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COALESCENCE IN SUBCRITICAL BELLMAN-HARRIS
AGE-DEPENDENT BRANCHING PROCESSES

JYY-I HONG,* Waldorf College

Abstract

We consider a continuous-time, single-type, age-dependent Bellman—Harris branching
process. We investigate the limit distribution of the point process A(¢t) = {a;;: 1 <
i < Z(t)}, where a, ; is the age of the ith individual alive at time ¢, 1 < i < Z(¢), and
Z(t) is the population size of individuals alive at time 7. Also, if Z(t) > k, k > 2, is
a positive integer, we pick & individuals from those who are alive at time ¢ by simple
random sampling without replacement and trace their lines of descent backward in time
until they meet for the first time. Let Dy (¢) be the coalescence time (the death time of the
last common ancestor) of these k random chosen individuals. We study the distribution
of Dy (t) and its limit distribution as t — oo.
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1. Introduction

1.1. Definition of Bellman—Harris branching processes

We consider a single-type, continuous-time, age-dependent branching process such that each
individual lives for a random amount of time, say L, with distribution function G and, upon
death, produces a random number & of children according to the offspring distribution {p;} ;>0
with L and & independent. All individuals live and produce children independently of each
other and with the same distributions. (See [3, Chapter 4].)

Let Z(¢) be the population at time ¢, i.e. the number of individuals alive at time #. Then
{Z(@): t+ = 0} is called a continuous-time, single-type, age-dependent Bellman—Harris
branching process with lifetime distribution G(-) and offspring distribution {p;} ;>o0.

Letm = Z;’il Jpj- The Bellman—Harris branching process is called a supercritical, critical,
or subcritical process according to whether | <m < oco,m = 1,orm < 1.

For the lifetime distribution G, we assume throughout that G(0+) = 0. This together with
finite mean (i.e. m < 00) guarantees the almost-sure finiteness of the process for all time ¢ > 0,
i.e. P(Z(t) <oo) =1forall0 <t < oo.

Definition 1.1. The Malthusian parameter for m and G is the root « in R (provided it exists)
such that

o
m/ e “"dG(x) =1.
0
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Due to the monotonicity of the left-hand side of the above equation as a function of «, such
a root, when it exists, it is always unique. Also, such a Malthusian parameter o always exists
and is necessarily nonnegative when m > 1.

Let f be the generating function of the offspring distribution, i.e.

o
f&=) pisl.  0=<s<L
j=0

Let
0 .
F(s, 1) = Z]P’(Z(t) =j|Z©0)=1)s/, 0<s<l.
j=0
Thus,
F(s, 1) = E(s*" | a newborn ancestor at time 0) = E(s%": Ly > 1) + E(s?®: Ly < 1),
where Ly is the lifetime of the ancestor. On the event {Lg < t},

o
Z(t)y=Y_Zj(t - Lo),
j=1
where & is the number of offspring of the ancestor and {Z;(t — Lo): t > Lo} is the branching
process initiated by the jth offspring of the ancestor, j = 1, 2, ..., &. Thus,

F(s,t) =s(1 —G(t))—f-/ f(F(s,t —x))dG(x);
[0,7]

F (s, t) can be shown to be the unique bounded solution of the above integral equation (see [3,
pp. 139-140]). Thus, F is fully determined by the pair (f, G).

We now present some well-known results for Bellman—Harris processes. (See [3] for proofs.)
Let g be the probability of extinction, i.e.

q=P(Z()=0forsome0 <t <oo| Z(0)=1).
It is known that ¢ = 1 in the critical and subcritical cases (0 < m < 1).

