Ergod. Th. & Dynam. Sys., (2022), 42, 3069-3110 © The Author(s), 2021. Published by Cambridge 3069
University Press. This is an Open Access article, distributed under the terms of the Creative Commons
Attribution licence (http://creativecommons.org/licenses/by/4.0), which permits unrestricted re-use,
distribution and reproduction, provided the original article is properly cited.

doi:10.1017/etds.2021.88

Hyperbolicity of renormalization for dissipative
gap mappings

TREVOR CLARKY and MARCIO GOUVEIA#

+ Department of Mathematics, Imperial College, London, UK
(e-mail: trevorcclark @ gmail.com)
£ IBILCE-UNESP, CEP 15054-000, S. J. Rio Preto, Sdo Paulo, Brazil
(e-mail: mra.gouveia @unesp.br)

(Received 12 August 2019 and accepted in revised form 13 July 2021)

Abstract. A gap mapping is a discontinuous interval mapping with two strictly increasing
branches that have a gap between their ranges. They are one-dimensional dynamical
systems, which arise in the study of certain higher dimensional flows, for example the
Lorenz flow and the Cherry flow. In this paper, we prove hyperbolicity of renormalization
acting on C? dissipative gap mappings, and show that the topological conjugacy classes of
infinitely renormalizable gap mappings are C' manifolds.
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1. Introduction

Higher dimensional, physically relevant, dynamical systems often possess features that
can be studied using techniques from one-dimensional dynamical systems. Indeed, often
a one-dimensional discrete dynamical system captures essential features of a higher
dimensional flow. For example, for the Lorenz flow [22], one may study the return mapping
to a plane transverse to its stable manifold, the stable manifold intersects the plane
in a curve, and the return mapping to this curve is a (discontinuous) one-dimensional
dynamical system known as a Lorenz mapping, see paper [47]. This approach has been
very fruitful in the study of the Lorenz flow. It would be difficult to cite all the papers
studying this famous dynamical system, but for example see papers [1, 3, 15, 18, 39, 49].
The success of the use of the one-dimensional Lorenz mapping in studying the flow has led
to an extensive study of these interval mappings, see papers [6, 14, 19, 20, 26, 29, 30, 43,
50] among many others. Great progress in understanding the Cherry flow on a two-torus
has followed from a similar approach [2, 8, 11, 28, 33-38, 40].
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In this paper, we study a class of Lorenz mappings, which have ‘gaps’ in their ranges.
These mappings arise as return mappings for the Lorenz flow and for certain Cherry flows.
They are also among the first examples of mappings with a wandering interval — the gap.
This phenomenon is ruled out for C'+##m"d mappings with a non-flat critical point by
van Strien and Vargas [48]. In fact, Berry and Mestel [S] proved that Lorenz mappings
satisfying a certain bounded nonlinearity condition have a wandering interval if and only
if they have a renormalization which is a gap mapping. See the introduction of paper [17]
for a detailed history of gap mappings.

The main result of this paper concerns the structure of the topological conjugacy classes
of C* dissipative gap mappings. Roughly, these are discontinuous mappings with two
orientation preserving branches, whose derivatives are bounded between zero and one.
They are defined in Definition 2.1.

THEOREM 1.1. The topological conjugacy class of an infinitely renormalizable C* dissi-
pative gap mapping is a C'-manifold of codimension-one in the space of dissipative gap
maps.

To obtain this result, we prove the hyperbolicity of renormalization for dissipative gap
mappings. In the usual approach to renormalization, one considers renormalization as a
restriction of a high iterate of a mapping. While this is conceptually straightforward, it
is technically challenging as the composition operator acting on the space of, say, C*
functions is not differentiable. Nevertheless, we are able to show that the tangent space
admits a hyperbolic splitting. To do this, we work in the decomposition space introduced
by Martens in [25], see §3 for the necessary background.

THEOREM 1.2. The renormalization operator R acting on the space of dissipative gap
mappings has a hyperbolic splitting. More precisely, if f is an infinitely renormalizable
C? dissipative gap mapping then for any § € (0, 1), and for all n sufficiently big, the
derivative of the renormalization operator acting on the decomposition space D satisfies
the following.

° TKE" . fQ = E" ® E*, and the subspace E" is one-dimensional.

e Forany vectorv € E", we have that ||DRR"/'V|| > NI, where |\1| > 1/4.

e Foranyv € E®, we have that ||DEE"fV|| < MV, where || < 8.

Gap mappings can be regarded as discontinuous circle mappings, and indeed they have
a well-defined rotation number [7], and they are infinitely renormalizable precisely when
the rotation number is irrational. Consequently, from a combinatorial point of view they are
similar to critical circle mappings. However, unlike critical circle mappings, the geometry
of gap mappings is unbounded. For example, for critical circle mappings the quotient of the
lengths of successive renormalization intervals is bounded away from zero and infinity [9],
but for gap mappings it diverges very fast [17]. As a result, the renormalization operator for
gap mappings does not seem to possess a natural extension to the limits of renormalization
(cf. [27]).

Renormalization theory was introduced into dynamical systems from statistical physics
by Feigenbaum [13], and Tresser and Coullet [45, 46] in the 1970s to explain the
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universality phenomena they observed in the quadratic family. They conjectured that
the period-doubling renormalization operator acting on an appropriate space of analytic
unimodal mappings is hyperbolic. The first proof of this conjecture was obtained using
computer assistance by Lanford [21]. The conjecture can be extended to all combinatorial
types and to multimodal mappings. A conceptual proof was given for analytic unimodal
mappings of any combinatorial type in the works of Sullivan [44] (see also [12]),
McMullen [31, 32], Lyubich [23, 24], and Avila and Lyubich [4]. This was extended to
certain smooth mappings by de Faria, de Melo and Pinto [10], and to analytic mappings
with several critical points and bounded combinatorics by Smania [41, 42]. Renormaliza-
tion is intimately related with rigidity theory, and in many contexts, e.g. interval mappings
and critical circle mappings, exponential convergence of renormalization implies that two
topologically conjugate infinitely renormalizable mappings are smoothly conjugate on
their (measure-theoretic) attractors. However, for gap mappings, it is not the case that
exponential convergence of renormalization implies rigidity; indeed, in general, one can
not expect topologically conjugate gap mappings to be C' conjugate [17].

The aforementioned results on renormalization of interval mappings all depend on
complex analytic tools and, consequently, many of the tools developed in these works
can only be applied to mappings with a critical point of integer order. The goal of
studying mappings with arbitrary critical order was one of Martens’ motivations for
introducing the decomposition space, mentioned above. This purely real approach has led
to results on the renormalization in various contexts. Martens [25] used this approach to
establish the existence of periodic points of renormalization of any combinatorial type for
unimodal mappings x — x% + ¢, where « > 1 is not necessarily an integer. For Lorenz
mappings of certain monotone combinatorial types, Martens and Winckler [29] proved
that there exists a global two-dimensional strong unstable manifold at every point in the
limit set of renormalization using this approach. Martens and Palmisano [27] studied
renormalization acting on the decomposition space for infinitely renormalizable critical
circle mappings with a flat interval. They proved that for certain mappings with stationary,
Fibonacci, combinatorics that the renormalization operator is hyperbolic, and that the class
of mappings with Fibonacci combinatorics is a C' manifold.

Analytic gap mappings were studied by Gouveia and Colli [16, 17] using different
methods to those that we use here. In the former paper, they proved hyperbolicity of
renormalization in the special case of affine dissipative gap mappings, and in the latter
paper, they proved that the topological conjugacy classes of analytic infinitely renormaliz-
able dissipative gap mappings are analytic manifolds. We appropriately generalize these
two results to the C* case. Since the renormalization operator does not extend to the
limits of renormalization, it seems to be difficult to build on the hyperbolicity result for
affine mappings to extend it to smooth mappings (similar to what was done in paper
[10]), and so we follow a different approach. Gouveia and Colli [17] also proved that
two topologically conjugate dissipative gap mappings are Holder conjugate. We improve
this rigidity result, and give a simple proof that topologically conjugate dissipative gap
mappings are quasisymmetrically conjugate, see Proposition 2.8.

This paper is organized as follows: in §2, we will provide the necessary background
material on gap mappings, and in §3, we will describe the decomposition space of infinitely
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renormalizable gap mappings. The estimate of the derivative of renormalization operator is
done in §4, and it is the key technical result of our work. In our setting, we are able to obtain
fairly complete results without any restrictions on the combinatorics of the mappings. In
§5, we use the estimates of §4 and ideas from paper [27] to show that the renormalization
operator is hyperbolic and that the conjugacy classes of dissipative gap mappings are C'
manifolds.

2. Preliminaries
2.1. The dynamics of gap maps. In this section, we collect the necessary background
material on gap mappings, see paper [17] for further results.
A Lorenz map is a function f : [ar, ar] \ {0} — [ar, ar] satisfying:

(1) ap <0 <ag;

(i1) f is continuous and strictly increasing in the intervals [ar,, 0) and (0, ar];
(iii) the left and right limits at 0 are £(07) = ag and f(07) = a,.
A gap map is a Lorenz map f that is not surjective, that is, a map satisfying conditions (i),
(i), (iii) with f(ar) > f(ag). In this case the gap is the interval Gy = (f(ag), f(ar)).
When it will not cause confusion, we omit the subscript and denote the gap by G.

Definition 2.1. A dissipative gap map is a gap map f that is differentiable in [ay, ag] \
{0} and satisfies: 0 < f'(x) < v for every x € [ar, ag] \ {0}, and for some real number
v=vs e (0,1).

