
A ROOM DESIGN OF ORDER 14 

C D . O 'Shaughnessy 

( rece ived October 20, 1967) 

1. A Room des ign of o r d e r Zn, w h e r e n is a pos i t ive i n t ege r , 
i s an a r r a n g e m e n t of Zn objects in a s q u a r e a r r a y of side Zn - 1, 

Z 
such that each of the (Zn - 1) ce l l s of the a r r a y is e i ther empty or 
conta ins exact ly two d i s t inc t ob jec t s ; each of the Zn objects a p p e a r s 
exac t ly once in each row and column; and each (unordered) p a i r of 
objec ts o c c u r s in exact ly one ce l l . A Room des ign of o r d e r Zn is 
said to be cycl ic if the e n t r i e s in the (i + l ) t h row a r e obtained by 
moving the e n t r i e s in the i th row one column to the r i gh t (with e n t r i e s 
in the (Zn - l ) th column being moved to the f i r s t column), and i n c r e a s i n g 
the e n t r i e s in each occupied cel l by l ( m o d Zn - 1), except that the 
digit 0 r e m a i n s unchanged. 

It has been shown that Room des igns of o r d e r s 4 and 6 do not 
ex i s t [ l ] , but that Room des igns of o r d e r s Z and 8 [ l ] , 

Z 2 m + 1 [ Z ] , 8, 1Z, Z0 and Z4 [3], and 10 [5] do ex i s t . No p r e v i o u s 
men t ion of a Room des ign of o r d e r 14 has been m a d e . 

Z. B r u c k [4] defines a Room pa i r of quas ig roups as a pa i r 
(G, r ) , (G, c) of commuta t ive , idempoten t quas ig roups sat isfying 
the or thogonal i ty condi t ions : (01). if p i s in G and if x, y a r e 
e l e m e n t s of G such that x r y = x c y = p, then x = y = p , and (0Z) 
if p , q a r e d i s t inc t e l emen t s of G, t he r e is at m o s t one unorde red 
p a i r (x, y) of e l emen t s of G such that x r y = p and x c y = q. 
It i s to be noted that if such a Room p a i r of quas ig roups of o r d e r 
Zn - 1 e x i s t s , then a Room des ign of o r d e r Zn m a y be defined f rom 
them by lett ing x r y and x c y be , r e s p e c t i v e l y , the row and co lumn 
of the Room des ign in which the unorde red pa i r (x, y) a p p e a r s . 
(NOTE: an addi t ional e l e m e n t m u s t be added to G to m a k e Zn 
e l e m e n t s , and this new e lemen t a p p e a r s with the other e l emen t s in 
the leading diagonal of the a r r a y ) . It i s fu r ther noted in [4] that a 
Ste iner T r ip l e Sys tem G of o r d e r Zn - 1 gives r i s e to an idempoten t , 
to ta l ly s y m m e t r i c quas igroup (G, o) of the s a m e o r d e r by defining, 
for any two d i s t inc t e l emen t s a, b of G, a o b = c w h e r e a, b, c is 
the t r i p l e of the s y s t e m containing a and b, and a o a = a for a l l 
a in G. 

Using these r e s u l t s it i s obvious that if one can find a pa i r of 
S te iner T r ip l e Sys t ems of o r d e r Zn - 1 for a given se t G such that 
the two s y s t e m s have no t r i p l e s in common, and such that if two p a i r s 
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of e l e m e n t s a p p e a r with the s a m e th i rd e l e m e n t in one s y s t e m then 
they appea r with d i s t inc t third e l e m e n t s in the o ther s y s t e m , then one 
can define a Room p a i r of ( total ly s y m m e t r i c ) q u a s i g r o u p s of o r d e r 
2n - 1 and hence a Room des ign of o r d e r 2n. 

3 . Since S te iner T r i p l e S y s t e m s ex i s t only if the o r d e r i s 
congruen t to 1 or 3 mod 6, we need c o n s i d e r only such c a s e s . F o r 
2n - 1 congruen t to 1 mod 6, it i s r e l a t i v e l y easy to find the r e q u i r e d 
p a i r of S te iner T r i p l e S y s t e m s . 

F o r 2n = 8, let G = { 1 , 2, 3, 4, 5, 6, 7} and two s y s t e m s of 
t r i p l e s a r e 

S 1 = { ( 1 2 4 ) , ( 2 3 5 ) , ( 3 4 6 ) , ( 4 5 7 ) , ( 5 6 1 ) , ( 6 7 2 ) , (7 12)} 

and S = { ( 1 2 6), ( 2 3 7 ) , ( 3 4 1 ) , ( 4 5 2 ) , ( 5 6 3 ) , ( 6 7 4 ) , (7 1 5 ) } . 

