PROPAGATION OF THERMAL STRESSES IN AN
INFINITE MEDIUM

by F. J. LOCKETT and I. N. SNEDDON
(Received 30th October 1959)

1. Introduction

In the full linear theory of thermoelasticity T there is a coupling between
the thermal and the purely mechanical effects so that not only does a non-
uniform distribution of temperature in the solid produce a state of stress but
dynamical body forces or applied surface tractions produce variations in
temperature throughout the body. In a recent paper (Eason and Sneddon,
(2)) an account was given of the calculation of the dynamic stresses produced
in elastic bodies, both infinite and semi-infinite, by uneven heating. In this
paper we shall consider the propagation of thermal stresses in an infinite
medium when, in addition to heat sources, there are present body forces which
vary with the time.

In §2 we derive the general solution of thermoelastic equations, written
in terms of cartesian coordinates, by using four-dimensional Fourier transforms,
and in §3 we get the solution for axially symmetrical problems by using a
mixed Fourier-Hankel transform. In §§ 5, 6 we consider the effects produced
by time-dependent body forces ; the expressions for the temperature and the
components of the displacement vector are given in the form of multiple
integrals which, in the general case, are difficult to evaluate in closed form.

The solution assumes a simpler form in the quasi-static approximation in
which the stress-strain relation and the equation governing the conduction
of heat remain unaltered but the equations of motion are replaced by equations
of equilibrium. The quasi-static approximation is valid when the heat sources
and body forces do not vary too violently with the time, I and it is considered
in §7. One result of physical interest emerges from this analysis. In the quasi-
static approximation we find that the temperature field due to a body force
F(x, y, z)f(t) in the z-direction can be determined from the classical equation
for the conduction of heat (i.e. with no term involving the time rate of change
of the dilatation) by replacing the body force by an equivalent heat source
which is proportional to

PUPNY R B et (z—2)F (', o, &')dx'dy'dz’
! (t)f—@f—wu[—oo (=24 (y—y")?+ (z—2")2P2

2. General Theory : Solution in Rectangular Cartesian Coordinates
Using rectangular cartesian coordinates and the dimensionless forms due

1 For references see (2).
} The numerical values are considered in (2).
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to Sneddon and Berry (3), the thermoelastic equations can be written as

T, 1+ X = ail; 5,7 =1,2,3 .. (2.1)
75 = {(B2—2)A—b0}o,;5 + 2y Li=1,2,8 ..o (2.2)
O+V20 = fO+GA oo, (2.3)

where the rectangular cartesian coordinates are denoted by z,, x,, x; and the
other quantities have a similar convention.
If we eliminate the stresses between (2.1) and (2.2) we get an equation

(B2—2)A,;—b0,;+ 2y, j+ X, = @il; oo (2.4)
which can be differentiated with respect to z; to give
B2A, ;i =00+ X s = aD oo (2.5)

We now define the multiple integral transform

f(gl, §2’ ga: w) == 4i772J' - f(xl, To, X3, t) exp {z(flx,+wz)}dV ......... (26)

where dV = dz,dx,dz,dt and where the integration is taken over the entire
Z,Tyx gt-Space.
Then by multiplying throughout equations (2.3), (2.4) and (2.5) by

(4m%) 7 exp {i(§ix; + wt)}

and integrating over V,, we get the transformed equations

O = —iwfl—iwgd ... (2.7)
X,—it(B—2)d +ibtf- 0, — it d = —aw iy oo (2.8)
—it, X, —PA+bED = —awd ... (2.9)

where &2 = ¢+ £2+ &5
The solutions of equations (2.7) and (2.9) are

wgqua'*' (Bzfz—awz)@

= Dl G e (2.10)
4= _ifax"g:;i‘é;{)”éz@ ..................... 2.11)

and we can now use (2.8) to give

- Xi _{(182_1)(‘:2‘iwf)“’£wb9}§i‘qua + ibfi@ (2.12)

T B et (@—a?)D(w, &) Pw, &)

where we have defined
D(w, &2) = (B2E2—aw?)(E2— iwf) —iwbgE® ....ccooveen (2.13)

Finally, application of the inverse transforms to the expressions (2.10)
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and (2.12) gives us the displacement and temperature fields
A J { X, {(B-1)@E—if)—iwbpté K, z‘bé.@}
T & (Ef-aw®)D(w, &) 2
exp{— (¢, +wt)}dW...(2.14)

w 252 __ 2 .
b= Mizjw{ gfan;(f’ 22) = )@} exp {—i(£,7, +wt)dW ...(2.15)

where dW = d¢,d¢,d€.dw and the integration is taken over the entire §,£,€qw-
space.

3. General Theory : Problems with Axial Symmetry

Tt is often interesting to consider problems in which, if we use cylindrical
polar coordinates, there is symmetry about the z-axis. We shall therefore
consider this type of problem in its most general form.