Each dissipative gap mapping is determined by a mapping to the left of the discontinuity,
a mapping to the right of the discontinuity and the relative position of the discontinuity in
the interval. Hence it is convenient to describe the space of dissipative gap mappings as
follows: Consider

DX = {ur : [-1,0) = R; uy, € Diff\ [~1,0], u(07) =0,
and there exists v € (0, 1) such that 0 < u, (x) < v, forall x € [—1,0)}, (2.1)

Dk = {ug : (0, +11 — R; ug € Difft [0, 1], ug(0") =0,
and there exists v € (0, 1) such that 0 < us(x) < v, forall x € [0, 1)}, (2.2)

and DF = D’i X DII‘e x (0, 1), where Diff/j_ [x, y] denotes the space of orientation preserv-
ing ck diffeomorphisms on (x, y), which are continuous on [x, y]. We will always assume
that k > 3, and unless otherwise stated, the reader can assume that k = 3.
For each element (uy,upg,b) € DX, we associate a function f[=1,1]\ {0} —
[—1, 1] defined by
o) {ML(x) + b, x e[-1,0), 03
ur(x)+b—1, x e, +1],
and take v = vy € (0, 1) that bounds the derivative on each branch from above. It is not
difficult to check that the interval [b — 1, b] is invariant under f, and f restricted to [b —
1, b] \ {0} is a dissipative gap map. Observe that the parameter b determines the position
of the discontinuity in the interval. For the sake of simplicity, we write f = (ur, ug, b),
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and we use the following notation for the left and right branches of f:

fL(x) =up(x)+b, x <0,

fRX) =up(x)+b—1, x>0, 24

We endow DF = D’i X Dlje x (0, 1) with the product topology. It is important to note
that a gap map g defined in an interval [ar, ag] can be rescaled by a linear conjugacy
in such a way as to be defined in [b — 1, b]. After rescaling and extending g, we obtain a
function f defined in [—1, 1] \ {0} whichis atriple f = (fr, fr, b) in DK, Since [b — 1, b]
is a trapping region for f; it will be enough to work with the restriction of f to [b — 1, b] \
{0} and it is not important how f is extended. Thus we set a;, = b — 1 and ar = b. For
more details, see §1.2 of paper [17].

Definition 2.2. Let f : [b — 1,b]\ {0} — [b — 1, b] be a dissipative gap map. We define
the sign of f by

[~ itb<1/2,
o= {+ ith > 1/2. (2:5)

It is an easy consequence of this definition that for a dissipative gap map f, we have
of=—ifGC[b—1,0)and oy = + when G C (0, b].

2.2. Renormalization of dissipative gap mappings.

Definition 2.3. A dissipative gap map f : [b — 1, b] \ {0} — [b — 1, b] is renormalizable
if there exists a positive integer k such that:
@ 0¢Uio f1(G):
(b) either
- G, f(G),..., ff==I(G) c (b—1,0) and f*¥(G) C (0, b) or
- G, f(G),..., f=YG) c (0,b)and f*K(G) Cc (b—1,0).

Remark 2.4. The positive number k in Definition 2.3 is chosen to be minimal so that (a)
and (b) hold.

By [17, Proposition 2.8], and the mean value theorem, the renormalization of a
dissipative gap map is again a dissipative gap map.
Definition 2.5. Let f : [b—1,b]\ {0} — [b — 1, b] be a renormalizable dissipative gap
/

map, and consider I" = [a},ap] =1 i the interval containing 0 whose boundary points
are the boundary points of f~1(G) and f*(G) which are nearest to 0, that is

I'=[f*® -1, f1)  forop = -,

I'=1f1 b= 1), f5®)] foroy = +. 26
The first return map R = R to I’ is given by
_ [P ifx el e -1),0),
R(x) = {fk-l-l(x) if x € (0, fk+l(b)], (27)
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in the case where oy = —, and

) ifx e [N - 1),0),

200 ifx e 0, FRB)l, 28

R(x) = {

in the case where oy = +. The renormalization of f, R f, is the first return map R rescaled
and normalized to the interval [—1, 1] and given by

1
Rf(x) = mR(II/IX) (2.9)
for every x € [—1, 1]\ {0}.

In terms of the branches f; and fr defined in (2.4), the first return map R is given by

ko o if kb -1 ,0),
ROx) = fi fro fu(x) ifxe[f*( ), 0) 2.10)
I o fr(x) if x € 0, f*'(b)],
in the case where oy = —, and
ko if k+1p — 1), 0),
RG6) = {fi L) ifrels k( ).0) e
fro fLo frx) ifx e (0, f5(D)],

in the case where oy = +.
From Definition 2.5, we have a natural operator which sends a renormalizable dissipa-
tive gap map f to its renormalization R f, which is also a dissipative gap map.

Definition 2.6. The renormalization operator is defined by
R:DkR - Dk
f = Rf

where R f(x) = (1/|I')R(|I'|x), and D’;‘z C DF is the subset of all renormalizable
dissipative gap maps in D*.

2.12)

Although a dissipative gap map is not defined at 0, we define the lateral orbits of O taking
O;.r = f/(07) = lim,_ ¢+ f/(x) and 0; = f1(07) =1lim,_ o~ f/(x). We first observe
that oj = fI=Y(b—1) and 0; = f7~1(b). The left and right future orbits of 0 are the
sequences (0;’) j>1 and (0;) j=1, which are always defined unless there exists j > 1 such

that either 07 =0or O; = 0. Using this notation for the interval I’ defined in (2.6), we
obtain

/ {[o;+1,o,;+2]=[ff(b—n,ffofze(b)] foroy ==, 2.13)

[0f5: O] = [f§ o fL(b = 1), fR(B)]  foroy = +.
See Figure 1 for an illustration of one example of a case with oy = —.
One can show inductively that for each gap mapping f there are n =n(f) €

{0, 1,2, ...} U{oo} and a sequence of nested intervals (/;)o<;<n+1, €ach one containing
0, such that:

(1) the first return map R; to [; is a dissipative gap map, forevery 0 <i < n + 1;
2 L= ]I,?," forevery 0 <i < n.
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FIGURE 1. I’: the domain of the first return map R in the case where 0 = —.

If n < oo, we say that f is finitely renormalizable and n-times renormalizable, and if
n = 0o, we say that f is infinitely renormalizable. Moreover, we call G; = Gg;, 0; =
OR;, and k; = kg,, for every 0 < i < n + 1. In particular, this defines the combinatorics
I' = T'(f) for f, given by the (finite or infinite) sequence

I' = ((0i, ki) 1<i<n+1- (2.14)

PROPOSITION 2.7. [17] Two infinitely renormalizable dissipative gap mappings that have
the same combinatorics are topologically conjugate.

For more details about this inductive definition and related properties, see paper [17].

2.3. Quasisymmetric rigidity. We know that two dissipative gap mappings with the
same irrational rotation number are Holder conjugate [17, Theorem A]; however, more
is true. Let « > 1 and let / denote an interval in R. Recall that a mapping 4 : I — [ is
k-quasisymmetric if for any x € I and a > 0 so that x — a and x + a are in /, we have

1 - |h(x +a) — h(x)| -
Kk~ |h(x) —h(x —a)| —

PROPOSITION 2.8. Suppose that f,g are two dissipative gap maps with the same
irrational rotation number, then f and g are quasisymmetrically conjugate.

Proof. Let ¢, ¥ denote f~', g~!, respectively. Then ¢ and ¥ can be extended to
expanding, degree-three, covering maps of the circle, which we will continue to denote
by ¢ and . These extended mappings are topologically conjugate, and so they are
quasisymmetrically conjugate. To see this, one may argue exactly as described in I1.2,
Exercise 2.3 of paper [12]. There exists a quasisymmetric mapping # of the circle so that
h o ¢(z) =y o h(z). Thus we have that h =1 o g=fo k1, and it is well known that the
inverse of a quasisymmetric mapping is quasisymmetric. [

2.4. Convergence of renormalization to affine maps. It is convenient for us to introduce
the following.
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Definition 2.9. The nonlinearity operator N : Diff* ([0, 1]) — C*~%([0, 1]) is defined by
D2
Ng :=Dlog Dgp = =2, (2.15)
Dy

and N is called the nonlinearity of ¢.

PROPOSITION 2.10. Suppose that f is an infinitely renormalizable dissipative gap map-
ping. Then for any ¢ > 0, there exists ng € N so that for all n > ng, there exists an affine

gap mapping gy so that |R" f — gnll3 < e.

Proof. Let us recall the formulas for the nonlinearity, NV, and Schwarzian derivative, S, of
iterates of f:

k—1
NG =) NFFenIDf (), (2.16)
i=0
and
k—1 ‘ _
SF Gy =) S @IDF ).
i=0

Since the derivative of f is bounded away from one, these quantities are bounded in terms
of Nf and Sf, respectively. But now, since | N f| is bounded, say by C; > 0, we have that
there exists Cp > 0 so that

Dka
ky —
INfI—‘ka <G
Since Df* — 0, as k tends to 0o, so does D? f¥.
Now,
D3fk 3
sk — _ 2(NFh2,
1t =g~ 3

and arguing in the same way, we have that D3 f¥ — 0 as k — oo. Thus by taking k large
enough, f¥ is arbitrarily close to its affine part in the C3-topology. O

3. Renormalization of decomposed mappings

In this section, we recall some background material on the nonlinearity operator and
decomposition spaces; for further details see paper [25, 29]. We then define the decom-
position space of dissipative gap mappings, and describe the action of renormalization on
this space.

3.1. The nonlinearity operator. In Definition 2.9, we introduced the nonlinearity opera-
tor. Let us explore some of its properties.

Remark 3.1. For convenience, we use the abbreviated notation

No = n,.
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LEMMA 3.2. The nonlinearity operator is a bijection.

