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Abstract

The Moore-Penrose inverse of a general bordered matrix is found under various conditions. The
Moore-Penrose inverses obtained by Hall and Hartwig (1976) are shown to be special cases of
these more general results.

Subject classification (Amer. Math. Soc. (MOS) 1970): primary 15 A 09; secondary 15 A 21.

1. Introduction

In this paper we consider the general bordered matrix

A B
(1.1) M=
cC D

and find the Moore-Penrose inverse M+ of M under various conditions. These
conditions involve MMt and M+1-M being block diagonal, and the forms for Mt
obtained by Hall and Hartwig (1976) when D = 0 are special cases of the present
results. We again make use of some of the techniques given by Ben-Israel and
Greville (1974).

All matrices of this paper are over the complex field. If 4 is a complex matrix,
R(A) denotes the range of A, A* the conjugate transpose of 4, N(4) the null space
of 4 and Py, the orthogonal projection onto N(4). The Moore-Penrose inverse
At of A is the unique matrix X which satisfies the Penrose equations:

(1) AXA=4, (2) XAX=X, (3) (4X)* = AX, (4) (XA)* = XA.
467
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In general, if a matrix X satisfies equations (i), () and (k), then X is called an
(i,j, k)-inverse of 4. For properties of these various inverses the reader can see
Ben-Israel and Greville (1974).

2. Results

We first prove the following lemma.

LEMMA 2.1. Suppose that

A B
(i) R NR ={0} and (ii) R(BY)NR(D*) = {0}.
C D
Then

@.1) N(A)NN(C) = N(I- BB}) A\NN(({I— DD?) C).

PRrOOF. Letting B and D have m columns, condition (ii) is equivalent to
{R(B¥)NR(D¥)}* = C™ or N(B)+N(D)=C™
Using Lemma 2, Chapter 5, in Ben-Israel and Greville (1974), we then have
(P + Prpy) (Presy + Proy)T = Pry+ney = 1
Hence, condition (ii) implies that
(2.2) BPyp)(Pny+ Pyt = B.

Here and subsequently Py, where X is some expression, is to be interpreted as P
with subscript X.

Now, let xe N((I—BBt) A)YNN((I— DDt) C). Then Ax = BBt Ax, Cx = DD}
Cx, and from (2.2) it follows that

A B

[ :lx = [ :I(DT Cx+Pyp)(Presy+ P (BT 4— DT C) x).

C D

But then from condition (i) we have 4x =0 and Cx = 0, and so
N((I—BBt) A)NN((I— DDt) CYy= N(A)NN(C).

Clearly, the opposite inclusion is always the case, and (2.1) is now proved.
We now give one of the forms for M+.
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THEOREM 2.2. Under the assumptions that

A B
{i) R NR ={0} and (i) R(B*)NR(D*) = {0},
C D
the matrix

Yo l: QP+ Ot — BBY) AIf

HBt—KQ(P+ Q)t[(I—- BBY) Alt
[—DD1) Clt — g(P+ Q)[(I- DDY) CIt ]
Dt — HDt—K([(I—DD1) Clt — Q(P+ Q)T [(I- DDY) C1f)

is a (1,2, 4)-inverse for M, where

P = PN((I—BB")A)’ Q = PN((I—DDT)C)’ H = PN(D)(PN(B)+PN(D))T
and

K=DtC+H(BtA-D1C).

AL

If we further assume

then Y = M+.
PROOF. Since
(- BBt) At = ((I— BBt) AJt(I—- BBY)
and

[(/—DDt) Clt = [(/- DDY) CIt(I— DDY)
we have by direct multiplication
(/- DDt) Clt(I — DDt) C+ Q(P+ Q)1([(I— BBt) A]t
YM = x (I—BBY) A—[(I- DDt) Clt(I- DDY) C)
K—K ((1,1) position of YM)

0 }
DY D+ H(Bt B— Dt D)J

As in the proof of Theorem 6, Chapter 5, in Ben-Israel and Greville (1974), the
(1,1) and (2, 2) positions of YM become

I — Py (1- BB A)nNWI - DDHC) and I— Py gynnpys
respectively.
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Now, assuming conditions (i)—(ii) we have (2.1) from the lemma, and hence

(23) I_PN((I—BBf)A)nN((I—DDT)C) = I_PN(A)nN(C)'

