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Szegd’s Theorem and Uniform Algebras

Takahiko Nakazi

Abstract. 'We study Szegd’s theorem for a uniform algebra. In particular, we do it for the disc algebra
or the bidisc algebra.

1 Introduction

Let A be a uniform algebra on a compact Hausdorff space X. Let 7 be a complex
homomorphism of A and m the representing measure of 7 on X. We have that
L?(m) = L? (X, m) denotes the usual Lebesgue space for 1 < p < co. For a nonneg-
ative function W in L'(m) = L'(X, m), put

S(W) = inf [ |1 —¢l*Wd
(W) glenAT/Xl gl"Wdm

where A; is the kernel of 7. S(W) is called a Szegd infimum.
Let D be the open unit disc in C. Suppose A is the disc algebra on X and X = 9D.
When dm = df/2, it is well known that

SW) = exp/ logWdb/2x.
oD

This is the celebrated theorem of G. Szego [5]. In [3], the author studied a Szego
infimum S(W) when A is the bidisc algebra on D x 9D, and dm = d,d0, /4n>.

In this paper, we study a Szeg6 infimum when A is the disc algebra on X, X = D
and dm = rdrdf /7. Unfortunately we cannot choose the method used in the bidisc
algebra on dD x 0D [3]. We need a new technique.

For p = 1,2, H?(m) = HP(X, m) denotes the abstract Hardy space for A, that
is, the closure [A],, of A in L?(X, m). For a nonnegative function W in L'(X,m),
HP(W) = HF(X,Wdm) denotes the closure [Al]wg, of A in LP(X, Wdm). In this
paper, we will assume that m is a Jensen measure of 7, but also that Jensen’s inequality
is valid for any function in H? (X, m) (see [2]). If h is a function in H?(X, m) and
[hA],, = H*(X,m) then h is called a generator in H*(X, m).

In Sections 2 and 3, we study the Szeg6 infimum for an arbitrary uniform algebra.
In Section 2, we study when the Szeg6 infimum S(W) is the arithmetric mean of the
weight W or the geometric mean of W. In Section 3, we study when S(W) is the
mixed mean of the arithmetric mean and the geometric mean of W. In Section 4,
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we apply the result in Section 3 when A is the bidisc algebra on X = 9D x 0D. In

Section 5, we apply the results in Section 2 and 3 when A is the disc algebra on X = D,
and we prove our main results in this paper, that is, Theorems[5.Iland[5.21

2 Arithmetric and Geometric Means

For a nonnegative function W in L' (X, m),

/de and exp/longm
X X

are called an arithmetric mean and a geometric mean, respectively. Since m is a Jensen
measure of 7, it is easy to see that

/de > S(W) > exp/longm.
X X

Theorem 2.1 Let W be a nonnegative function in L'(X, m), then S(W) = fx Wdm
ifand only if [, fWdm = 7(f) [, Wdm (f € A).

Proof If S(W) = [, Wdm, then forany g € A,,

/de < /defZRe/ngm+/ lg|*Wdm,
b b X X

and so
2Re/ngm§/|g|2de.
X X

Suppose [, gWdm # 0. For oo = | [, gWdml|/ [, gWdm, consider ag as g. Then

2‘/ngm‘ < / |lg|* W dm.
X X

Consider tg € A, for 0 <t < 1. Then

Zt‘/ngm‘ Stz/ |g|*Wdm
X X

and so [, gWdm = 0 ast — 0. This contradiction implies the “only if” part. The
“if” part is clear. ]

Theorem 2.2 Let W be a nonnegative function in L'(X,m). If W = |h|* for some
generator h in H*(X, m), then S(W) = exp fx logWdm > 0.

If S(W) = exp [, logWdm > 0, then there exists a function h in H*(X, m) such
that |h|*W = ¢ a.e.m for some positive constant c.
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Proof If W = |h|* for some generator h, then S(|h|*) = | [, hdm|* and
2
S(hJ?) zexp/log\mzdmz ‘/hdm‘ .
X X
Hence S(|h|*) = exp [} log|h|*dm.