Theorem 1.1. If m # 1,0 <y = f'(q), G is nonlattice, the Malthusian parameter o for y
and G exists, and po =y [ 1e=*" dG(t) < oo, then

lim e % (g — F(s, 1)) = Q(s) existsfor0<s < 1.
11— 00

Furthermore,
(0.¢]
0(s)=0 < m<1 and Z(jlogj)pj = oo0.
j=I
Theorem 1.2. Let 0 < m < 1 and Z?ozl( jlog j)p;j < oo. Assume that the Malthusian
parameter o for m and the lifetime distribution G exists and that fooo te” ¥ dG(t) < oo. Then

(a) forall j > 1,
tl_i)rgOIP’(Z(t) =j|Z(t) >0)=b;

exists, ) (21 bj = 1,and 3 32, jbj < oo,
(b) P(Z(t) > 0) ~ ce* for some 0 < ¢ < 0.
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1.2. The age chart

Since, by Theorem 1.2(a), conditioned on the event of nonextinction, the population Z(¢) of
a single-type, continuous-time, age-dependent subcritical branching process will converge to a
proper real-valued random variable in distribution as ¢+ — oo, the question of the convergence
of the age chart of the individuals alive at time ¢ is of interest. Let a,; be the age of the ith
individual alive at time ¢, 1 < i < Z(¢). Then, {A(t) = {a;;: 1 <i < Z(t)},t > 0}isa
point process. In this paper, the limit distribution of A(¢) as t — oo conditioned on the event
{Z(t) > 0} will be discussed.

1.3. The coalescence problem

Suppose that, for r > 0, Z(z) > k. Now, pick k individuals at random from the population
alive at time ¢ by simple random sampling without replacement. Trace their lines of descent
backward in time till they meet. Let Dy (¢) be the coalescence time of these k individuals alive
at time . We call this common ancestor who died at time Dy(t) their last common ancestor.
In this paper, the limit behaviors of the distributions of Dy (¢) as t — oo for k > 2 is studied
for the subcritical age-dependent Bellman—Harris branching process.

The analog of Theorem 2.2 (below, the result on the coalescence time) for the discrete-time,
single-type Galton—Watson branching processes has been addressed in [1] (for supercritical
and explosive cases) and [2] (for critical and subcritical cases). Also, Lambert [7] considered
the discrete and continuous (time and state space) settings for subcritical cases and Hong dealt
with continuous-time, age-dependent supercritical Bellman—Harris branching processes in [5].
For the results on multitype discrete-time processes, see Hong [5] for supercritical, critical, and
subcritical cases.

2. Main results

The first result we establish for the subcritical case is the convergence of the age chart of the
population.

Theorem 2.1. Let 0 < m < 1 and Z?’;l(j log j)pj < oo. Assume that the lifetime
distribution G is nonlattice, G(0+) = 0 and such that the Malthusian parameter o exists,
and fooo te™ %" dG(t) < oo. Then the following statements hold.

(a) Conditioned on the event {Z(t) > 0}, the point process
A) =fai: 1 =1 = Z@)}
converges in distribution as t — 00 to a point process
A={a:1<i<Y) .1

where Y is the random variable with distribution {b;} j>o as defined in Theorem 1.2. The
distribution of A is determined by its Laplace functional ¢(s) in (3.10) below.

(b) Moreover, let 1y ; be the remaining lifetime of the ith individual alive at time t. Let
R(t)={ri:1=i<Z®D}

Then, conditioned on the event {Z(t) > 0}, the point process R(t) converges in
distribution as t — 00 to a point process

R={f:1<i<Y}

where Y is as in (a) above. The distribution of R is determined by its Laplace functional
in (3.2) below.
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The above theorem can be used to prove Theorem 2.2 below on the coalescence problem for
a subcritical Bellman—Harris branching process.

