy = fxd z"x(z) dpo(r), where B, are the generalised ordinary
Bernoulli numbers, that s, Bp /1! is the coefficient of t™ in
d—1
3 (x(a)test)/(e® —1).
a=0

Note that Part 2 and Part 4 of Proposition 1 are called the p-adic expression
for the ordinary Bernoulli numbers and the generalised ordinary Bernoulli numbers,
respectively.

For a fixed k € N, weset X = [] Xg4 with the product topology, so X is

d;eN
i=1,...,k

compact since Xg, is compact for i =1,... ,k.
The notations a and x denote, respectively, {ai,...,ax) and (z1,...,Tk).

The vector space QF has the norm Ixll, = max |zi|, and satisfies the non-
i-—

Archimedean property f|x + y||, < max(|lx||,, |lyll,) for x,y € @f. Let d be a point
in N¥. We shall consider the polydisc

(3) a+dpNZ,={x¢€ Q'; | s = a; (moddipN"), i=1,...,k},

where a € QF and dpN = (di1p™1,... ,dxp™*) for N € N*: that is, the point a is the
least nonnegative residue of xmoddp™. The polydisc a + deZp is the product of
discs a; + d,-pN"Zp fori=1,...,k,

(4) a+dpNZ, = (a; + dip™MZ,) x -+ x (ax + dep™*Z,).

DEFINITION 1: Let a+dpNZ, be a polydisc with a € QF and d = (d;), ;< € N*.
Let u; be a distribution on Z, for ¢ = 1,2,...,k. We define a formal direct product
of distributions p(a) = u(a +dpNZ,) by

p(a+dpNZ,) == pi(ar). .. pe(ar) = paa1 + dip™MZy) ... px(ak + dep™* Z)).

DEFINITION 2: ({3, 8]) We call a function defined on a subset of C% holomorphic
if it can be represented by a single power series and locally holomorphic if at each point in
the domain we can represent the function by a power series on some polydisc containing
the point.

Let O be an open set in C’; with a+ dpNZ, Cc X C O. Suppose B is a Banach
space over C, and f: O — B is locally holomorphic. For (Ny,...,Ny) € Nk | we say
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that {N;} = co when Nj — 00,..., Ng = 0o. Define

/ f(x) du(x) :=/ flzy, ..., x,) dus(z1) . . . dps(zi)
X Xdl Xdk

(5) dypMi -1 dp™Vk -1
= lim Y ... 3 fl@ua+dpNz,),
{Ni}—oo ay=0 ag=0

where a = (a1,... ,ax) and d = (dy, ... ,di) € N* (see [3, Theorem 1)).
A multi-index J is an element of the k-tuples of nonnegative integers. Let J =

(Jis--- ,Jx) be multi-index and x = (z1,... ,z,) € O. We use the abbreviations,
xd =z .zl and I =g+ + Gk
Suppose that f(x) is given by a power series
) 1) =Y agx,
J

which is convergent for all elements of the k-tuples of p-adic integers, and where the
right side represents a power series in k variables with J running through the k-
tuples of nonnegative integers. In view of the non-archimedean nature of the norm, the
convergence of (6) is equivalent to the condition

7 lim |ag|, |x*]| =
(7 |J|—>oo| lel IP

PROPOSITION 2. Let f(x) € Zgy[[z1,...,zx])] be a formal power series in
zy,...,Tk with p-adic integer coefficients, and let

D={xeCy|lixll, <1, ixl, = max [z],}

be the open polydisc of radius 1. Then f(x) converges in D.
ProoOF: Set x € D. If f(x) = ZaJx , a3 € Zy, where J runs through the -

k-tuples of nonnegative integers. Then smce lIx[l, <1 and |ag|, <1 for all J, we have

IJlllm lagx? |p = 0. This completes the proof. 1
Let f be locally holomorphic on a subset of C’;. By Definition 1 we set
(8) po(a+dpNZy) := po(ar + dip™Zy,) ... po(ax + dep™*Zy).

We also set

dlel—l dkka—l

(9) S(Ni,...,Nesd) = > ... > f(x) po(x+dpNZy).

