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Abstract  In this paper spectral properties of non-selfadjoint Jacobi operators J which are compact
perturbations of the operator Jo = S 4 pS*, where p € (0,1) and S is the unilateral shift operator in £2,
are studied. In the case where J — Jp is in the trace class, Friedrichs’s ideas are used to prove similarity of
J to the rank one perturbation T" of Jo, i.e. T = Jo+ (-, p)e1. Moreover, it is shown that the perturbation
is of ‘smooth type’, i.e. p € £2 and

im [p(n)|"/™ < p!/2.

n—oo

When J — Jp is not in the trace class, the Friedrichs method does not work and the transfer matrix
approach is used. Finally, the point spectrum of a special class of Jacobi matrices (introduced by Atzmon
and Sodin) is investigated.
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1. Introduction

Let 2 = ¢*(N) and {e;};en be the standard orthonormal basis in /2 (N = {1,2,...}).
Denote by S the unilateral shift operator in ¢2, i.e.

Sej =ejy1, JE N.

In this paper we study spectral properties of non-selfadjoint Jacobi operators J which
are compact perturbations of the operator

Jo =S + pS* (1.1)

where p € (0,1).
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In the case where J—Jj is in the trace class, Friedrichs’s approach [8,9] is used to prove
similarity of J to the rank one perturbation T of Jy, i.e. T = Jy + (-, p)e1. Moreover, this
perturbation is of ‘smooth type’ (see Theorem 2.1). In this way spectral analysis of .J is
somehow reduced to that of T. On the other hand, when J — J; is not in the trace class,
the Friedrichs approach does not work and the idea of transfer matrix analysis is used.
This idea has been already used in studies of the point spectrum of selfadjoint Jacobi
operators [12].

A linear operator A : £2 — (2 is called diagonal, with the diagonal d(A) = a =
{a(j)}jen, if

Ae; =a(j)e;, jeN.

Let D be the set of all diagonal operators. Define D, = DN B4 (£?) and Dy = D N By (£?),
where Bo,(¢2) (respectively, By (£?)) is the set of all compact (respectively, trace class)
operators in £2. We are going to study the eigenvalues of non-selfadjoint Jacobi matrices
of the following form:

J = SMy + MyS* + Ms,

where My, My € D and M3 € D, d(M;) = {a,}22, € C\ {0}, d(M2) = {6.}52, C
C\ {0}, limy 00 v, = aq, limy, 500 B = a2 and ag,as € C\ {0}.

Since operators M; — a1l, Ms — a3l and M3 are compact, the essential spectrum
Oess(J) of the operator J coincides with the essential spectrum of the operator

Jo = a1S + a2 S*.

In the case where |a1| = |ag| the operator J has properties similar to those of a non-
selfadjoint difference Schrodinger operator S + S* + @ (@ € D;), which has been well
studied in numerous works. In this paper we only consider the case |a;| # |az|. We are
going to answer the question: when is the point spectrum o,(J) empty or when does it
consist of only a finite number of eigenvalues of J7 In what follows we will denote by
Ug(j ) the set of all isolated eigenvalues of finite algebraic multiplicity. Additionally, we
will denote by o,(J) the residual spectrum and by o.(7) the continuous spectrum of 7.
Because J is a compact perturbation of [y, it is natural to look at the differences between
spectra of these two operators. From general perturbation theory it follows that the set
a(J)\ o(Jo) consists of isolated eigenvalues of finite algebraic multiplicity. However, the
condition @) € D; does not ensure finiteness of the point spectrum of the Schrodinger
operator [13].

Assume that |a1| > |az|. Then there exists p € (0,1),b € C, |b| = 1 and ¢ € C such that
ca; = b, cay = pb. Because o(Jy) = (1/¢)a(bS + (pbS)*), the structure of the spectra
are the same and we can consider Jy = bS + (pbS)* without loss of generality. Next
notice that Jo given by the last formula is similar to Jy = S 4 pS*, because |[b] = 1.
Indeed, the diagonal operator given by De,, = b"e,, is bounded, boundedly invertible and
DiljoD = Jp.

Let

1
E:{pz+€C:|z:1}
z
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and )
Q:{pz+Z€(C:1<|z|<p_1}.

It is known that o(Jy) = 2 = 2 U E and its essential spectrum oess(Jo) = E (see [6]).
Therefore, we have a slightly simpler operator J:

J=SMy + MyS* + M3 = Jy + B, (12)

where d(M;) = {a,}22,, d(M2) = {Bn}, limpsooan = 1, apn,Bn € C\ {07}7
lim, o B = p, M3 € D., and B is a compact Jacobi operator, so that o(J) N (C\ 2)
consists of a discrete set of eigenvalues only.