Proof. The operator N has an explicit inverse given by
Iy elo £t g
el 10 gy

where f € C°([0, 1]). O

N7 =

By Lemma 3.2, we can identify Diffi([O, 17) with C'([0, 1]) using the nonlinearity
operator. It will be convenient to work with the norm induced on Diffi_([O, 1]) by this
identification. For ¢ € Diffi_([O, 1]), we define

lell = [IN¢llet = lIngller-

We say that a set T is a time set if it is at most countable and totally ordered. Given a
time set 7, let X denote the space of decomposed diffeomorphisms labeled by T

X = {g = (@w)ner; ¢n € Diff3. ([0, 1)) and ) [lgall < 00}.

neT

The norm of an element ¢ € X is defined by

llel =" gl

neT

We define the direct sum of time sets and decompositions as follows. Given two time
sets 77 and T», we define

Lo ={x1i:xel,i=12}

where (x,i) < (y,i)ifandonly if x < y, and (x,2) > (y, 1) forallx € T>, y € Ty. The
sum of two decompositions ¢, &) 2% where ¢, € Dr;, i = 1,2, is the composition of the
diffeomorphisms of ¢ " in the order of T7, followed by the diffeomorphisms of (2% in the
order of T, see paper [29] for further details.

To simplify the following discussion, assume that 7 = {1,2,3,...,n}or T = N. We
define the partial composition by

0,:X — Diff? ([0, 1])

3.1

¢ > Opp:=¢pogp_10 -+ 0¢] G

and the complete composition is given by the limit
Op = lim Ougp (3.2)

— n—00 —
which allow us to define the operator
0:X — Diff2 ([0, 1])

+ (3.3)

¢ > 0£:=nli)ngo Onp.

Since the space of decompositions is a Banach space [29, Proposition 7.5], to prove that the
limit in (3.2) exists, it is enough to prove that {O, ¢}, is a Cauchy sequence. This follows
from the Sandwich Lemma from paper [25], and (2.16).
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3.2. The decomposition space for dissipative gap mappings. It will be convenient to
introduce a different set of coordinates on the space of gap mappings. Let I = [a, b] C
[0, 1] and let 1; : [0, 1] — [a, b] be the affine map

lixy=Ilx+a=bB—-a)x+a

which has the inverse 11_1 : [a, b] — [0, 1] given by

x—a_x—a
[I|  b—a

1 x) =
We denote by ¥ the unit cube
=01 ={pb)eR|0<a B b<1},
by Diff3 ([0, 11)? the set
{(oL, r) | ©L, ¢r : [0, 1]—[O0, 1] are orientation preserving e - diffeomorphisms}
and by
D' = ¥ x Diff3 ([0, 1))%.
We define a change of coordinates from D’ to D by
O: D - D

(a,B,b, 01, 0r) > O, B, b, 9L, 9r) =: f GH
where f : [b — 1, b]\ {0} — [b — 1, b] is defined by
ro={hi v =
with
foilr=0b—-1,0 — Tor=I[a®—-1)+b,b]
x > L) = Ly, 0 pr 0 15} () G0
and
fR:lor =10, — Tor=1[b—1B8b+b—1]
x = fR@) =g, 0 9r o 17} (0). 37

Note that f; and fr are differentiable and strictly increasing functions such that 0 <
flx)y<v<l,forall x € [b—1,0],and 0 < fr(x) <v < 1, for all x € [0, b], where
v is a positive real number and less than 1 depending on f, that is, v = vy € (0, 1). The
functions ¢y and @g are called the diffeomorphic parts of f. See Figure 2.

Remark 3.3. Depending on the properties of a gap mapping that we wish to emphasize,
we can express a gap mapping f in either coordinate system: f = (fr, fgr,b) or f =
(o, B, b, o1, pr), and we will move freely between the two coordinate systems.

We define the decomposition space of dissipative gap maps, D, by

D=(0,1)>x X x X.
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b v
/
///
0
b= fr(b-1) fo
“To-0- /L/
IOV S ‘
S fr(b)
! ! IR
! ! 7 _ fr(b) —(b-1)
b—1 ¢ y B b—0
b—1 G 0 b

FIGURE 2. Branches f7, and fg, slopes @ and § of a gap map f.

The composition operator defined in (3.3) provides a way to project the space D to the
space (0, 1)* x Diff? ([0, 1]) x Diff2 ([0, 1]). More precisely

g : D — (0, 1)® x Diff% ([0, 1]) x Diff? ([0, 1])

— ~ 3.8)
@B, b9, 0 — E@B b, ) =hbOg, 0p)

3.3. Renormalization on D. It is known that the zoom operator ¢ :Cl([O, 1) —
C'([0, 1) is defined by

cro(x) = 1.} 090 15(x). (3.9)
Observe that the nonlinearity operator satisfies
N(si¢) =I|-Ngo ;.

Thus, we define the zoom operator Z; : c! ([0, 1]) — c! ([0, 1]) acting on a nonlinearity
by

Zmmx)=I|-nol;x), (3.10)
and if ¢ is a C diffeomorphism, we define Z;¢ by

Z; :Diffr ([0, 1) —  C"72([0, 1])
¢ = Ziex) = I ng o 17(x)

where ny, = No.
Let Dy denote the set of once renormalizable gap mappings. If f = (o, B, b, o1, ¢r) €
Dy, we let f =Rf = (a, 5, b, ¢r, pr) denote its renormalization. When oy = —, we
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have the following expressions for the coordinates of £

fEo fro fLOf, ) —0p,y

(=3}
I

01
g = ff o fROO; ) — Ok++1
012 G
= U ’
= — ,
10415 Okl

oL =gy, o fr With fL = f[ o fr o fi.
Pr = S10.07,, fR with fr = fF o f&.

We have similar expressions when o =+ which we omit.
To express i € D, we write i = (a, ,3, b, QL, @R), where &, ,3 and b are as in (3.11),
and Q . and @ o Are defined by

QL=§Uk+2iL®§Uk+1iLea”’gUziLeagUliR@gUoiL and

Gpr=5vint, ®suS, & snf, Bov S
where f and f are decompositions over a singleton time set (a decomposition
assomated to a s1ngle iterate of a mapplng) Uy = (Ok+1, 0), U; = fi(Upy) for 0 <i <
k+2,Vo=1(0,0,,,),and V; = f'(Vp) for0 <i <k + 1.

Let us comment briefly on this definition. The mappings ¢; and ¢ are the compositions
of f corresponding to the left and right branches of the renormalization f, pre-composed
and post-composed with affine mappings, so that they are expressed as mappings from the
unit interval onto itself. To define ¢ @, we take the direct sum of terms of the form ¢y, f
Each of these terms is the restrlctlon of (a single iterate of) f to Uj;, the ith interval in
the orbit of either (0, b) or (b — 1, 0), depending on whether oy = — or +, respectively,
pre-composed and post-composed by affine mappings, so that it is a mapping from the unit
interval onto itself. The direct sum of mappings in the decomposition space corresponds to
composition of mappings, so one immediately sees that after composing the decomposed
mappings we obtain f.

As we will use the structure of Banach space in Diffi_([O, 1]) given by the nonlinearity
operator, we need the expressions for the coordinates functions ¢;, and ¢g in terms of the
zoom operator. Note that the coordinates &, B, and b remain the same as in (3.11) since
they are not affected by the zoom operator. In order to obtain these coordinate functions,
we need to apply the zoom operator to each branch of the first return map R on the interval

[OkH, k_+2], in the case where oy = —, or on the interval ' = [O/:rz’ OI:H], in the
case where oy = +. Then, when oy = —, we obtain

= + 1 +

nL = Z[()Z'H,o]nﬁ = |Ok+1| “Ng © 1 0+ 0] |Ok+1| : N(fL frRo fL)o 1[0+ 0

~ — 1 —

R = Z[O»OEH]”];R = |0k+2| N, © 1[00, |0k+2| . N(fL fr) o 1[00, " (3.12)

The formulas when o = + are similar, and to save space we do not include them.
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Remark 3.4. We would like to stress that throughout the remainder of this paper, we will
make use of the Banach space structure on Diff}r([O, 1]) given by its identification with
C'([0, 11) via the nonlinearity operator.

4. The derivative of the renormalization operator

In this section, we will estimate the derivative of the renormalization operator acting on
an absorbing set under renormalization in the decomposition space of dissipative gap
mappings. A little care is needed since the operator is not differentiable.

Recall that Dy C C is the set of once renormalizable dissipative gap mappings. Then
R : Dy — C? is differentiable, and the derivative DRy : C* — C? extends to a bounded
operator DR ¢ : C* — (2, which depends continuously on f € C3. In paper [27], R is
called jump-out differentiable.

Ifi = (a, B, b, @, QR) € D,, the derivative ofEf, DEf, is a matrix of the form

DR = (Af Bf) @)

where
o A;:R}—R3,
° Bf:XxX—>R3,
Cr:R3— X x X,

e Df:XxX—>XxX.
We es?imate Ay in Lemma 4.6, By in Lemma 4.8, Cy in Lemma 4.9, and Dy in
Lemma 4.14.

In order to estimate the entries of matrices Ay, By, Cr, and Dy, we will make use of
the partial derivative operator 9. The main properties of 3 are presented in the next lemma.

LEMMA 4.1. [29, Lemma 9.4] The following equations hold whenever they make sense:

A(f o )(x) = f (g(x) + f'(g(x))dg(x), (4.2)
A =Y DI IS (), 4.3)
i=0

_ Af (f 1))
A Hx) = — 2L 2, 4.4
FH0 = =T (4.4)
A(f - @)(x) = f (N)g(x) + f(x)dg(x), (4.5)

a - ad
9 )0 = @8 fz(x) g(x) @6

(g(x))

From now on, we will make use of the notation

gx) <y

to mean that there exists a positive constant K < 0o not depending on g such that K ~!y <
g(x) < Ky, for all x in the domain of g.
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Recall that the inverse of the nonlinearity operator N : Diffi([o, 1) — C([0, 1]) is
given by

f(;c elo N0t g

_ 4.7
fol elo 10t g @7

9(x) = gy(x) = N"In(x) =

where 1 € C'([0, 1)).