2120 Ik=0
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From (6) and (8), we can write

dipM1-1  dgpNk-1

1
S(Nl,...,Nk;d)z Z Z (;aJXJ)dl---dkle"'ka

z1=0 ) =0

dipMV1-1  dpp"e -1

1
:Za_]( Z Z del...dkle---ka),

J £1=0 zp=0
and hence
{NEi}n_lm S(Ny,... ,Ng;d) = gaJBJ,
dp?¥ -1
since B, = Nh_l;noo 1/(dp™) zgo z™ and each limit is uniform with respect to the re-

maining variables. Therefore

(10) L= lim S(Ny,...,Ng;d) exists.
{N;}—o0

Therefore we have the following definition of a multidimensional Volkenborn inte-
gral of a locally holomorphic function.

DEFINITION 3: Let O be an open set in C5 with X € O, and let f: O - B
be locally holomorphic, where B is a Banach space over C,,. The multidimensional
Volkenborn integral of f is defined by

/ F(x) duo(x) ::/ flz1, ...y zn) dupo(zy) - - . dug(zk)
X X4 Xg,

dipM -1 depNk-1

= lim Y ... Y f@ue(a+dpNz,)

{Ni}_'oo a1=0 ak=0
dipM1 -1 depNk—1 ]
= lim f(a) ,
{N;} =00 ago a’;o dy...dgpN1. .. pNk

where a = (ai1,...,ax) and d = (dy,... ,di) € NF.

For the clarity, in the rest of this paper, we shall denote by 1 the point (1,...,1).

[f we substitute 1 and N1 for d and N, respectively, then Definition 3 with f(x) =
(zy +--- +zx)" suggests a p-adic analogue of the higher order Bernoulli number B .
which is defined by the generating function (t/(e’ — 1))k.

The following proposition is obvious
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PROPOSITION 3. Let f be a locally holomorphic function on ZY, f(x)
=Y ajx? (x € Zk), and let J et cetera, be ds above. Then we have
J

/Z’; (XJ:aJxJ) dpo(x) = Za_]/ 5 dpso ().

Now, we consider the function defined on ZX by
(11) X x| =21+ -+ Tho

We shall prove the following generalisation of Proposition 1.

THEOREM 4. For x € Z'; let |x|" = (z1+ -+ k)", where k € N and n > 0.
Then

1 BY = [ " duax).
Zk

P

n .
2. B,(,k)(:z:) = /k(:v+|x[)" dupo(x). In particular, B,(,k)(z) =3 Bi(k) (n) "t
Y/ i=0 4

14

PROOF: Suppose ||, < p/(=P) t € C, and t # 0. First we must show that

J

The case k¥ = 1 is familiar from Proposition 1. For the k-dimensional case, by (8),

/ eIt dpig(x) = / 1% duo(n) .. / €55 duo(zx)
Zf, Zp Zy

and apply the one-dimensional results. This gives the desired result.

p—l p—l

e|x|tdpo(x)— hm RN Z Z et +op)t — ( _l)k.

k
P z1=0 z)=0

write

" Since we also write e/*It = 2 (|x|"t")/(n!), applying term-by-term integration
n=0

tn
§ : k

n=0

we can readily show that

n—O
This proves the first part. The second part follows in the same fashion. 0

REMARK. The higher order Bernoulli numbers are a special case of the generalised
higher order Bernoulli numbers Bn x) belong to the Dirichlet character with conductor.
It is obvious how to obtain the formulas of Theorem 4 for the generalised higher order
Bernoulli numbers Bn,x
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CoROLLARY 5. For k€ N and n > 0 we have

(k) — n . .
B = Y (il,m’ik)B,l...B,k,

114+ +ig=n
where the sum is taken over all nonnegative integers iy, ... ,ix such that n = i+ - -+i,
and where ( ; ) = (n!)/(i1!. .. ik!) is the multinomial coefficient.
21,0+ 22k

Proor: From Theorem 4 we have

N N
p—1 p -1
1

BF = lim - Y .Y (w4 )"

N-ooo pkN
z1=0" z5=0

Il
]
{\
: S
S—
2

g3

’Ua__l —
2
]
(]
P—‘H:
H‘H;

iyt tig=n

We therefore obtain the corollary.