It seems that there are not many papers devoted to spectral analysis of non-selfadjoint
Jacobi matrices, but see [1], [2], [3], [4], [5] and [11]. Note that in the case a, = G,
Jacobi operators have a close relation to the theory of formal orthogonal polynomials (in
particular in the study of their asymptotics) and continued fractions. Conversely, formal
orthogonal polynomials can be applied to spectral analysis of Jacobi operators (e.g. the
characterization of the essential spectrum of J in terms of the asymptotic behaviour of
formal orthogonal polynomials found by Beckermann in [3]). We also emphasize that
although the Jacobi operators we study in this paper are compact perturbations of
Toeplitz ones, the problem of similarity is rather subtle. This is clearly illustrated by
the example given in §6.

The paper is organized as follows. Section 2 contains the main similarity result. Its
consequences are described in § 3. In turn, § 4 presents the transfer matrix method applied
to analyse o, (J) lying on oess(J). In § 5 the point spectrum of the special class of Jacobi
matrices (introduced by Atzmon and Sodin in [2]) is studied. Finally, §6 contains an
example related to the main similarity result.

2. Similarity of perturbed Jacobi operators

Let I be the identity operator. Suppose that J is given by (1.2), where My — I, My — pI,
Ms3 all belong to D;. Notice that we can assume without loss of generality that M; = I.
Indeed, if My — pI, M3 € Dy, d(M;) = {a,, — 1} € ¢! and «,, # 0 for every n € N,
then AJA™! =S + (pI + R)S* + Q, where R, Q are still in D; and A is a bounded and
boundedly invertible in ¢2 diagonal operator with the diagonal

n—1 -1
An:<HOék> 3 Alzl

Therefore, in what follows we shall study the operator .J : £2 — ¢2, which acts by the
formula
J=8S4+(pl+R)S"+Q, (2.1)

where p € (0,1), R,Q € D;.
Let (-, -) denote the scalar product in 2. The main result of this section is the following
theorem.
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Theorem 2.1. Let the operator J be defined by (2.1) and Jo = S + pS*. Then J is
similar to the operator

T=Jo+(-,pex, (2.2)
where p € 2 and
i [p(n)|"/" < p/2. (2.3)
n— o0

The proof of Theorem 2.1 is divided into several lemmas.

Definition 2.2. Let a > 1. Denote by A, (Aq,1) the set of all operators V € B(£?)

such that
V=> 5", V,eD (V,eD), (2.4)
n=0
Ve := Za"HVnH < 00 <Voé71 = Za"HVnHBl < oo). (2.5)
n=0 n=0
Let

AL ={S*V:V € A.}.

The set A% coincides with the set of all operators from A, which have a strictly upper
triangular matrix.

Remark 2.3. It is easy to see that operators V € A, can be uniquely written in the
form (2.4), and (2.5) determines the norm in A, (Aq,1). Obviously, Ay (Aqa,1) with the
norm |- |o (| - |a,1) is a Banach space.

Lemma 2.4. A, is the Banach algebra, and A% is the two-sided closed ideal in A,.

Proof. It suffices to check that for arbitrary Vy, Vs € A,

|V1 : ‘/2|a < ‘V1|a : |V2|a~

Let -
Vi=d 5"V g=12
k=0
Then -
ViV =) 8" 3" SPVu S Ve,
r=0 k+p=r
Since
> SVSVal < X (@ Vi) (@7 [Vial),
k+p=r k+p=r
then
ViVila €30 3 @IVl @ Vi) = Wil - Vala
r=0 k+p=r
The lemma is proved. O
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Denote by P, (n € N) the projection in ¢2, which acts by

n

P =) z(j)ej, = ={z(j)}jen:

j=1
Proposition 2.5. Let V € A% and
lim [V — VP, =0.

n—oo

Then the operator I + V' is invertible in the algebra A,,.

579

(2.6)

Proof. Choose n € N such that |V — V P,|, < 1. Since V is strictly upper triangular
we have [+ V = [T+ V(I — P,)](I +VP,). The first term in the product is invertible
in A, because |V —V P,|, < 1 and the second term is also invertible in .4, as we notice

that (VP,)" = 0.

Denote by I" the linear operator acting from A, ; into A; by the formula
DV)=> (8)"vsm.
n=1

By dint of simple calculations we obtain the following lemma.
Lemma 2.6.
(1) If A€ Dy and n € N, then I'(A) € B (¢?) and
I(A) < [ Alls, -

(2) ForV € A171,
(VS*) = 8*(V + (V).

