BIORTHOGONAL SYSTEMS IN ”-SPACES
R. KEOWN AND C. CONATSER

1. Introduction. Our aim in this paper is to generalize certain ideas and
results of Bary (1) on biorthogonal systems in separable Hilbert spaces to
their counterparts in separable /-spaces, 1 < p. The main result of Bary is to
characterize a natural generalization of the concept of orthonormal basis for a
Hilbert space. That of this paper is to characterize the concept of a Bary basis
which is a generalization of the idea of standard basis of an /P-space. The
result is interesting for /’-spaces because of the paucity of standard bases in
these spaces.

Before summarizing our results, we shall introduce some notation and recall
a few pertinent definitions and facts. The symbols ¥ and 9 denote mutually
conjugate [P-spaces, where X is the space I” and ) the space /* with 1 <7 < 2
and 2 < s = r/(r — 1). The standard bases, {x;} and {y}, of the spaces ¥ and
9, respectively, consist of infinite sequences of complex numbers where for each
particular x; and y; the corresponding sequence is determined by the rule:
X; =Yy;=1{8;},7=1,2,....Thevalue of the linear functional y (belonging
to 9) at the point x (belonging to X) is denoted by the symbol (x, y). Two
sequences, {X,;} and {y}, in X and ¥), respectively, are said to form a biorthogonal
system if and only if (X;, y;) = s (4,7 = 1, 2, ...). Each member of a bi-
orthogonal system is said to be dual or adjoint to the other member. A member
of a biorthogonal system is called an O-system if and only if it is fundamental.
All systems in this paper are O-systems unless the contrary is specified. The
sequence {a;}, 2 = 1, 2, ..., is commonly denoted merely by {e,}. Limits are
usually omitted from summation signs so that ) «; denotes Y 7-; @;. When
the range of summation is limited, > 7, @; is denoted by

Zai, 'i='n,...,m.

This last convention is ignored when the context indicates the limits.

Bary (1) introduced three basic definitions for biorthogonal sequences,
{x,} and {y.}, each member of which is assumed to be fundamental in some
separable Hilbert space $. The O-system {X;} is a Bessel system, denoted by
B-system, if and only if for every z belonging to $ the sequence {(z, y.)},
i=1,2,..., belongs to /2. The O-system {X,} is a Hilbert system, denoted by
H-system, if and only if given any sequence {v;} of /2 there exists a unique
element z belonging to $ such that (z,y;) = v4, % = 1,2,....The O-system
{x,} is a Fischer-Riesz system, denoted by F-R-system, if and only if it is both a
B-system and an H-system.
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The present investigation extends these notions in a direct fashion to the
cases of /?-spaces. Let {X;} and {y} be a pair of biorthogonal sequences, each of
which is fundamental, in the mutually conjugate spaces ¥ (=I") and ) (=),
respectively. The O-system {x;} of ¥ is a Bessel system if and only if for each z
belonging to X the sequence {(z,y:)},2 = 1,2, ..., belongs to/". The O-system
{x; of ¥ is a Hilbert system if and only if given any sequence {v,} of I” there
exists a unique element z belonging to X such that (z,y;) = v,2=1,2,....
The O-system {X,} is a Fischer-Riesz system if and only if it is both a B-system
and an H-system. The analogous definitions hold, of course, for the O-system
vy

It is well known that every basis {X,} of the space ¥ is an O-system with a
dual basis {y} in the conjugate space ). A basis {x;} of ¥ is called a Bary basis
if and only if there exist positive constants m and M such that if z of ¥ has the
expansion

Z=0X+ ..o+ 6X L,
then
mllzll < (Slednvr < M.

A Bary basis of ¥ is commonly denoted by the use of a symbol such as
{x;} (m, M), although the specification of the bounds by (m, M) is sometimes
omitted. The principal result of this paper is that an O-system {x,} is an
F-R-system in ¥ if and only if it is a Bary basis of %.

2. Preliminary theorems. This section is devoted to the proofs of several
theorems which are useful in establishing the main result. Some of these have
independent interest in developing the concept of a Bary basis which has not
previously appeared in the literature.

TuEOREM 2.1. Let {e;} be a fundamental sequence in ¥X. Then there exisis a
Bary basis {u}, each of whose elements is a finite linear combination of elements
belonging to the fundamental sequence {e}.