EXAMPLE 1. In fact Bg=1,B,=—(1/2),B>=1/6,B3 =0 and 0! = 1, we have

1. Forn=1,B%= v ( ! ,)Bil...Bikszlz—(l/Z)k.
ip++ig=1 \1l,-- -, 2k
2. For n =2,
B = N ( 2 )B- ... B;
2 T ila"-aik 21 ik
_k(k=-1)( 2 2 ok
e EY (S PR
3. For n=3,
BF = 3 ( 3 )B1 B;
_ _)Bi, ... B;,
i bodig=3 Voot
k(k-1)(k—=2)( 3 3 3
:—_I)T_ 111 B1B1By+k(k-1) 1’2)Ble+k(3>Bg
1
= —Zk%(k-1).
S (k= 1)

ExaMpLE 2. Corollary 5 and the formula [9, p. 145]

(12) BY*(z) = (1- 7)BO@) + (2 - )T BY,(2)
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give rise to more identities. For example, we obtain for k =1 trivially B,(ll) = B,,, and

B,(,z) = Z ( " )B,'IB,'2 = Z (?) B;B,_; =(1- T).)Bn —nB,_1

i1, 12

11,1220 =0
‘i1+’l:2=ﬂ
n
3 E
B,(' ) = ( . . )Bil BizBi3
L 11,122,123
i1,12,i320
i1+ig+iz=n
1

= 2(n=1)(n~2)Bn + 5n(n~2)Ba_s +n(n ~ 1By

n
4
Br(l): 2 ( - ~>Bi1Bi2BisBi4
. T 21,%2,23,%4
11,12,13,i4 20

i1 +i2+izt14=n

= —é(n —1)(n - 2)(n - 3) = n(n - 2)(n — 3)Bn_s
- 16—1n(n —1)(n-3)Bp_2 —n(n—1)(n - 2)B,_s.

Similarly, one can also evaluate the sum

k) _ n ) )
B"S')_ Z <i1,..-,ik>B‘l..'Btk‘

1,8 20
i1+ +ig=n

However the formula will be a little bit lengthy.
COROLLARY 6. Let a =a;+ -+ with ay,... ,ax € Z,, and let k € N and

n > 0. Then
n
Br(zk)(al + o tag) = Z ( . )Bil(al)...Bik(ak),
. 4 21y.-- 22
i1+ +ig=n
where the sum is taken over all nonnegative integers iy, ... ,ix such that n = i,+- - -+,
and where ('i ; ) = (nY)/(i1!...i!) is the multinomial coefficient.
1y- 52k
PRroOF: This follows as in the proof of Corollary 5. 0

ExaMPLE 3. From Equation (12) and Corollary 6, we have
1. k=1: BM(1) = B,, BM(1/2) = —(1 - 2'"")B,.
2. k=2:For a=a; + as,
n
BP@= Y (. )BalanBules) = (1 - mBa(a) + nla — DBn-i(a).

1,1
inip20 V0T

i1 +i=n

3. k=3:For a=0a;+az+a;,
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BP@= 3 (1) Bula)Bu(anBae)

21,22,1
i.i2.d320 1,02,¢3

t1+ip+iz=n
- %(n —1)(n - 2)Ba(a) - %n(n — 2)(2a - 3)Ba_1(a)
+ %n(n ~1)(a = 1)(cr = 2)Ba_2(a).

4. The sums of products of Bernoulli polynomials in Corollary 6 can also be
evaluated by a slightly longer calculation.

LEMMA 7. For any integer i1,... ,ix > 0 with n =14; + -+ i, we have

n ) . n
(, ) <1, that is ( . )EZ,,.
21900 52 p 21,... 50k

PrOOF: Put n =14 + -+ + ¢. We must show that

ord, (y!...14g!) < ord (n!),

n . . . .
since (z , ) = (n!)/(i1!...4g!). Using [] to denote the greatest integer function,
1s-+- 22k

we have
. . > 11 ad i1+ - + ik 2rn
! 1 = L R = 4
ord, (41! .. .4x!) ;([pl]-f- [ ]) ,g;[ ] lz::l[p,]
= ordy, (n!),
because [z] + [y] < [z + y] for all real z,y. This completes the proof. 0

A proof of the following lemma can be found in [7, Chapter 2].
LEMMA 8. If n is a positive integer with p— 1{n, then |Bn/n|, < 1.

To state our results we shall require some notation. Let Ag(n) denote the number
of sets of nonnegative integer solutions (%;,...,1) to the equation

iy +---+ig=n forsomep-1|4,1=1,... .k

THEOREM 9. For all n >0 we have

k n
Bf(l)_ Z (il,...,ik>Bi1.”BikeZP.