Suppose S(W) = exp [, logWdm > 0. Then 7 is continuous on H*(W), and so
there exists a function f in H?(W) such that

/fdm: land inf / 11— g|*Wdm = / |fI*Wdm.
X 8€Ar Jx X
By Jensen’s inequality,

2
/\f|2de > exp/longmexp/log|f\2dm > ‘/fdm‘ exp/longm.
X X X X X

Thus
/|f\2de:eXp/log|f|2de,
be X

and so |f|*W = ¢ a.e.m for some positive constant c. [ |

3 Intermediate Mean

Let W = W;W, be in L' (X, m), where W is a nonnegative function in L' (X, m) for
j=1,2. Then

/Wldm/Wzdm > /Wldmexp/longdm > exp/logWIWde.
X X X X X

It may happen that
/W1W2dm:/wldm/W2dm
X X X

Theorem 3.1 Let W dm/ [, W dm be a representing measure for T and W, = |h|*
for some generator hin H*(X, m). f W = W W, is in L'(X, m), then

S(W) E/Wldmexp/longdm.
X X

If Wy isin L (X, m), then the equality is valid.
Proof Since W, = |h|> and h € H?(m), by Schwarz’s inequality

S(W) = in /|h—hg|2W1dm
8€A: Jx
> inf

inf /thldm—/xhgwldm‘z(/xwldm) -
_ ’/hwldm‘z(/wldm> . ’/hdm’szldm,
X X X X
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because W;dm/ f « Widm is arepresenting measure of 7. If W, € L>(m), the closure
of A, in L*(m) belongs to the closure of hA, in L*(W;dm) and hence

2
S(W) = inf/\h—hg|2W1dm: ‘/hdm‘ /Wldm.
gCA, X X X

On the other hand, by Theorem[2.2]

2
‘ / hdm‘ — S(W,) = exp / log Wdm.
X X

This implies the theorem. ]

If W is a nonnegative function in L!(X, m), then H*>(W) denotes the closure of A
in I>(X, Wdm). If W = 1, then H* (W) = H*(m) = H*(X,m) and

[VWA], = VWH*(W).

Lemma 3.2 Let W be a nonnegative function in L'(X, m). If [V WA],, © [VWA, ],
contains a cyclic vector u, then [VWA),, = gv/W,H*(W,), where q is a unimodular
function and Wydm/ [, Widm is a representing measure for 7.

Proof If u € [VWA], © [VWA,],, then u is orthogonal to uA., and so |u|* is
orthogonal to A.. Put

_ {u(x)/|u(x)| ifu(x) # 0,
q(x) = .
1 if u(x) = 0,

and W; = |u|?, then u = q/W; and W,dm/ fx Widm is a representing measure
of 7. If u is a cyclic vector, then [VWA],, = [uA],, = gqv/W1H*(W)). [ |

Theorem 3.3 Let W be a nonnegative function in L' (X, m) and suppose [vVWA],, ©
[VWA., ], has a cyclic vector u. Then W = W, W,, where W, = |u|* and W, = |h|?
for some h in H*(W1) such that hA is dense in H*(W)).

i S(w)= |fX thdm\z(fX Widm)~ L.

(ii) Ile_1 belongs to L> (X, m), then

2
S(W) = ’/hdm’ /Wldmz/Wldmexp/logWde.
X X X X

Proof ByLemmal32l VW = qyWih, [hAlw,dm = HX(W1),and Widm/ [ W dm is
a representing measure for 7. Hence W = W |h|* and h— ([, hW dm)( [, Widm)~!
belongs to [A;]w,am. Since hA is dense in H*(W;) = [Alw,dm> hA, is dense in
[A-]lw,dm- Hence

S(W) = /X‘ (/XhWIdm> (/ledm) -

This implies (i). If W, ! belongs to L*°(m), then H>(W,) C H?(m), and so h belongs
to H*(m). Hence h is a generator in H*(m). Thus [, hWW dm = [ hdm [ W dm
and exp [, log |h|dm = | [, hdm| by the proof of Theorem[3.1l This implies (ii). M

2
Wldm.
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4 Bidisc Algebra on 0D x 0D

In this section, A denotes the bidisc algebraon X = dDx 9D, 7(f) = f(0,0) (f € A)
and dm = df,d0,/4x*. Then m is a Jensen measure of 7. In [3], we gave a necessary
and sufficient condition for that S(W) = fx Wdm. The condition is equivalent to
that in Theorem[2.T} In [3], we also proved that S(W) = exp fx log Wdm if and only
if W = |h|? for some generator h in H?(X, m). For the proof, the “if” part is the same
as the one in Theorem [2.21 We cannot use Theorem [2.2lfor the “only if” part. In [3],
we proved it in a different way.

