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RANKIN-SELBERG CONVOLUTIONS OF
NONCUSPIDAL HALF-INTEGRAL WEIGHT MAASS
FORMS IN THE PLUS SPACE

YOSHINORI MIZUNO

Dedicated to Professor Hidenori Katsurada on the occasion of his 65th
birthday.

Abstract. The author gives the analytic properties of the Rankin—Selberg
convolutions of two half-integral weight Maass forms in the plus space.
Applications to the Koecher—-Maass series associated with nonholomorphic
Siegel-Eisenstein series are given.

81. Introduction

1.1 Main objects of this paper

Let k be an odd integer. Let ag (resp. bg) be the dth Fourier coefficient of a
weight —k /2 Maass cusp form in the plus space on I'y(4) with the eigenvalue
1/4 — p? (resp., 1/4 — k?) of the hyperbolic Laplacian. The Rankin-Selberg
convolution is defined by (§ = +)

agbq
(1) Z |d|s—1
d€Z,5d>0
d=0,(-1)k+t1/2  (mod 4)

We include the case of Eisenstein series, for which the treatment turns out to
be more difficult. Since the Fourier coefficients of the weight —k/2 Eisenstein
series are described by a certain quadratic L-function, the Rankin—Selberg
convolution involves three complex variables s, o and 7 in the following way
(0==);

o) s Lealo—DLaln—1)

|d[s—(o+m/2+(/2)
d€Z,6d>0
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The L-function Lp(s) here is defined for any discriminant D # 0, D =0, 1
(mod 4) by

(3) Lp(s) := L(s, xx) Y ula)xx(a)a  o1-25(f/a),
alf

where f is defined by D = dg f? with the discriminant dx of K = Q(v/D),
XK is the Kronecker symbol, p is the Mébius function, og(n) =3, d°.
We define Lp(s):=0 for D=2,3 (mod 4), and use the convention that
Ly2(s) =((s) Yoy #la)a™01-25(f/a) when D = f2.

In this paper, we provide meromorphic continuations and vector func-
tional equations of the Dirichlet series (1) and (2). Our main motivation
comes from a certain Dirichlet series (called by Koecher-Maass series,
KMDS for short) associated with nonholomorphic Siegel-Eisenstein series
of even degree [1, 12, 37]. Also, in the case of Maass cusp forms, the
Dirichlet series (1) arise in the study of the variance of arithmetic measures
[18]. Moreover, by the work of Wen [39] and Chinta and Gunnells [6],
the Dirichlet series (2) are closely related to the quadratic As-Weyl group
multiple Dirichlet series and the Shintani zeta function of Bhargava cubes.
First of all, we give more precise descriptions about these appearances.

(A) Koecher—Maass series of Siegel-FEisenstein series. Denote by Hy :=
{Z=X+iY e Mx(C): 'Z=2Y =3Z >0} the Siegel half-space of
degree 2. For any even integer k and o € C such that 2R(o) + k > 3, the
degree 2 nonholomorphic Siegel-Eisenstein series of weight k is defined by
(Z € Hy)

Eyi(Z,0):= Y det(CZ+ D) *|det(CZ + D)| ™.
{C.D}

Here the sum is taken over all nonassociated coprime symmetric pairs of
degree 2. It has a Fourier expansion (Z =X + Y € H»)

Eyp(Z, o)=Y b(T, k+20)E(Y, T, 0+ k, o)™ TX),
TeLs

where the sum is over the set Ly := {T = <b(/12 bf) ja,b,de Z} of all half-

integral symmetric matrices of size two, b(T, o) is the Siegel series and
&Y, T, a,p) is the confluent hypergeometric function. Kaufhold [15] gave
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the formula
(4)

WT, o) = O (20_ Z d> L _(4et o1y/a2(0 — 1) for det T #0,

dle(T)

where e(T) = g.c.d(n, r,m) for T = (TT/LQ 7«7{12). Let us define

L3 :={T € Lo; positive definite} , L := {T € Lo; indefinite} ,
(Ly) :={T € Lo; indefinite, —det(27") # O},
E(T):={U €SLy(Z); '"UTU =:T[U] =T} for T € Lo,

u(T) ::/ dsp for T € (Ly)".
E(T)\Sr

Here for T' = (;}2 bf) € Ly, we put

Sri={r=u+iv; v>0, a(u®+v*) +bu+d=0}

and dsp is the line element on St induced from the hyperbolic line element
ds? = (du® + dv?)/v?. Note that u(T) is not finite, if —det(27) = 0J, that is,
if —det(27T") is a square of a natural number. Bocherer’s computation in [3]
yields then

b(T, o)
Z $E(T)(det T')®

TeL} /SLa(Z)

_ 2! C(QS +o0-2) —s+1/2
o1 ((0)((20 — dz —Dd ’
|det T'|*
Te(Ly ) /SLa(Z)

_ e S22 La(1)Lg(o — 1)d—5+1/2
o@D , 2 L=

for s,0 € C with Js> 0. Here the sums extend over all representatives

modulo the action 7' — ‘UTU =: T[U] of SLy(Z) on the each set L3, (L; ).
We find that these explicit forms are similar to the series in (2).
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(B) The variance of arithmetic measures. The Eisenstein series on SLo(Z)
is defined as usual by

(5) E(r,0):= % Z v

2 )
c,deZ |CT T d| 7
(e,d)=1

T=u-+1iv,v>0,R(0) > 1.

For any discriminant —A # 0, one has [36, 43]

’A|0/2 . C(O) L,A(O')

¢(20)
E(rr,0)
9o+1 U9 A0,
2 T
TeL} (A)/SLa(Z)
[(o) 3 B(r,0)dsp, A<0, —A£LD.

I'(c/2)2
(0/2) TeLy (8)/SLa(z) * EENST

Here L (A) and L; (A) are defined by
Li(A) = {T € L]; —det(2T) = —A},
Ly (A) :=={T € Ly ; —det(2T) = —A},

we put 77 := (=b+iVA)/(2a) for T = ( y b/2) € L (A), and Sr, dsr are

b/2 d
the same as in (A) for T' = <b72 b(/f) € L; (A). The integral path of I7(0) =
i) B(T)\Sr E(1,0)dsp can be taken explicitly as follows; if 7" is primitive

t—bu —du

(e(T) =1), there exists M = o t+bu> € E(T) associated to the solution

2

(t,u) € N2 of t2 — |Alu® =4, where (t+uy/[A])/2 takes the minimum
among them. As in (A), Sp is the geodesic semi-circle connecting o =
(=b—/|A])/(2a) and a = (—b++/]A])/(2a). For any fixed 2 € Sz, the
integral is taken along the line St from 2o to Mz := (%zo —du)/(auzp +
bhuy e Sp. If e(T) = e, the integral Ir(o) is defined by Ir(o) = I,-1p(0).

These quantities are the Fourier coefficients of a real analytic Eisenstein
series of half-integral weight on I'g(4). We refer the reader in particular to
Duke-Imamoglu [9] and Ibukiyama and Saito [13]. See also Section 2.6 of
the present paper.

On the other hand, when E(7, o) is replaced by any Maass cusp form ¢(7)
on SLy(Z), Katok and Sarnak [14] showed that the corresponding quantities
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are also the Fourier coefficients aa of a Maass cusp form of 1/2 weight on
I'o(4), namely

47| A3/ 3 iﬁg A>0,
TeL (A)/SLa(Z)
|A|73/4 > o(t)dsy, A <O.

TeL; (A)/SLa(Z)

One can include the case —A = (see [4, 14] for St in this case), and see
Theorem Al in Biro [4, p. 92] for the modified proportional constant.

The Dirichlet series (1) have been used in the study of the variance
of arithmetic measures in Luo et al. [18]. As another context, Sato [31]
studied this type of Dirichlet series from his theory of prehomogeneous zeta
functions.

(C) Shintani zeta function of Bhargava cubes, the quadratic As- Weyl
group multiple Dirichlet series. There is another context for the series similar
to (2). For any discriminant D and integer m, put

A(D,m) := #{\(mod m); \* = D(mod m)}.