(3) The operator I continuously maps A; 1 into A; and
IV <V, VeAL.
(4) For arbitrary V € Ay 1,
(I-P)(I'(V)S—-S8SI'(V)+VS)=0.

(6) IfV e Ay, Ae Dy andn € N, then VAS*" € Ay ;1 and
[VAS™[11 < V|1 -[|Alls, -

Define the sequence {U,}°, C B(£?) by the following recurrence relation:

Unt1 = pS*U,S* + I'(U,(QS* + RS*™)), n>1,
with the initial conditions

Up=1, U =TI(QS*+ RS*).
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Lemma 2.7.

(1) For eachn € N,
2n

Up=Y_ S9Un;,  Upj € DN Bu(l?) (2.13)
j=n

and

(I = P)[Upi1S — SUpi1 + p(UnS* — S*U,) + Un(Q + RS*)] = 0. (2.14)

2) o
i |U,[;" < p. (2.15)

Proof. Since SS* = I — P, (2.14) follows from (2.9) and (2.11). Applying
Lemma 2.6 (1), (2) and induction we obtain the representation (2.13).
Now let us check (2.15). Using (2.11) and (2.8), we have

Unt1l1 < plUnly + 1Un(QS* + RS™)[1.1.
From (2.13) it follows that
U,QS* = U,QnS*, U,RS*?> =U,R,S*,
where Q,, = Q(I — P,,), R, = R(I — P,,) (see (2.6)). Therefore, by (2.10), we have

Un(QS* + RS*?)|1,1 < Co|Unl1,

where
Cn = [|Qulls, + | Ralls,-
Consequently,
Unt1li < (p+ Co)[Unli. (2.16)
Since Q, R € By(H), we have lim,_, C,, = 0. Hence using (2.16), we get (2.15). The
lemma is proved. ([
Put -
U=> U, (2.17)
n=0

Lemma 2.8. For each a € [1,p~/?) we have
(1) (U=1T) € A3
(2) the operator U is invertible in the algebra A, and

(I-P)HUJU —Jy)=0. (2.18)
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Proof. Let 1 < a < 3 < p~'/2. Since 72 > p, from (2.13) and (2.15) it follows that
2n
S Ul = Uy < €872, neN,
j=n

where c is a positive constant. Therefore,
|Unjll B2 <™, neN, n<j<2n. (2.19)
Using (2.13) and (2.17) we obtain
> .
U=I+) 87 > Uy
Jj=1 J/2€n<y

Hence, taking into account (2.19), we have

Ula=14> || Y Uy
j=1

J/2<n<y
ie. (U-1)¢€ Ag.
Let V =U — I. We claim that

) J
< 1+02j(;) < oo,
=1

lim |V — VP, = 0.

n—oo
Indeed, we have

o0

V=VPioa=) o

j=1

> U(I-Py)

3/2<k<)

Define Vj = > 5 ;Uk;j. Observe that the sequence F,(j) := ||V;(I—F,)|| belongs to I
(as a function of j) and |F,,(5)| < ||V;l], j € N. Since {a7]|V;||} € ¢! and lim,,—,00 F,,(j) =0
(due to compactness of V;) the Lebesgue-dominated convergence theorem proves the
claim. Therefore, according to Proposition 2.5 U is invertible in A,. Equality (2.14)
evidently implies that

(I —=P)(UJ = JoU) =0,

and (2.18) follows. The lemma is proved. O

Proof of Theorem 2.1. Fix an arbitrary o € [1,p~1/?). Applying Lemma 2.8 we
have (U — 1) € A2, U~! € A,. Therefore, (U~! — 1) € A% and

V=UJU = Jy=USU' -5 +X,

where X belongs to Aq. But U =1+ S*V, for a certain V € A, and so USU™1 — § =
(S*VS — SS*V)U~! also belongs to A,. Let

V= f:os*"vn, V, € D.
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Then Y2, a™[|V,]| = [V]a < c0. Put p = V*e;. Using (2.18) we get

UJU™Y = Jo+ (-, p)er.

Since
Ve = Z S*"Vpem = Z S*"V,em,
n=0 n<m
p(m) = (V*elvem) = (elavem) = (€m7vm716m),
we have
Ip(m)| < [[Vin—1ll <" V]o, meN.
Hence (2.3) follows. Theorem 2.1 is proved. O

3. Consequences of similarity

In this section Theorem 2.1 is used to describe the structure of o(J). In particular, we
shall prove that ¢0(J) and o.(J) N E are finite. Similarity of J to a one-dimensional
perturbation of Jy allows us to present a rather complete description of the spectral
picture of it.