It then follows that the (2, 1) position of YM is zero and that

24 YM = [1 ~Prcnone) ' 0 ]
0 I'—PN(B)AN(D)

Thus, MYM = M and (YM)* = YM.
As in the proof of the Theorem 6 in Ben-Israel and Greville (1974),

PN((I—-BB"')A)nN((I—DDT)C) Q(P+ Q)T = %PN((I—BB?)A)nN((I—DDf)C)
and

PN(B)nN(D) PN(D)(PN(B)+PN(D))T = %PN(B)AN(D)'

Using (2.3)+2.4) it can then be verified that YMY = Y.
Finally, using (2.2) we have by direct multiplication

MY = [BBT+(1 — BBY) AQ(P+ Q)t[(I— BBY) Alt
0

(I—-BBY) A[({— DDY) C]t —(/— BB}) AQ(P+ Q) [(/— DDY) C]T]
DDt +(I-DDt) C[(I—-DD%) ClIt '

We now assume condition (iii), from which it follows that
R(A*(I— BBH))NR(C*(I— DD1)) = {0}.
Hence, as in the proof of Lemma 2.1,
2.5) P+Q P+t =1,
and therefore (/— BBT) AQ(P+ Q)t = (I— BBt) A. Thus
MY = [BBT+(I—BBT)A[(I— BBY) At

0

0
DDt +(—DDY) C[(- DDT)C]T]

and (MY)* = MY. The proof of the theorem is now complete.

It can be seen from the proof of the theorem that we need only assume (2.1) in
order for Y to be a (1,2, 4)-inverse for M. And, under this assumption YM is block
diagonal. Consequently, from the results in Hall and Hartwig (1976) we have

A B
N(4)NN(C) = N((I- BBt) A\NN((I— DDY) C)=R<[ ])ﬂR<[ :D ={0}
C D

<> Mt M is block diagonal < the blocks in the (1, 3)-inverses of M are independent
of each other.
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From Lemma 2.1 the first implication goes both ways if we assume
R(B*)NR(D*) = {0}.

In the same way, the blocks in the (1, 4)-inverses for M are independent of each
other<> M M7 is block diagonal

A* C*
<R ([ :|>nR <[ ] = {0} = R(4*(I— BB}))NR(C*(I— DD?)) = {0}.
B* D*

If we assume R(B*)NR(D*) = {0}, the last implication goes both ways.
If D = 0 the conditions in Theorem 2.2 are the same as the conditions in Theorem
4.1 in Hall and Hartwig (1976). Furthermore, when D = 0,

Pywoy (Pnsy+ Pnpy))t Bt = (P + 1)t BY = 3(I+ Bt B) Bt = Bf,

and thus the matrix given in Theorem 4.1 in Hall and Hartwig is a special case of
the matrix given in Theorem 2.2. It is also possible to give generalizations of the
other forms in Hall and Hartwig.

In the particular case where R(B*)< N(D) we have

(P + Pryoy))t Pypy Bt = Bt
from (2.2) and hence
(Pny+ Pnpy))t Bt = BY.
But R(B*)< N(D) <> R(D*)< N(B) and so we also get
(Pnwy+Prnoyt DY = DY

In this case the matrix Y of Theorem 2.2 simplifies and we have the following
corollary.

COROLLARY 2.3. Under the assumptions that

A B
(i) R NR ={0} and (ii) R(B*)SN(D)
C D
the matrix

Y. - [ QP+ DU —BBY) AIf
' | Bt —(Dt C+ Bt 4) Q(P+ Q)f{(I - BBY) Al
[d—DDY) CIt — (P + Q) [/ — DD C1t ]
Dt—(Dt C+ Bt A)([(I- DDY) CIt — Q(P+ Q) [(I- DD1) Clt)
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is a (1,2,4)-inverse for M where P = Py _ppya and Q = Pyq—-ppyc)- If we

further assume
A* C*
(iii) R NR = {0},
B* D*
then Y, = MT.

When we replace the condition
R(B¥)NR(D*) = {0}
by the condition
R(A*)NR(C*) = {0},

we obtain an analogous theorem, which we state without proof.

THEOREM 2.4. Under the assumptions that

A B
() R NR ={0} and (ii) R(A*)NR(C*)= {0},
C D
the matrix

W= [HAT—KQ(P + O)t[(/—4471) Blt
Q(P+ Q) (- A41) Bl
Ct—HCY —K([(I~- CCY) DIt — Q(P+ Q)Fl(I— CCY) D]’r)]
[—CCt) DI — Q(P+ Q)T [(I— CCY) DIt

is a (1,2,4)-inverse for M, where

P= PN((I—-AAf)B)’ Q = PN((I—CCT)D), H = PN(C)(PN(A)'*'PN(C))T

and

K= CtD+H(At B—Ct D).