Proof. Let {x;} be the standard basis of ¥. Given a real number 3,0 < § < 1,
there exists a finite linear combination u; of elements of {e;} such that

[x; —w,ll <8(3)°, j=1,2....
For any sequence {¢,} belonging to /", the series
s=&(Xi—u) + ...+ EE—u) + ...
converges. To see this, note that
120 &:(xi —up)|| < 20 8] [Ix: — |
S EMNTR X — w80 8NV, i=m, .., m,

where this final expression tends to zero as 7 increases without limit. Further-
more, one obtains:

(2.1) 122 &8:(xi —u)|| S 9|xl], x =2 &x.
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An element w belonging to ¥ has the unique expansion,
W=owX1+...+eX;4+...,
with X |w,|” finite. Let T be the mapping from ¥ to ¥ defined by
TwW = (X3 — W) + ... +w;(x; —u;) +....

It follows from the definition that 7" is linear and from (2.1) that T is bounded
by 8, with 0 < § < 1. Let R denote the bounded linear transformation I — T,
where I is the identity transformation on ¥. Then R has a bounded inverse .S
given by the convergent series,

I+7T+...+T74....
Given any w belonging to ¥, the element Sw has the unique expansion,
Sw=7rX1+...+7x;,+....
Consequently, w itself has the unique expansion,
w=RSW) =71 +...+71u;+...,
so that {u,} is a Schauder basis of ¥. In addition,
Wil = [IR][ [SwI = [[R]| [ISI} [Iw]],
which implies that
A/IRIDIWI = G2 [radDvm = IS]] [Iwll.
This demonstrates that {u;} is a Bary basis of %.

THEOREM 2.2. The basts {u;} of X is a Bary basis if and only if the dual basis
{v} of 9 is a Bary basts.

Proof. Let {u;} m, M) be a Bary basis of ¥ and let {v;} be the dual basis of
). Let the elements X and y of X and ), respectively, have the expansions

22) x=twm+...+fu;+... and y=mvi+ ... +q9v,+....
It follows that
(2.3) 22 e =[x, 9] = x| lyl] £ (1/m) X [&)ly]-

Relation (2.3) holds for each {£;} € I” which implies that the sequence {7} is
an element of /°. Consequently,

il = @2 [ndDve = /m)|ly]l-
On the other hand,

[, )| = 22 Emdl < QY Inal )V = MI[x|| 2 [md )M

Thus, we have:

/Myl £ & i)V = W/m)lyll,
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so that {v,} is a Bary basis {v;} (1/M, 1/m). The converse is the same.
Recall that a matrix 4 with elements {a;;} (¢, = 1,2,...) is said to be
bounded or have the bound |4] in [r, s] if and only if

[A,,(X, Y)I = lzaijgiﬂjl
[A|CC 8N )Y, 4i=1,...,mn,
PARIESIADSP

for x = {¢{;} and y = {9} in I” and /%, respectively. When 4 is bounded, the
double and iterated forms of the above sum converge to the same limit.
Furthermore, the sequence {{;}, whose elements are defined by

(2.4) §‘,~=Za“£i, j= 1,2,...,

IIA

IIA

is an element of I” whenever {£;} is an element of /7. Similar results hold for
elements of /°.

THEOREM 2.3. Let {u}(m, M) and {v}(1/M, 1/m) be biorthogonal Bary
bases for the spaces X and 9), respectively. Let A be the matrix {a;;}, defined by

(2'5) Q5 = (Tuiv VJ')r ’1:7]. = 1: 21 LI

where T is a bounded linear transformation on X. Then A is a bounded matrix in
[, s]. Conversely, if A is a bounded matrix in [r, s], there exists a bounded linear
transformation T on X whose matrix with respect to the basis {W,} is given by (2.5).

