
BULLETIN 13 (1), 1970 

SYMMETRIC FORMS 

BY 

K. V. MENON 

1. Let Rm denote a m dimensional Euclidean space. When xeRmWQ will write 
x=(x1? x2,.. .,xOT). Let JR+={X: xeRm, xt>0 for all 1} and R~={x: xeRm9 

Xi<0 for all /}. In this paper we consider a class of functions which consists of 
mappings, Er(K) and Hr(K) of Rm into R which are indexed by K e R£ and K e R~ 
respectively, and defined at any point a e Rm by 

(1.1) Er(K) = 2 KK • • • \»«ila2a... <4" 

where À,, = ( ^ ) (K e / « ) and 

(1.2) #r(K) = 2 »«A • • • • 8i.«iic4»... «J.-

where^ = ( - l )« . (^ ) ( K e l t ) . 

Let 1 ei^m denote the vector each of whose coordinates is 1. Then Er(l) and 
Hr{—1) are, respectively, the elementary and complete symmetric functions of the 
rth order. On setting K = K(1)(K>0) in (1.1) and K = K1(K<0) in (1.2) we obtain 
the class of symmetric functions introduced by Whiteley [4]. Clearly £r(K) and 
Hr(K) are generalisations of the symmetric functions given by Whiteley [4]. 

It is shown in [1] that 

£ a _ A ( l )£ 5 + A(l) ^ £ a -A- l ( l )£ & + A + l(l), 

provided 0 < À < a, and b > A. In [2] the same inequality with E replaced by H was 
obtained for the same range of a, b, À. In this paper we prove that this inequality 
continues to hold for E(H) on its domain of definition and for the same range of 
a, b, and À when 1 (—1) is replaced by K. The proofs of these results rely on the 
classical method of maxima and minima as in [3] and [4] and use the generating 
series for E and H which are, respectively 

m 

(1.3) l+2Er(K)xT= n (1+ «,*)*«. 
f = l 

and 
m 

(1.4) 1+2 Hr(K)xr = n (1 - «,*)*«. 
f = l 

2. LEMMA 1. If r= 1, then for all w, 
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(2.1) [Hr(K)f > Hr^QQHr^QS) (Kt < -I, for alii) 

and 

(2.2) [Er(K)f > Er^QQEr+iQQ (Kt > 0 for alii). 

For (2.2) r<K when K= raint Kt is not an integer. 

Proof. We prove (2.1) by induction. If m = l,thenfii(K) = ( ' ^ ' W and#2(K) 

= C ^ + 1 ) « f . Hence [H^K)]2>H2(K)H0(K) where H0(K) = l. Assume the in­

duction hypothesis holds and consider the (w + l)-dimensional case. Observe that 

1+2 HJEtf = (l-an+1xY~+i(l+2HJK*)*) 

where K* is obtained from K by deleting Km+l. Thus 

Hr(K) = 2 (lKm+1[+j- l)Hr.jOL*K+x 
j=0 \ J J 

and consequently, using the induction hypothesis, we have [HX(K)]2> H2(K)H0(K). 
Inequality (2.1) is thereby proved and (2.2) is obtained in a similar fashion. 

3. LEMMA 2. If m = 1, then for all r, 

(3.1) [Hr(K)f > Hr-iQQHr^ÇK) (K, < -1 ) 

and 

(3.2) [Er(K)f > Er^(^)Er+1(K) (Kt > 0). 

For (3.2) r<K, when K=mmt Kt is not an integer. 

Proof. HT=(\Kl\ +
r
r~* W Hence 

(l^ll7~1)«ir(l^|-1) 
[HJEyp-Hr^QQHr^QQ 

( r+ lX |* i |+ r - l ) 

Therefor we have (3.1). For the proof of (3.2), observe that the restriction on r 
makes all the terms positive and hence (3.2) can be proved in a similar fashion. 

4. LEMMA 3. 

m Q 

(4.1) 2 4- #r(K) = ( - K l ' + r - l)#r-!(K) (Kt < Ofor alii) 
i = l 0ai 

and 
m s 

(4-2) 2 ^-£'r(K) = (Kl'-r+l)£'r_1(K) (Kt > Ofor alii) 

where V denotes the transpose ofl. 
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Proof. From (1.4) we have 

Hence 

A tf/E)-*, A #r_l(K) = (-^^^(K) 

or 

But by Euler's theorem on homogeneous functions 

(4.4) 2 ^ ^ r - i ( K ) = (r- l ) / / r_ 1(K). 

From (4.4) and (4.3) we get (4.1). Similary (4.2) can be proved by using (1.3). 