Let r be a rational number and E, denote a subset of Z. For —oco < r < 0, suppose
W), is a nonnegative function in L' (X, m) such that

Wi ~ Z atgma

t€E,

where a = (aq, ;) with oy = ra and (* = 2252, For 0 < r < oo, suppose W, is
a nonnegative function in L!(X, dm) such that

log W,, ~ Z b.Ce,
teE,
where & = (a1, @) with a; = ray. Suppose Wi = > W, is a finite sum for

—00 < r < 0,and W, = [[, Wy, is a finite product for 0 < r < oo, respectively.
Then W; belongs to L' (X, m) for j = 1,2, W1/ [, Widm is a representing measure
of the origin, and it is easy to see that there exists a generator h in H*(X, m) with
W, = |h|> when E — r = Z, for 0 < r < oc.

In fact, if F and G are in L' (X, m), and

F~ Zatgw and G ~ thcﬁt

tEE, tEE,

where a; = ray, 51 = €0, and r # £, then

/Fde:/de/de.
X X X

This implies that W, belongs to L' (X, m). By one variable theory, for each 0 < r < oo
there exists a generator k, in H?(X, m) such that

he= Y aC™ and Wy, = |h[*

tEENZ:

Then it is easy to see that W, = | [], h,|* and [, h, is a generator in H*(X, m). For if
h, and h; are generators and r # s then there exist sequences h,, and h, such that

/ |hhyy — 1)2dm — 0 and / |hshg, — 1|*dm — 0,
X X
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where h,, and hy, are polynomials. Then

( / |y hghhey — 1|2dm) v
X
< ( /X \(hyhyy — l)hshm|2dm> " ( /X gy — 1\2dm) v

- (/X|h,h,n - 1|2dm) 1/2</X|h5h5,,|2dm) v (/X|hsh5n - 1|2dm> v

Hence the product h,h; is also a generator. Hence if W, is in L>°(X, m) applying
Theorem BIlto W = W W,, S(W) = [, Widmexp [, logW,dm. On the other
hand, if W, = W), for some 0 < r < oo without assuming W in L*°(X, m), then
we can show that S(W) = [, Widmexp [, log Wadm. In fact, if g, = 3, /. P
with ¢y = 0, then

/|1 — &|PW i Wadm = /Wldm/ |1 — g |*Wadm > S(W,W).
X X X

Now Theorem[B.Tlimplies that S(W) = [, Widm exp [, log Wodm.

5 Disc Algebra on D

In this section, A denotes the disc algebra on X = D, 7(f) = f(0) (f € A), and
dm = rdrdf /m. Then m is a Jensen measure of 7. In this situation, S(W') has not been
studied. H(D) denotes the set of all holomorphic functions on D. In the following
theorem, the “if” part is just a corollary of Theorem For the “only if” part we
can use Theorem[2.2] unlike in the case of the bidisc algebra (see §4 or [3]).

Theorem 5.1 Let X = D, A = the disc algebra on D and dm = rdrdf /7. Suppose
W is a nonnegative function in L'(D, m) and logW is in L}(D,m). Then S(W) =
exp [ logWdm if and only if W = |h|* for some generator h in H*(D, m).

Proof By Theorem if W = |h|? for some generator h in H?(m), then S(W) =
exp [ logWdm > 0.

If S(W) = exp fD logWdm > 0, then 7 is continuous on H?(W) and so there
exists a function f in H2(W) such that

f(0) = /Dfdm =1 and S(W) :/D\f\Zde.

Since [;logWdm > —oo, H*(W) C H(D) by [4] and so f is analytic on D. Since

/|f|2de > exp/longmexp/log\ﬂzdmZexp/longm
D D D D

because exp [, log|f|*dm > |f(0)]* = L, [f|*'W = ¢ > 0 a.e.m. If f(a) = 0 for
some a € D, then there exists a positive integer £ such that f = (z — a)’g, g # 0 on
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D(a, 2¢) for some e > 0 and g € H(D). Hence

/de*c/|f |dmc/ a|2€\g "2dm
> c6/ 7dm
D(a,e) |Z—[1|2€

where 6! = inf{|g(2)|* : z € D(a,)}. While

1 1 (1—la*)?
[ im0,
Dlag) 12— al* b 127 |1 — az|
1— 1
> (7|a|) / ——dm = oo.
1+ |al ) |2

This contradiction implies that f has no zeros on D. Hence f~! belongs to H(D) N
L2(m). Since it is known that H(D) N L?(m) = H?(m), f ! belongs to H?(m). Hence
Jlog|fldm = log|f(0)| because [;log|f|dm > log|f(0)|. Put h = /cf~', then
W = |h|? and

SW) = exp/ logWdm = |h(0)[?
D

and so h — h(0) belongs to [hA;],,. This implies that 4(0) belongs to [hA],,, and so h
is a generator in H?(m). []

IfW = |f|* for some f € H*(D,m), then W = W, W,, where W; = |QJ* for
some inner function in H*(D, m), W,dm/ f b Widm is a representing measure of the
origin and W, = |h|? for some generator h in H?(D,m). This is a deep result of
a factorization theorem for a function in the Bergman space [1]. Hence if W} is in
L>°(D, m), then H*(D,m) C H?*(D, W,dm), and so hA is dense in H>(D, W dm).