Proof. Let T be a bounded linear transformation on %. Let {£;} and {7} be
two sequences of complex numbers which belong to /™ and /¢, respectively. Then
there exist elements,

x=£1u1+...—|—£juj+... and y=171V1+...+n,-v,~+...,
which belong to ¥ and 9), respectively. Let x* and y” be the elements defined by
X*=W+ ...+ U, and Y =mVi+ ...+ 9.V,

n =1,2,.... Then one has

l[An({£d, ()] = 122 @iz, t,7j=1,...,n,
= [(Tx", y")|
= 1701yl
< |71 (1/m) 2 &)V M (R 0tV
NN L /m)[{E A [

Conversely, let {a;;} (7, 7 = 1,2,...) be a bounded matrix in [r, s]. If {£;}
belongs to 7, then the sequence {{,} whose elements are defined by (2.4) is also

IA
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an element of I". Let T be the mapping with domain and range ¥ such that if x
of ¥ has the expansion (2.2), then the image T'X is given by the series,

§‘1u1+...+§‘1uj—l—... = (Zaklék)ul—l-...-}- (Zakjék)u,-l—....

T is a linear transformation on ¥. Furthermore,

ITx]| = /m) NV = (1/m)| A &)Y < (M/m)|A] |[x]|.
Thus, T is a bounded linear transformation on ¥. In addition,

Tllz-=(xﬂu1+...+a“-u/+...,
so that
(Tuy, Vj) = a;y
as was to be shown.

We note the following useful fact. Let {e;} and {g;} be biorthogonal systems
lying in the mutually conjugate /P-spaces ¥ and 9, respectively. Let {u,} and
{v.} be another such biorthogonal pair. Let 7" be a bounded linear transforma-
tion on X such that

Tu, = e, 1=1,2,....
Then the adjoint 7* of T is a bounded linear transformation on ) such that

T*¢, = v, 1=1,2,....

3. Principal theorems. This section contains certain results on B-systems

and H-systems and the theorem that every Fischer-Riesz system in X is a Bary
basis of %.

TurEOREM 3.1. Let {e;} and {g;)} be O-systems in the mutually conjugate
iP-spaces X and ), respectively. In order that { €} be a B-system, it is necessary and
sufficient that there exist a bounded linear transformation T on X such that

Te; = u,, 1=1,2,...,
where {W,;} (m, M) is a Bary basis of X.

Proof. Let {e;} be a B-system in ¥ and {u,} (m, M) a Bary basis of X. If z is
any element of ¥, then the sequence {(z, )} is an element of [". It follows that
there exists a uniquely defined element Z of ¥ such that

Z = (z,gl)ul—l—...—i- (Z,g;)u/“*‘....

Let T be the mapping from % to X defined by 7'z = Z. It is easy to see that T°
is a linear transformation with domain ¥. We show that T is closed. Let the
sequence {Z,} of elements of ¥ converge to the element z and let the set {Z,} of
images {T'z,} converge to Z. Let {v;} (1/M, 1/m) denote the sequence in 9)
biorthogonal to {«,}. Then for each integer ¢, one has

(Zny vi) = (zm g’l)s n = 1,2,....
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It follows by continuity of the inner product that
(Z,v,;) = (z,8,), 1=1,2,...,
and, consequently, that
Z=(z,¢)u;+ ...+ (z,8,)u,+ ....

Thus, one finds 7z = Z, so that T is a closed linear transformation with
domain %; hence, T is bounded. From the definition of 7', we have:

(Z,g,) = (TZ, Vz), l = 1,2,...,
for all z. In particular,
8y = (e;,8:) = (T'e;, vy),
which implies by uniqueness of the adjoint system of {v;} that T'e; = u;, as
was to be shown.
Conversely, let {e;} be an O-system in ¥ and suppose that there exists a
bounded linear transformation 7" on ¥ such that

Te;, =u, 1=1,2,...,

where {u;} (m, M) is a Bary basis of ¥ with dual basis {v;} (1/M, 1/m) in 9).
For any X in ¥, one has

(x,8:) = (x, T*v,;) = (I'x,v,), 1=1,2,....

Thus, the expansion coefficients of x with respect to the O-system {e,} coincide
with the expansion coefficients of 7x with respect to the Bary basis {u,}. It
follows that

Qo (x, 8NV < M||Tx|| = M(|T|] [|x]].

Consequently, the O-system {e,} is a B-system. Furthermore, one discovers the
existence of a constant K such that

‘ Qo 1(x, 80NV = K|[x]|
whenever the O-system {e;} is a B-system with the adjoint system {g}.