LEMMA 4.2. Let x € [0, 1]. The evaluation operator E : Diff2 ([0, 1]) = C°([0, 1]) — R
E:n— o)

is differentiable with derivative d¢(x)/0n : (o, 1) > R given by

o, (B LG i QLG ook

5 (4.8)
fg elo nds fol elo nds
There exists g9 > 0 so that for all ¢ € (0, &p), if ||D2(p||co < &, we have that
. dp(x) .
3 min{p(x), I —px)} < o < 2min{p(x), 1 — @(x)}. (4.9)

Proof. In order to prove that the evaluation operator E is (Fréchet) differentiable and
obtain (4.8), we just need to use the Gateaux variation to look for a candidate T for its
derivative, that is,

d
T(n)An ZEE(TI-HAﬂ)lt:o- (4.10)

Since this calculation is not difficult, we have left it to the reader. Now we will prove (4.9).
Using techniques of integration, we obtain

/x |:/‘Y Ar)]ef()s Tds = (/X An) ./x elongs _/x |:A17'/S elo ":|ds. 4.11)
0 0 0 0 0 0

From (4.11), (4.8), and (4.7), and after some manipulations, we obtain

a X
‘ W)(A )'—w(x) f Ay ds — 9(x) - / A go(s)ds+/ A1 g(s) ds.
4.12)
From the definition of the norm
3¢(X)(A )' 8<g()€)
\Anll 1 n

we can substitute An = 1 into (4.12) and obtain

‘aw(x)

(An )‘—q?(X) (I—=x) =) - / w(S)dS+/O @(s) ds.
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Using the fact that for deep renormalizations, the map ¢ is close to identity, that is, [|¢(x) —
x|l 0 is small, we get

‘aw(x)
an

1 X
(An)‘ =x-(1 —x)—x-f sds—i—/ s ds
0 0
Z . (1-x @.13)
= — - —X). .

2

Since
x
Tij4(x) < 5(1 —x) < Tr(x)

for all x € [0, 1], where T.(x) is the tent map family 7, : [0, 1] — [0, 1], defined by

cx for x € [0, 1/2],

T.(x) = {_Cx +c¢ forx e (1/2,1].

The result follows. O

COROLLARY 4.3. [27, Corollary 8.17] Let ¥+, ¢~ € Diffﬁ_([O, 1]) and x € [0, 1]. The
evaluation operator
EV+V¥™ . Diff2 ([0, 1]) = C°(0,1]) — R
n = BV ) =9t og o)
is differentiable with derivative d(y " o ppo Y (x))/on: o, 1) - R given by

APt oy oy (x) 0y (¥~ (x))
an an

(4.14)

(An) = Dy (g 0 ¥~ (x)) - (An). (4.15)

The next result follows from a straightforward calculation, and its proof is left to the
reader.

LEMMA 4.4. The branches f and fr of f defined in (3.5) are differentiable and their
partial derivatives are given by

0 —b+1 0
%(x) —(1-b)- [w(u> - 1], ULy =,

1—b p
ofr, _ x—b+1 ox x—b+1
E(x)_l—i-a{l—(p[‘( T—% )}—i_l—bD(pL(—l—b >,

9 dor (1L () 5

ey =m0y, (4.16)
oL L g

UR (v o, YR poel

30 ® =0 3 (x)—b¢R<b),

ofr, . X Bx X

%(x) =1+8- §0R<Z> — 7D¢R<Z)’

ofR fr dgr(l 170,1R (x)

—x)=0, —() =I|Torl-
anL Ing onr

Furthermore, all these partial derivatives are bounded.
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Let f = (fL, fr. b) € D be a renormalizable dissipative gap map. The boundaries of
the the interval I’ = [OZ'H, 0y ,] for oy = —, and I = [0,'{:2, 0] for oy = +, can be
interpreted as evaluation operators, that is,

E:M - R

(o, B, b, 0oL, pr) +> 0}# 4.17)

where j € {k 4+ 1, k + 2} depending on the sign of f. For convenience, we will call OjF
as boundary operators. The next result gives us some properties about the boundary
operators.

LEMMA 4.5. The boundary operators OT are differentiable and the partial derivatives
80?/8* are bounded, where * € {«, 8,b,np, nr} and j € {k + 1, k + 2}, depending on
the sign of f.

Proof. Consider the boundary operators 0, , and OIJ{H, which are explicitly given by
0f,, =ffb=1 and O, = ff o fr(b),
whenoy = —, and where fL = 1, o ¢ o IZ)IL and fr = Iy z © @R © II_OIR.Using 4.3)

and taking * € {«, B, b, nL, nr} we get

k—1
0 d =i, pi ofL , i
8—*(0,;:1) = a—*(ff(b — 1) =§ D (i b - 1)) - S UL =1, @18)
and
9 9 - o o
5, O = a—*(ff o fr(b)) = ; DffTIT o fr(B)) - =5 1o fr®)
0
+Dﬁohw»§§@. (4.19)

Using the fact that 0 < f/(x) <v < I,forallx € [b — 1, b] \ {0}, and Lemma 4.4, we get
that 9/9x(0;,,) and 9/ 8*(0,1;1) are bounded. With similar arguments and reasoning, we
prove that the other boundary operators have bounded partial derivatives. O

4.1. The Ay matrix.

96 9@ I&
da 9B ob
A _ |28 0B 0B (4.20)
L7 % 38 b | '
ab ab b
da 9B ob

All the entries of matrix Ay can be calculated explicitly by using Lemma 4.1. In order
to clarify the calculations, we will compute some of them in the next lemma.
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LEMMA 4.6. Leti = (a, B, b, P QL) € Dy. The map

0, 1)% 3 (a, B, b) (@, B, b) € (0, 1) (4.21)

is differentiable. Furthermore, for any ¢ > 0, K > 0if g € Dy, is infinitely renormalizable,
there exists no € N, so that ifn > nopand f = R"g, then the partial derivatives |(0/0a)a/,
1(8/3B)al, |(d/ab)al, |(d/da)p], |(8/9B)B|, and |(3/db)B| are all bounded from above by
&, and the partial derivatives |(8/8ot)l;|, |(8/8/3)l;| and |(8/8b)l;| are bounded from below
by K. In particular, |(8/8b)l5| = 1/|I'|. (See §3.3 for the definition of I'.)

Proof. We will prove this lemma in the case where oy = —. The case oy = + is similar
and we will leave it to the reader. From (3.11) we obtain the partial derivatives

d . 1 ad a
B T Of 1+ 5-(fL o fr o fLOf)) = Of,y - 5-(0p )
ad
- [fL o fro fL(OZ_Jr]) k+2] ( k+1)}
d = 1 _ ad
8_*/3 = (0];_2)2 : k+2 (fL fR(0k+2)) k+2 *(O;{:l), (4.22)

— [ff o frO ) — O 1 *(Ok+2)}
L N i(f" o fr(b)) +|I'I™! -5-3(#‘(1)— 1)
9% 0% L R 0% L

where * € {a, B, b}. Let us start to deal with the first line of A, that is, with the partial

derivatives
%
RES
where * € {«, 8, b}. Taking * = o, we obtain
J . 1 4 J
Py =m ) { k+1° (fL Jro fL(Ok+l)) =0 8_a(0k+2)
—[ffofrofL (0,;:0 — 0,1 - 5(0;1)}. (4.23)

From (4.2) and using the fact that fg does not depend on «, we have
9 d +
%(fL fRofL(Ok_H)) = %(fL)OfROfL(Ok_H)
D(fk o 9 0 4.24
+ D(ff o fr) o fLOf ) 5o (FLOF))  (@24)
Since OZH = fL (b — 1), we can apply (4.3) and get

0 d 1 t fL
SO )= (b= D)= ZD L =Dy S (fr b = 1),

(4.25)
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Since 0, = f, f o fr(b) by applying the mean value theorem to the difference
fFofro fL(O,:FH) — 0;;,» We obtain a point § € (fL(O,jH), b) such that

flofro fLOf, ) =0y = ffofrofLOf, ) — ff o fr(b)
= D(ff o fR)®) - [fL(OF ) — bl. (4.26)

Since b = fL (07), by applying the mean value theorem once more, we obtain another
point { € (0, 0) such that

fL(Ok_H —-b= fL(Ok+1 fL(O )= DfL(;) 0k+1 (4.27)

Substituting (4.27), (4.26), and (4.24) into (4.23), and after some manipulations, we get

k+1°

25 ! Dy O )= = (F5 o fr(b)
2t = (0k+1)'{a°‘ fr) o fro fLO, ~ e f1) o fr

+ d +
+ DU o fr) 0 fLO) - 5= (fLOf,))

d
—[D(ff o fR)E) - DfL()]- a(om}. (4.28)
By (4.3), we obtain
d d
S (D) o fro fLO ) = 5 (fD) o fr(b)

—ZD“’ fiH o fro fLOF)) - f(fL o fro fLOF, )

—ZD ST o fR(B)) - ﬂ(fL fR(D)). (4.29)

L

From Lemma 4.4, we know that (3f /da)(x) is bounded, then putting

(fL

0<i<k

C1 = max H—(fL fr o fL(0]
we obtain

0
‘—(m o fro fL(Of, ) — a(ff) o be)‘
k—1
<C -y |D
i=0

Applying the mean value theorem twice, we obtain a point &; € (f} i+, fro fL (O,:rl),
f1T o fr(b)), and a point 6; € (fL (0], ), b) such that

DY o fro fLOF ) = DA OfR(b))‘~ (4.30)

IDFE T o fro fLOF ) — DA o fr(0))]
= D7 f T EDL D o fRIED] - IDFLE) - 1041 (4.31)
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From this we obtain

d
’—(m o fro fLOf,) — £<f£> o fR(b)’

k—1

L0 D IR FTTEDL - IDCT o RO - IDFL())

i=0

1108 IDFL@)] - Z|02 L)

i=0
- IDf} o fr o frRO)|-IDfL o frR(O)| - IDfR(O). (4.32)

For the other difference in (4.28), we start by observing that (d/da)( fL(Ok 1)
and (9/ Ba)(Ok 1) are either sunultaneously positive or negative. Furthermore, from
Lemma 4.5, we have that (d/ 8a)(0k +1) is bounded, and arguing similarly, we have that
a/da(fr (Ok " 1)) is also bounded. Thus, there exists a constant C, > 0 such that

D(ff o fr) o fLOf - (fL(Ok+1 — [D(ff o fR)(E) - DfL(O)]- (Ok+1)
< Cy-|D(ff o fr) o fL<ok+1 — D(ff o fR)(®)]
< Co ID*(ff o fRYW| - DL - 0] (4.33)
where w € (fL (O +1)» &) is a point given by the mean value theorem.