A* c*
(iii) R NR = {0}
B* D*
then W = M.

As in Theorem 2.2 we have in this case

A B
N(BY©WN(D) = N((I— AAT) B)INN({(I— CCt) D)= R <[ :I)nR <|: :D = {0}
C D

If we further assume
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A* C*
R <[ J)nR ({ ]) = {0)= R(B*(I— AAD))NR(D*(I~ CCY)) = {0},
B* D*

and these implications go both ways if we assume R(A*)NR(C*) = {0}.
In the particular case where R(4*)< N(C) we have the following simplification.

and

COROLLARY 2.5. Under the assumptions that

A B
@ R NR ={0} and (i) R(4*)=N(C)
C D
the matrix

W, = [AT—(CTD+AT B) Q(P+ Q)1[(I—AA%1) BIf
| =

O(P+ O)t[(I— 44%) Bt
Ct—(Ct D+ 4t B)([I—- CCY) DIf - Q(P+ DI - CCH) D]‘r)]
[(I—CCY) DIt — Q(P+ Q)T [(I—- CCt) DIY

is a (1,2,4)-inverse for M, where P = Py _4a1yp) and Q = Pyiy—ccryp)- If we

further assume
A* C*
(iii) R NR = {0},
B* D*
then W, = M.

We now combine the conditions of the above two theorems and obtain another
simple form for M+.

COROLLARY 2.6. Under the assumptions that
(i) R(ANR(C*) ={0}, (i) R(B¥)NR(D*) = {0}

oo

Mt = [Ql(Pl +Q)tI(/—BBY) A1t P\(P,+ Q1 [(I—-DDY) C]T:l
Q,(P;+ Q)1 [(I— 4471) Bt Py(P;+ @22)t[(I—- CCT) D]t

and -

where

P, = PN((I—BBY)A)a Q1 = PN((I-—DDT)C): P,= PN((I—AAf)B) and Qz = PN((I—CCf)D)'
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PRrROOF. It is easy to see that conditions (i)(ii) imply that

A* C*
R NR = {0},
B* D*
so that we have the conditions of both of the above theorems. Now, from (2.5) we

obtain

[(I—DDt) Cly - @1(Py + @)t [([— DDY) Clt
= (Pi+ Q) (P, + Q)TII—-DDY) Clt — Q,(Py + Q)F[(I— DDT) CIt
= Py(Py+ Q)t[(I— DD}) CI.

Similarly, (P, + @,)(P,+ @,)T = I and hence
(/- CCT) DIt — Q,(P, + Q,)t[(I— CCT) DIt = P,(P, + @,)t (/- CCY) DIt

Then, from the uniqueness of M, the result follows from the above theorems.
We will now present a form for M1 where we assume N(B)< N(D)—a condition

opposite to the condition R(B*)NR(D*) = {0}. We first establish the following
LemMma 2.7. Suppose that

T

(2.6) N(4)NN(C) = N((I— BBt) A)NN(C— DBt A).

PROOF. Let x € N(I— BBt) A)\N(C — DBt A). Then Ax = BBt Ax, Cx = DBt Ax,

and hence
A B
X = Bt Ax.
L)

But then from our assumption it follows that Ax = 0 and Cx = 0; thus
N((I— BBt) AYINN(C— DBt Ay= N(A)NN(C).

Clearly the opposite inclusion always holds and (2.6) is now proved.

THEOREM 2.8. Under the assumptions that

A B
@ R NR ={0} and (ii)) N(B)S N(D),
C D
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the matrix

X [[(1 — BBY) Al — P(P+ Q)([U~ BBY) A1t +(C— DBt A)t DBY) '

Bf— HBY — K([(I— BBt) Alt ~ P(P+ Q)t([(I— BB}) A}t
+(C—DBtA)t DBY))

P(P+ QY(C— DBt A)t
HD}—KP(P+ Q)1 (C— DB} A)f

is a (1,2,4)-inverse for M, where
P = Pyiu-88tyay @ = Pnic-pBtay H = Pyey(Pn)+Prnmy)t
and
K = Bt A+ H(Dt C— Bt A).