Theorem 2.2. Let0 <m < 1 and Z] 1(log j)pj < oo. Assume that the llfenme distribu-
tion G is nonlattice, G(0+) = 0, the Malthusian parameter « exists, and f ¥ AG(t) < oo.
Let Dy (t) be as defined in Section 1.3. Then, conditioned on {Z(t) > 2},

t—Dz(t)inz ast — 0o,

where [)2 is a positive random variable such that P(0 < [)2 < o0) = 1. Foranyu > 0,

- 1 -
P(D; <u)y=1- WE@(A, u)) = Hy(u),

where A and Y are as defined in Theorem 2.1,
Z{;J.:] Zi(ai+u)2j(aj+u) . )
(Zle Zi(a; + u))(X:f?=1 Zi(ai +u)—1) (> i=1 Zi(ai+u)=2}

o((ar,az,...,ar), u) = ]E<

for any positive integer k and any positive real numbers ay, as, . .. , ax, and {Z; (t): t > 0}i>1
are i.i.d. copies of {Z(t): t > 0} with newborn initial ancestors.

Remark 2.1. Coalescence thus takes place close to the present.
By the same lines as the proof of Theorem 2.2, we can extend the result to any integer k > 2.

Corollary 2.1. LetO <m < 1 and Z @) log])pj < 00. Then, under the same hypotheses

as in Theorem 2.2, for any~k >2,t— Dr(t) 2 Dk ast — oo, where Dk is a positive random
variable such that P(0 < Dy < c0) = 1.

3. Proofs of the main results

3.1. Proof of Theorem 2.1(a)

Let Z(¢) be a continuous-time, single-type, age-dependent Bellman—Harris branching
process with Z(0) = 1. Leta, ; be the age of the ithindividual alive attimes,i = 1,2, ..., Z(¢).

To establish Theorem 2.1, it suffices (see Theorem 4.2 of [6]) to show that, for any bounded
and continuous function #: Ry — Ry ands > 0,

Z(@)

P(s) = tlggoE<exp[—th(at,,-)] ‘ Z@t) > 0)

i=1
exists and ¢ (0+) = 1.
Now,0 < s < 0o, > 0,

Z(t)

I:I(s, 1) = E(exp[—s Zh(at,i)] ‘ Z(t) > O>
i=1
Z(@)

1
T RZ@) > 0) (e"p[ Zh(au)} z<t>>0>

Z(1) Z(t)

1
= —IP(Z(t) ~0) [E(exp[—s ;h(at,i)]) - E(exp[—s ,Zh(“”")] I{Z(I)zo})}

i=1
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A0

1
exp —s Zh(at i)

=Pz _ E(izn= 0})]

! _ _ z(z)
= m _E(exp —s Zh(at i)

-
)
o)
-

—1+1—IP’(Z(I)—O):|

= ! E h 1+P(Z 0
=Pz >0l exp —SZ (ai)| ) —1+P(Z() > ):|
| - - Z()
= 570 =0 _E(exp —s Zh(a, ) ] (3.1)
Let the ancestor be newborn. Then
Z(@t)
H(s,t) = E(exp[—s Z h(a,,i):|>
i=1
Z(t) Z(t)
= E(exp[—s Zh(a,,,-)j| Lo > t) + E(exp[—s Zh(at,,-)} L, < t)
i=1 i=1

= e MOP(Ly > 1) +/ fH(s,t —u))dG(u)
[0,7]

=e "1 - G) + / F(H (st — 1)) dGu), (.2)
[0,¢]
which implies that, for any s > 0, H (s, t) satisfies the integral equation
H(s, 1) = e~ (1 — G@t)) +/ f(H(s,t —u))dGu), H(s,0) = e*hO
[0,7]

Moreover,
H(co,t) = lim H(s,t) =P(Z(t) =0).
§S—> 00
Then, by (3.1) and (3.2),

Z(t)

E(exp[—s Zh(a,,i)} ‘ Z(@) > 0)
i=1
Sy P )
P(Z(1) > 0)
=1- m[l —e "1~ G@)) — o f(H(s, t —u)) dG(u):|
=1- m[(l —e "Y1 - G@)) + /M[l — f(H(s, 1 — u))]dG(u)].
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For any fixed s > 0, let

H(t)=1-—H(s,1), (3.3)

£@) =1 —e "1 - G@)), (3.4)
t

&) = /(; [1—f(H(s,t —u)) —mH(t —u)]dG(u), 3.5

E3(1) = &1 (1) + £(1). (3.6)

Then
H(r) = &(1) + m/ H(t —u)dGu).
[0,7]
Before we proceed to the proof of the theorem, we require the introduction of direct Riemann
integrability and some lemmas about the properties of the functions defined above.