Theorem 3.1. Let |ai| =1, |ag| = p, p € (0,1), and J = SM; + MyS* + Ms, where
My —a I, My — (12.[, Ms € Dy, then

(1) Rco(J), op(J)=05(J) CC\ £
(2) 2cC UF(J)v JC(J) = E\o—r(J);
(3) the sets 0)(J), 0:(J) N E are finite.

Proof. Because we can simplify the formula for J according to the remarks made
above it suffices to prove the theorem for operators J of the form

J =5+ (pl + R)S* + Q,

where p € (0,1), Q,R € D;.
According to Theorem 2.1 it is enough to study the spectrum of 7', which is defined
by (2.2). Denote by h the function

ME =¢+pC, 0<IC<p

By the above definitions it is easy to see that

Q={hQ): 1<l <p},  E={hE):[ :1},} 51)
C\2={n():0<¢| <1} '
and
T — h(¢)I = (I —pCS*) (S — ¢ + (- per). (3.2)
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Let M; =S — (' + (-, p)es, then
ker Mc = {0}, 1<|¢|<pt. (3.3)
Indeed, if z € ¢? and M¢z = 0, then
(Mez,eji1) = ((S = ¢ 'Dzyej1) =0, j=12,...,
and, consequently,

2(j+1)=Cz(j), j=12,....

Since x € £2 and |¢| = 1, we have x = 0. Thus ker(T — \) = {0} if A € QU E.
Additionally, if || > 1, then S — (~'I is Fredholm and ind(S — ¢(~'I) = —1. Hence
M¢ is also Fredholm for |(| > 1 and

ind MC =—1.

Therefore, T — h({) must be Fredholm as the product of invertible I — p(S* and M, for
1< [¢| < pt. It follows that
2 C o,(T).

On the other hand, if 0 < |(] < 1, then

T—h(OI = (I—p¢S*)(S ¢+ (per) = (I—p¢S* )L+ (-, p)e)(S = (1), (3.4)

where
o0

pe=—y g, (3.5)

n=0
The convergence of the series (3.5) follows from (2.3). To verify (3.4) it is enough to note
that S*pc = p + ()~ 'p¢, which is clear by definition of p.. Observe that the operator

NC =TI+ ('7pC)€13 K‘ < ]-7

is invertible in B(¢?) if
(p(C) =14+ (ehpc) # 0. (36)

If p(¢) =0, then
dimker N¢ = codimIm N, = 1.

Thus from (3.4) and (3.3), we obtain

op(T) ={h(C) : [¢] <1, p(¢) =0} C T\ L2,
oo(T) = {h(C) - [¢| =1, ¢(C) # 0} C E,
o(T) N E = {h(C) : [¢] = 1, ¢(¢) = 0}

From (3.5) and (3.6) it follows that

p(O)=1=> p(n)c™
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In view of (2.3), ¢ is analytic in the disc |¢| < p~!/2. Therefore, the sets o,(7T) and
o:(T) N E are finite. Since o(Jy) = 2 and (T — Jy) € Boo(£?), we obtain

a(T)\ 2 C O'g(T).

The above analysis and the similarity of 7" and J complete the proof. (]

4. The transfer matrix approach

We do not have to assume that J is an ¢!-perturbation of Jy to prove the relation
0p(J) N 0ess(J) = 0. The transfer matrix point of view allows us to examine other
sufficient conditions on entries of the Jacobi matrix J which guarantee the absence of
eigenvalues of J on its essential spectrum.

In this section we follow the ideas from [12]. Consider

J = SM; +M25*—|—Q, (41)

where My — I, My — pI, Q € D, and d(M1) = {an}52, d(M2) = {8,152, d(Q) =

n=1>

{@n}22 ;. Then the equality Jf = Af is equivalent to the system of equations
anflfnfl"_ann"_/annJrl :)‘fna n=123,..., (42)

where ay = 0.

Before we proceed to analyse when op,(J) N 0ess(J) = 0, observe that the relation
2No,(J) =0 1is an easy consequence of the Perron Theorem. Indeed, if A € £2, i.e. A =
pC+1/¢, with 1 < [¢] < p~1, then A & o, (J). Indeed, by the Poincaré Theorem (see [7,
Theorem 8.10] or [10, Theorem 2.3.b]) every solution {f,} of (4.2) satisfies

i |f|'" = |ze ] or T [fV" =z,
n—00 n—o0
where z; = 1/p¢ and z_ = ( are the roots of the equation
pt? =Xt +1=0. (4.3)

Since |z+| > 1, there is no solution of (4.2) in ¢2.