Wen [39] established a relation between the quadratic Az-Weyl group
multiple Dirichlet series Zwwmps(s1, s2, w) and the partial Shintani zeta
function Z‘S)ﬁlgltam(sl, s9,w) of PVS of 2 x 2 x 2 cubes, and moreover gave

an explicit form for R(w) >0, R(s1) >0, R(s2) >0 as

_ B(D, m,n)
ZShlntanl(Slst? ): Z |D| v Z T e e

mSins2
D m,n=1
odd discriminant

D 4m D 4n
B(D,m,n) :dlfz: dA<d27>A<d2’d>'

Here as in (3), D=dgf? K =Q(/D), di is its discriminant, and f
is the conductor. Using A(D,4m)=2-#{\ (mod 2m); \2 =D (mod 4m)}
and the identity (cf. Proposition 3 [41] p. 130, Proposition 10.16 [2] p. 168)

)

S > mo m), 25 mo m
Lo(ey= S22 $° HMmod 2m: ) = Dlmod 4m)
m=1
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the result can be rewritten as

2 2
28851, 50, w) = 4%«2@0 Fats o)

X > |D|™"Lp(s1)Lp(s2).

D
odd discriminant

We refer the reader to [39] for the precise definitions of Zwnps(s1, s2, w)
and Z38 (51,52, 0). i

There are at least three possible approaches to study analytic properties
concerning the above type of Dirichlet series: Theory of Weyl group multiple
Dirichlet series, theory of zeta functions attached to prehomogeneous vector
spaces, and the Rankin—Selberg method. In this paper, we work out the third
mentioned approach. Undoubtedly, doing so has merits in order to clarify
its potential and to recognize the limitation of this approach. Also, the first
and second approaches do not seem to be applicable for cusp forms case
defined in (1) except for some special cases, and it seems that any detailed
treatment of (2) has not been worked out yet.

The value L_4(0) is the dth Fourier coefficient of a certain real analytic
Eisenstein series of half-integral weight [9, 10, 13, 19, 35, 40]. Even so, to
apply the Rankin—Selberg method, we must take into account the following
obstacles as partially explained in [5, p. 7].

(a) Rankin—Selberg method for two Eisenstein series. The obstacle here is
that both of them are not of rapid decay. Some problems also occur
due to the existence of several cusps.

(b) To pick up each half sum >, , and >, from the full sum }_, .
In fact, only the full sum arises naturally from the Mellin transform of
nonholomorphic modular forms.

(¢) To study [y~ v* 2Wa ,(v)Wak(v)dv. Here Wy, (v) is the Whittaker
function.

(d) To get a simple gamma factor matrix in the functional equation.

Applying several ideas due to Pitale [29], Miiller [27] and Zagier [42]
together with some additional analysis, we can overcome all of these
obstacles and can establish Theorem 1 given in the next Section 1.2.

1.2 Main results of this paper
Suppose that k =1 (mod 4) and (s, g, ) € C* with Rs > 0. For any sign
d =+ or § = —, the 3 variables Dirichlet series (2) with shifted parameters
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are
L (U_m)L_ ( _@)
5 ._ d 2 d\1~ 73
S (S, k7 g, 77) = Ck‘,a,n ) Z ’d|s—(a+n—/€)/2+1
d€Z,6d>0
©) . {Fm—lrw;kr% 5=+,
rg)-'r@)-"  o=-,

where we put
92k+3—20—2n(o+n—k)/2

C(20 —k—1)¢2n—k—1)

Cryom =

133

Of course the variables o,7n should not be in the set of poles of each
summand, for example, the poles of Cy ., and Ly2(0 — (k+1)/2)Ls2(n —
(k +1)/2), although we indicated only $s > 0. The same remark should also
be applied to the Dirichlet series defined in Section 1.3 ((11) for example). A
region of absolute convergence of this Dirichlet series is given in Section 3.2.

THEOREM 1. The Dirichlet series ST (s, k, 0,n) with k=1 (mod 4) can
be meromorphically continued to the whole (s, o,n) € C3. More precisely,

the function defined by

S%(s, kyo,m) - C(25)T(s) "2 - s(s — 1) (s — 1/2)
4

(7) x z(k,o,n) [T{(s + a; = 1)(s — )}

7j=1
is holomorphic for all (s, 0,n) € C3, where § = + and

z2(k,o,m) = (0 — (k+2)/2)(0c — (k+3)/2)((20 — k — 1)

(8) x (n—(k+2)/2)(n—(k+3)/2)¢(2n -k —1),
o+n—~k o—n
R — = 1
o 5 , Qg 5 + 1,
- &
(9) az = ”2+"+1, a4=2—%,

and C*(s) = n~%/?T(5/2)((s). They satisfy the vector functional equation
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<S+(57 k, o, "7)) 71-28_130(3) Vj—k/ll,P,H(S) V:k/4,p,n(s)
Vk_/47p7n(s) V]:r/él’pﬁ(s)

X S+(1_87 k70777)
Si(l—s,k,(j,n) .

p=0c/2—-k/4—1/2, kK=n/2—-k/4—-1/2,
p(s) = C*(2 = 2s)/C7(25),

and D, x(s), Vipﬁ(s) are as in Lemma 1 below. 0

Here we put

LEMMA 1. Let « €R, s,p,k € C and J = {xt1, £to} with t1 =p+ K,
to = p — Kk be a multiset. The functions D, x(s), Vojjp’n(s) in Theorem 1 are

given explicitly as follows:

Dyls) =T(5) [ Ts +1),

teJ

-1
Vo pi(8) = E(a, p, k) sin(27s) (H sin (s + t)) ,
teJ
V+

a,p,li(s) = 7 sin(ms){cos(ms) cos 7(s + 2a) + cos(wty) cos(mta)}

-1
X (H sin 7r(s—|—t)> .
teJ

Here E(a, p, k) is defined by

73

FA+a+pl(3+a—plz+a+r)I(+a—k)

The case of cusp forms is easier to treat. Let k be any odd integer.
Let f(r)e€ FH(To(4),x,1/4 — p%, —k/2) (vesp. g(1) € FT(To(4),x,1/4—
k2, —k/2)) be a Maass cusp form of weight —k/2 in the plus space on I'g(4)
with the eigenvalue 1/4 — p? (resp. 1/4 — k2) of the Laplacian having the
Fourier expansion

E(a, p, k) = il

f(T) = Z adW—sgn(d)k/4,p(47T|d|v)e(du)a
d€Z,d40
d=0,(—1)k+t1/2 (mod 4)
g(7) = > baW _sgn(aypo/a, e (47| d|v)e(du).
deZ,d40

d=0,(—1)k+t1)/2  (mod 4)
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Here 7 = u + iv, v > 0. See Section 2 for the precise definitions about these
terminologies.
For any sign 6 =+ or § = — and R(s) > 0, we associate

5 ad%
R(s, f,9) == > [T
d€Z,5d>0
d=0, (—1)(*+1)/2  (mod 4)

See [27, p. 66] for a region of absolute convergence of this Dirichlet series.

THEOREM 2. Let k be any odd integer. Let f(7) € FT(To(4),x,1/4—
p%, —k/2), g(t) € F+(To(4), x, 1/4 — k%, —k/2) be Maass cusp forms in the
plus space. The Dirichlet series R‘S(s, fyg) with 6 =+ can be meromor-
phically continued to the whole s € C. They satisfy the vector functional
equation

k/4,p,E(S) Vl:_/4,p,ﬁ(5)

<R+(s, f g)> 7 0(s) (Viapa(®) Vaps(®) <R+(1 — s, f, 9)>
R_(57f7g) R_(l_svfag) ’

where p(s) and D, .(s), Vip’ﬁ(s) are as in Theorem 1 and Lemma 1.

General real weight case can be treated as done in [21, 27], while
arithmetically interesting examples occur in integral and half-integral weight
cases. In integral weight case, it is expected that the Rankin—Selberg
convolution associated to Eisenstein series can be described in terms of
the Riemann zeta function and Dirichlet L-function. Hence, its analytic
properties seems to be well known. By the way, in view of our prior
motivation (A) and the facts (B), (C), we restrict ourself to the half-
integral weight case with the plus condition in this paper.

1.3 Applications to KMDS

KMDS for degree n > 4. It is well known that the Koecher—-Maass series
(KMDS for short) associated with any holomorphic Siegel modular form has
a meromorphic continuation and a functional equation. But, the approaches
taken in this holomorphic case due to Maass, Koecher and Arakawa have
not been worked out successfully for nonholomorphic Siegel modular case
yet. In fact, Maass [20, p. 307] raised the question “whether it is possible to
attach Dirichlet series by means of integral transforms to the nonanalytic
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Eisenstein series” and also said that “already in the case degree is two
difficulties come up which show that one can not proceed in the usual way”.
This problem has been considered by Suzuki [37], Arakawa [1], Ibukiyama
and Katsurada [12].