Definition 3.1. A function £ is directly Riemann integrable if

@ Yolo 8 (SUP,5<; < (ns1)5 £()) and Y o 8(nfus<r<(nt1)s £(1)) converge absolutely for
sufficient small § > 0; and

(b) (X020 8(SUPs<i<(nr1)s €(1)) = D5l 8(infus<r<ni1)s §(1))) — 0as & — 0.
Remark 3.1. Some sufficient conditions for the direct Riemann integrability of & are

(a) & > 0, bounded, continuous, and Z;:o:o(sup”EKn 118(1)) < o0

(b) & > 0, nonincreasing, and Riemann integrable in the ordinary sense;

(c) & is bounded by a directly Riemann integrable function;

(d) £ is constant on the intervals (n, n + 1) and absolutely integrable.

Lemma 3.1 is a well-known result in renewal theory. See [4, pp. 362-363].

Lemma 3.1. Let G be a probability distribution function, and let G*" denote its n-fold
convolution. Let U =Y 2 G*". If & is directly Riemann integrable and G is nonlattice,
then

Joo &) du

tlggo(g *U)(1) = m

Lemma 3.2. If the Mathusian parameter o of m and G exists, if e~*'£(t) is directly Riemann
integrable, and if G is nonlattice, then the solution H of the integral equation

t
H(t):é(t)—l—m/ H({t —u)dG(u), t >0,
0

satisfies
Jo e E(r) du
m [ ue=@" dG (u)

H(t)e ™ —

ast — oQ.

The proof of Lemma 3.2 can be found in [3].
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Lemma 3.3. Let H be the function defined in (3.3). Then, under the hypotheses of Theorem 2.1,

sup e Y H(t) < oo.
5,t>0

Proof. For any fixed s > 0 and any ¢ > 0, we have

|H@)| = [1 = H(s, )]

=|(1—e "1~ G@) + / [1— f(H (s, t —u)]dG(u)

[0.7]

<|l—e "1 - G@)| + ‘/ [1— f(H(s,t —u)]1dG(u)
[0.7]

Note that f(1) = 1,0 < H(s,t —u) < 1, and f is a continuous function. Then, by the
mean value theorem, there exists ¢ such that H(s,t —u) < c < 1 and
fQ) — f(H(s, t —u))

1—H(s,t —u)

fle) =
Therefore,

H(@®)| < 1 —e "0l — Gn)] + ‘f fe)d — H(s,t —u))dG(u)
[0,7]
<11-GO+ /[0 I = Hes.r = 0] 460
N3

=1 =G{@) +m/ |H (1 —u)|dG (u) (3.7
(0.7]

since f’ is nondecreasing.

Letme™ " dG () = dGq(t) and g4 (1) = e % (1 — G(¢)). Note that fooote_"" dG(t) < o0
implies the Riemann integrability of g,. So, g, > 0 is nonincreasing and Riemann integrable,
and, hence, g, is directly Riemann integrable by Remark 3.1(b). Moreover, that G is nonlattice
implies that G, is also nonlattice.

Let G be the n-fold convolution of G, and let U, = Z?;io G}". Then, by Lemma 3.1,

we have ~
Jo_ 8alu)du

lim g, % Uy(t) =
Jim gy a(?) 1™ udGa )

Multiply both sides of (3.7) by e %, Then

e H@M| <e ™1~ G0) +m/ e ™ H(t —w)|dGu)
[0,7]

= go(t) + / e CIH(t — 1) dGg ()
[0,7]

= go(t) + Hy * Go(2)
< 8a(t) + (8o + Hy * Gy) * G (1)

= g4(t) + 8o * Go(t) + 8o ¥ GEX(1) + 8o * G2 (1) + - --
= gOt * UOl(t)s
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and, hence, lim;_, o, e~%'|H (¢)| is bounded by a constant for any s > 0. So,

sup e ¥ H(t) < oo.
s,t>0

Lemma 3.4. Let &) be the function defined in (3.4). Then, under the hypotheses of Theorem 2.1,
e~ & (t) is directly Riemann integrable.