Assuming symmetry about the z-axis, the thermoelastic field equations
can be written in the form

2y 16w u Py o8 o
pj0U L 10U U 2 __ — a2z
B {arz 7 ar r} + 5z H(B- 1) +X ~bo =a—5 ..(31)
2w 1 ow 0w ou  w o0 2w
*‘3—15'1';—5; + 82 2 +(B2-1) az{ar + } +X’—bg=aﬁf ...(3.2)
e 100 2% of o (0w u ow
@+W+;57+525_f§+952{'a7+7+5} ......... (3.3)
Thus, if we make use of the transforms
0 w0 -]
@, X, = lf f ei(‘”‘“"dzdtf vy (Er)(u, X, )dr ......... (3.4)
2m -0, —w 0

(, 0, @,Xg:%r f i f_ eitiz+tdzdt f : rlo(ér)(w, 8, O, X,)dr ...(3.5)

then equations (3.1), (3.2) and (3.3) transform to

(B4 2 —awtyi—i(B2~1)Elw—X, = b6 .................. (3.6)
i(BP—1)¢la+ (£2+ B2 —aw?)w—X, = bl ................ (3.7)
O+ (24 02— iwf)f = 1wg(EG—lB) ...eerrvreiraaaarainnn, (3.8)

The solutions of these equations are
{(£2+ B2 —aw?)(£2+ [ —ioof ) —iwbg (B X,
(- awt)D(w, £7)

L HB-D(E+ P iof ) —inbgfl X, | bO
(=D (@, & D, 88

° =
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~H{(B?~1)(§*+ {*—iwf ) — iwbg}éL X,

w= (&= aa)D(w, &
(B2E2+ [ — a2+ L—iicof ) —icwbgtB X, | ibLO
+ @ —a?)D(w, &) * Flw, &9 310
9: gw(ifX,+§Xz)+(/32§2—aw2)@ (311)

Dl B e

where £2 = £24-{% and 2 is defined by (2.13).

The expressions for #, w and 6 can now be obtained from (3.9), (3.10)
and (3.11) by means of the transforms inverse to (3.4) and (3.5). In some
of the most interesting applications the radial component of the body force
X, is zero. The expressions for the components of displacement and for the
temperature distribution then become

1 L o] ®n o
U = —f _ f e_i(l’“’”‘”‘)d{dwf
27} _ol) —w 0

{(B2—1)(E2+ {2 —iwf ) —iwbg}el X, +560(S*
(£ —aw?)?

1 o0 0 0
S f f e—ilz+o0qL des j
27) _ol —w 0

{(B*62+ 12— aw?)(£2 ~iwf ) —iwbg€?) X, +ibLO(£?

—aw?) eIy (EndE ...(3.12)

=99 £ (Er)dE ...(3.13)

(62— aw?®)D
= 2i1r i J.i e_.i({z+w¢)d§de‘;° ngXz+ (Igfz._aaﬂ)@ fJo(fr)df ..... (3.14)

4. Effects due to Uneven Heating

RECTANGULAR CARTESIAN COORDINATES. It is easily seen from the fore-
going work, that the components of displacement and the temperature dis-
tribution produced by a heat source @ (x,, z,, ,, ) in the absence of body
forces are given by

u; = ;”—bz . %9 exp {— (€, +wt}AW i, (4.1)
252
6= o f . @5—;‘“2@ oxp { = i(Eytp+ l))AW oo 4.2)

which are the expressions derived by Eason and Sneddon (2). There are two
special cases which are of particular interest. These are the solutions to the
steady-state and the two-dimensional problems, and they can be found in the
reference mentioned above.

PrOBLEMS WITH AxI1AL SyMMETRY. From equations (3.12)-(3.14) it is
immediately seen that the components of displacement and the temperature
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distribution due solely to the action of a heat source ® which is symmetrical
about the z-axis are

v — ;L f N f " et de f " eI ENdE e, (4.3)
T) —od = 0

- — ;“: J ® f © fem i@ edrde J " ODT YA, o 4.4)
—wJ —o 0

where @ is defined by (3.5).

5. Effects produced by Time-dependent Body Forces: Rectangular
Coordinates
It is readily seen from expressions (2.14) and (2.15) that the components of
displacement and the temperature distribution due to body forces X are

= f { X {(ﬁz—1)(52—iwf)—¢wbg}§iquq}
t 4772 W, §2—a¢02 (gz_awz)@
exp {— izt wt)}dW ... (5.1)
6= i “—’-gﬂg—x" eXp{ — (&t FWMAW <.ooveeieeeeeeereee e, (5.2)

where X, is defined by (2.6). It may be noted that, since the classical equations
may be obtained from the linked equations by putting g = O, the classical
solution for the temperature distribution will be § = 0. This is, of course,
obviously true, since in the classical solution the temperature is given by the
heat conduction equation quite independently of the other equations, which
contain the mechanical effects.
STEADY-STATE PROBLEM. If the body forces do not depend on the time ¢,
so that
X = Fix,, 5, %)
then we find that
X = (277)*Fi8(w)
where F, is the three-dimensional Fourier transform of F',.
On substituting this value into (5.1) and (5.2) we see that 6 = 0, showing
that a steady body force does not produce a thermal effect, and

1 BPEF — (B2 - 1)k F : .
u; = (277)3/2/32,[ ", (& exp {—i€m}dE. .. ...... (5.3)
where dé = df,df,d€,. This latter expression can be converted to-the standard
‘expression for the statical solution (see e.g. Eason’ef al. (1), p. 581). .