Let n>4 and k be both even. In Ibukiyama-Katsurada’s explicit
description [12] of the KMDS for nonholomorphic Siegel-Eisenstein series of
degree n and weight k, the following Dirichlet series appear as a nontrivial
factor (s, 0 € C with s> 0);

Z L,d(%)L,d(QO' + k) — %)

Qi (s,0):=Gl(s,0) o272

deZ,(—1)(n/2D+14>0

s LBl k=)

A’r:(87 0) = G’I; (87 J) ‘d’s—a’—(k/2)+(1/2) )

deZ,(—1)(/2d>0
GO (s, 0) :=m25¢(28)T (s + 0t1)T(s + 6tg) (6 =),

where we put t1 : =0 + k/2 —1/2, to:=n/2 — k/2 — 0. A direct application
of Theorem 1 implies that

THEOREM 3. The Dirichlet series Q. (s, o) and A, (s, ) can be mero-
morphically continued to the whole (s, d) € C2. They satisfy the functional
equations

Qf(s,0)=QF (1 —s,0),

A, (s,0) =A,(1—s,0)
cos(mo) cos(ms) G, (1—-s,0)
cos (s —o)sinm(s+0) G (1 —s,0)

—2(—1)F/? QF(1—s,0).

Theorem 3 was first proved in [23], then used in [12] to get a simpler
functional equations of the KMDS than those proved in [1, 37].

KMDS for degree 2. For any sign 6 =+ or § = —, put

(10)  G(s, o) = m25¢(25)T <s +5- "21> r <s . 5 2) .

Let (s, o) € C? with Rs sufficiently large. We define the series consisting of
positive discriminant index by
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L_g(o —1)-|d]"*L_4(1)

O (s,0) =G5 (s,0) - Z

d<0,—d0 |d|s—(c/2)+1
25 — 0+ 1)C(2s+0 — 2 :
+ (o - 1)C( s—0o +C()2CS() s+o )GQ—(S, o) (2(25 bo—1)
(11) i“/(28—0+2)_3(28+U—2)_€(2S—0’—|—1)_’_P(8 0)>.
Here
(p_QS_l — p—QS) 1ng
(12) P(s,0):= Y (1= p 250ty (1 — p-2st0-2)’

prime p

where the sum is taken over all primes. While, we define the series consisting
of negative discriminant index by

1 L_g(c—1)- d1/2L a(1)
(13) Q*(s,0) =G5 (s,0) o ;) PR ,

and also we put

G(s,0):= T +p<s+0_1>
7 '7sin7r(s—§)cos7r(s+%) T

(14) I/ o—1 T/ +cr—2 +F’ o—2
r\° 2 r\°" 2 r\°" 2 /)

Using Theorem 1, we prove

THEOREM 4. The Dirichlet series Q*(s,0) can be meromorphically
continued to the whole (s, o) € C2, and satisfy the functional equations

22 cos(%Z 5 7) cos(ms) G5 (s, 0) DHs o
sinﬂ(s—i) cosw( %) G;(s,a) (s,0)
C(2s — o+ 1)((25s +0 — 2)

¢(2s)

((o — 1) sin (Z2) cos(rs)
2cosm(s — %) sinm(s+ §)
((2s+0—-2)((2s—0+1)

¢(2s)

Q" (1-s,0)=Q (s,0) —

+27%¢ (e~ 1)

GZ_(‘S? 0)9(57 0)7

Ot (1—s,0)=Q(s,0)+

x Gy (s, 0)
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By Béocherer [3], KMDS for the positive-definite Fourier coefficients is
essentially the series Q* (s, o). In fact, for s, 0 € C with s> 0, one has

&5 (s, 0) = w7 2Q" (s + % -1, a)

= (27)7%¢(0)¢(20 — 2)T <s +0— ) I (s)

b(T, o)
(15) X Yo A
TeL} /SLy(Z) 3E(T)(det T)

Let us consider the indefinite Fourier coefficients case. Recall that u(7T) =
I B(T)\s; @57 is an indefinite analog of (#E(T))~!, but is not finite if
—det(27) is a square of a natural number. This gives a nontrivial question to
define the associated Dirichlet series in the indefinite case. One can formally
define KMDS by omitting these terms. Then, any analytic continuation and
any functional equation cannot be expected for the series defined in this
manner. Hence some exceptional treatment is required. Indeed, if the terms
such that —d = [J are involved, then L2(c) has the pole at o = 1, and thus
we cannot put n =2 in Q} (s, o) or A (s, o).

However, in view of the Bocherer type formula together with Theorem 4,
it is quite suitable to define KMDS for the indefinite Fourier coefficients by
(s,0 € C with Rs > 0)

& (s,0) = 21720 (s + g —1, g>
— @0 2002 -2 (s 3 ) T (st o -2

> p(T)O(T, o)

8 et T)°

Te(Ly) /SLa(Z)

+ 2772 <s— ;) I'(s+0—2)((25s—1)((2s+ 20 —4)

¢ ¢ ¢ ¢
X <€(23 +20—-3)+ 2(23) - 2(23 +20—4)— 2(23 -1)
(16) +P(s+;—1,o)>g(a—1),

where P(s, o) is defined by (12). By Theorem 4 we obtain
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THEOREM 5. The Koecher—Maass series §2i(s, o) can be meromorphi-
cally continued to the whole (s, o) € C2. They satisfy functional equations
similar to the one given in Theorem 4. U

The positive definite case was first proved in [24]. The only special case
for degree 2 indefinite Fourier coefficients was treated in [25], which can be
proved again from Theorem 4. Theorem 5 gives a complete solution defining
Koecher—Maass series for degree 2 indefinite case from the view point of
the theory of explicit forms initiated by Ibukiyama—Saito—Katsurada. Here
we should be noted that the definition considered by Arakawa, Suzuki,
Ibukiyama—Katsurada and also in the present paper is not by means of
integral transforms but formal-algebraic in some sense.

Our proof of Theorem 1 gives informations of poles and residues. For
example, for any fixed o > 0, one has

S Logo+1) (d)m%xi‘"/?,
0<d<X
Z d(a+1)/2L_d(o_ + 1)H(d) ~ i‘X'PrU/Z7
o+4
0<d<X
namely,
4
S B~
3 )
0laix $37-¢)

as X — oo, where

(17) H(d) := > (tE(T) ™,
TeLy /SLa(Z),det(2T)=d
_ lC(U +2)((20 + 2)
7712 C(c+3)

The first asymptotic is consistent with that of [3, p. 27] treating the case
o=k —2, k>4 even. These asymptotic formulas follow from a Tauberian
theorem stated in Corollary [28, p. 121] together with L_4(o0 +1) >0 for
any d > 0, o > 0, which follows from the Euler product expression (cf. [17,
proof of Lemma 10]),

0/2+19-3-0 I(73%)  ((o+2)
T'(3)(o+2)¢(o0+3)

ReSS:(U+3)/25+(S, -3, o, 0) =
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and the fact that H(d) = O(d'/?%€) for any 1/4 > € > 0 (see Section 2.5 of
this paper). By [27, Theorem 5.2, p. 76], we can discuss about remainder
terms.

The proof of Theorem 2 will be omitted, since it is the same and
easier than that of Theorem 1. Theorems 3-5 follow from Theorem 1 by
a specialization of k and 7, or computing the Laurent expansion around
a suitable pole with respect to the variable 7. This approach owes to
Ibukiyama and Saito [13] in their treatment of the Shintani zeta functions.
See also Sturm [38] for a previous research and Diamantis and Goldfeld
[8] for a more recent work on the Shintani zeta functions. We also should
mention that there is an unpublished work on Q7 (s, 2) and >, x H(d)?
by Arakawa as informed to this author from Sato.

82. Maass forms and Eisenstein series of half-integral weight

2.1 Maass forms

Let H={r=wu+iv;v >0} be the upper half-plane. The action of
SLy(R) on H is given by (23) 7= (ar +b)/(cT + d). For z € C\ {0}, the
branch of z¢ is taken so that —7 < arg z < 7. Let k be any odd integer. For
any function f: H — C and g = (‘cl g) € SL2(R), put

(fl-k/29)(7) = ((eT + d) /ler + d|)*2 f(g7).

For v = (£ %) €To(4), set x(v) :=€k(4c/d), where e,=1if d=1 (mod 4),
while ¢ =1 if d=3 (mod 4), and (4c/d) is as defined in [32, p. 442]. This
X is a multiplier system for I'g(4) and weight —k/2.

We call a smooth function f(7) on H to be a Maass form of weight —k/2
on I'g(4), when f(7) satisfies

flekey=x(Mf (VveTo(4), (A_gp+AN)f=0,

and f(7) has polynomial growth at every cusps of I'g(4). Here A is some
complex number and A_y 5 = v*(9; + 07) + i(k/2)vd,. See Definition 2.1
[27, p. 51] and [29, p. 94]. The space of all such functions is denoted by
F(To(4), x, A\, —k/2) following [27, p. 52].