If we further assume

(iii) R(A*(J— BB))NR((C— DBt A)*) = {0}
and

(iv) (C— DBt A)(C— DBt A)t DBt = DBY,
then X = Mt.

Proor. The details of the proof are similar to the proofs of the above two
theorems. Since [(/— BBt) A]t = [(I— BBt) A11(I— B Bt)and DB} B = D assuming
condition (ii), we have by direct multiplication

[(/— BBt) AIt(I— BBt) A+ P(P+ Q)}(C— DBT A)t
XM = (C— DBt A)—[(I- BBt) Alt(I- BBt) A)
h K- K ((1,1) position of XM)

0
Bt B+ H(Dt D— B} B)j]'
As in the proof of Theorem 2.2, the (1, 1) and (2, 2) positions of XM become

I— Py -satyayancc-pBray 2a0d  I—Pygy nep)
respectively.
Now, assuming condition (i) we have (2.6) from the lemma, and hence

(27) I-PN((I—BBf)A)nN(C—DB?A) = I—PN(A)nN(C)'
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It then follows that the (2, 1) position of XM is zero and that

I—PN(A)nN(C) 0
(2.8) XM = [ .
’ 0 I-P N(B)nN(D)

Thus, MXM = M and (XM)* = XM.
As in the proof of Theorem 2.2,

PN((I—BB?)A)(\N(C-DBTA) P(P+ Q)T = %PN((I—BBT)A)I\N(C—DB?A)
and
P N(B)AN(D) P N(B)(P N(B)+P N(D))T =1P N(B)nN(D)"

Using (2.7-2.8) it can then be verified that XMX = X.
Finally, using condition (ii) we have by direct multiplication

MY < [( BBt +(I—- BBt) A[(I— BBY) Alt ’

C— DBt A)[(I- BBY) Alt —(C—- DBt A) P(P+ Q)t
x ([(I— BBY) A]t +(C— DBt At DB)+ DBt

0
(C—DBY A)P(P+ Q)1(C— DB} A)T]

We now assume condition (iii); as in the proof of Lemma 2.1, we then have
(P+Q)(P+ Q)t =Iand so (C— DBt A)P(P+ Q)f = C— DB} A. Thus

ix — [ BBt+U—BBY) AU~ BBY) Alt 0
- [DBT —(C— DBt A)(C— DBt A)t DBY (C—DBYA)(C—DBT At [

Condition (iv) then guarantees that (M X)* = MX. The proof of the theorem is now
complete.

It can be seen that the first matrix given after Theorem 4.1 in Hall and Hartwig
(1976) is a special case of the matrix given in Theorem 2.8.

If we consider the condition N(4)<= N(C) we have the following analogous
theorem, which we state without proof.

THEOREM 2.9. Under the assumptions that

g B
@ R< AR ={0} and (i) N(4)cN(C),
c D
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+[(I—447) B]}))
[(I—A471) Blt — P(P+ Q)T(D— CAt B)f CAY +[(I— 447)B]Y)

[AT — HAY — K([(I— AAt) Bt — P(P+ Q)1((D— CAt Byt CAY '
7=

HCt—KP(P+ Q)t(D— CAt B)T]
P(P+ Q){(D—CAt B)t

is a (1,2,4)-inverse for M, where
P= PN((I—AA?)B)’ Q= Py(p-catBy H= PN(A)(PN(A)'I"PN(C))T
and
K = At B+ H(CTt D~ At B).

If we further assume

(iii) R(B¥(I—AAD))NR({(D—CAT B)*) = {0}
and

(iv) (D—CAt B)(D— CAt B)t CAt = CAt,

then Z = M.
For the previous two theorems we have

A B
R([ ])nR ([ D = {0}=> N((I—- BB}) A)\NN(C— DBt A) = N(A)AN(C)
C D

and

A B
R ([ ])nR ([ ]) = {0}= N((I— AAt) B)NN(D— CAt B) = N(B)NN(D),
C D

and the two implications go both ways if we assume N(B)< N(D) and N(4) < N(C),
respectively. Furthermore, under the assumptions of these two theorems, both
M+t M and MM+ are again block diagonal in each case.

There are analogous forms for Mt when we assume N(D)cSN(B) and
N(C)= N(A), instead of N(B)< N(D) and N(A4)<= N(C), respectively.

We should note that various other forms for the Moore~Penrose inverse of
bordered matrices have also been given in Burns ez al. (1974), Hung and Markham
(1975a, 1975b) and Hartwig (1976), using techniques different than those in the
present paper.
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