(i1, ik )EAE(n)

ProoF: By Corollary 5, we have

k) n . :
B = Y (il’m,ik>B,l...B,k.

i1+-+ig=n
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From Lemma 7

(k) - n : y . .
Bn . Z <i1,... ,ik)Bil'”Btk S i1+{r~l.%zi=n IB’I"‘B‘klp'
(11’.”‘1,‘)61\’:(") P p_lhlx---up_lh-k

Applying Lemma 8 to the right side of this inequality, one finds

max B;, ...B; | < max 11 ... 0k, .
pamax B Byl max i,
p—Uiy,... ,p— Ui p—1tiy,...,p— iy,
Using the result that 4;...4x € Z, for all iy,... i, > 0, we have
max [41 .. .3k, <1,
i1+ +ig=n 4
p=1tir,... ,p— 1
which completes the proof for all n > 0. 0

Part 1 of the following theorem was first introduced by Mahler [8]. He was inter-
ested mainly in functions of one variable, for the purpose of making the similarities and
the differences between real and p-adic functions more intelligible. Also, in [8, Chapter
12], he extended some of the function theory of one variable to the case of functions of
two variables.

THEOREM 10. (Mahler expansion and base for C(Z; — C,).) Let C(Zk — C,)
be the set of all continuous functions Z’Ij —Cp,. Let J = (j1,...,jkx) be multi-index of
the k-tuples of nonnegative integers, and |J| = jy + -+ + Jjx.

1. If f € C(Zk — C,) has the Mahler expansion

flzy,... zx) =Za‘](j11) (j:>’

J

where J runs through the k-tuples of nonnegative integers, then
J1

ag=> ... i (—1)”"("”“'““’(?‘) (Z:) Fliv, ... . ig).

i1=0  ig=0 1

(Z1,... ,Tk) — (j;) (j:)

forms an orthonormal basis of C(Z§ — C,).

2.  The function
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PRrROOF: The set {(:;) (y) :myn > 0 and (z,y) € Zg} is an orthonormal
n

basis of C(Z2 — C,), topologised by the sup-norm. Similarly, {(2) ... (j:) } is an

orthonormal basis of C(Z§ — C,), topologised by the sup-norm (see [11]). a
From this we deduce the following example.

EXAMPLE 4. Let a be a p-adic number satisfying |a] < p}/(1=P), Then for z,,... ,zx

€ Z, we have

+otz < = ( ).1'1+ +ik (21) (Ik)
1. a®tt o= % Y (a—-1 A P L
k=0 j1=0 neo

2. exp(a(zy+ - +azx)) = § o i (expa — 1)1+ 1k (:11) e (j":)
Jk=0  j1=0

PRrROOF: To see Part 1, the binomial theorem, readily shows that

o — m m
>3- "

k=0 §1=0 h
for my,... ,m, € N. Now continuity (see [7, Chapter 2]) proves Part 1.

Since |a|, < p/(=P) and z, + -+ x4 € Zp,

exp(a(zl + <0 + xk)) = (expa)zl+"'+2k

(see [11]). Hence Part 1 gives Part 2. 0
ExaMmPLE 5. Let ¢ be a root of unity of order p, a prime number p # 2. Then

1 if I =0 (mod p),

3 et Di = {1 if1#0 (mod p),

i1+--~+ip_1=l 0

i1y yip—120 otherwise.

PROOF: Let

[o o]
f(z):Z:c"=1+a:+---+z”+~-
n=0

p-1
For ( € Cp, let ¢ be a primitive p-th root of unity. We set F(z) := [] f(¢%z). It is
a=1

thus easy to see that

F(z) = z oz,
=0
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where

_ i1+2ig++(p~1)ip-
a = E: (1t (p—1)ip—1

iy+oetipop =l
i, ,ip—120

For |z[, <1, f(z) converges to 1/(1 — z). One also sees that

p—1
1 1-=z 1-=z
F(-’E)—J_;Ill_gam_ P (1—¢ez) 1-z?

=(1-z)(1+2P+zP+---+2"+-.).

The result now follows upon equating the coefficients of z! on both sides of the above

equation. a

COROLLARY 11. Let f et cetera, be as in Theorem 10. Then

d . (_1)|JI Zk
/ng(X) NO(X)—XJ:GJ(jl+1)..-(jk+1) (x € Z3).

/z,, (Z) o) = E

ProoF: Note that

for all n > 0 (see [8, 10, 11]). Thus the result follows from Theorem 10. 0
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