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Abstract

We investigate the composition operators C,, acting on the Bergman space of the unit disc D, where ¢ is a
holomorphic self-map of D. Some new conditions for C,, to belong to the Schatten class S, are obtained.
We also construct a compact composition operator which does not belong to any Schatten class.
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1. Introduction

Let L2(D) be the Bergman space of the unit disc D in C. Recall that an analytic
function f € L2(D) if and only if

I|f||2=/D |f(2)> dA(z) < oo,

where dA(z) = (1/m) dx dy is the normalized area measure on the unit disk. The
space LZ(D), when equipped with the obvious inner product, is a Hilbert space with
reproducing kernel K (z, w) = (1 — zw) 2. For a holomorphic map ¢ : D — D, the
composition operator C, with the symbol ¢ on L2(D) is defined by Co(f)=foo.
It is well known that C, is always bounded on Lg (D) [1, 5].

Recall that, for any 1 < p < oo, the Schatten class S;, on Lg(D) consists of
linear operators T satisfying {tr(|T|?)}!/? = {tr((T*T)P/*)}!/P < oo, where tr(T) is
the trace of T defined by

o
w(T) =) (Ten, e).
n=1
To characterize the Schatten class composition operators, it is usual to consider the
integral
/( L l2f? )pdx() (1.1)
—_— 7) < 00, .
p\1—lp@/
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where
dr(z) =1 - |z1) 7 dA)

is the Mobius invariant measure on D. It is well known that (1.1) is sufficient for
Cy €S, when 1 < p <2 and necessary for Cy, € S;, when 2 < p < oo (see [4], for
example). Recently, Zhu characterized the Schatten class composition operators on
the weighted Bergman space when 2 < p < co. He proved that when ¢ has bounded
valence, that is, there is a positive integer N such that for every z € D the set ¢! (z)
contains at most N points, Cy, € S, if and only if (1.1) holds (see [8]). Later, Xia
constructed an analytic function ¢ : D — D such that (1.1) holds, but Cy, ¢ S, for any
2 < p < 0o (see [6]). The Schatten class weighted composition operators on Bergman
spaces were characterized in [2]. For various p, composition operators belonging
to different S, Hardy space were constructed in [3]. Motivated by these works,
we characterize the composition operators belonging to the Schatten class S, with
different conditions. We give a new condition for Cy, € S;, and construct a compact
composition operator which is not in any Schatten class.

This paper is organized as follows. In Section 2 we analyze composition operators
and give some conditions for C, € S, for various p. The example C, € S, for which
(1.1) fails is given in Section 3. The main idea is inspired by [6, 9].

The notation U &~ V means that there are two constants ¢; and ¢; independent of U
and V, the implied variables or functions, such that c;V < U < ¢, V. The condition
U < ¢V will simply be writtenas U <V or V > U.

2. Relation to Toeplitz operators on Bergman spaces

Composition operators are closely related to Toeplitz operators on Bergman spaces,
and this connection has been used to characterize Schatten class composition operators
(see [4, 8], for example).

We recall that the Toeplitz operator 7}, induced by a finite positive Borel measure
on D is densely defined on Lg (D) by

Tuf(Z)=/DK(Z, w) f(w) dp(w).

The Berezin symbol /i of 1 is given as follows:
=1z
(z) = / T du(w), z€D.
We will need the following results from [8].

LEMMA 2.1 [8, Lemma 2.1]. Suppose that 0 < p < +00 and p is a finite position
Borel measure on D. Then T, is in S, of L2(D) if and only if i is in LP (D, dA).

LEMMA 2.2 [8, Lemma 2.2]. Suppose that ¢ : D — D is analytic and C, is the
composition operator on Lg (D). Then C;C(p =Ty, where u=Ao o~V is the pull-
back measure of A induced by ¢.
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Now we consider C;C(p as a Toeplitz operator. Then Cy € S, if and only if
C;Cy € Sp)o if and only if T, € Sp/2, where p is given in Lemma 2.2 above. Using

Lemma 2.1, T, € Sp2 if and only if /i € LP/2(D, d)). That is,

N 1— 272
Ao = [ L a o)
D |1—zw|

(1—1z1%2
= | ——7 gA LP'2(D, d)),
/D 11— zp(w)* (w) € L7 )

or equivalently,

11252 r/2
/ w dA(w)| di(z) < oo.
D

11— zp(w)|*

J

Ifl<p<?2 orl1/2<p/2<1, Holder’s inequality and Fubini’s theorem imply

that
J,

1122 p/2
/&dA(w) dA(z)
D

11— zp(w)[*

1— 252 p/2
:// A=1P2 ) p|"7_dAG)_
olJp 11 = zp@)l* (1= 1zP)