Substituting (4.32) and (4.33) into (4.28), we obtain

8a

& < Cr- DL - Z|D2 L TITUEDI - IDSL 0 fr o fr(G)]

i=0
- IDfL o frRO)] - IDfRO)] + C2 - ID>(ff o fRIW| - IDFLQ)].  (4.34)

Since the first and second derivatives of f go to zero when the level of renormalization
goes to infinity, we conclude that |(3/da)x| —> 0 when the level of renormalization goes
to infinity. With same arguments and reasoning, we can prove that |(d/98)a/|, [(3/0b)&|,
|(8/8a),3|, |(8/8ﬂ)ﬁ|, and |(8/8b),5| all tend to zero as the level of renormalization tends
to infinity.

Now we will prove that |815/ ab| is big. From (4.22), we have

_ 0 _
{Ok+2 ab( ]j+1) O]j+1 b(0k+2)}
o { G 3 (Ok”)}

{%(f NCESHE ﬁ(f fR(b))} (4.35)

'l

which is big since the size of I’ goes to O when the level of renormalization is deeper,
and from Lemma 4.4 we get that (3f./9b)(ff ' o fr(b)) and (3f/9b)(ff~" (b — 1))
are both greater than a positive constant ¢ > 1/3. With the same arguments, we prove that
|b/da| and |0b /0| are big. O
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Remark 4.7. We note that all the calculations used to get (d&/da)(x) in the above proof
of Lemma 4.6 we can use to get the others partial derivatives (da/98)(x), (d¢&/9b)(x),
da/ong, and (d&/9ng)(x), just observing that in each case the constants will depend on
the specific partial derivative we are calculating, that is, in the calculation of (d¢&/dnr)(x)
the constants C; and C, will depend on df7, /97y .

4.2. The By matrix.

aa  da

anrL  9ng

a8 9B
By = LA ) (4.36)
= onL  Ong

ab  db

onL  Ong

LEMMA 4.8. Let f € Dy. The maps

C'([0, 11) 3 nr + (@, B, b) € (0, 1),

| o ; (4.37)
C([0,1]D) > ngr — (@, B,b) € (0, 1)

are differentiable. Moreover, for any & >0, if g€ D is infinitely renormaliz-
able, and f =R"g, then there exists ngo € N so that for n > ng, we have that

|d@/dnLl, |da/dng|, 19B/dnLl, |0B/dnr| <&, |8b/dng| =0, and |db/dnL| =< b/|I'|,
where 1' is as defined in §3.3.

Proof. From (3.11), the expressions of the partial derivatives of &, 3, and b are given by

0 . 1 9
P (O )2 { +1 (fL fro fL(0k+1 k+1 : £(0k+2)
d
= [ff o fro fLOf) = Ofp] -0 k+1>}
0 ~ 1 _ 0 _ _ 0
5:3 = W : {Ok+2 : 8_*(f£ ° fR(02) = Oy 8_*(Olj+1) (4.38)

a
- Ut e FrO) = 0f) 500 |

aa—*é = =b-1r" %(ff o frR®) + 117" b 88—*(f£(b - 1)
where x € {nr, nr}. With similar arguments used in the proof of Lemma 4.6, we can prove
that
da da Ip  Ip

are as small as we want.
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Now let us estimate

0 -~ 0 -~
—b and —5>b.
anL ong

Observe that at deep levels of renormalization, the diffeomorphic parts @7 and ¢g are very
close to the identity function, so we can assume that

pr(x) =x +o(e), @r(x)=x+o(e)

where € > 0 is arbitrarily small. With some manipulations, we get from (4.38)

a - 1 _ J
a_b | |2 {Ok+2 L (Ok+1) k+1 L 7 Op) } (4.39)
Let us analyze each term inside the braces separately. Since

O = fib—1) = fu(f; "' (b — 1) and fr = 1z, opr o 1}

10 L’
we obtain

a

oty = e —
877L(Ok+1)_anL(fL(fL b 1)))

= Dlgy, o(pr ol o ff7 b =1)- —(goLol,OL<f NCES))

10L
= |To.|-minfgr o 13 (FF 0= 1), 1= g 0 17, (FF7 0 = 1)
= [To.o|-min{l! (FF7 60— ), 1= 1L (' b — D))

= Torl- (=131 (fE7 o = D). (4.40)

By using analogous arguments, we get

a

SR e
%(Ok-ﬂ) = o (fL(fy (fr(D))))

=< |ToLl- IOL(f H(fr®))). (4.41)

Substituting (4.41) and (4.40) into (4.39), we get

0 - |Tosl .
o= |I°|L2 {0 (1 = 1 (Ff 7 0 = D=0, - (1 = 1, (77 (Fr®)))
[To,L — + |To,L I ot

= W 00 = O + |1,’|2 U [OL(f "(fr(®))

_Tol

|I/|2 0/:+2 IOL(f (b —1)). 4.42)
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Since the size of the renormalization interval I’ goes to zero when the level of renormal-
ization goes to infinity, we can assume that b — 0, , < b, and then we have

O b ol

0311 =0— £ (fr®)) = = ; (4.43)
o Df () " Dfile) | To..|
where we use the assumption that
=1 17 T T
fL=lg, oL o IOL DfL=| O’Ll-Dq)LxI 0,L|‘ (4.44)
@1, ~identity function [o.L| 1o, |
By using the approximation (4.44), we have
b—0; o]
07 1=0—fF1o-—1=—TH op-0f - : (4.45)
¢ L DfL(c2) %) 7y,

Using (4.45), (4.44), and the definition of the affine map 1;)1L by (4.42), we obtain

9 . —b Of ., -0
S S8 T o) (4.46)

an. 1| 11’2
Since I’ = [0]'(:1, 044l and [I'| <a-B-b for all k> 1, we can conclude that
(0,1 - 03,»)/II'* is bounded and thus [(3/dn.)b| < —b/|I'|. For the derivative of b

with respect to nr, we start by noting that Ok = fL (b — 1) does not depend on ng.
Hence, with similar arguments used to get (4.39), we obtain

i[} — L doT (0 ) — or . i(o— )
377R - |1/|2 k+2 " a k+1 k+1 8 k+2
O - Dff o fr(b)- —(f (b)). (4.47)
TR R N '

Since fr=17,, opro II_OIR and the point II_O]R(b) is always fixed by any ¢r €
Diff3 [0, 1], we obtain

d
G @R 0 1, (6 =0
and then
T(fR(b» = Dlg, 0 (pro 1, () T(w o1l () =0
which implies in
0 -~

—b=0

g
as desired. O]
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4.3. The Cy matrix.
i L i

da 9 b
Cr=1 .. N B (4.48)
da 9 b

LEMMA 4.9. Let f € Dy. The maps

0,1)* 3 (o, B, b) = i, € C'([0, 1]),

X o (4.49)
0,17 3 (a, B,b) = nr € C ([0, 1])

are differentiable and the partial derivatives are bounded. Furthermore, for any ¢ > 0, if
8 € D, is an infinitely renormalizable mapping, there exists no € N so that if n > no and
/= R”g, we have that 1071, /9p| and |37)r/0B| < &, when oy = —, and when oy = +
we have that |01 /da| and |9nR /0a| < &.

We will require some preliminary results before proving this lemma. For the next
calculations we deal only with the case oy = —, since case oy = + is analogous. From
(3.12), the partial derivatives of 77, with respect to «, 8, and b are given by

i

Ja =_( k+1 nfL)
a a a
= ——Zg0m) 5 (ok+1>+ — g ) g ) 40
k+1
L 9
o~ ag‘Gor,oni)
-z : 0 0 Zy 0 4.51
—W( (0f,,01"7,) ﬁ(k+1)+ "fL( o o) g 1R), (45D
a0
b = ap Aok o)

0 0 0
= ——Zr o17) 5 O+ —Zpor o) () (452)
301:;1 0 01 fL 7 g k1 377]?L 0g 1 OV fL7 " gp ™oL
We have similar expressions for the partial derivatives of 7z with respect to «, 8, and b;
however, we omit them at this point.
In order to prove that all the six entries of the C y matrix are bounded, we need to analyze
the terms

0 9
—(Z ), —(Z . 2oty Lo
aozrﬂ( (0f,,.0"7,) 377f'L( ot o) 52 OG0 5-07)

with * € {a, 8, b} for 77, and the corresponding ones for 77g. This analysis will be done in
the following lemmas.
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LEMMA 4.10. [27, Lemma 8.20] Let ¢ € Difff_([O, 11). The zoom curve Z : [0, 112 5
(a,b) = Zigpe € Diffﬁ_([O, 1]) is differentiable with partial derivatives given by

aZ
D — (b — a)(1 = x)Dn((b — a)x +a) — n((b — a)x +a),
da
(4.53)
aZ[a,b](p
= (b —a)xDn((b — a)x + a) + n((b — a)x + a).
The norms are bounded by
0Z 1z
' CEI L L AT (4.54)
da 2 ab 2
Furthermore, by considering a fixed interval I C [0, 1], the zoom operator
.l 1
Zp: C([0,1)) — C'([0,1]) (4.55)

© = Zjo,

where Zj¢(x) is defined in (3.10), is differentiable with respect to n and its derivative is
given by

0
a—(thp)(Ag) =|I]-Agoly,
2
and its norm is given by

[l -
3 Z9)| = 111

Since the nonlinearity of affine maps is zero, it is not difficult to check that the

nonlinearity of the branches fr = g, o ¢ o 1;)1L and fr =lg, 0o@r o IZ)IR are
1 -1
NfLZ—-N(pLOII s
[ o, 0.L
1’ (4.56)
Nfp = —— N 17,
fR |IO,R| ¥R © Ior

Hence, we note that N f;, depends only on b and ¢;,, while N fr depends only on b and ¢g.
Thus, we can derive N f; with respect to b and ¢, and we can derive N fr with respect to
b and ¢g. This is treated in the next result.