Hence .

S(W) = ‘/}jhwlde(/DWldm)

Moreover, if W, is in L°(D, m), then

S(W) = ‘/hdm‘ /Wldm
:/Wldmexp/longdm.
D D

In general, it is easy to see that
1 2T )
SW) > / 2rdr exp / log W (re")df /27
0 0

> exp/longm.
D
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Theorem 5.2 Let X = D, A = the disc algebra on D and dm = rdrdf/m. Suppose W
is a positive function in LY (D, m) and logW is in LY(D, m). If

1 27
S(W) = / 2rdrexp/ log W(reig)d9/27r,
0 0
then W (re'?) = ¢(r)|h(re'?)|2, where
2 .
h € H(D), exp/ log |h(re")|d6 /27 = |h(0)| > 0
0

and ¢ is a positive function in L' ([0, 1], dr). Conversely sz(rei‘)) = (b(r)|h(rei9) | and
h is a generator in H*(D, ¢dm), then

1 2T
S(W) :/ Zrdrexp/ log W (re'®)d6 /2.
0 0

Proof SincelogW & L!(m), by the proof of Theorem[5.1lthere exists f in H(D) with
f(0) = 1 such that

1 2w
inf/\17g|2de:/|f\2de:/ 2rdr/ | f(re)*W (re’®)d6 /21
gEA; D D 0 0
1 2w ) )
2/ 2rdrexp/ log | f(re'”)|*W (re'®)d6 /27
0 0
1 2m )
Z/ 2rdrexp/ log W (re’)d6 /2.
0 0

IfS(W) = fol 2rdr exp fOZW log W (r¢'?)df /27, then

1 2T
/ Zrdr/ | f(re®)*W (re'®)db /2m =
0 0

1 2m
/ 2rdr exp/ log | f(re'®)|*W (1¢?)d0 /2.
0 0

Hence for a.e.r € [0, 1]

2

2T
/ | f(reé®)PW (re'?)df /21 = exp / log | f(re'®)|*W (r¢')d0 /27
0 0

and f027rlog|f(rei9)|d9/27r = log|f(0)|. Therefore |f(re’®)|*W (re’) = ¢(r) for
a.e.0 € [0,2r7]. If f(a) = O for some a € D, then ¢(r) = 0 for r = |a|. Since
W (re?) > 0, f(re'?) = 0 for r = |a|. This contradiction implies that |f(z)| > 0 for

https://doi.org/10.4153/CMB-2011-017-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-017-4

346 T. Nakazi

z € D. Put h(re'?) = 1/ f(re'?), then W (re'?) = ¢(r)|h(re'?)|?, where h € H(D) and
exp [ log [h(re)|d6 /27 = log |h(0)].
Conversely, if W (re?) = ¢(r)|h(re'’)|? and h is a generator in H*(D, ¢dm), then

2
inf/\l —gl*Wdm = ’/hd)dm’ = |h(0)|2/¢dm
gEA, D D D

1 2m
= / 2ré(r)dr exp/ log |h(re'?)|?d6 /27
0 0

1 2m
= / 2rdr exp/ log W (re'?)d6 /2.
0 0

Here we used that ¢dm/ [, ¢dm is a representing measure of 7. ]

Suppose W = |f|* for some f in the Hardy space H*(OD, df/2r) and f = gh,
where q is inner and h is outer. Then

exp/log|h\2dm >SwW) > exp/log|q|2dmexp/log|h\2dm.
D D D

In fact, |h|> > W and S(|h|*) = exp [;log|h|*dm by Theorem[5.11

Suppose W = xg|h|?, where X is the characteristic function of E= {z € D : ry <
|z| < 1}, and h is a generator. Put W; = g then Widm/(1 — r?) is a representing
measure of 7. By the proof of Theorem[3.1]

SW) = |/hW1dm|2(/ Widm)~' = |h(0)|*(1 — r3).
D D

Hence

1 2w
S(W):/ Zrdrexp/ log W (re'’)de /2.

o 0
Suppose E is a simply connected domain in D whose boundary contains the origin.
Then S(xg) = 0, since

inf 1— 2dm:inf/l—z—l 2dm = 0.
[ =sgfdm = inf [ 1= =7

gEA;
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