We then define the Room des ign of o r d e r 8 as fo l lows: - if ( x y z ) i s 
a t r ip le f rom S , then (x, y) appea r toge ther in row z, (x, z) in 

row y, and (y, z) in row x . The s a m e m a y be said with r e g a r d to 
co lumns if (x y z) i s a t r i p l e f rom S . The p a i r (0, i) wil l a p p e a r 

in the i - t h row, i - t h co lumn. The above pa i r S and S of s y s t e m s 

y ie lds the Room des ign of o r d e r 8 given in [3], which i s cyc l ic with 
f i r s t r ow: 

(0, 1) (3, 7) (5, 6) 0 (2, 4) 0 0 

F o r 2n = 14, let G = {1 , 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 , 12, 13} 
and two s y s t e m s of t r i p l e s a r e 

S = { ( 1 4 5 ) , ( 2 5 6 ) , ( 3 6 7 ) , ( 4 7 8 ) , ( 5 8 9 ) , ( 6 9 1 0 ) , ( 7 1 0 1 1 ) , 

( 8 1 1 1 2 ) , (9 1213) , ( 1 0 1 3 1 ) , ( 1 1 1 2 ) , ( 1 2 2 3 ) , ( 1 3 3 4 ) , 

( 1 6 1 2 ) , ( 2 7 1 3 ) , ( 3 8 1 ) , ( 4 9 2 ) , ( 5 1 0 3 ) , ( 6 1 1 4 ) , ( 7 1 2 5 ) , 

(8 136) , ( 9 1 7 ) , ( 1 0 2 8 ) , ( 1 1 3 9 ) , ( 1 2 4 1 0 ) , (13 5 11)} 

and S = { ( 1 2 5 ) , (2 3 6), ( 3 4 7 ) , ( 4 5 8 ) , ( 5 6 9 ) , ( 6 7 1 0 ) , ( 7 8 1 1 ) , 

( 8 9 1 2 ) , ( 9 1 0 1 3 ) , ( 1 0 1 1 1 ) , ( 1 1 1 2 2 ) , (12 13 3), ( 1 3 1 4 ) , 

( 1 7 1 2 ) , ( 2 8 1 3 ) , ( 3 9 1 ) , (4 10 2), ( 5 1 1 3 ) , ( 6 1 2 4 ) , (7 13 5), 

( 8 1 6 ) , ( 9 2 7 ) , ( 1 0 3 8 ) , ( 1 1 4 9 ) , ( 12510 ) , ( 1 3 6 1 1 ) } . 
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The Ste iner T r i p l e S y s t e m s St, S_, S_ and S. have in effect r 1 2 3 4 

been gene ra t ed by the t r i p l e s (12 4), (12 6), ( 14 5) and (16 12), and 

(12 5) and (17 12) r e s p e c t i v e l y . In the s a m e m a n n e r , for 2n = 20 
and G the se t of the f i r s t 19 pos i t ive i n t e g e r s , the 57 t r i p l e s of S 

5 
m a y be gene ra t ed by ( 1 2 7 ) , ( 1 3 1 1 ) and (1 4 8), and those of S / 

6 
by (1 2 16), (1 3 9) and (1 4 l l ) . T h e s e lead to the cyc l i c Room d e s i g n 
of o r d e r 20 with f i r s t row 

(0, 1) (9, 18) 0 (13, 16) (3, 11) (2, 7) 0 0 

(4, 8) (14, 15) 0 0 0 (5, 17) 0 0 

(6, 19) (10, 12) 0 

4 . C o n j e c t u r e . The above p r o c e d u r e wil l g e n e r a t e Room d e s i g n s 
of any o r d e r congruen t to 2 mod 6. However , i t does not appea r to 
work for o r d e r s congruen t to 4 mod 6. 

Acknowledgement : The au thor i s indebted to P r o f e s s o r N. Shklov 
for b r ing ing the above p r o b l e m to his a t t en t ion . 

REFERENCES 

1. T . G . Room, A n e w type of m a g i c s q u a r e . Math . Gaze t te 
39 (1955), 307. 

2 . J . W. Archbold and N. L . Johnson, A c o n s t r u c t i o n for R o o m ' s 
Squa res and an app l i ca t ion in e x p e r i m e n t a l d e s i g n . 
Math . S t a t i s t i c s 29 (1959), 2 1 9 - 2 2 5 . 

3 . J . W. Archbold , A c o m b i n a t o r i a l p r o b l e m of T . G . R o o m . 
M a t h e m a t i k a 7 (I960) 5 0 - 5 5 . 

4 . R . H . Bruck , What i s a loop? Studies in M o d e r n A l g e b r a . 
(ed. A . A . Albe r t , P r e n t i c e Hal l , 1963). 

5. L . We i sne r , A Room des ign of o r d e r 10. Canad. Math . Bu l l . 7 
(1964), 377-378 . 

U n i v e r s i t y of Windsor 

194 

https://doi.org/10.4153/CMB-1968-021-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-021-0