THE Two-DiMENSIONAL PROBLEM. The solutions for the two-dimensional
problem can be obtained by putting X, = 0 and

Xi = (2")*Fi(§1: fza w)s(fa) ia.j =1,2.
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where F; is the three-dimensional Fourier transform of the components of
the body force F,.
These solutions are

wm [ [, - B g e
FTEnPR) g, P —aw? (Y —aw?)D(w, v?)
exp {~ &, twt)}dWy ... (5.4)
0 = (2:)3/2 w(f e v exp{—i(éx,twt)}dWy i (5.5)

where dW 3 = dé,dédw and 2 = £+ £2.

6. Effects produced by Time-dependent Body Forces: Axial Symmaetry
From equations (3.12)-(3.14) we see that the solutions corresponding to
the apph’cation of body forces X, are

i{pr— 1)(§z+gz_zwf)-zwbg}§§XJ (ér)dé 6.1)
§2+£2 awz)g ............ .

1 w0 ) ©
[ e—i(§z+wt)ddeJ
2WJ'—wJ‘—ao 0

{(B2E2+ P — aw?) (& —iwf ) — iwbg €8 X £J o(r)dé (
Erl—adT .

f_wf e~ endlde f gl X, EJo(Er)dE oo (6.3)

whilst the complete solution, corresponding to the application of both com-
ponents X, and X,, can be easily obtained by inverting the relevant terms
of equations (3.9)-(3.11).

7. Quasi-static Solutions : Equivalent Heat Sources

The constant a is usually very small for problems in which the c.g.s. system
of units is the natural system to use (see Eason and Sneddon (2)). We would
therefore expect to get a good approximation to the exact solution by neglecting
the terms in which a occurs. This approximate solution is known as the
quasi-static solution. It can be seen from equation (2.1) that this approxima-
tion is physically equivalent to neglecting the inertia of the medium.

In the quasi-static approximation

D = BREHE—iwfy)

where f; = f(1+¢) and € = bg/B?.

Using (6.3) the quasi-static approximation to the temperature dlstnbutlon
produced by a body force X, is

f f - _lazwodgd“’j 525? ngXZ 7 §7ol€ndE ... (7.1)
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EquivaLeNT Hear SoURCE. Let us consider the classical solution of the
problem of the temperature distribution produced by a distributed heat
source. The solution satisfies the heat conduction equation

2 100 00 o .8

wmrrntm TG
which can be transformed, using (3.5), to the form
—&0-0 = —infd
so that
o= —f wf _I(CHM)dcdwf i fJo(fT)df ............ (7.2)

Thus, by comparing equations (6.3) and (7.2), we can see that the same
temperature distribution would be given by the body force X, as would be
given, in the classical theory, by a heat source @ obeying the equation

2_ g D¢
0 =& Xe 7.3
- (1.3)

We call the heat source @, given by (7.3), the equivalent heat source for
the body force X,. Having found the equivalent heat source, the problem
is identical with a problem in the classical heat conduction theory.

Similarly we can see from (7.1) and (7.2) that the quasi-static solution
can be obtained from a solution of the classical heat conduction equation.
All we need do, is to replace f in that equation by f;, and consider a heat
source @ given by P

0= AL 7.4
e+ 74

EqQuivaLENT HEAT SOURCE for a Point ForCE. As an illustration of the
above, we shall calculate the heat source equivalent to the quasi-static treat-
ment of a point force at the origin. Thus

1
X.=5— 3(r)3(z)f (¢)

and

1
Xz = (2—77)-37—5 G((l)) ................................. (75)
where
= i
Glw) = @y _wf(t)e B e (7.6)
Inversion of (7.6) and differentiation with respect to ¢ gives the relation
[ = (2 i J' wG{w)e=dw ... (7.7

Now, using (7.4) and (7.5), the required heat source is given by

O — gof{  Glw)
B(E>+L2) (2m)3/2

EM.S.—Q
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so that o o
6 — grayn| | emwrenuto [ et st oot

=BG e[ ey

using (7.7). Evaluating the integrals we finally get

af'@®)

0 = o3

This result can be immediately generalised to give, in the quasi-static
approximation, the heat source equivalent to the distributed body force

Xz = F(x, Y, z)f(t)

2(rB422)732 (7.8)

This heat source is given by

gf (t) (z z )F(x y 2 )dx'dy'dz 79)
477/82 o ol F—g P+ 2 )For R
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