Proof. Note that
le™ & =le (1 —e "Y1 -~ G@)l <e (1 - G@1) = ga (1),

where g, is known as a directly Riemann integrable function from the proof of Lemma 3.3.
So, e7¥'&; is directly Riemann integrable by Remark 3.1(c).

Lemma 3.5. Let & be the function defined in (3.5). Then, under the hypotheses of Theorem 2.1,

/oo e & ()] dt < oo.
0

Proof. Recall that
HO =60 +60+n [ HE—0d6w
(0.7]
implies that

e H(t) = e YE1(1) + e YEW) +m / e H(t —u)dGu).
[0.1]

Let Hy (1) = e H(1), §14(t) = €& (1), and 24 (1) = e~ *'&,(#). Then

Ho(1) = E10(1) + E2a (1) + /[0 Halt =10 4G
it

=‘§1a(t)+§2a(t)+Ha*Ga(t)' (3.8)

We know that &1, is bounded by 1 and, by Lemma 3.3, H,, is also bounded, so & 4 is bounded.
Taking Laplace transforms on both sides of (3.8) yields

Hy(0) = £14(0) + £20(0) + Hy - G4(0),

which implies that ~ . y .
Hy (0)(1 — Ga(0)) + (—=822(0)) = £1(0).
Note that F()— f(HEs.1 )
B S, I —Uu / /
= 1 = y
e @</ W=m
and, hence, & (1) = fé[l — f(H(s,t —u)) —mH(@ —u)]dG(u) < 0. .
ASo, we have Ho£ >0, &0 =0, &y <0,and Gy, < 1. Thus, H,(6)(1 — G4(0)) > 0,
—&2(0) = 0, and §14(0) = 0.
Moreover, by the monotone convergence theorem,

R o0 9 o0 o0
li o =1 o = o = o ’
im 14(0) = fim /0 11 (1) i /0 Ela () dt /O g (1) dr < o0
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and, hence, limg | o(—&24(0)) < 00 since Hy (0)(1 — G4 (0)), —€24 (), and 14 () are of the
same sign. Therefore, by the monotone convergence theorem again,

/ e & ()| drt =/ e ¥ (=&(n) dr
0 0
=/ (=520/(1)) dt
0
5 —ot,
—161% A e (=& (1)) dr
= leii%(_&“ )
< o0.

Lemma 3.6. Let &) be the function defined in (3.5). Then, under the hypotheses of Theorem 2.1,
e~ % &,(t) is directly Riemann integrable.

Proof. Note thata < 0. Forn <t < n + 1, we have

e |5 (1)| < e @D

t
/ [1—f(H(s,t —u) —mH(t —u)]dG(u)
0

= e *0+D) /n[l — f(H(s,t —u)) —mH(t — u)]dG (u)
0
t
+f [ = F(H(s.t — ) — mH(t — w)]dG (u)
< e @0 *D [n[l — f(H(s,n —u)) —mHn — u)]dG (u)
0

+ e~¥+D /l 11— f(H(s,t —u)) —mH( — u)| dG )
< e’“e’”léz(n)nl +e % (G(1) — G(n))
since0 < f <1,0< H < 1,and0 < m < 1. Then
I1— f(H(s,t —u)) —mH(t —u)| < L.