2.2 Fourier expansion
Any f(1) e F(I'o(4), x, A, —k/2) has the Fourier expansion of the form
([29, p. 94] and [27, p. 53])

(18) f(7)=Ao(v) + Z agW_sgn(ayk/a,p(4|d|v)e(du),
d#0
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where e(z) = €2™@_ p is chosen by A =1/4 — p?, the constant term has the
form

1/2+p 1/2—p
AO(U) _ {CLOU + bOU ) p 7& O)

aov/? + byv'/? log v, p=0,

the Whittaker functions w(v;«, ) and W, g(v) for v>0,a, 5 € C are
defined by

Was(v) =0 " 2w(v;1/24+a+B,1/2—a+B) (R(B—a+1/2)>0),

(v 0, 8) = o'T(E) [T e (R >0)

The functions w(v; o, B) and W, g(v) have holomorphic continuations for
all (o, B) € C2. For any compact set K of C?, there exist constants A, B > 0
such that |w(v;a, )| <A(1+vB) for all v>0 and (a, ) € K. See
Lemma 4 [33, p. 90] and [22, Section 7.2]. More facts about W, s(v) are
summarized in Section 3.1 of the present paper.

2.3 Plus space
Put e = (—1)*+1/2_ Pitale [29, p. 94] has defined the plus space by

‘F+(F0(4)7 X )\a _k/2)
={feF([y(4), x,\, —k/2); a3 =0, whenever ed =2,3 (mod 4)}.
If the zeroth Fourier coefficient vanishes, namely ag = 0, we call its element
by a Maass cusp form in the plus space (as in Theorem 2).

For f(7) € FT(To(4), x, A\, —k/2) with the Fourier expansion (18), put

FU(r) =60u- Aow/H) + D aaWosgnapsa,p(drldlv/4)e(du/4),
40
d=ep ;énod 4)

where =0 or 1, and do, is the Kronecker delta. Proposition 4.2 [29, p. 96]

tells us that
(o) =0 3) (o)

(o) =(0) S5 (L) o).
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2.4 Differential operator

The differential operator E_j, /o = v(i0, — 0y) — k/4 is a linear map from
F(To(4), x, A\, —k/2) to F(I'o(4), x, A, —k/2 —2). We refer the reader to
[27, pp. 52, 53]. The action on the Fourier expansion can be seen from
the following formula; for ¢ > 0 one has

E_jo)s(W_pap(dmcv)e(cu)) = y(=k/4, p)W_p a1 p(4mcv)e(cu),
where v(a, p) = p> — (a — 1/2)2, and for ¢ < 0 one has
E_3js(Wyyap(drfclv)e(cu)) = Wi g s, ,(4lclv)e(cu).
Hence, if f(7) € F*(To(4), x, A, —k/2), then
(E_rp2f)(1) € FF(To(4), x, A\, —k/2 = 2).

In particular for f(r) € F*t(To(4), x, A, —k/2) having the expansion (18),

(E_iy2f)(T) = (B_gj2A0)(v) + ¥(=k/4, p) > aaW_pjs—1,,(47|d[v)e(du)
d>0
+ Y aaWiykyap(4rldlv)e(du),

d<0

and thus we can associate

(E_2./)¥(7) = o - (E_gjado)(v/4)
+y(=k/4,0) D aaWoyay ,(A|dlv/4)e(du/4)
d>0
d=ep  (mod 4)
+ Z adW1+k/47p(47T|d\v/4)e(du/4)
d<0
d=ep (mod 4)

for =0, 1. Similarly to Section 2.3, we obtain
<<E_k/2f><°><f ¥ 1>) _ (1 o) <<E_k/2f><0><f>>
(E_p2 )V (T +1) 0 e (E—k/Qf)(l)(T) ’
)
)

(Epetm) =) 50 ) (Enve)
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2.5 The quadratic L-function
For any fundamental discriminant dy (including 1) and any natural
number f, we define (see (3) for the notations)

i (f) =D ma)xx(@)a=*o1a:(f/0).
alf
The quadratic L-function Lp(s) defined in (3) for any D#0,D=0,1
(mod 4) is
Lp(s)=L(s,xx)Yi, (), D=dxf’ K=QWD).
It is defined by Lo(s) =((2s — 1) and Lp(s) =0 for D =2,3 (mod 4). Here
we recall the convention that
Ly2(s) = () Y pla)a o1 _a4(f/a) = C(s)Y5(f).

alf

For D # 0, the function Lp(s) satisfies (Proposition 3 [41, p. 130])

LD(S) = ‘D|1/27S’Ysgn(D) (S)LD(]- - S)?

F 1=s
~uealC)
()’
7sgn(D)(8) = (b)
a2 4s 2 2 D <0.
F(%l)’

The following Lemma 2 is due to pp. 198-199 and [30, Theorem 3].

LEMMA 2. Let k> 1 be an integer and x a primitive Dirichlet character
mod k.

(1) Suppose n > 0. One has |L(s, x)| < (1 +n) for s=1+n+ it with any
teR.
(2) Suppose 0 <n<1/2. Then, for s=—n+ it with any t € R, one has

L (s, )| < (k) 2m)) D14 s THVD(L ).

(3) Suppose 0 <n<1/2. Then, for all s=oc +it with —-n<o<1+n,te
R, one has

[L(s, )| < (kIL+ 8]/ (2m)) 7= 2¢ (14 0). O

Similarly, we have the following lemma.
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LEMMA 3. We have Té;s(f) :TZK(f)fzsfl. Moreover, the following
estimations hold true;

(1) Supposen>0. One has |5 (f)| <C(L+n)C(1+2n) fors=1+n+it
with any t € R.

(2) Suppose 0 <n<1/2. One has |3 _(f)] < 21 +n)¢(1 +2n) for
s =—n+ it with any t € R.

(3) Suppose 0 <n<1/2. One has |T3, (f)] < fr=o (1 4+ 1)¢(1 + 2n) for
all s = o + it in the vertical strip —n<o<1+mn,teR.

Proof. The first statement follows from no_g(n)=og(n) (n €N,
g e€C). If Ra>1, then |o_n(n)| < ((Ra). Hence, for fs > 1,

T, (O a ™01 a5(f/a)] < a™¢(2Rs — 1) < C(Rs)¢(2Rs — 1),
alf alf
This confirms (1). By T3 _(f) = Té;s(f)flﬁs, we deduce (2) from (1) as
X ) = [P ET ) F2 B <G+ )L+ 2n) f12,

The statements (1), (2) combined with Rademacher’s Phragmen-Lindel6f
theorem implies (3). In the notation of Theorem 2 [30, p. 195], we take

Q=1, a=f=0, a=-n, b=l+n,
A= U014+ n)¢(1+2n), B=¢(1+n)C(1+2n),
C:1+max{2a_malgx(f/a):xe[—n,l—i—n]}, c=1.

alf
Using these lemmas, we obtain

PROPOSITION 1. Suppose D #0 and s € C.
(1) If Rs > 1, one has |Lp(s)| < ¢(Rs)?¢(2Rs — 1).
(2) IfRs <0, one has
L ()] < [DIYD7R¢(1 = Rs)?C(1 = 2Rs) [rsgn(0) (5)].

(3) For any fized real number 0 <& <1/2, put S(—=&,1+¢):={s€C:
- <Rs< 1+ &} The following estimations of |Lp(s)| for any s €
S(=§,14€) holds;

(3-1) If D#0, one has

‘D| (1+§_%8)/2 1 Rs)/2 2
) 11+ s[(HERI/20(1 4 €)2C(1 4 26).

ool < (5
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(3-2) If D=0, let D= f2. One has Lp(s) =((s)Y{(f) and
(s = 1) Lp(s)] < (s = DE() ST+ €)¢(1 + 26).

REMARK 1. The use of Rademacher’s Phragmen—Lindel6f theorem to
estimate Lp(s) owes to [11]. We also applied this idea to get Lemma 10
[17, p. 198]. Note that in [17, Lemma 10(2)(ii) and Proposition 3(1)(ii)],

H" should be f*+ T as we can see from the above discussion.

REMARK 2. For any discriminant —d < 0, by taking the residue at
o =1 of the both sides of the identity given in (B) Section 1.1, one
has L_y4(1) = 2rnd~'/2H(d), where H(d) is defined in (17). This together
with Proposition 1(3-1) yields the estimation H(d) = O(d'/?*¢) for any
1/4 > e > 0, which was used in Section 1 of this paper and also in [26, p. 95].
To refer Kitaoka’s paper is not correct, because matrix size is assumed to
be greater than 2 in Kitaoka’s paper.