COROLLARY 3.2. Let {e;} be an O-system in X with {g.} its dual in ). Let A
be the matrix whose elements are the coefficients (U4, §;) of the expansions,

g, = (U, g)vi+ ...+ (U, 8)ve+ ...,

of the members of the adjoint system {$.} with respect to a Bary basis {v} of 9. In
order that the O-system { e} be a B-system, it is necessary and sufficient that A be
bounded in [r, s] for a suitable choice of the Bary basis {v}.

Proof. Let {e;} be a Bessel system in ¥; then there exists a bounded linear
transformation 7" on ¥ such that

Te1;=ui, ’i=1,2,...,
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where {u,} (m, M) is a Bary basis of X. Let {v;} (1/M, 1/m) be the Bary basis
of 9 which is biorthogonal to {u,}. We note that T* is a bounded linear
transformation on 9 such that

T*Vj=gj, j=1,2,....

The expansion of g; with respect to the Bary basis {v;} is

g:= (U g)vi+ ...+ (U, 8)v; 4+ ...

= (U, T*v)vi+ ...+ (W, T*vV)v; + ...

= (Tu, v)vi+ ...+ (Tu;, v)v,+....
Thus, the expansion coefficients of the sequence of elements {g;} with respect
to the basis {v;} are the elements of the matrix 4 of 7" with respect to the basis
{u,}. It follows by our previous results that 4 is bounded in [, s].

Conversely, suppose that the matrix {a;;} (4,7 = 1,2,...) is bounded in

[r, s]. When {£;} is an element of 7, the series Y a;;; converges to a limit 7,
where the sequence {5} is an element of /. Each element x of ¥ has the unique
expansion,

X=§&u + ...+ &u+ ...,
while each element g; of the adjoint system has the unique expansion,

gi=a11V1+...+ajiV]~+...,
so that

(Xrgi)=zaji£j=77iy i=1y2"-'v

where the sequence {7; belongs to [". It follows that the O-system {e;} is a
B-system.

TuEOREM 3.3. Let {e} be an O-system in X with adjoint system {g:} in V. In
order that {e;} be an H-system, it is necessary and sufficient that there exist a
bounded linear transformation T on X such that

TUj-_—'ej, j=1.2,...,
where {u;} (m, M) is a Bary basis of X.

Proof. Let {e;} be an H-system and let {u;} (m, M) be a Bary basis of ¥. Let
z belong to %, then
Z=§Ui+ ...+ O+,

where (3 |¢4|")Y/" is finite. There exists a unique Z belonging to ¥ such that
(ngi)=§‘i=(zyvi)r i=1,2,...,

where {v;} (1/M, 1/m) is the Bary basis of ) biorthogonal to {u;}. We define
a mapping 7 on X by 7'z = Z. The mapping T is a linear transformation with
domain ¥%. We show that T is closed. Let z, tend to z and Z, tend to Z, where

(Zm gi) = (zm vi), 1= 1, 2,....
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It follows that
Z,8:) = (z,vs), 1=12,...,

so that T is a closed linear transformation, and hence is bounded.
Furthermore,

(ef’ gi) = 611 = (ujr vt)r i;j = l’ 27 ce ey
which implies that
(3.1) Tu,=¢e;, j=12,....

Conversely, let T be a bounded linear transformation on ¥ such that (3.1)
holds for some Bary basis {u;} (m, M) of ¥. Given any sequence {{;} of complex
numbers belonging to 7, there exists a unique element z of ¥ such that

Z=U+ ...+ U+ ...,
Let x be the image of z under T, that is,

X=0er+...+&e+ ...,
which implies that

(x,8) =¢,  1=12...,

which shows that {e,} is an H-system. In addition,

1xll = 1T2l] = 1T} {l2l] < [1T1[(1/m) 2 5.

COROLLARY 3.4. Let {e;} be an O-system in X. In order that {e; be an H-
system, it is necessary and sufficient that the matrix A, whose elements are the
coefficients of the expansion,

ei=a1¢u1+...—|—a”u1+..., 7:=1,2,...,
with respect to some Bary basis {w;} (m, M) of X, be bounded in [r, s].

The above Corollary is equivalent to the fact that in order that {e,} be an
H-system in %, it is necessary and sufficient that the matrix 4, whose elements
are{(es vy)} (4,7 = 1,2,...), be bounded in [7, s] for every Bary basis {v,} of
the conjugate space 9). This last result has an interesting interpretation in the

case of /2, where ¥ and 9) can be identified. One notes that the matrix 4, whose
elements are given by

Ay = (eiy vj)7 1:’_7. = ]-y 2; LR ]

{Vi} an orthonormal basis of the space, is bounded if and only if the matrix A*
is bounded, where the elements of 4* are given by

Y= (Vi €;) = &5 5,j=1,2,....