Moreover, by Lemma 3.4, we know that foooe""’ |€2(¢)| dt < oo and, by the assumption, we
also have foooe_‘”(l — G(t))dt < o0. So,

Ze_an|§2(”)| <00 and Ze—a”(l —G(n)) < oo,
n=0 n=0

and, hence,
o0

sup e |6(1)] < oo.
n=0 n<t<n+1

Since e ¥ |&,(¢)| is continuous and bounded, by Remark 3.1(a), e |&, ()| is directly Riemann
integrable. Therefore, by Remark 3.1(c), e "*'&,(¢) is also directly Riemann integrable.
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Now, we are ready to complete the rest of the proof.
By Lemma 3.4 and Lemma 3.6,

e Y& () = e YE (t) + e Y& () s directly Riemann integrable.

Then, by Lemma 3.2, we know that the solution H of the integral equation
HO =60 +m [ HE-0dGw
[0,7]

satisfies
H(t) ~c(s)e® ast — oo,

where
fooo e~ Y& (u) du

m [ ue=@" dG(u)’
Recall that £3(u) is a function of both s and u defined in (3.6). Then

c(s) = 3.9

Z(t)

. . 1
tl_l)l’ngE(eXp[—S Zh(at’i)i| ‘ Z(t) > O) = t1—1>rgo(1 — m(l — H(s, l)))

i=1

1
=1-lim ———— (1—-H ot
M =Bz = 0) ¢ (5. D)e

=1-— lim _t—H(t)e*‘”
t—o0 e~ P(Z(t) > 0)
L c(s)
0(0)
= ¢(s), (3.10)

where Q is as defined in Theorem 1.1 and c¢(s) is as defined in (3.9).
Moreover, since, by the bounded convergence theorem,

Z(1)
lim H(s,t) = lim E - h(ay, =1,
iy, 6.0 =t B(ow] =5 3o

we have
lim H(t) = lim 1— H(s,t) =0
s—0+

s—0+
and
lim & () = lim (1 —e "Y1 - G@)) =0.
s—0+ s—>0+

Again, by the bounded convergence theorem,
t
lim &(t) = lim / 11— f(H(s,t —u)) —mH(@{ —u)dG(u) =0.
s—>0+ s—>0+ Jo

Hence, limg_, o4 &3(¢) = lims_04(§1(¢) 4+ &(2)) = 0.
Also, for any s > 0, [e™*'&()| < e [&(D)] + e [&2(1)|, where e™[&;(r)| and
e~ |&,(¢)| are integrable. Then, by the dominated convergence theorem,

[e.¢]

00
lim e ¥ E5(r) dt = / lim e & (t)dr = 0,
s—>0+ Jo 0o s—0+
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and, hence,
1 >0 emau d
lim () = lim 1— <% Z 1~ lim J%SSW)”=Lm=L
50+ 5— 0+ 0(0) s—0+ Q(0) mfo ue=2 dG(u)

Therefore, ¢ is a Laplace functional of a point process (see [4, pp. 429—434]).
Since, for any s > 0,

Z(t)

o(s) = tl_i)rgOE<exp|:—s Zh(at,i)] ‘ Z(t) > 0)

i=1
and, by Theorem 1.2,
ZO | Zt) >0>Y ast — oo,

there exists a point process A= {a;: 1 <i < Y} such that

Y
p(s) = E(exp[—s Z h(&i)])
i=1

for any s > 0, and, as t — 00,
A | Z(t) > 0> A.

This completes the proof of Theorem 2.1(a).
Remark 3.2. A more detailed study of A is an interesting open problem.

3.2. Proof of Theorem 2.1(b)
Let i: [0, 00) — [0, 00) be a continuous function. Let

Z(t)

K(s, 1) = E(exp[—s Zh(rt,i)] ‘ Z(t) > 0).
i=1

Then
Z(t)

k@J):E(E(%pLﬂ}Zhﬁmﬂ‘AOLZU)>O)‘ZO)>O>

i=1

Now, for ¢t > 0,
Z(@) Z(t)

E(GXP[—SZh(n,i)} ’ A(r)) )
i=1

i=1
where

,(//(s’x) = E(e—sh(r,_,-) | ari = x) — / e—sh(y) dG(X + )’)
' [0,00) 1 -Gx)

forO <x <ooand 0 <s < 0. So,

Z(1) Z(1)