2.6 Eisenstein series of half-integral weight

In this section, we summarize facts about nonholomorphic Cohen’s
Eisenstein series introduced by Ibukiyama and Saito [13, p. 276]. Let k
be an odd integer and ¢ a complex number such that —k + 2R%o — 4 > 0.
Let 7=wu +iv € H. The Eisenstein series is defined by

F(k,o,71)
= E(k,0,7) + 2277 (e(k/8) + e(—k/8))E(k, o, —1/(47))(—2i7)*/?,

where

E(k,o,7)=12° Z Z ( ) Faer + d)*?|der + d|70

d=1:0dd c=—0o0

with €; and (4¢/d) being the same as in Section 2.1. Put

flk,o,7)=v"* 4 F(k, o, 7),
=(0/2—-k/4)(1—0/2+k/4), p=0c/2—k/4—1/2.
We have
fk,o,7) € FH(To(4), x, A —k/2),
and it has the dth Fourier coefficient of the form
o(d, o, k) = ok+3/2-20 Lemi/4 Lea(o — %)

e
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More precisely,

f(k‘, g, 7_) = Ao(k‘, g, U) + Z ad(ka J)W—sgn(d)k/4,p(477|d|U)e(du)a
d#40

where the constant term is given by
(19) Ao(k}, o, U) — U0/2—k/4 + bo(k‘, 0)U1_0/2+k/47

(20)
bo(k, ) = 23k/273o+7/2(_1)(k2,1)/87r I'oc—k/2—-1) ((20—k—2)

T(0/2 - k/2)D(0/2) ((20 — k — 1)’

and the dth coefficient is given by

ad(k, o') = c(d7 o, k;) . Z”f/QTrU/Q*k/4|d|J/27k/471

T((o —k)/2)~",  d>0,
X { I(a/2)"', d<o.

By definition, one has ¢(d, o, k) = 0 for d with ed =2,3 (mod 4).

In view of the above Fourier expansion, f(k,o,7) has a meromorphic
continuation to the whole o € C (cf. Proposition 3 [33, p. 91]). Indeed,
by the estimation of Lp(c) in Proposition 1 and W, ,(v) in Section 3.1
(26), we find that (o — (k+2)/2)(c — (k+3)/2)¢(20 — k —1)f(k,0,7) is
holomorphic for all ¢ € C. We refer the reader to [7, 10, 19, 40] for other
previous researches.

§3. Dirichlet series of 3 variables

3.1 Gamma factors

We follow [27, Section 3]. We also refer the reader to Appendix A.3
[34, pp. 131-136] and [16, 22, 33] for the Whittaker function. The Whittaker
function W, ,(v) (v>0) in Section 2.2 can be continued to a holomorphic
function for all («, 1) € C2. Tt satisfies the differential equations with respect

to v as

(21) U2W&’7#(v) = (30 —av+p? — 1) Wau(v),
(22) UWA,;L(U) = (Oc - %U) Wa,u(v) - 'Y(O‘? M)Wa—l,u(v>a
(23) oWi, ,(v) = — (o = 3v) Wau(v) = Wag u(v),
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and satisfies the relation Wy _,(v) = W, ,(v). Here recall from Section 2.4
that (o, p) = p? — (o — 1/2)%. The behavior is known to be

(24) W u(v) ~v¥e /2 as v — o0,

O(!/2= ) 0
25 Wea u(v) = as v — 0.
( ) H( ) { ( 1/2|10g U|) u=0

Shimura [33] established the following uniform estimation; for any compact
set K of C?, there exist some positive constants A, B > 0 such that

(26) (Wau(v)] < AvRee™2(1 +07B) (Yo >0,¥(a, p) € K).

The differential equations (22), (23) and the above properties of Wy ,(v)
tell us a similar behavior and estimation for Wy, ,(v), W§ ,(v).

Fix any real number « € R. For any complex numbers s, p, x € C with
Rs > |Rp| + |Rk|, we define

(27) Gapnr(s):= /000 V52 W p(0)Wa, . (v) dv.

LEMMA 4. Putti=p+ Kk and ta = p — K.

(1) The integral defining Ga.px(s) is absolutely convergent for (s, p, k) €
C3 in the region Rs > |Rp| + |Ru|. It is holomorphic with respect to
the variable s in the same region. The function Ga,p.(s) satisfies the
recurrence

s(s +1)Gapr(s+2)
=2a5(25 + 1)Gapr(s + 1) + (s = t1)(s* — 13)Ga,pr(5).

(2) For any nonnegative integer M, there exist polynomials pa n (S, 1, 2)
and go, v (S, 1, x2) € R[s, z1, x2] satisfying

M 2

Gaprn(s) [T TI{(s +3)% = 1} = Pani (5,81, 13)Gap(s + M + 1)
7j=01=1

(28) + Gant (5,82, 13)Gopu(s + M +2).

https://doi.org/10.1017/nmj.2018.15 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.15

148 Y. MIZUNO

This gives a meromorphic continuation of Gapx(s) to the whole
(s, p, k) € C3. [

We need to evaluate the following functions explicitly;
Dp’,i(s) = Ga,p,n(S)Glfa,p,n(s) —y(a, p)y(a, “)Gafl,p,n(S)Gfa,p,n(S),
C;p’,{(s) = G1—apr(8)G_apr(l —=5) = Gi_apr(l —5)G_q px(5),

Vo (5)

PR

= Gl—a,p,m(S)Gale,H(l —5) —v(a, p)y(a, "5)G<>c—1,p,f~c<1 - S)G—a,pﬁ(s)-
The results are stated as Lemma 1 in Section 1.2.

Proof of Lemma 4. We follow the proof of Lemma 3.1 [27, p. 55]. See
also Lemma 2.2 [21, p. 159]. By the asymptotics (24), (25) of W, ,(v), the
integral defining Gy, (s) is absolutely convergent for (s, p, k) € C? in the
region Rs > |Rp| + |Rk|, and it is holomorphic for such s. By integration by
parts and (22), (24), (25), we have

(29) —(s = 1)Gapr(s) = / vsflwmpﬁ(s) dv,
0

(30) Wap,i(8) = Wa p(0)W(, (V) + Wa s (V)W ,(v).
Applying integration by parts again to (29) implies
(31) s(s — 1)Ga,p,n(5) = Ha,pﬁ(s) + Ha,n,p(s) =+ 2Ia,p,n(s)>
where

Heypr(s) = /0 USW(;/,p(U)Wa’H(U) dv,

L) = /O VW (0) W, (v) do.
By (21),
(32)  Hapw(s) =1Gapn(s+2) —aGapr(s+1) + (p* = 1) Gapn(s).

To evaluate I, ) «(5), use integration by parts and (22), (24), (25) to get
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(33) —(s+ D) Iapr(s) = Japr(s) + Ka,pn(s),

See (30) for wa,px(s). By (29), we have
4o pr(8) = —=(5+1)Gapr(s +2) +4asGapr(s+1) + (s — 1)Gapk(s),
and integration by parts implies
$Kapn(8) =—(p" + K)o px(5) — pP*Hanp(s) — K7 Hapx(5).
Substituting these into (33), one deduces

4{8(8 + 1) — (P2 + /’432)}Ioc,p,fi(3)
= 4P2Ha,n,p(3) + 4/‘472Ha,p,/£(3)
+5(5+ 1)Gaypu(s +2) — 4as*Gapr(s + 1) — s(s — 1)Gapn(s).

Substituting this expression of I, , . (s) into (31) and then using the formula
(32) of Hupr(s), we get the recurrence relation of Gapk(s) given in
Lemma 4(1) after some computations.

Applying the recurrence repeatedly (M times), for Rs > [Rp| 4+ |Rk| and
any nonnegative integer M, we find polynomials pa s, qa.mr € R[S, 21, 21]
satisfying (28). The uniform estimate (26) yields the holomorphy of the
integrals defining Go px(s+ M +1) and Gop k(s + M +2) for (s, p, k) €
C? on the region Rs > |Rp| + |Rx|, if we chose M being sufficiently large.
Accordingly, the holomorphy of Ga.,x(s) for (s, p, )€ C? on the same
region follows.

The identity (28) gives a meromorphic continuation of G,k (s) to the
whole (s, p, k) € C3. The possible polar divisors are given by {(s + j)? — t3}
{(s+4)2 =t} (=0,1,2,...). In fact, the above argument tells us that
the right-hand side of (28) is holomorphic for all (s, p, k) € C? on the region
Rs + M + 1> |Rp| + |Rk|, where M can be arbitrary large. [

Proof of Lemma 1 in Section 1.2. We shall prove

Dyp.r(s) H D(s+1)2=T(s)" H D(s+1)7",

teJ teJ
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Voj,p,/c(s) H sinm(s+t) = E(a, p, k) sin(27s),
teJ

Vctp’ﬂ(s) H sin (s + t)
teJ

= 7 sin(ws){cos(ms) cos (s + 2a) + cos w(p + k) cos w(p — K)}.