LEMMA 4.11. Let f € Dy and let g be a C' function. If the partial derivatives of g
with respect to «, B and b are bounded, then whenever the expressions make sense,
the compositions N f1 o g(x) and Nfr o g(x) are differentiable, and the corresponding
partial derivatives are bounded.

Proof. From (4.56) and Lemma 4.1, we get

9 —(8/8b)|lo.L| _
gp ML e sl == = - Nop o 15} o g()
- 3
it PNeRe Ly, © 800 5(1101 o g(x)). 4.57)
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For Nfr o g(x), we have a similar expression for its derivative with respect to b just
changing Ip 1, by Ip g and @1 by @g. The other partial derivatives are

) P
B—[NfL o0 g(x)] = DNfL o g(x) - 8—g(X),
* * (4.58)

0 0
B_[NfR 0g(x)] = DNfgog(x)  —gx),
* 0%

where * € {«, 8}. Since our gap mappings f = (fr, fr, b) have Schwarzian derivative
Sf and nonlinearity N f bounded, by the formula of the Schwarzian derivative

Sf = D(Nf) — SJ(Nf)?,

we obtain that the derivative of the nonlinearity D (N f) is bounded. Using the hypothesis
that the function g has bounded partial derivatives, the result follows as desired. O

The next result is about a property that the nonlinearity operator satisfies and which we
will need. A proof for it can be found in paper [29].

LEMMA 4.12. The chain rule for the nonlinearity operator. If ¢, € D, then
N op)=Nyo¢p- -Dp+ No. (4.59)
An immediate consequence of Lemma 4.12 is the following result.

COROLLARY 4.13. The operators

(. B.b) > 07, = N(f1) = N(ff o fr o f1),

- . (4.60)
(@, B, D) = ngp = N(fr) = N(fy o fr),
are differentiable. Furthermore, their partial derivatives are bounded.
Proof. From Lemma 4.12, we obtain
nj, =N(fL)=N(ff o fro fu)
k
=Y NfL(ff "o fro fr) Dff "o fro fL-D(fr o fL)
i=1
+ Nfro fL-DfL+ Nft, (4.61)
N7, =N(R)=N(f o fr)
k
=) NfL(ff " o f&)- Dff " o fr- Dfr + Nfz.
i=1
Taking * € {«, B, b}, we have
9 L9 . .
S5 =D 5 INFL(f™ o fro fu) - Df™ o fr o fu D(fr o fu)]
B d d
+ B_[NfR o fL-DfLl+ —INfL] (4.62)
* 0%
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and
k

0 ; d
b Z INFLUFE™ o fo) - Df; ™ o fr - Dfal + - INfrl.  (4.63)

8*
i=1

Since fL—lTOLO(pLOIIOL fr = 1TORO(pR01[OR Tor =[a(®—-1)+b,b], Tor =
[b—1,Bb+b—1], Ip,, =[b—1,0],and Iy r = [0, b], we obtain

|To,L ITo.r|

Df; = Doy =a-Dgp; and Dfg = =B Dog.
[1o,L| [1o,r|

Hence, we get that
0 0
—DfL and —DfR
0% 0%

are bounded for x € {«, B, b}. From this and from Lemma 4.11, the result follows. O]

Proof of Lemma 4.9. Let us assume that o = —; the proof for o = + is similar. By the

last four results, we have that the partial derivatives of 7, and ng, with respect to o and

b, are bounded. It remains for us to show that |37, /98| and |07 /98| are arbitrarily small

at sufﬁciently deep renormalization levels. Notice that we have OI:L] = ff (b—1) and
Opn = fL o fr(b), then (80 +1)/9p =0and

30,15 ofr

2p = Dff o fr(D)- —ﬂ(b)—b Dff o fr(b),

which goes to zero when the renormalization level goes to infinity. O

4.4. The D f matrix.

onL  9ng

Dy = n n . (4.64)
CUL T
oL Ong

LEMMA 4.14. Let f € D,,. The maps

C' (0, 1" 5 (L, ng) + 7L € CL([0, 1]),
C'([0, 1" 3 (L, ng) + fig € C'([0, 1])

are differentiable. Furthermore, for any & > 0 and infinitely renormalizable g € D,
we have that there exists ng € N, so that if n > no and i = R"&, we have that each
|07 /0nj| < e, fori, j € {L, R}.

(4.65)

We will prove this lemma after some preparatory results.

LEMMA 4.15. Let
G: Diff\ ([0, 1)) — C!([0, 1])

4.66
. — G (4-66)
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be a C' operator with bounded derivative. Let | € Dy. The operators

Hi, H> : DiffS ([0, 1)) — C!([0, 1),
. o {Hl(m) = NfL o G(nx), (4.67)
* Hy(ns) = Nfr o G(11x),

where x € {L, R}, are differentiable.

Proof. Using the partial derivative operator d, we obtain

d 0 d
3 [Hi(n)] = [NfLl o G(ne) + D(NfL) o G(n,) - [G ()]
M 0Ny 01
and
0 0 d
3 [Ha(ne)] = [Nfrl o G(ny) + D(Nfr) o G(ns) - [G(m)],
Nx 0N Ny
with » € {L, R}. O

LEMMA 4.16. The operator F : Diff3, ([0, 1) = C'([0, 1]) — C'([0, 1])
F:n = F(@) = Dgy(x)
is differentiable and its derivative is bounded.

Proof. Since the nonlinearity is a bijection, given a nonlinearity n € C' ([0, 1]), its
corresponding diffeomorphism is given explicitly by
fg elo 0t g
on(x) = W’
and the derivative of ¢, (x) is
e Jo nadr
Dy (x) = W-

Thus, the derivative of F can be calculated and is

9 elon L x r o s
—(Dson(x»An:ﬁ.[/ oh ”ds-/ An—/ [efon./ Ar/} ds}.
an (/o elo ds) 0 0 0 0

From this expression, it is possible to check and conclude that
d
an (Dgy(x))An

is bounded as we desire. O]

COROLLARY 4.17. Let

G : Difft ([0,1]) — C'([0, 1])

4.68
. — G (465)
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be a C' operator with bounded derivative. Let | € Dy. The operators

Hy, Hy : Diff3 ([0, 1) — C'([0, 1]),
. o {Hl (1) = DfL o G(n), (4.69)
* Hy(n,) = DfR o G(n4),

where x € {L, R}, are differentiable and their derivatives are bounded.

Now we can make the proof of Lemma 4.14.

Proof of Lemma 4.14. The proof will be done just for the case where oy = —. The
case where oy = + is analogous and we leave it to the reader. From (3.11), the partial
derivatives of 77, with respect to 1, and ng are given by

L D
one ~ ang C00 07
- Z ) ( )+ o — (Z ) a( ) (4.70)
= a07,, [0,1:01" 71 k1 0017 N :
and
L 9
o ong 00

d 0 d 0
=— 2) - — (0 —(Z ) —mz ), 4.71
3()]:_1 ( [Ok++1’0]nfl) UR( k+1) + 877fL ( [o]j“,omﬁ) IR (nfL) ( )

respectively. From Lemma 4.10, we know that

0

0841 ot i)
is bounded and
HL(Z of 0F =10 ,]—=0
on;, 10 ) k+1

when the level of renormalization tends to infinity. Hence, ||0/dn 7 (Z[O;r Lo fL)” is as
Y
small as we desire. From (4.40) (in the proof of Lemma 4.8), we have

ad
@@M =|Torl- (1 =1, (ff7 0= D)),

which is also as small as we desire. Since OZFH = ff(b — 1) does not depend on ¢g, we

have
= 0F) =0
Hence, in order to prove that
an an
% and %
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are tiny, we just need to prove that

|k+1| ‘ (ﬂfL) and |Ok+1| ‘ (n,L)

are tiny. Since 17, = N( f1) = N(fF o fr o fr) from (4.62), we obtain

k

9 9 —i —i
E(nﬁﬁz{ﬁwmﬁ‘ o fr o f)l- Dff "o fro fr-D(fro f1)

i=1

+ NfL(ff o fro f1) - —[Df "o fro fLl- D(fr o fL)

+ NfL(ff o fro fu)-Dff o fro fi- —[D(fRoan}

+—[NfR0fL] Dfy + Nfgo fr- z [Dfr]+ —INfL].

anL
(4.72)

Since our gap mappings f = (fr, fr, b) have bounded Schwarzian derivative Sf and
bounded nonlinearity N f, by the formula for the Schwarzian derivative of f

Sf = DINf) = 3(Nf)?,
we obtain that D(N f1) and D(N fg) are bounded. As

fL=|IO,L| N(pLOIIOL and NfR=ﬁ-N<pR01,—O}R
we have
N N P AL ol o 17
[To.L] On« AT oL’
and
[ Jr] |1 |~8n*[N¢R] ,0R= |I()1,R| [77(,0R]°110R

where x € {L, R} and, at this point, we are calling n, = n,, for sake of simplicity. As

Tt Tt
[To,L| Dp, and Dfg = ITo.r|
[1o,L | [1o,r|

Dfy = oL,

we obtain that the product
[NfL(ff ™ o fr o f)]- D(fr o fL)
is bounded. From Corollary 4.17, we obtain that all the terms

0 . 0 0
2D o fro fl. —I[D(fr o fu)] and —[Df.]
onr anL anL

https://doi.org/10.1017/etds.2021.88 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.88

3098 T. Clark and M. Gouveia
are also bounded. From Lemma 4.4, we obtain that
i (fr)
— L
anL
is bounded. Furthermore, we know that
0
0] - =—I[NfL] — 0
k+1 anL

when the level of renormalization tends to infinity. Hence, using Lemma 4.4, Lemma 4.15,
Lemma 4.16, and Corollary 4.17, we conclude that

el
—z)