>f (A= zPr dA(w) dA(z)
pJp |1 —zp(w)|?P

o2y p=2
=f / (1 —1zD7 dA(z) dA(w).
D JD

11— zp(w)|2+P=2tp

Since p — 2 > —1, using the estimate given in [7, p. 53],

1 —|z|%)P2 C
/ (I —1zI%) dAG) > .
D |1 — zp(w)|2tP=2tp (I = [p(w)]=)?
for some absolute constant C. This means that

1
—  dA +00.
/D (1=l 44 =+e0

If p > 2, it follows from Holder’s inequality and Fubini’s theorem that

f f Ma’A(w) dAr(2) <Cf ;dA(w).
plJp — Jp (1 —lpw)?)?

11— zp)|*
The above argument leads to our next theorem.

p/2
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THEOREM 2.3. The condition

1
—  dA + 2.1
/D (= lpaupyr 44 = +e9 (&0

is necessary for Cy, € S, when 1 < p < 2 and sufficient for C, € S, when2 < p < 0.

Notice that when p > 2, 2 —4/p > 0, we can use Holder’s inequality, Fubini’s
theorem and the estimate in [7, p. 53] to get

22
// 1 —1zl9) dA(w)
pl/p |1 —zpw)*

_a-z2»H* p/2
_/ o 7 r 4A@)
p (A= [z[H¥P)r/2

(1 — |z%)? dA(z) )”2
dA —_—
(//Dll—l(p(w)|4 (w)(1_|Z|2)4/p

f A== ana)
_(D > =zt @ w)

1 p/2
= (fp (1 — |p(w) )P dA(“’)) '

Similarly, when p <2 and 2 —4/p > —1, or equivalently 4/3 < p < 2,

// (1 —z»)? dA( )P/de(w(/ 1 " )),,/2
_— w w .
oo =\Up A= Tpw))*»

11— zp(w)[*
Indeed, we have the following theorem.

r/2
dAr(z)

dA(z)

THEOREM 2.4. The condition

1
dA(w) < 400 (2.2)
/D (I = lp)[H)*¥/r
is sufficient for Cy, €S, when 4/3 < p <2 and necessary for Cy, €S, when
2 < p<oo.

3. An example

In this section, we construct a compact composition operator, which does not belong
to any Schatten class, by a modification of the construction in [6].

We first let f(n) be a positive decreasing function of n satisfying f(n) <2f(n + 1)
and ) 02, f(n) =1/2. We define ap =1/2, a, =1/2 = >}, f(i). Next consider
the intervals J, = (a,, a,—1) and let I, be the left half of J,. Then we have that
I, = (an, (an + ay—1)/2). If |I,| denotes the length of I,, then |I,,| = f(n)/2. Define
U= Usil I,,. An easy computation gives the following lemma.
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LEMMA 3.1. Forany x € R\U and 0 < a < 400,
m((x —a, x +a)\U) >a/2 3.1

where m is the standard Lebesgue measure on R.

We now define a measurable function u# on the unit circle T ={t € C: |t| = 1} as
follows:
. x(n) ifrel,,n>1,
u(elt) — n
1 ift € (—m, x\U

where x (n) is a positive decreasing function of n with lim;_, o, x(n) =0 and x(n) < 1
for all n.

The harmonic extension of u to D will be denoted by the same symbol. We now
define

1 T it .
h(z):—/ ¢ 2 e ar,
2m J_, et —z

¢(z) =exp(—h(z)), z€D.

It is easy to check that 9t{i(z)} = u(z) > O for every z € D. Therefore ¢(D) C D. We
will analyze different ¢ for different f(n) and x(n).