Let H, .(s) be any one of the six functions on the both sides of the above
three identities. Note that any H, .(s) is holomorphic for all (s, p, k) € C3.
In addition, Hgiiyz—iy(s) is holomorphic for all (s,z,y) € C3. These
statements follow from the definitions of D, (s), Vi, .(s) and the way of
the meromorphic continuation of G x($).

Put p=1z 41y and kK = x — iy with z, y € R. In this case, Miiller proved
the above three identities that we are going to establish. We refer the reader
to Lemma 3.3 (p. 58), Lemma 3.4 (p. 60) and Lemma 3.5 (p. 62) of [27]
Section 3. Fix s € C, y € R. Since, any Hy iy .—iy(s) is holomorphic for all
x € C as the function of z, the identities are also true for p = x + iy and
k =z — iy with any s,z € C, y € R by means of analytic continuation. By
a similar consideration with any fixed s € C and x € C, the identities hold
for p=x + iy and kK = x — iy with any s,x € C, y € C. 0

REMARK. The multiset J in Lemma 3.3 [27, p. 58] should be
T ={2R(p), —2R(p), 2i3(p), —2i3(p)}.

COROLLARY. Let o € R. The function Go.px(5)/(T(s)?D,x(s)) is holo-
morphic for all (s, p, k) € C3. 0

3.2 Definition and convergence

Since the case k=3 (mod 4) can be treated by the same manner, we
suppose that k=1 (mod 4), which is sufficient for our applications. The
Dirichlet series (6) is the convolution product of the functions f(k, o, )
and f(k,n, ) in Section 2.6, namely, for s,o,n € C with Rs>> 0 and for
any sign 6 =+ or § = —, it is

(34) Sé(*su kv g, 77) = Z ad(kv U)ad(kv ﬁ)‘d’_(s_l)'
deZ,6d>0

By the estimations in Proposition 1 of Section 2.5, one has the following
convergence of the series.
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PROPOSITION 2. Suppose that (s, p, k) € C? satisfy Rs > 3/2 + |Rp| +
IRk|. Then, the following partial series defining S°(s, k,o,n) in (6) are
absolutely convergent and holomorphic for the three variables on the region
Rs > 3/2+ [Rp| + |Rk|;

Z L,d(2p + %)L,d(QFL + %)

Ao
d€Z,5d>0
—d+00
L0+ DL a2+ })
1 1 2 2
(2p - 5) (2'% B 5) Z ‘d’s—p—n :
deZ,—d=0

REMARK. Any polynomial growth estimate of L_4(s) with respect to
|d|, which can be deduced from Lemma 5 [33, p. 90], is sufficient for our
purpose.

3.3 Analytic properties
Let k=1 (mod 4) be an integer and o, 7 € C. Denote by Hy, . ,(7) one
of the following two functions defined by

Fkan Zf(M kU, (k nT )7

n=0,1
Gron(T) = Y (E g f) Wk, 0, 7)(E_g/of)® (k, 7, 7).
n=0,1
See Sections 2.3 and 2.4 for the definitions of f() and (E_k/zf)(”)

respectively. This satisfies

Hioon(17) = Hio (1) for all 4 € SLo(Z)

in view of the transformation formulas in Sections 2.3 and 2.4. Following
Zagier (15) [42, p. 419], its integral transform is defined by

Rt )= [ [ Pralr) = 0, 00
where s, 0,7 € C with sufficiently large Rs, and
VF g (V) = Ao(k, 0,v) Ao (k, 7], v),

wgk,a,n (U) = (Efk/QA())(k? g, U)(Efk/QAO)(ka 7, U)'

See (19) for Ag(k, o, v). We have seen in Section 2.6 that z(k, o, n)Hp on(T)
is a holomorphic function for all s, o, n € C. Here z(k, o, n) is defined by (8)
in Section 1.2 Theorem 1.
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PROPOSITION 3.

(1) Letp=0c/2—-k/4—1/2,k=n/2 —k/4—1/2 be as in Theorem 1. The
integral defining z(k, o, n)R(Hy 0., 5) is absolutely convergent for s >
2 + |Rp| + |Rk|. In this region, the following relations hold;

WS?IR(fk,U,na S) = G*k/4,p,n(8)s+(87 ka g, 77) + Gk/4,p,n(8)57(s7 k) g, 77)7

ﬂ_s—lR(gk,Uﬂp 8) = 7(_]{:/47 P H)G_k/4_1,p7H(S)S+(8, k? g, 77)
+ G1+k/4,p,n(8)s_(sv k: g, 77)1

where Ga.p k() is defined in (27), and y(a, p, k) = y(a, p)y(a, k) with

v(a, p)=p* = (a—1/2)%
(2) The function defined by

R*(Mkom, 5) = (25) R(Hko, S)

with ¢*(s) = 7%/2T'(s/2)((s) can be meromorphically continued to the
whole (s, 0,n) € C3, and satisfies the functional equation

R* (Hk,a,m 5) =R (Hk,c,na 1- S)'

Proof. First of all, note that ¢4, , (v/4) has the form

4
Yy o, (0/4) = Z v,
j=1
where «; are as in (9) and c¢; are functions of o, 7 defined as follows; if
Hiom = Fk,om, then we put

C1 = 2]{707777 C2 = 2777072[)0(]{‘1 77)7

€3 = 20_77_2b0(k=7 0)7 Cq = 2‘7+77—k—4b0(k’ J)bO(ka 77)7
while if Hy 5. = Gk 0.y, then we put

¢ =2"07 20y, eg =217 (2 — n + k)bo (K, ),
c3 =20""1"4(2 — o + k)bo(k, 0),
cqg = 27T17F0(2 — i 4 k)(2 — 0 + k)bo(k, 0)bo(k, 7).

See (20) for the definition of by(k, o).
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Since each «; in (9) has the form a; =+p+k+1, we have |Ro;| <
|Rp| + |Rk| + 1. Proposition 1, (26) and Section 2.6 imply that z(k, o, n)
Hiom(T) = U2, (v/4)] is of rapid decay and z(k, o, n)Hion(T) =
O(vPPIHREIHY a5 4) — 00, where z(k, o, 7)) is as in (8). This combined with
the argument given in [42, p. 421] yields the behavior of z(k, o, ) H,on(T) as
v — 0, and we obtain the region of the absolutely convergent for the integral
defining z(k, 0, n) R(Hj 0,5, 5) as stated in Proposition 3(1). The identities in
Proposition 3(1) follow from a direct computation together with (34), (27).
By the equation (27) of [42, p. 424], we have the integral representation

du dv
R Hk’ ,oms S / / Hk 0,77 (7', S) - @Dﬂk,g,n (U/4)€(’U, 8)] 2
D—Dr v

., dud
/ DT%kan( )E ( ) ,l,f)gv
(35) = (28)hry, ., (5) — ¢ (28 = Dhry, (1 —s).

Here we put D={r=u+ive H;|r|>1,|u|<1/2}, Dr={u+ive
D;v < T} with any fixed T'>> 0, E*(7, s) = (*(25)E(T, s) is the Eisenstein
series (5) initially defined for Rs > 1 and its meromorphic continuation to
the whole s € C, e(v, s) = fol E*(7, s) du is the constant term of E*(7,s),
and hry,, ., (s) is given by (cf. (26) in [42, p. 423])

with the same «; and c¢; as above.