10,1 -
k+1 87)L

is tiny. Analogously, we obtain that

07, 1 |-
S . i

is also tiny, which completes the proof of Lemma 4.14, as desired. O

5. Manifold structure of the conjugacy classes

5.1. Expanding and contracting directions of DR . Let f ; be the nth renormalization
of an infinitely renormalizable dissipative gap mapping in the decomposition space. In this
section, we will assume that o7, = —. The case when oy, = + is similar. For any & > 0,
there exists ng € N so that for n > ng, we have that

£ I3
£ I3
ab b
Ki Kb — — 0
DR, = 88!9 anr ,
—n nL
Ci ¢ 887 I3 £
R
_C2 C3 W & S_

where K; are large for i € {1, 2} and C; are bounded for j € {1, 2, 3}. We highlight the
partial derivatives that will be important in the following calculations. Let

K3 =03b/db, K4 =0db/dn;
M, =0n./3b, and M, = 97g/db.
PROPOSITION 5.1. For any § > 0, there exists ng € N, so that for all n > ng, we have the
following.
* TR fQ = E" @ E*, and the subspace E" is one-dimensional.

e Forany vectorv € E", we have that | DRgn ¢vIl = M |IvIl, where |\i] > 1/3.
e Foranyv € E®, we have that ”DEE”J‘V” < MV, where || < 8.

Proof. By taking n large, we can assume that € is arbitrarily small. To see that for ¢
sufficiently small the tangent space admits a hyperbolic splitting, it is enough to check
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that this holds for the matrix:

=

>

[\S}

i

>

I
cococoo

Calculating
N 0 0 0 0
0 A 0 0 0 AN—K; —K4 O
det | —K; —K» nA—K3z —K4 0| =2%det| —M, r 0
Cq 0 —M, A 0 —M> 0 A
Cy Cs — M, 0 N

=22((n — K322 + Kq(—=M 1))
=23 (O — K3)h + K4(—M)))

has zero as a root with multiplicity three, and the remaining roots are the zeros of the
quadratic polynomial 2> — K3 — K4M;, which are given by

K3 :E,/K32+4K4M1

2

We immediately see that (K3 + ,/ K32 + 4K4M1)/2 is much bigger than one, when K3 =
db/db is large.
Now, we show that
'K3 - \/K32 +4KiM,
2

\/Kg +4KiM; — K3
- 2

is small.
We have that

‘/K32+4K4M1 — K3 K3 KiM,
= — 1+4 —1]).
2 2 K3

By (4.35) and (4.46), we have that
/ /
Ka| _ b/l +C" _
Ks| — 1/3|11] —
where C, C’ are bounded. For deep renormalizations, we have that b is arbitrarily close
to zero, for otherwise 0 is contained in the gap (fgr(b), frL(b — 1)), which is close to
(b — 1, b) at deep renormalization levels.
Thus we have that

K3 KqM; K3 My + M
— 14+4 —1) < — 1+4Chb———1).
2(\/+ K2 )—2<\/+ K3 )

s
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For large K3, by L'Hopital’s rule, we have that this is approximately
My + M

M +M;
/1 +4cpMii

Finally by Corollary 4.13, we have that M + M5 is bounded. Hence for deep renormaliza-

Cbh

tions,
K3 — K32 + 4K4M,
—
is close to zero. O

5.2. Cone field. Recall our expression of

DR Ar, By
as =N N .
=1, Cs Dy

We will omit the subscripts when it will not cause confusion.
For r € (0, 1), we define the cone

C, = {(Aa, AB, Ab) € (0,1)° : Aa + AB < rAb).

Note that we regard cones as being contained in the tangent space of the decomposition
space.

LEMMA 5.2. For any \o > 1 and every r € (0, 1), there exists ng, so that for all n > ny,
the cone C, is invariant and expansive, that is:

° Afn (Cy) C Cr/3,‘ and

o ifveC,, then |AL’V| > AoVl

Proof. For all n sufficiently large, we have that A is of the order

e I3 €
I3 I3 e
o K ab

1 2 %
Let Av = (A, AB, Ab) € Cy, and AV = (A&, AB, Ab) = Ay Av.
To see that the cone is invariant, we estimate

(A&, AB)]| _2e(lda+ AB+ MDD _

= r/3,
|AD| T K3|AD| =1/
provided that
14+r K3
< —.
r — 6e
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To see that the cone is expansive, we estimate

| AV |AD] K3|Ab| K3
> > = > o
|IAV| = |Aa + ABl+ |Ab| = (1+7)|Ab] — 1+r

when K3 is sufficiently large. O

LEMMA 5.3. Forall0 <r < 1/2 and every \ > 0, there exists § > 0 such that
Crs=1f €D |AnLl, |Ang| < 8Ab, Aa + AB < rAb)

is a cone field in the decomposition space. Moreover, if f € D is an infinitely renormaliz-
able dissipative gap mapping, then for all n sufficiently big:

o DR, (Crs) C Crpssand

o ifve g then [IDRv| > Nyl

Proof. Set Av = (Aa, AB, Ab, Anr, Angr), AX = (Aa, AB, Ab), and AP = (Ang,
Ang). As before, we mark the corresponding objects under renormalization with a tilde.
Then we have that

DR, (Av) = [A B] [AX} _ [AAX+ BACID} .

C D||A®| " |CAX + DAD

We let (AGQ, AB, Ab) = AAX.
First, we show that |Ab| is much bigger than Ab. By Lemma 5.2, we have that

. 5 - . AT n
[Ad]+ AP+ |AD| = ho(lAa| +[ABI + |AD]) and  |Aa|+[AB] < S]ADI,

where we can take Ao > 0 arbitrarily large. Thus we have that (1 + r/ 3)|Al;| > No|Ab]|,
and so, since r € (0, 1),

|AB| > 350|AD.

To see that |Ab| is much bigger than Ab, observe that |AD — AI;| <e(AnL + Ang) <
2¢8|Ab|. So

|Ab| = |Ab — Ab + Ab| > |Ab| — |Ab — AD|
3 o
> ZkoIAbI — 2ed|Ab| > TIAbI,

when L is large enough.
Now, we prove that the cone is invariant. First of all, we have

|AG + AB| < |AG + AB| + |BAD| < gml;l + 28| Ab|

IA

T\ AB| + 4e81Ab| < “1AB|+ SE8 AB < L |ab|
— 8 [— — — N
3 -3 o -2

for Ao large enough. Second, we have that

AD® = CAX + DAD,
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where the entries of C and D are bounded, say by K > 0, so that

|AnLl + [AnR| < K(|Aa| + |AB] + |Ab| + [Anc| + |Ang])
< K1 +r+8)|Ab|

K1 1) ~
z#mm

=
5 -
2

for )\ sufficiently large.
Now let us show that the cone is expansive.

IDR; Av| > |AAX + DA®| > |AAX| — |[BAD|
> holAX| — e8| AD|
> ho(|Ab| — |Aa + AB|) — £8| AD|
> %o(|Ab| — r|Ab|) — e8| Ab|

(ho(1 —1/2) — &8)|Ab|

v

N

> 20 |Ab),
3

for § small enough. We also have that

|AV] < |Aa| 4+ [AB] + |Ab| + |AnL| + |Anrl < (r + 1 + 8)|AD|.

Hence
2 - No/3 ’
Av " r+1+9$6
which we can take as large as we like. O

LEMMA 5.4. Let f €D be a renormalizable dissipative gap mapping. If Av =
DR f(Av) ¢ C, s, then there exists a constant K > 0 such that

(i) |AD| <K -|I'|-|Avl,

(i) 1AV = KlAvll,

where 1’ is the domain of the renormalization R ¢ before rescaling.

Proof. For convenience, in this proof we express f in new coordinates, f = (b, x), where
x = («, B, nL, nr). We use the same notation for a vector Av = (Ab, Ax), where Ax =
(Aa, AB, Anr, Ang). Since Av = DEf(Av) it is not difficult to check that

. ab ab

Ab=K; - Aa+ Ky - AB+ — -Ab+ — -n +0- Ang.
ab anr
Using Lemmas 4.6 and 4.8, we get
|AD| 1
—_— = —. 5.1
|AD] - |1]
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From the hypothesis AV = (Ab, A%) = DEf(Av) ¢ C, s we have

|Ab] < C - || Al (5.2)
for some constant C > 0. This inequality together with (5.1) imply in
|Ab| < C - |I'] - ||AV,

which proves statement (i). For statement (ii), we just observe that except for two entries
on the third line of matrix

all the others entries are bounded. Then we obtain
IAX] = O(lAvID. (5.3)
Since
1AV = [Ab| + || A%, |
from (5.2), we obtain
[AV] < C - [JAX]| + |Ax]|

and from (5.3), we are done. O

5.3. Conjugacy classes are C' manifolds. Let f € D be an infinitely renormalizable
gap mapping, regarded as an element of the decgmposition space. Let T C D be the
topological conjugacy class of f in D.

Observe that for M > 0 sufﬁ_ciently large and ¢ > O sufficiently small,

By = {(a, B, nL, mRr) : InLl, Inrl < M, B < &}

is an absorbing set for the renormalization operator acting on the decomposition space;
that is, for every infinitely renormalizable f € D, there exists M > 0 with the property
that for any ¢ > 0, there exists ng € N, so that for any forn > ng, R" f € By.

To conclude the proof of Theorem 1.1, we make use of the graph_transform. We refer
the reader to §2 of paper [27], for the proofs of some of the results in this section. Let

XO = {W € C(B7 [09 1]) : fOr all ps q € graph(w), q - p ¢ Cr,6}~

AC! curve v 10, 1] — Dis called almost horizontal if the tangent vector Ty, 5)y (§) €
C,s,forallé € (0, 1) withy(0) = (o, 8,0, nL, nr),and y (1) = (&, B, 1, n, nr). Notice
that for any almost horizontal curve y, and w € Xy, there is a unique point w¥ =y N
graph(w). For any p, g € y, we set £, (p, q) to be the length of the shortest curve in y
connecting p and q.