However, A and 4* are bounded if and only if 44* is a bounded matrix B,
where the elements of B are given by

By = Z (es, Vi) (vi, €)) = (e4, €)).
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The matrix B is the Gram matrix of the O-system {e;}. Thus, the system is an
H-system if and only if its Gram matrix is bounded in [2, 2].

THEOREM 3.5. Let {e;} and {8} be O-systems belonging to the mutually
conjugate spaces X and ), respectively. Then { e} is a B-system in X if and only if
{8} is an H-system in ).

Proof. Let{e,} bea B-systemin X. Then there exists a Bary basis {u,} (m, M)
and a bounded linear transformation 7" on ¥ such that

Te1=u_1, j=1,2,....

Let {v (1/M, 1/m) be the Bary basis of 9 biorthogonal to {u,} and let 7* be
the bounded linear transformation on ¥) adjoint to I'. Then one has

815 = Uy, v;) = (Tey, vy) = (ey, T*v)), ,j=12,...,

which implies that
T*ijgj, j=1,2,....

Thus, {g,} is an H-system. The converse is similar.

THEOREM 3.6. Let {e;} and {8, be O-systems in the mutually conjugate IP-
spaces ¥ (=1") and 9 (=1°), 1 < r < s, respectively. If {e,} is a B-system, then
there exists a bounded linear transformation T from X to ) such that

Tej=gj, j=1,2,....

Proof. Let {u;} (m, M) be any Bary basis of X. There exists a bounded linear
transformation Q on ¥ such that

Qe; = uy, i=12....

Denote by {v;} (1/M, 1/m) the Bary basis of 9 dual to {u;}. Every x of ¥ has
the unique expansion

(3.2) X=¢&u 4+ ...+ Eu; 4 ...

with
Q l&dnvr = Mx]|.
It follows that

Qg = Qg = M[x]].
Consequently, the series

£1V1+...+57V1+...

converges to an element z of § with
2| = MG [&d)s < M &)V < M|x]].
The mapping R from ¥ to §) defined for the element x of (3.2) by
Rx=&vi+ ...+ 6V, + ...
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is a bounded linear transtormation from % to ¥). Furthermore, there exists a
bounded linear transformation .S on 9) such that

Sv; =6, i=12....
The product SRQ is the desired bounded linear transformation from ¥ to %).

TuroreM 3.7. Let {e;} and {g,} be O-systems belonging to the mutually
conjugate spaces X and ), respectively. Then the following four conditions are
equivalent:

(i) The O-system {e,} is a Bary basis of ¥X;

(ii) Each of the O-systems {e;} and {g.} is an H-system;

(iii) Each of the O-systems {e;} and {8} is @ B-system; and

(iv) The O-system {e;} is an F-R-system.

Proof. Let {e,} be a Bary basis corresponding to the bounds (m, M). Then,
given any sequence {v;} belonging to /", there is an X in ¥ with the expansion,
X=ve1+...+ve;+...,

and, furthermore,

7i=(xygi)y i=1127"'°

It follows that {e;} is an H-system. A similar argument shows that {g,} is an
H-system. Suppose that both {e;} and {g,} are H-systems. Then, by Theorem
3.5, each of them is also a B-system. If {e;} and {g,} are each B-systems, then
Theorem 3.5 implies that {e,} is an F-R-system. Suppose that {e;} is an F-R-
system in the space ¥ with {g,} its dual in §). Given any X of ¥, the sequence
{(x, 8,)} is an element of I”, since {e;} is a B-system. Thus, there exists an x’
of X such that

(3.3) X' = (x,81)es+ ...+ (x,8;,)e; + ...,
since {e;} is an H-system. The equalities,
(X,, g‘t) = (xl gi): 'L = 1127~-'7

imply that X’ coincides with x. Consequently, (3.3) is the biorthogonal
expansion of X. Thus, {e;} is a Schauder basis of ¥. By Theorem 3.3, there
exists a constant m such that

mlx|| = X [(x, 8"

Furthermore, by Theorem 3.1, there exists a constant M such that

Qo 1(x, 80NY = M([x|].
It follows that {e;} is a Bary basis of X.
4. Applications and examples. This section includes two applications

of the preceding theorems and an example to show that a reasonably good
O-system need not be a basis.
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We extend a standard definition of Hilbert space theory. A sequence {e;} of
vectors in X is said to be 7-near a Bary basis {u;} (m, M) of ¥ if and only if

2 |ui—el*=D < .