In view of (35) and the well-known properties of E*(7,s) (which can
be found in [42, pp. 415, 416, 422]) together with analytic properties of
2(k, o,1m)Hk,0,(7) including its behavior as v — oo (which can be deduced
from Proposition 1, (26) and Section 2.6), we conclude Proposition 3(2). []

Proof of Theorem 1. It follows from Proposition 3 (1) that

7T8_1 (R(]:k,a,nv 8))
R(gk,o,na 3)
( G_ k/4,p,/£(5) Gk/4,p,n(5) ) <S+(57 ]{, g, 77))
0 k/4 P, )G—k/4—1,p,n(5) G1+k/4,p,n(8) S_(S, kv g, 77) ’
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> ( G1+k/4,p,/i(3) _Gk/4,p,n(3)) <R(~F/€,U,77> S)) )
—y(=k/4, p, H)Gfk/4fl,p,ﬁ(8) G*k/4,p,/€(8) R(gk,o,m s)

Notice from Section 2.6 that (o — (k+2)/2)(c — (k+3)/2)((20 —k — 1)
f(k,o,7) is entire for 0 € C. This combined with (35) and Corollary in
Section 3.1 implies that the function defined by (7) is holomorphic for all
(s,0,m) € C3. The functional equation stated in Theorem 1 follows from
Proposition 3(2) and the above matrix relations. Note that we use

/7(057 p)ry(a’ ’%)V(;,p,n(s) = chfl,p,n(s)’ Vc—xi_,p,n(s) = Vojfl,p,n(‘s%

which follows from Lemma 1 in Section 1.2 or can be proved by the same way
as in [27, Section 3], to rewrite (2, 1) and (2, 2) components of the matrix.
Theorem 2 can be treated in the same manner and we omit its proof. 0

3.4 Partial series
Suppose that (s, o, ) € C3 satisfies s >0 (0 #0,7#0). By a simple
computation, one finds that

> Lea(n+ DL g(o+1)d" 2 = ((n+ 1)¢(0 + 1)

deZ,—d=0
L SEn—o+s)flo—n+s+1)Cn—o+s+1){n+o+s+2)
C(s+1)
x [ A0+ ) +p ) =7+ (1 +p )
prime p

Here the product is taken over all primes.

84. Degree 2 and indefinite Fourier coefficients

Theorem 3 and the statement about Q% (s, ) in Theorem 4 are simple
specializations of Theorem 1. So, we omit the proof. In this section, we prove
the statement about Q7 (s, o) in Theorem 4.

4.1 Definitions of A*(s, o, n), B;‘(s, o, 1)

Put k= 1. The parameters p, x in Theorem 1 and the related quantities
in Lemma 1 are given by
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p=0c/2-3/4, k=n/2-3/4,
j:{:lztl,:ttg}, t1:(0'+77—3)/2, tQZ(U—n)/Q.

For s > 3/2 4+ |Rp| + |Rk| and for any sign § = + or § = —, we have defined
the Dirichlet series S%(s, 1, o, 1) in (6) by

L_g(c = 1)L_g(n—1)
|d’s—(0+77)/2+(3/2)

§
S (57130-7 77) = Ol,a,n' Z
deZ,6d>0
freshrg
r($)-'0g) -,

Of course the variables o,n should not be in the set of poles of each
summand, for example, the poles of Ci,, and Ljs2(0c —1)Ls2(n—1),
although we indicated only s > 3/2 4+ |Rp| + |Rk|. The same remark should
also be applied to trivial zeros of ((2 — 2s) in B}‘(s, o,n) defined below for
example. In the following argument, we will not mention about these.

By Theorem 1, the Dirichlet series S*(s,1,0,7n) can be continued
meromorphically to the whole (s, 7, ) € C3, in the sense that the function
defined by (7) is holomorphic for all (s, o,n) € C3. The second component
of the functional equation in Theorem 1 yields

S (1—s,1,0,n) = A*(s,0,1) + B(s, 9, 1),

where A*(s, o, n) and B*(s, o, n) are given by

" o dse ¢(2s)
A*(s,0,m) == —2n 4571 COS(WS)ME(UZI, Py K)
(36) X H [L(s+t)-St(s,1,0,n),
teJ
. o s¢(2s) _ o o )
B*(s,o,n) = %@ 25) {2 sin 7 (5 - 5) cos (s + 5) - sm(ﬂ'n)}
(37) X HI‘(S—{—t)-S_(s,l,a,n)
teg
with s
E(1/4, p, ) = il N
W TG
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Here we used I'(s)['(1 — s) = «/ sin 7s, 2 cos ws cos w(s — 1/2) = sin 27s,

2 cos Tty cos e = cos w(ty + ta) + cos w(t1 — ta)
= cos (o — 3/2) + cos m(n — 3/2),
and sin 27s 4+ cos (0 — 3/2) =2sinw(s — 0/2) cos w(s + 0 /2).

Let s,0,n € C and Rs be sufficiently large (as usual, we denote this by
s> 0). We decompose the Dirichlet series into two parts

S_(S’ 17 0-7 17) = S;(s7 ]" 0-7 /’7) + 55(87 17 O? ,'7)7

where S (s, 1, 0,n) is the sum over d <0 with —d # 0, and S, (s, 1, 0,7)
is the sum over —d =0. Hence, B*(s, 0,n) = Bj(s,0,n)+ Bi(s,o,n) for
s, 0,n € C with Js > 0, where

—45¢(2s _ o o .
Bi(s,0,m) = 2§(2<—(225>) {2 sin 7 (s— 5) cos T (s—|— 5) —Sln(ﬂ'?])}
xtl;[7F3+t S; (s, 1,0,m).

In view of our analysis in Section 3, the functions S*(s, 1,0,7) are
meromorphic for all (s, o,n) € C? with the explicit possible polar divisors,
in the sense that the functions defined by (7) are holomorphic for all
(s,0,m) € C3. Tt follows that they have the Laurent expansions around
n =2 and the Laurent coefficients are meromorphic functions of (s, o) on
C2. We are going to compute the Laurent coefficients. For convenience, for
any function h(s, o,n), we denote by h(s, o, n); the jth Laurent coefficient
around =2, that is, h(s,0,m) =3,z h(s,0,m); - (n — 2)7, whenever it is
meaningful. Note that h(s, o, n); is a function of s, 0. By this convention,
it holds for all (s, o) € C? that

(38) S™(1—s,1,0,n);=A(s,0,n); +B*(s,0,1);.

4.2 Definitions of P(s, o, n), M(s, o,n), N*(s,0,n)
For s, 0,n € C with s> 0, we define

P(s,0,m) Hpsan

prime p

p(87 g, 77) = (]. —I—p728)(1 +p72871) — (p72s+072 + p725+7]*2)(1 _’_p3777*<7)7
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25—20—2777T(J+77—1)/2
C(2n—2)I'(%)
X((2s=n—0+4+3)((2s—n+0)((2s+n—0)((2s+n+0—3),

M(s,o,n) =

P(s,0,n)

—45¢(2s . o o .
N*(s,o,m): = 2{(26(223)) {2 sin (s — 5) cos T (s + 5) — Sm(wn)}
< LT +1) - Mis. o).
teJ

For s, 0,n € C with s> 0, the formula in Section 3.4 implies

- _ (o =1)¢(n —1) M(s, 0,n)
) b = o) ces)
. _ (o —=1)¢(n—1) N*(s, 0,m)

(40) 82(37 0777)— (QU—Q)F( ) C(2S)

See Section 4.1 for the definitions of S (s, 1, o, 1) and Bj(s, o, n).

4.3 Main part of our Dirichlet series

As mentioned in Section 4.1, the function S* (s, 1, o, 7)o is a meromorphic
function of (s, o) on C2. By taking into account of the aside computations
given in the remark below, for s, o € C with Rs > 0, one has

92-20 (0/2)+1 Q+(8, O')

+ _
I )y 2 G (5r0)
. B _23—20 (c+3)/ COS(LQU)
Al 0= a0 20(g)
" cos(7s) G5 (s,0) Qf(s,0)
sinm (s— %) cosm(s+5) Gy (1—5,0) G4 (s,0)
Here G5(s, o) is defined by (10) and Q% (s, o) is defined by (13). On the

other hand, one has

S*( . ) 9120 (0+1)/2 L_d(O' _ 1) . |d|1/2L_d(1)
1 57 70-7 77 0= s—(o 9
(@)CE0—2T(3) =y A
Gy (s,0) _
B = =225 (s,1
1(37 g, 77)0 G2_(1 — s, O') 1 (87 , 0, 77)0
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for s,0 € C with s> 0. We find that the series S (s,1,0,7n)p can be
regarded as the main part of Q7 (s, o) defined by (11).

Remark on aside computations. We put n=2. Then, t; = (o —1)/2,
ty = (0 — 2)/2. Using the formula T'(z)['(z + 1/2) = n'/221722T(2z), we see
[Tics D(s+1t) =m2740(25s — 0 + 1)I'(2s + 0 — 2) and

—4s+3,_1—-4s
N*(s,0,2) = 2 C(;— 25(25) sin 7 (s — %) cos <5 + %)

xI'(2s—o+ 1)I'(2s 4+ 0 — 2)M(s, 0,2).