E(exp[—s Zh(”t,i):| ‘ A(t)) = exp|:— Z(— log ¥ (s, a,,i)):|.

i=1 i=1
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Since —log ¥ (s, x) is a positive continuous function of x, by Theorem 2.1(a), we have, as

t — 00,
Z()

K(s, 1) = E(exp[— > (= log (s, am-)):| ’ Z(@t) > o)

i=1
Y

- E(exp[— > (—log (s, 5:,-))]).
i=1

Also, by the bounded convergence theorem,

- Y
sgrnglE(eXP B ,;(_ log ¥ (s, Eu))_) =1,

and, hence,

_ vy _
E(exp — Z(— log ¥ (s, a;)) )

- =l
is a Laplace functional of a point process. Therefore, there exists a point process R = {7;: 1 <
i < Y} such that

Z(1)

Y
E(exp[—s Zh(?,‘)i|> = tl_i)ngoE(exp[—s Zh(rt,i)] ‘ Z(t) > 0)
i=1 i=1
for any s > 0. That s, as t — oo,
R(t)| Z(t) >0 > R.
This completes the proof of Theorem 2.1(b).

3.3. Proof of Theorem 2.2

Let {Z; ;(u): u > 0} be the branching process initiated by the ith individual alive at time ¢.

So,
Z(t—u)

Z0) =Y Ziwil@ui+u). (3.11)
i=1
Forany u <1,
Pt —Dat) zu| Z(t) 2 2)
=P(Dy(t) <t —u| Z(t) 22)
Z(t—u)

_ E(Zi;ﬁj:l Zi—,iCar—u,i +u)Zi—y, j(r—u,j +u) ' 2= 2)
Z()(Z(@) — 1)
. 1 ZZZ;]_:I? Zi—i@—y,i Wy, j(Qr—y,j + 1) .
- PZn =2 Z()(Z(1) — 1) (zwz2)
1
T P(Z(t) =2, Z(t) > 0)
Z(t—u)

E(Zi#j:l thu,i(atfu,i + ”)thu,j(atfu,j +u)
X

1 17 )
ZWO(Z(@) — 1) (z(n=2) Y{z@ u)>()}>
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By (3.11) and the definition of the conditional probability, we have

P —Da(t) > u | Z(t) = 2)
P(Z(t —u) > 0)

- P(Z(t) =2 | Z(t) > O)P(Z() > 0)

E( Z,Z;tjjtl) Zt—u,iCt—yi + W) Zt—y, j(@—u,j + 1)
x

A Zy i A u) L™ Zy i@y + 1) — 1)

Z(t —u) >0>

L2607, i)
_ P(Z(t —u) > 0)
P(Z@t) =2 | Z@1) > OP(Z(1) > 0)
ZzZ;gJ ul)Z (ar- u,+u)Z (ar—u,j +u)
" ((ZZ(’ “ ZiCaroui + w) LT Ziar—i +u) — 1)

I{Zfﬁf“) Zitaruitn=2) | £ (¢t —w) > 0)
1 P(Z(t — u) > 0)
TPZn)=2|20) >0 PZ@) >0)
X E(@(A(t —u),u) | At —u) = (@r—u,1, Qr—u 2> - - » Q—u, Z(t—u)))»

where {Z,- (t)}i>1 are i.i.d. copies of Z(¢) and

Zf‘;&jzl Zi(ai + M)Zj(aj + u) ; )
7 ot k ~. .
(Z{F:l Zi(a; + “))(Z{F:l Zi(ai +u)—1) {Xic1 Zi(ai+w)=2}

o((ar,az,...,ar),u) = E(

for any positive integer k and any positive real numbers ay, az, .. ., ak.
Since, for any fixed u, ¢ (-, u) is bounded and continuous and by Theorem 2.1 (see also [6,
pp. 14-15]),
E@AGC —w),u) | Z(t —u) > 0) —> E(@(A, u))

as t — 0o, where Aisasin 2.1).
Moreover, by Theorem 1.2(b), i.e. P(Z(¢) > 0) ~ c(s)e™ %', we have

lim P( = Da(6) > u | Z(1) = 2)
_ 1 1 c(s)e*t—w
TR Pz =2 Z() > 0) cls)e

1 —ou n
= me E(¢(A, u))

=1—-Hy(u).