The following result is a generalization of a theorem of Brauer (2) from
Hilbert spaces to [P-spaces with a slight weakening of the hypothesis.

THEOREM 4.1. Lei {e,;} and {8} be biorthogonal sequences in the mutually
conjugate IP-spaces, X and 9, respectively, with neither assumed to be fundamental.
Then {e} is a Bary basis of X if and only if it is r-near a Bary basis of ¥.

Proof. If {e;} is a Bary basis of ¥, it is clearly r-near itself. Conversely,
suppose that {e,} is r-near the Bary basis {u;} (m, M) of X. Then each x of ¥
has the unique expansion

X =f&U + ...+ Eu;+ ..., where O [£])V < 0.
Let the sequence {R} of linear transformations be defined by
Rx =&(up—er) +...+ &, —e,).
One notes that
[|(Rn — Ry)X|| < ||Z g(u; — ey
< X aNr R [Jus — e[V
< |X[[MC [[u; — e[, i=m+1,...,n

Consequently, the sequence {R; of compact linear transformations on X
converges uniformly to a compact linear transformation R on ¥ such that

Rx =fur—e)+ ...+ & —ey) +....
In addition, one has
(I—-R)x=¢e+ ...+ &e;+.

Suppose that 1 belongs to the spectrum of R; then there exists a non-zero X,
given by (3.2), such that

0= (I—R)X=£1e1+...+$J~e,+....
Using the biorthogonality of {g.} and {e;}, one finds that
0=(Ele1+~--+£jej+-~-rgk)=Eky k=112)-~'v

contradicting the assumption that X is not the zero vector. Consequently, 1
belongs to the resolvent set of R and the linear transformation I — R has a
bounded inverse S. Since I — R is a bounded automorphism of ¥ and
e;= (I —R)u,(j=1,2,...),it follows that the sequence {e;} is a Schauder
basis of ¥. Let x have the expansion:

x=her+ ...+ ¢&e,+ ... =T —R)Ewm+...+Eu;+..0).
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One sees that
Ix]] = ||( = R)Sx|| = [|[I — R||||Sx|| = [I[I — R [ISI] ||x]]
and
A/ = RIDIx] = J1Sx|| = [ISI] 1]x]].
It follows that
(4.1) (m/||I = RIDI[x]] £ Q&Y = MIIS|| [Ix]]-

Relation (4.1) implies that {e;} is a Bary basis of X from which it follows that
{g4 is a Bary basis of 9.

The concept of a Bary basis leads to the consideration of a semisimple
Banach algebra with underlying space X having a dual Banach algebra whose
underlying space is the conjugate space ¥) of X.

Example 4.2. Let {e,;} (m, M) be a Bary basis of ¥ with {g,} (1/M, 1/m) its
dual basis in 9. Let R be the algebra obtained by defining the product of two

elements,

X=$181+...+£jej+...
and

z=§‘1e1—l-...+£,-ej—l-...
of ¥ to be

Xz = §&fer+ ..o+ Ee L
One finds that

[xz|| = (1/m) (Q [Eddl)V”
< (I/m) Q& Q2 e
= (M2/m)|x|| ||z]l,

so that R is a Banach algebra. Each set I ; of N consisting of all elements of R
with zero as 7th component is clearly a maximal modular ideal of R. It can be
seen that every maximal modular ideal of R is of this nature. Since 0 is the only
element common to all of these, N is semisimple. The multiplicative linear
functional defined by I, is the element g; of the dual basis. These algebras are
closely related to earlier ones introduced in (4;5). An argument of Gel’fand (3)
extends to the case of CSSR Banach algebras, see (5), in the sense that the set
{e, of minimal idempotents of a CSSR algebra is a Fischer-Riesz basis if and
only if it is homogeneous. This condition is realized if and only if the set of
minimal idempotents {e;} of R is uniformly bounded in norm. If the space 9
is made into a Banach algebra i* by taking the basis (g} to be a set of minimal
idempotents, there exists both a vector space and an algebraic duality between
R and R*. Each closed ideal & of RN corresponds to a closed dual ideal a (&) of
R* consisting of all functionals in R* which vanish on &. Similarly, each
closed ideal &’ of N* corresponds to a closed ideal #(J') of R consisting of the
subspace on which all elements of 3’ vanish. These correspondences are dual
in the sense that

n(@(3)) =JF and a(x(Z)) = .
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One can also define an adjoint mapping * of R into N* such that