Since G5 (s, 0) =7 2((2s)['(s — t1)['(s + ta), it follows from I'(s)['(1 — s)
=7/ sin 7s that
Gy (s,0)  N*(s,0,2)

Gy (1—s,0) Mi(s,0,2)

4.4 Laurent expansion around 7 =2

Recall ((n—1)=(n—2)"'+~7+0(n—2) around n=2, where v is
Euler’s constant. For s, 0,7 € C with Rs > 0, let us consider the Laurent
expansion around 1 =2 of M(s, o, n) and S, (s, 1, 0, n) defined in (39);

M(8707 77):60+Cl(77_2>+0((77_2>2)7 COZM(Sv g, 2)7
c1=My(s,0,2),

(o —1) co

(20 — 29T(3)¢(2s) {?7 2"

Here M, = 0M/0n. It follows for s, 0 € C with s> 0 that S; (s, 1, 0,7)
n (39) has the Laurent coefficients

Sy (5,1, 0,m) = (er+7e0) +0(~2) |

((e—1) M(s,0,2)
(20 -2)0(3) (¢(2s)
C(o—=1) My(s,0,2)+7v - M(s,0,2)
REEPNG (@) |

Similarly, we obtain for s, 0 € C with Rs > 0 that B5(s, o, n) in (40) has
the Laurent coefficients

(41) Sy (s, 1,00m) 1 =

(42) 82_(57 1707 77)0:

C(o—1) N*(s,0,2)

) B 0= a0 ) Cs)
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C(o—1) N;(s,0,2) +v-N*(s,0,2)
((20 —2)I'(3) ((2s) '

Here Ny = ON* /1. See Section 4.1 for the symbol indicated by the lower
indexes —1 and 0.

(44)  Bs(s,0,m)o =

4.5 Residues at n =2

The functions S*(s, 1, o, n)_1 are meromorphic functions of (s, o) on C2.
The equation (38) gives S~ (1 —s,1,0,n)-1 = A*(s,0,1n)-1 + B*(s,0,1m)—-1.
For s, 0 € C with Rs > 0, one has

S_(37 17 g, 77)—1 = 52_(87 17 g, 77)—17
.A*(S, g, 77)—1 :Oa B*(S, g, 77)—1:85(87 g, 77)—1'

In view of (41) and (37), (43), the functions M(s, 0,2) and N*(s,0,2)
initially defined for s, € C with Rs > 0 have meromorphic continuation
to the whole (s, o) € C?, and satisfy the functional relation

M1 —s,0,2) N*(s,0,2)

(2 —-2s) ¢(2s)

REMARK. The equation (45) is consistent with the functional equation
of ¢*(s) = m/2T'(5/2)((s) = ¢*(1 — ). Indeed,
(s, 7,2) = (1= p 27 2)(1 = p20-o%),

P(s,0,2)=((2s — o +2)"1((2s+ 0 —1)7},
91-20 (o+1)/2

(45)

M(s,0,2)= RO ((2s—0+1)((2s+0—2),
o Calso)
N*(s,0,2) = G = U)M(s, ,2),
M(s, o, 1-200/2
G5 (s, 0) E?ZZ) 2 _2 oy (s ot Qs o -2)

See Section 4.2 for the definition of each function on the left-hand side.

4.6 Constant terms at n =2
The functions S*(s, 1, o, n)o are meromorphic functions of (s, o) on C2.
The equation (38) gives S~ (1 — s, 1, 0, )0 = A*(s, 0, n)o + B*(s, 0, n)o. Put
C(e—=1) ~-M(s,o,2)
((20 —2)T(3)  ¢(25)

L(S7 U) = Si(sa ]-7 g, 77)0 -
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C(eo—1) ~-N*(s,0,2)
(20 -2)T(3)  <((2s)

R(s,0) := B*(s,0,1)0 —

By (36), (37), A*(s,0,n)o and B*(s, 0,n)p are meromorphic functions of
(s,0) on C2. In view of Section 4.5, L(s, o) and R(s, o) are also meromor-
phic functions of (s, o) on C2.

Using (45), the functional equation turns out to be

(46) L(1—s,0)=A%(s,0,n)0 + R(s,0).

By (42), (44) and the decomposition of S~ (s, 1, o, n) in Section 4.1, one has
for s, 0 € C with s> 0 that

C(o—=1) My(s,0,2)
(Co—2T(3) (s
o-1) Ni(s.2.2)
(o —2)T(5) <)

(47) L(s,0) = Sy (s,1,0,m)0+

(48) R(s,0) = Bi(s,0,n)0 +

Summarizing the discussion so far, the right-hand sides of (47), (48),
which are initially defined for s,o € C with s> 0, can be continued
meromorphically to the whole (s,0) € C?. The equation (46) gives the
functional equation satisfied by them.

4.7 Dirichlet series Q (s, 0)

The Dirichlet series expressions have already been given in Section 4.3 for
Sy (s, 1, 0,m)0, A*(s, 0, m)o, B (s, 0,n)o. In order to relate L(s, o), R(s, o) in
(47), (48) and Q7 (s, o) in (11), we shall compute M,)(s, 0, 2) and Ny (s, 7, 2)
explicitly.

Suppose that s,0 € C and Rs>0. By (12) and the definitions of
P(s,o,m), M(s,o,n) in Section 4.2, one obtains P, (s, o,2)/P(s,0,2)=

P(s,o0) and
My(s,0,2) ¢’ ¢’
m—c+z(2s+a—l)+z(23—a+2)

(49) —3(28—1—0—2)—g(2s—o+1)+P(s, o),

where ¢ = —21log 2 + (log w)/2 — 2(¢’/¢)(2) — 27 1(I"/T')(1). For simplicity,
we introduce D~ (s, o) for s, 0 € C with s> 0 by
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e S (s Lo (o—1) Ms02) (¢ |
¢ ¢ ¢
+C(28_0+2)_<(28+0_2)_€(2S_U+1)+P(S’U)>'

Then (47) tells us that

Clo—=1) M(s,0,2)
(20 =2)I(3)  ¢(2s)

In view of Sections 4.7 and 4.5, this D~ (s, o), initially defined for s, 0 € C
with Rs>> 0, has a meromorphic continuation to the whole (s, o) € C2.
Using the formula of Sy (s,1,0,7n)p in Section 4.3, the Dirichlet series
Q~ (s, o) initially defined by (11) for s, € C with Rs > 0 has the form

¢(2)¢(20 —2)I'(3)

91—20 r(0+1)/2

L(s,0) =D (s,0)+c-

(50) QN (s,0) =G5 (s,0)

D™ (s,0),

and thus this 7 (s, o) also has a meromorphic continuation to the whole
(s,0) € C2

By the definition of N*(s, o, 1) in Section 4.2 and that of G(s, o) in (14),
we see

N;(S7 g, 2) o Mn(37 g, 2) -1
N*(s,0,2)  M(s,0,2) +276(s,0)-

The equation (48) combined with the formula of B (s, o, n)¢ in Section 4.3

implies
Gy (s,0) (5.0
R, = G, D 59
N C(c—1) N*(s,o, 2){c—|—2_1g(s, )

((20 =2)I(3)  ((2s)
where c is the same as in (49). In view of (46) and (45), we have
G5 (s, 0)
G5 (1—s,0)

C(o—1) N*(s,0,2)
((20 =2)I(3)  ((29)

which combined with (50) yields a functional equation of Q7 (s, o). This
completes the proof of the first functional equation stated in Theorem 4. []

D (1-s,0) = A*(s,0,n)0 + D™ (s, 0)

27G(s, 0),
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4.8 Explicit forms of the Koecher—Maass series

For any positive discriminant d > 0 with d # [J, one has the class number
formula .

La(1) = >di/2 > w(T).
Te(Ly ) /SLy(Z),—det(2T)=d

This can be seen, for example, by taking the residue at ¢ =1 of the both
sides of the identity given in (B) Section 1.1. In view of the facts u(7'[U]) =
w(T) (VU € SLa(Z)) and p(IT) = u(T) (V1€ N), Bocherer’s computation
proving Satz 3 (d) [3, p. 20] also works for this indefinite case. This remark
together with (4) yields for s, 0 € C with Rs > 0 that

3 p(T)O(T, o)

Te(Ly ) /SLa(Z) |det T|8
i C@sto—2) La(o - 1)
B o) —2) 2 Sl R

d>0,d7#0 | Te(Ly) /SLa(Z)
(

(
—det(2T)=d

((2s+0—2) _st1/2
=92t 17 4 Ly(1)Ly(o — 1)d—5t1/2,
RORCED) dg;ﬂ a()Lalo = 1)

This and (11) prove the identity (16).
The identity (15) follows from Bdcherer’s Satz 3 in [3, p. 20] combined
with (13) and the formula

La==r Y eEa)

TeL] /SLa(Z),det(2T)=d

which holds for any negative discriminant —d < 0 and can be obtained by
taking the residue at o =1 of the both sides of the identity given in (B)
Section 1.1 again. 0
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