If we let 8 =info_,<; x '(1 —e™) and o =supy_,.; x " '(1 —e™), then we
have ] —e™ >x§and 1 — e~ < xo. Thus for every E C D,whenz € E,

(I —lp)) = éu(z) and (1 —le(2)]) <ou(z). (3.2)

We also need the following estimate of the Poisson kernel which is given in [6].
For P(z, 1) =(1 — |z|%)/|1 —zf|>,teTand ze D,if 1/2<r <land |0 — 1] <5,

then
1-— 1 o 1-
=0 L pge iy PUZD (3.3)
1=r24+06 -1 27 (1—=r)2+ 6 —1)?
for some absolute constants 0 < ¢ < 8 < 0.
Using this estimate, we obtain the following lemma.
LEMMA 3.2. Forn €N, let p, = |I,|, define
Gn:{reiezéeln,0<1—r<pn}.
Then there exists a constant ¢ such that
sup |o(2)] < e” D, 34)

zeGy
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PROOF. Since 6 € I,, u(e’) > x(n+ 1) for 6 € J, U J, 4. Writing z = re'® with
0el,and0 <r <1— p, then
0+pn

u(reie) >x(n+1) P(reig, ey di
0—pn
O+pn 1—r
>x(n+ Da / dt
( ) 9—pn (1 =1)2+ (1t —6)?

(n+1) /p” L-r
=xn o —————= as
—p, —r)2 452

1
dx

Zx(n—i—l)a/

1 1+ x2

where the last inequality is due to the fact that 1 —r < p, when z € G,,.
Therefore there exists a constant ¢ such that u(re'?) > cx(n + 1) for re'? € G,. So
lp(z)| = e7@ < =¥+ for 7 € G,,. 0O

LEMMA 3.3. There is a constant C1 >0 such that u(z) > Cy for every z €
D\{U;=, Gn} where G, is defined in Lemma 3.2.

PROOF. Using Lemma 3.1, this result can be proved as in [6, Lemma 7]. For
completeness we give an outline of a modification of the proof of [6, Lemma 7]. Let

W={re":3/4<r<1,te(=1/4,3/4)).

Since u(e) =1 when t € (—m, w]\(0, 1/2), we then have that lim, 41 u(rety =1
uniformly for t € (—m, w]\(—1/8, 5/8). Hence it is sufficient to find a C; > 0 such

that
o
u(z)>C; Vze W\{U G,,}.
n=1

ForanyO <r <1land 6 € R, define I (0, r) = (0 —3(1 —r), 0 +3(1 —r)). Then
l—r o X1e.n (@)
(1=r2+06-0t2 101 -r)
Let 0 € (—1/4,3/4) and 3/4 <r < 1. Then I(0, r) C (—m, 7] and u(e') =1 for
tel@,r)\U, where U = U;’;l I,,. By (3.3) and (3.5),
o -m(16,r)\U)

i0
u(re'”) > 00— 1) . (3.6)

(3.5)

Furthermore, assume that re’? e W\{Uzoz1 G,}. We consider the following two
cases.
(1) If 6 € (—1/4, 3/4)\U, then we apply Lemma 3.1 to the case where x = 6 and
a=3(—r)toget
m(1(0, r)\U) =3(1—r)/2. (3.7

By (3.7), it follows that u(ret?y >3 «/20 in this case.
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(ii) If @ € U, then there exists n such that 6 € I,,. Because re'? ¢ Gy, 1 —r>p,,
the length of I,,. Since the distance between 6 and J,\ I, is less than p,, we can pick
af®’ € J,\I, suchthat |0 — 6’| < p, <1 —r. Thus

© =20 —-r),0 +2(0 —r) C 16, r).

Since 8’ € R\U, apply Lemma 3.1 to the case where x =0’ and a = 2(1 — r), and the
statement follows from (3.6). O
It is well known that C,, is compact on L2(D) if and only if
1 — |z
im ——— =
=11 — [e(2)]

See, for example, [1, 5, 7]. We show that there exists ¢ such that C, is compact but
notin S, forevery 1 < p < oo.

THEOREM 3.4. There exists a composition operator Cy : L?I (D) — LZ(D) which is
notin Sy forany 1 < p < o0.

PROOF. It is sufficient to construct a compact composition operator C,, that does not
belong to S, for 2 < p < oo. If we can construct ¢ with

_ o2\ p=2
lim & =0 and / % dA(z) = o0
lzZl=1 1 — |p(2)] p (1 —le@)[)P

for every 2 < p < oo, we are done. Let
Fnz{rem:@eln,pn/2<l—rgpn}CGn;

then A(F,) ~ ,0,%. Since

(1—|z)hP~? / (1 =]zhP~*
dA dA
/D I =le)D? « )_Z . L= le@D? ©

P
. fn)
= x(n+ )P
and |
— Izl < fn) ifzeG,.
I —lp@] ~ x(n+1)
if we let

M=) "1/n+ 1%  fn)=1/@Mn+ 1))

n=1

and x(n) = In(n + 3) f (n), then C, is compact and does not belong to S, for any
1 <p<oo. d
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