(Slel—l—...—{—é,»e,—l—...)*=.§1g1+...+£,gj+....

This mapping is a continuous mapping of R into R* which sends a closed ideal
& of R into an ideal §* which is not necessarily closed. Let ¢(*) be the
closure of the image J* of the closed ideal & under the adjoint mapping *. One
notes that if & is any closed ideal of R, then there exists a decomposition of R*
as the direct sum,

R* = c(I*) + ().

We hope to return to the analysis of Banach algebras with such a double
duality in a later paper.

We conclude with an example of a reasonable O-system which is not a basis.
It is a minor modification of one given by Bary in the case of Hilbert spaces.
According to Levin (6), a fundamental sequence {e;} in ¥ is minimal if and
only if for each choice of 7, the element e; does not belong to the closed linear
hull [e;], 7 # 1, of the remaining elements of the sequence. It follows from the
Hahn-Banach theorem that a minimal sequence {e;} is an O-system with an
adjoint system {g;} in §). It is clear that an O-system is minimal. An O-system
{e,} is said to be uniformly minimal if and only if there exists a positive number
d such that each element e;, 7 = 1, 2, ..., isnot less than the distance & from
the closed linear hull [e;], 2 # j. An O-system {e;} is uniformly minimal if and
only if the elements of the adjoint system {g,} are uniformly bounded in norm.
One notes that if the O-system {e;} is a normalized basis of ¥, then it is uni-
formly minimal. For given x of ¥ with the expansion

X = (X)gl)e1+-v-+(Xygl)ej+--'r

the convergence of the series implies that the terms (x, g¢;) tend to zero. It
follows from the principal of uniform boundedness that the sequence {g,} is
uniformly bounded. Let {e,} be an O-system in X and let {u} (m, M) be a
Bary basis of X such that

u; = (u,g)er+ ...+ (U, gs)ey,

where each sum is finite. Such a basis exists by Theorem 2.1. Let {g} and {v,}
be the corresponding adjoint systems in §) of {e;} and {u,}, respectively. Then
one obtains the following extension of a theorem of Pell (7), namely, when
{e;} is uniformly minimal, one has

g, = (u,g)vi+ ...+ (U, v+ ...
with
(4.2) Iy, )Y < (1/m)||g,l] = K

for some constant K. This condition (4.2) holds, in particular, when {e;} is a
basis of ¥. In order that the dual system {g;} be fundamental, it is necessary
that

(z,8:) =0, 1=1,2,...,
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imply that z is zero. When z has the expansion
z=0uw A+ .. a4,

this last condition leads to the requirement that

(4'3) Z(uir g_‘i)g“l = Or j: 1127-"1

must have only the trivial solution,
Gi=...=¢=...=0.

Thus, one arrives at the set of necessary conditions, given by Bary, in order
that {e;} be a basis, namely, that (4.2) and (4.3) hold. We are now prepared to
give a modification of Bary’s example.

Example 4.3. Let {u;} be the standard basis of ¥. Let the sequence {e,} be
defined by

€9y—1 = Uz, ey = (1/d,) (U211 + U2,),
where

dn = (1 + Qnr)x“-

The system {e;} is normalized, fundamental, and minimal. The Bary basis
{u;} can be expressed in the form

U1 = €241, Yo = —@n€on—1 + dne2nv

while the adjoint system {g,} of {e,} can be expressed as

g2n—l = Vop—1 — GnVon, g2n = dnv2m

where {v;} if the Bary basis of § dual to {u}. Itis easy to verify that condition
(4.3) is satisfied. However, one finds that the norms of the set of elements {g
are unbounded whenever the sequence {¢,} diverges to plus infinity. For such
a choice of this sequence, the O-system {e,} is not a basis of ¥.
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