E(p2 (At —u),u) | Z(t —u) > 0)

It remains to show that H, is a proper probability distribution, i.e. Hy(u) — 1 as u — oo.
It suffices to prove that
lim e ““E(¢(A, u)) = 0.
u—o0
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First, we have

Zl#] 1Z (a; +u)Z (@j +u)
O Zia +w) (I Zii +u) — 1) nylzf(&f+“)22})
:IE(]E( Z,Y#,  Zi(@ +w)Z;(@a; + u) N

F L Zi@ +w) Y Zi@ +u) — 1) UEL) Zier=2)
< E(P(there exist 1 <i, j <Y suchthati # j, Z,-(Zl,- +u) >0,
and Z;(a; +u) > 0| A))

<E(l —P(Zi@ +u)=0foralli =1,2,...,Y | A)

—P(Z;i(d@ +u) > 0 forsome i and Z;(d; +u) = Oforall j #i | A)).

E(p(A, u)) = E(

)

Forany 0 <s <landt > 0, let

F(s,0) =) P(Z1) = j)s/,

j=0
and, by Theorem 1.1, we have

tlim e (1 —F(s,1)) = Q(s) existsfor 0 <s < 1.
— 00

So,
e "E( (A, u))
Y Y
e"”‘IE(l —[[FO.a+w-> a-F@©.a+u)[[FoO.a+ u)).
i=1 i=1 Ji
Note that the assumption of Z;’;l( Jlog j)pj < oo implies that 0 < EY < oo and, hence,
PO <Y <o0)=1.
Now, conditioned on the limit age chart A~, we have

Y
lim e o (1 - ]_[ F(0,d; + u))
i=1
Y

= lim e““(l -[Ta- Q(O)e“@“)))

U—00 !
i=1

1 -1, = Q(0)e*@tw)

= lim

u— 00 eau
o Y1 (— 0(0)ed e [T, (1 — Q(0)e @)
B ul>ngo aeau

Y
lim 7 00 [T(1 — Q(0)e@+)
i=1 j#i

Y
0(0) Y e
i=1
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and

Y
1520 o (Z(l — F(0,a; + u)) 1_[ F@,a; + u))
" i=1 J#i
Y 3 .
_ M]LH;O oo (Z Q(O)ea(aiJru) 1_[(] _ Q(O)ea(aj+u))>
i=1 J#i

v

Y
Tim e~ (Z Qe @+ [T ~ Q(O)e"‘“))

i=l1 J#L

Y
= lim e % (Z Q(O)ea(&i-l—u)(l _ Q(O)eau)Y—l>

u— 00 ¢
i=l

Y
lim > Q(0)e® (1 — Q(0)e™)" !
i=1

u— 00 N
y ~
=0(0) ) e
i=1
Hence, conditioned on A~,
Y Y
0< uli)rréoe_""‘(l —HF(O,&i +u) —Z(l - F(0,a; +M))HF(0,5]‘ +M)>
i=1 i=1 j#i

Y

J— 1 —ou —_ .

= lim ¢ <1 HF(O,a,+u)>
i—

Y
_ ulggoe—au (Z(l — F(0,a; +u) 1_[ F (0, LNIJ + M))

i=1 J#

Y Y
< Q) ) e —Q(0) Y e

i=1 i=1
=0 with probability 1.

Therefore, by the bounded convergence theorem,

lim e™*"E(¢ (A, 1))

Y Y
= lim e"‘”E(l —[1FO.@+uw—-> (-F@©.a+u)[]FO.a+ u))
i=1 i=1 JF#L
=0.
This completes the proof.
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