For wi, wy € Xp, let

do(wi, wa) = sup £, (w} , wh).
Y
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It is easy to see that dy is a complete metric on Xg. Let w € Xo, ¥ € By and let yy, be the
horizontal line at y. Then there exists a subcurve of yy, corresponding to a renormalization
window that is mapped to an almost horizontal curve y under renormalization.

We define the graph transform by

Tw(y) = R™H(Rw)).

By paper [17], we have that if ib = («, B, b, nL, ng) and ib, = (o, B, V', n, nR) are
two n-times renormalizable dissipative gap mappings with the same combinatorics, then
for every & € [b, D], we have that («, B, &, nr, ng) is n-times renormalizable with the
same combinatorics. It follows from the invariance of the cone field that Tw € Xy and
by Lemma 5.3, we have that T is a contraction. From these considerations, we have that
T has a fixed point w* and that the graph of w* is contained in {(«, 8, b, n, ng) € D:

(o, B, L, nR) € Bo}.

PROPOSITION 5.5. We have that T; N By is a C' manifold.

To prove this proposition, we use the graph transform acting to plane fields to show that
T N By has a continuous field of tangent planes.

A plane is a codimension-one subspace of R x By which is the graph of a functional
b* € Dual(Byp). By identifying the plane with the corresponding functional b*, we have
that Dual(By) is the space of planes and carries a corresponding complete distance dgo.

Let us fix a constant ¥ > 0 to be chosen later.

Definition 5.6. Let p = f € graph(w*). A plane V), is admissible for p if it has the
following properties:

(1) if (A, AB, Ab, Anp, Ang) € Vp, then |AD| < xbl(Aa, AB, Anr, Ang)ll;

(2) V), depends continuously on p with respect to dgo.

The set of admissible planes for p is denoted by Dual , (By).

We let X; denote the space of all admissible plane fields. For clarity of exposition, we
will express f in new coordinates: f = (b, x), where x = («, B, 1L, ng). We use the same
notation for a vector Ay = (AD, A_x), where Ax = (Awa, AB, Anr, Angr), and although
V;f is a subspace of R x By, for the next result we abuse notation and denote the set
{p+vve V) also by V.

Let p = (b, x) € w* and define a distance on Dual p(Bo) as follows. For any two planes,
Vo, Vl’, € Dual,(Bp), let S denote the set of all straight lines y with direction in C, 5.
Provided that ¢ is small enough, y intersects V), at exactly one point, and likewise for V[’,.
Let Ag, = (Ab,, Axy,) =y NV, and Aq; = (AD,, Ax;,) =ynN V[/,. We define

(Vo V) |Ab), — Ab;,l
1, s = sup —; .
PP e min{lAgy |, [Ag) 1)

When it will not cause confusion, we will omit y from the notation. It is not hard to see
that dy j, is a complete metric. For V, V' e X1, we define

d(V, V') = sup dip(Vp, V).

pew*
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On an absorbing set for renormalization operator, we have that d; is metric and (X1, dy) is
a complete metric space. This follows just as in [27, Lemmas 2.29 and 2.30].
We define the graph transform Q : X| — X by

QVy = DEéli(VEi).

LEMMA 5.7. Admissible plane fields are invariant under Q. Moreover, Q is contraction
on the space (X1, dy).

Proof. Let us set p = f. To show invariance, assume that V) is an admissible plane
field, and take (Ab, Ax) € QV,,. Set (AD, A%) = DE[,(Ab, Ax) € VR(p)- By Lemma
5.4, we have that ||Ab|| < K|[I'|||Av]|, but now, since VR,) is an admissible plane field,
we have that K |I'|||Av|| < K{|I'|||Ax||, where K| = K{(K, r, 8). Furthermore, if QV,
is not continuous in p, then there exists a sequence p, — p such that QV,, does not
converge to QV,. But now, since QV,, and QV, are all codimension-one subspaces,
there exists Av € QV), such that Av is transverse to Q'V,,, for all n sufficiently large. Since
VR(p) is admissible, DRAv € Vg (p). On the other hand, we can express Av = A7 B Az
with Az € C, 5. By the invariance of the cone field, we have that AV = Ay’ @ Ay with
Ay € C,s. But now, AV is transverse to Vg, for all n sufficiently big, which contradicts
the admissibility of V,,. Hence we have that QV,, depends continuously on p.

To see that Q is a contraction, take two admissible plane fields V, V’, and line y € S.
Define Ag = (Ab, Ax) € V and Aq’ = (Ab’, Ax’) € V be as in the definition of d . Let
A = (Ab, A%) = DR ,Aq, and likewise for the objects marked with a prime. Observe

that by Lemma 5.4, we have that || Ag|| > (1/C1){|Ag||, and that |Ab| < Ca|I’||Ab|. So

|Ab — AD| i Ab—AD| ', Vi Vo )
1 — : ~ < = FA1R R(p)» .
min{||Aq]l, [|Aq'[]} min{[AP], [AF]} — 2" PRORE: TR(p)
Thus,
d\(QV, QV') < 3 (V, V). 0

Thus we have that there is an admissible plane field V*( f), which is an invariant plane
field under Q. N

Now we conclude the proof of the proposition. We will show that for each f €
graph(w*), V*(f) = T (graph(w")).

Let p € graph(w*) and take an almost horizontal curve y close enough to p such that
y Ngraph(w*) = q = {p + Ag = p + (Aa, AB, Ab, Anr, Ang)} and y NVi=q' =
{p+Aq =p+(Ad, AR/, AV, An}, Anl)}. We define B

) |AD — ADb/|
A = sup lim sup ——.
P vop [Av]

A straightforward calculation shows that at deep renormalization levels, we have that A <
1, cf. [27, Lemma 2.34].

Proof of Proposition 5.5. We show that at a deep level of renormalization, each point
J € graph(w*) has a tangent plane Trw* = V}’f. To get this result, it is enough to show
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graph(w*) - graph(w*)

FIGURE 3. Notation for the proof of Proposition 5.5.

that A = 0. We use the notation from the definition of A and we introduce the following
notation:

R(f) = (b, %),
R(y) Ngraph(w*) = G = R(q) = R(f) + AG = R(f) + (Ab, AX),
R() N Vi =2=R(f) + Az,

R(q) = = R(f) + AG = R(f) + (AF, AT,
z—q = (Ahy, Au),

G — 7= (Ah, Auy),

A§ = DR;(Aq)) + Ae,
DR (Aq) — Az = (Ahy, Auy).

For almost horizontal curves y such that y N graph(w*) is close enough to p, we get
|Ael = o(1Ag"]), (5.4)
and
[Auz — Aupll < [A€]. (5.5)

Since R has strong expansion on the b direction, and using the differentiability of R, we
get

1
|Ah1|+|Ah|zm-|Ab—Ab’|. (5.6)
As (Ahy, Aup) € V}" and V;f is an admissible plane, we get

|Aha| < 2xbl|Aus]. (5.7)
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Since ¢’ — g = (Ab' — Ab, Ax' — Ax) is a tangent vector to the curve vy, it is inside the
cone C, s, and then we get

|Ax" — Ax|| < |AD — Ab. (5.8)

As (Ah, Auy) is a tangent vector to the curve R Y (y), by the same reason as before, we
get N

Aurll < [Ah]. (5.9
By (5.7), (5.5), and (5.9), we have
|Ah| < |Ae| +|Aha| < |Ae| +2xb]| Aus]|
< |A€] +2xbll Auz — Auy|| + 2xb Aui |
< |A€| + 2xb|A€| + 2xb|Ah|.
Hence, when we are in a deep level of renormalization, we have
|Ah| < 2|A€]. (5.10)
Since
1Aq"] < 1Aql +1lg" — qll = |Agq] + |AX" = Ax|| + |Ab" — Ab],
from (5.4) and (5.8), we obtain
|Ae| = o(|Aq| + 2|Ab" — Ab|) = o(|Agq|(1 + 2A)).
Hence
|Ae| = o(|Ag]). (5.11)

From this and using Lemma 5.4, we have

Ab — A Cr-|I'|- (AR Ah Ah Ah
| | Coll QAR+ IARD (o (AL AR
|Av| |Av| |Av| |Av|
;o 1AV |Ahy] ;o |AR|
=C-|I'l— - ——+Ci-|I']|-
|[AvV|  |AY| |Av]|
<C2.|]’|.M+0(1)
for a constant C, > 0. Hence, we obtain
1- |A - /| 1
im sup —— < O(|I')A.
y—p [Av|

Since |1’| goes to zero when the level of renormalization goes to infinity, we conclude that
A =0, as desired. O

Thus we have proved that there is an absorbing set, By, for the renormalization operator
within which the topological conjugacy class of f is a C' manifold. It remains to prove
that it is globally C'.
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By [17, Lemma 5.1], each infinitely renormalizable gap mapping fo = (fr, fL, bo) can
be included in a family f;, for ¢ € (—&o, &9) of gap mappings, which is transverse to the
topological conjugacy class of fy. The construction of this family is given by varying the
b parameter in a small neighborhood about b(, and observing that the boundary points of
the principal gaps at each renormalization level are strictly increasing functions in b. Thus,
we have that the transversality of this family is preserved under renormalization. Let A f
denote a vector tangent to the family f; at f. We have the following.

LEMMA 5.8. Let ng € N be so that R"(f) € Bo. Then DR (Af) ¢ Trro pgraph(w®),
where w* = Tgno( sy N Bo.

Using this lemma, we can argue as in the proof of [10, Theorem 9.1] to conclude the
proof Theorem 1.1.

THEOREM 5.9. Ty C D* is a C' manifold.

Note that the application of the implicit function theorem in the proof is why we lose
one degree of differentiability.
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