If A€ E ie. A= p¢+ 1/¢, where |(| = 1, then again by the Perron theorem (see [10,
Theorem 2.2]) there are solutions {f;, } and {f;} of (4.2) such that lim, o fiy, /fif =
z4, where z4 are the solutions of (4.3) given by the same formulae as above. Of course,
{f;F} & £2, but it is possible that {f; } belongs to £?, so we shall concentrate on this
case.

For A € E let us define the transfer matrix:

0 1
Bn()‘) = _Oén,1 A— qn . (44)
B B
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Using B, (\) we can rewrite (4.2) as the system

) 2By f)
(an)_B”()\) Bl()‘)<f1>, 1,2,.... (4.5)

Notice that

0 1
Jim B =BuW:=| 1 A,
p P

because of the assumed convergence of {ay,}, {6,} and {¢,}.
Since z4 and z_ are the eigenvalues of By, (A) and z4 # z_, we have

W <ZO+ 0 ) = Boo(WW,

where

is invertible and

Put
B, =W™'B, ()W (4.6)
and define
Anp—1 1
€y = —— — =, 4.7
Bn P ( )
1 1
Op=———. 4.8
" p B (48)
Define
24 — R— n
and
A= _ €n + 0pz_ A+ i, ). (4.10)
"ozy— 2o I6;
Then lim,, o A} = lim, o A,, = 0. After some calculations, we have
2y — A;: —A;L
B, = . 4.11
" < Af -+ Ay (4.11)
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Define
Con =2y = AT+ AL P — 124, Dn=lem + AP+ |AS — 1

and
E, =2, At — 2 A — (|AF 2+ A ).

It is trivial that lim,_ . C,, = lim,, o D,, = lim,, oo F,, = 0 and

* |Z+|2 +Cy E,
B,B = .
" ( E, 1+ D,

The eigenvalues of B, B} are given by
24+1+C,+ D, 2_14C,—-D,Y
wE = |24+ ° + ; +Dn <|Z+| J2F > + B2, (4.12)

Hence || B,v||?> > w;, |[v]|? for every v € C2.
From (4.5) we obtain

fn e -1 fl n =
(an) =WB, - BoW <f2> , 2,3,...,

2
fn
fn+1

But if A € o,(J), then there exists f € ¢2 such that (4.2) is fulfilled; therefore, for all

p>0,
oo n
ZHw;<—|—oo.

n=p k=p

so that

Z const.w,, -+ -wy .

Using (4.12) and the obvious inequality |z |*+C,, > 14 D,, (valid for sufficiently large
n) we have the following estimation from below for w, :

w, =21+ D, — |E,|.

Due to the definitions of D,, and E,, we have (remember that |z_| = 1)
Dy > =2|A, |+ |ALP+ A, (4.13)
and
Bl < e | [AT ]+ [AG ]+ 1A + A7 1. (4.14)

Thus D, — |E,| = —3|A, | — |z+||A}]. Again by the definitions of A} and A, one can
easily check that

Gn

1
|A:<<|en|+|an||Z+|A|+ !

lzg — 2|

) (4.15)
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)

1- (C1(A)|en| + Ca(N)[0n] + C3(N)

and, similarly,

Gn

1
A7 < ——— | Jen] + [6] [N +
141 < g (lnl 0l + |22

so, finally,
qn
ﬂn

)

for n sufficiently large and the constants Cj(\) are given by the formulae:

zi|+3
CI(A) = |Z++|— Z_|7
2z P +3
02()\)|)\|z:|—z|’
ze 2P +3

The above reasoning has proved the following theorem.

Theorem 4.1. If J is given by (4.1), A € E, and

i ﬁ(l - (Cl(A)|€k| + Co(\)[0k| + C3(N) % >) =400

n=p k=p

for some p € N, then X & o,(J).

Corollary 4.2. Let J be as in (4.1) and X € E.
If
ar

> exp(~a 3 (G100l + CalVIol + Calv)| 2
n=1 k=1

for some ¢ > 1, then A & o, (J).

)~

o987

(4.16)

Proof. Let us fix A € C and let A = (1/¢) 4 p¢. Because A € E we can assume |¢| = 1,

- = C? 4 = 1/pC
Using Theorem 4.1 it is enough to check that

i ﬁ(l - (Cl()‘)|€k| + C2(AN)[6k] + C3(A) % >) = +00

n=p k=p

for some p € N.

The simple inequality 1 — x > e~ %% is valid for any number ¢ > 1 and x € [0, x¢] for

sufficiently small xg, and if there exists p € N such that

C1(N)|ex| + C2(N)|0k| + C3(X)

qk
ﬂi < Zo
k
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for k > p, then
ZH(l—( Ale| + C2(N)[0k] + C3(A) ?))
n=p k=p k
= Zexp(Zln(l - (Cl()\)|€k| + Co(N)[0k| + Cs(N) Z )))
n=p =
>Zexp( qZ( Nlex| + Ca(N)|0k] + C5(A Z))
n=p k=p
=MZeXp< qZ( A)le| + C2(A)[0k] + C3(A) g)) = +o0.
n=p k=1 k
This completes the proof. O

As a simple immediate consequence of Theorem 4.1 we have the following corollary.

Corollary 4.3. If {3, — plnen € 1, {an — 1}nen € €1 and {qn}nen € €%, then
Enop(J)=0.

Surely the assumptions made in Corollary 4.3 are too strong; for example, one can
easily obtain the following corollary.

Corollary 4.4. If
{exp(—ZénO} g 1P for any p € (1,+00) (4.17)
k=1 n=1

and {€,}°21,{qn}2, € ¢}, then ENop(J) = 0.

Notice that if {3, — p}nen € £, then (4.17) is satisfied, but the condition (4.17) can
be satisfied by sequences {3,} for which {3, — p} is not necessarily in 1.

One can formulate other variants of Theorem 4.1. The next result is based on more
exact estimations of w,, from below.

Theorem 4.5. Assume that {€,}52, € (2, {6,}52, € ¢2. Then ENo,(J) = 0 provided
that

(a) Ree, = 0, Red,, > 0 for large n € N and both {Ime,, +2Imd,}°; and {¢,}32,
are summable; or

(b)

N N N
sup Z On| < 400, sup Z < 400, sup Z <gn>‘ < 400
N n=1 n=1 N n=1 n

and {g,} € (2.
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Proof. (a) Let A = pz+1/z € E, where |z| = 1, then 2_ = z, z; = (pz)~!. According
to the formula (4.12) for w,; we have

wy, = 3l — AL+ A P+ 2 + AP+ AL

n

- \/(|Z+ — AT+ [An 2 = (Jo— + An 2+ [AL))? + 4| E 2]

1> |z_| = 1 we have

Because |z4| = p~
wy, = gllzy — AT+ AL+ 2o + AL + AT
— (24 = ATP + AT = (le= + AP + AT ) V1 + O Ea)].

Since v/1+ 2 <1+ 2/2 for z >0, so

wy > |o+ AP+ | AT — O(Bl?)
and

wy, > 1+42Re(z_A;) + |4, >+ |A}]? = O(|E.%).
Because {e,}, {0}, {gn} € €2, by the estimates (4.14)—(4.16)

w, 2> 1+2Re(Z_A,)) + Ry,

where {R,, }°, € (1.

Computing the expression Re(Z_A; ) in an equivalent form, we have

. p p(1+ pz*) G zp
Re(zAn)—ReL_pZQGH—i- 1= 22 On| + Re 5 0= p?)

p(1—pz%)  p(1=p*) o 2p%(Im2?) Gn 2P
Re[ = p " T i ez ) TR B, T )

Because z = cosf + isin 6§, for some 6 € [0, 27] we obtain

_ 42
p(1 — pcos20) p(1 p)Re5n

s A-) — ;
Re(z_A,)) 1= po2p Ree +\1—pz2|2
2 .
p° sin 20 an zZp
— ————(Ime, +2Imd,) + Re| - ——< |.
= papmen + 2t + Re( Gt )

Therefore, by assumption (a),
Re(z_A,) =1, + R,

where 7, > 0 and {R},} € ¢*. Thus, w,, > 1+ 2R, + R, and so

(o9} n
2 [T wi =

n=p k=p
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(see the estimate of w; from two lines beneath (4.16)), which completes the proof of
case (a).
Case (b) is easier. Indeed, write

2
Re(z_A,) = Re{1 L 6n:| + Re {p(lerz)an} +Re{ P Qn:|
2z 2

and notice that

N
> Cexp <2 Z Re(zA;))

n=1

N N
B p p(1+ p2?)
_Cexp<2 ReL_pZQn_lql}—kRe[ 1= 22 ;(5”
zp al q
+Re|:1—p22zﬁn:|)>’

n=1

for some constant C' > 0 because In(1 + z) = z + O(x?). But |2| = 1 and the above
inequality implies that

N N N
—9 .
SN2Cexp(p<(1+p) Z(Sn + Zen + Zq>)
1- p n=1 n=1 n=1 Bn
Theorem 4.1 concludes the proof of (b) and of the theorem as well. O

When p =1, J is a compact perturbation of S+ 5™ s0 0ess(J) = [—2,2]. If X € [-2, 2],
then A = z+(1/z), where z € C and |z| = 1 (for example, z = 2z, = (A\/2) +iy/1 — (A\2/4)
and so z_ = Z) and using Corollary 4.2 we obtain the following theorem.

Theorem 4.6. Let A € (—2,2) and

= — (lex| + |ar/Bx| Al
nz_;exp<_qkz=;< k\/4_k)\2k +\/4_)\2|5k|>) = +00

for some p > 1 and ¢ > 1, then A &€ o,(J).

The case a, = B, € R, ¢, € R was investigated in [12] and the result obtained there
by Janas and Naboko is stronger than Theorem 4.6.
5. Jacobi operators of the Atzmon—Sodin type

In the present section we consider the Jacobi operator (given below by the formula (5.3))
of the Atzmon-Sodin type. It was extensively studied by Atzmon and Sodin because of
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the particular structure of its invariant subspaces (see [2]). They have found an analytic
model for it and the structure of the spectrum and the point spectrum in a more general
situation. Below we shall analyse the point spectrum of such operators in a special case
because it relates strongly to the context of this paper.
Let us fix {an}52 4, an # 0, and assume that lim,, o @, = «, where a € C, |o| > 1.
Define the operator L by

Le, = anepr1, n=1,2,..., (5.1)

and the operator L(~1 by

LYe =0, L(Ve, =

en_1, M=2,3,.... (5.2)

Qp—1

Consider the operator
A=L+ LY (5.3)

associated with the sequence {c,}. The operator A is a compact perturbation of the
operator &S + (1/a)S* and

1 1
0<aS+S*> = {)\—z—i— 1<z < a|}.
et z
Because L~V = I, then for A = z + (1/z) we have
_ (-1 1
A-A=LL-n(L->).
z
Using ideas of [2] it is not difficult to prove that
1
a(A) = {)\:z—l— 1<z < |a}.
z

Proposition 5.1. If
o0

{dnzﬂaalzl} and {d,"}72,
k=1

n=1
are bounded, then A is similar to oS + (1/a)S™.

Proof. Let
n a o0
d, = }

Then the diagonal operator D with d(D) = {d,} is bounded and boundedly invertible;
moreover, DAD™! = aS + (1/a)S* and the result holds. O
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Notice that both {d,}, and {1/d,}, are bounded, if for instance {a,, — a}>; € ¢},
and as a simple consequence of Proposition 5.1 we have that o,(A) = (. If |a| > 1, then
op(aS + (1/a)S*) = 0. As we will see in the next proposition, we do not need any con-
ditions on the rate of convergence of {a,} to assure that o,(A) = 0, if |a| > 1. Since

A—XA=—z <L<—1> - i) (L — i) (5.4)

therefore, to decide when ker(A—\) = {0} it is enough to show that ker(L—(1/z)) = {0}
and ker(L=Y — (1/2)) = {0}.

Since L is the unilateral weighted shift, it is well known that ker(L —w) = {0} for any
weC.

Let us examine ker(L(_l) — w). By direct computations one can prove the following
lemma.

Lemma 5.2.
(1) If f = {fn}o2, satisfies (L~ —w)f =0, then
fo=w"tap_1...a1fi, n=2.3 ..., (5.5)
where fi € C is any number.

(2) If g = {gn}>2, satisfies (L —w)g = f, where f is as in the previous point, then

g1 = 7W71f1 (56)
and
gn = —0Op—1... ozlflw"72(1 + W72 + -+ (W72)n71) (57)
n—2 1- (w—Z)n

= —Qp_1- a1 fw n=273,.... (5.8)

1—w2 "’

(3) If f and g are given by (5.5), (5.6), (5.7) or (5.8), then they satisfy (L= — w)f =0
and (L —w)g=f.

Proposition 5.3. If || > 1, then o,(A) = 0.

Proof. Let A=z + (1/2) € 0,(A). There exists g € ¢? such that

0=(A-)Ng= —Z<L(1> — i) <L — i)g.

Define f = (L — (1/2))g € £. Because f and g are as in Lemma 5.2, so
fo=2"a1an_1fi and g = —an_1--arfiz2 (1= (2H)")(1-2%) "N
If z # £1 and f; # 0, then
lgn] = |fillan-1 - aal]27" = 2"|/]z7% = 1

does not converge to 0, this implies that g & ¢2. Hence f = g = 0.
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If |z| =1 and g € ¢2, then f € (2, and so
o0
Dol e’ < oo
n=1

or fi =0.
Notice that

o0 o0
+00 > Z |27y - ap)? = Z lov -+ |,
n=1 n=1

but this is impossible since a,, — «, |a| > 1. Thus f; = 0 implies f = g = 0 and the

proof is complete. |
In the case |o| = 1 the situation looks different and is described by the following
proposition.

Proposition 5.4. Assume that |a| = 1.

(1) If
Z |Oél e an|2 = +OO7 (59)
n=1
then o,(A) =0
2) If
Z |a1 e an|2 < +OO7 (5.10)
n=1

then (—2,2) C op(A).

(3)

oo
ZnQ\al cap]? < oo = £2 € 0,(A).
n=1

Proof. (1) Let A = 2 + (1/2) € 0,(A) C [-2,2], where |z2| = 1 and w = 27!, By
Lemma 5.2 we have (L™! —w)f =0 and so f, = aj - - - a,_1w" 1 f1. Because of (5.9) and
lw| = 1, f € £2 only if f; = 0, which implies f = 0. Thus ker(L~! — w) = 0, combining
with ker(L —w) = 0 we get that ker(A — X) = 0, a contradiction.

(2) If A = z + (1/2) € (—2,2), then z can be chosen with |z| = 1 and 2% # 1. If
(A—XNg=0and f =(L—(1/z))g, then by Lemma 5.2 we have relations for f and g.
Using them we see that f and g can be chosen from ¢? and not equal to 0.

(3) Consider now A = #2, then z = w™! = £1. Using Lemma 5.2 again the result
follows easily. O

The results included in Propositions 5.3 and 5.4 have also been proved by Atzmon and
Sodin in [2].
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6. An example

We are going to construct an operator J such that it is still a ‘small’ perturbation of Jy
but for which 1+ p € o,(J); therefore J is not similar to the operator T' defined by (2.2).
Assume that ¢, = 0 and let us start to define 3, and «,,. Let §; =1+ p, ( =1 and
for the eigenvector f assume that f; = fo =1 and so (4.2) for n = 1 is satisfied.
Using (4.4) and (4.6) we have

fa ) _ 0 _
<fn+1)_WBn...BQ<1>,
1 0
)
=2

Assume that A} = 0 (defined by (4.9)) for n > 2. Then

en = —(1+ p)/pon (6.1)

and A, = —(1+ p)d,,, where n > 2.
Define a,, = A;,. Then the transfer matrix B,, has the form (see (4.11))

1//) —Qn
B, = .
< 0 1+an>

Boi41Bo = p* —an/p—axnsi(1+an) 1=1,2
+ 0 (14 agi+1)(1 +ax) o

If we assume that —ag/p — agi+1(1 + ag) = 0, then

because

Hence

a2}

Qoj41 = —————
2+ p(1—|—a21)

for all [ > 1. Computing by pairs of B,, we have

1/p%* 0
fory1 k 0
=W , 6.3
<f2(k+1) 0 H (1+ag41)(I4+an) | \1 (6.3)
=1

where Kk =1,2,....
Due to (6.2) we have (1 + ag+1)(1+ag) =1—[(1—p)/plagy so

k

Jokt+1 = fo(ks1) = H(l —[(1 = p)/plaz),

=1

where k£ > 1 and additionally f; = fo = 1. Therefore, it is not difficult to choose the
sequence {ag }72, to obtain {f,} € ¢* and {e,},{6,} & ¢! but {e,},{d,} € ¢ for all
p>1.
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For example, if

then

1
agl:p/(l—p)m7 l:1,2,..., (64)
1
a21+1 = - (65)
(1-pl+1

fori=1,2,..., and

k
1 1
fok1r = foher) = H(l - l+1> =

=1

where k = 1,2,.... It is obvious that {f,} € ¢? and we can calculate §,, = —a,, /(1 + p)
and then 3, for n > 2. Moreover, it is easy to check that {3, — p} € #\ ¢}, p > 1.
Finally, (by (6.1) and (4.7)) we obtain {e,} with similar properties.
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