5. THEOREM 1. If at>0 andKt<—1, for every i, then 

(5.1) //a_A(K)tf& + A(K) > Ha-^ÇQH^ + iÇK), 

where (0 < À < à), (b > a). The inequality is strict unless all but one of the variables are 
zeros and Kx = K2 — • • • = Km — — 1. Also strict inequality fails to hold if all the at are 
zero, whatever be Kt, /= 1, 2 , . . . , m. 

Proof. The proof is by induction on m and r. We shall prove that the theorem is 
true for all pairs m,r(m>2,r>2) provided it is true for all pairs m, r with m1 <m, 
and all pairs n, r, with rx < r. Also Lemma 1 shows that the theorem is true for all m, 
if r = 1, and Lemma 2 shows that the theorem is true for all r if m = 1. Let 

(5.2) C = {a : a e Rm, Hr _ x(K)jyr + X(K) = 1, a, > 0 for all Ï). 

Then clearly C is a compact subset of Rm. Let us denote by M, the minimum value 
of [Hr(K)]2 subject to the conditions given in (5.2). If we can prove that M> 1, then 
we have 

(5.3) [Hr(K)f > Hr-MHr+iQS). 

From (5.3) we have 

Hr(K) Hr^jK) flo® 
Hr + 1(K)- Hr(K) -'"-HX(K)-

Hence our theorem is proved if we can prove (5.3). 
Suppose that the minimum value M is attained at a point a e Rm such that 
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at > 0 (for all /). This point cannot be a singular point since by Euler's theorem on 
homogeneous functions 

m Q 

2 cqf-tf,_!(]£)#,+1(K) = 2rtfr_1(K)tfr+1(K) = 2r. 

Hence the first partial derivatives cannot vanish simultaneously. Applying La­
grange's conditions we have 

(5.4) A [Hr(K)]2~ A* A jyr-1(K)J7r+1(K) = 0 for all i 

or 

(5.5) 2tfr(K) ^ #r(K)~À*{#r+i(K) A / / ^ (K) 

+ i / r . 1 ( K ) ^ r + 1 ( K ) } = 0. 

Multiplying (5.5) successively by al9 a2,..., am and adding the results we have 

(5.6) 2 2 «A(K) f- iï r(K)- X*\ 2 «.«r+i(K) f- ^ r-i(K) 

+ f 2 «i^r-i(K) ^ # r + 1(K)j = 0. 

Using Euler's theorem on homogeneous functions we have from (5.4) 

(5.7) 2r[Hr(K)f = A*2rtfr_1(K)tfr + 1(K). 

From (5.7) and (5.2) we have A* = M. Hence our theorem is proved if we can show 
that A* > 1. From (5.6) and (4.1) we have 

2(-Kl , + r-l)i7r(K)ifr_1(K) 
= A*{(-Kr + r -2) / / r + 1(K)i7r_2(K) + ( - K r + r)//r_1(K)/fr(K)} 

or 

ts %\ or iri'j_i. n \*r w < ~\ — A*(—Kl' + r—2)i/r + 1(K)//r_2(K) 
(5.8) 2(-Kl + / - 1 ) - A (-K1 +r) Hr(K)Hr.x(K) 

Now from (5.7) and (5.8) we get 

(5.9) 2 ( - K l ' + / - l ) - A * ( - K l ' + r) = ( - K l ' + r - 2 ) ^ ( K ) J / r ( K ) j 

But by induction hypothesis 

(5.10) [#r-i(K)]2 > #r(K)tfr_2(K). 

Hence from (5.9) and (5.10) 

(5.11) 2(-Kl' + r - l ) - A * ( - K l ' + r) < ( -Kl ' + r -2) . 
Hence A* >1. 
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In the next place we suppose that the minimum is attained at a point at which one 
or more of al9 a29..., am are zeros. Suppose that ai ^ 0, a2 ̂  0 , . . . , as ^ 0 (S<m)9 

and from induction on m we have from (5.7) 

[Hr(K)f 

and A*> 1. Hence the theorem follows from (5.11). 

6. THEOREM 2. If a, > 0 W JÇ > 0 /or a// /, then 

Ea^(K)Eb+x(K) > Ea-^QQE^MÇK) 

provided (0 < À < a), (b > a) and b + X<K when K= minf Kt is not an integer. 
The inequality is strict unless all but one of the variables are zeros and K1 = K2=- • • 

=Km=l. Also the strict inequality fails to hold if all the af are zero whatever be 
Ki9 / = 1 , 2,..., m. 

Proof. The restriction on b + A makes all the terms positive in our considerations. 
Hence we can apply the method of Theorem 1. 

7. THEOREM 3. 

(7.1) [Hr($)]llr > [fl;+i(K)]1/0r+1) 

(7.2) [^(K)]1" > [Er+1(K)]^+» 

The inequality is strict unless all but one of the variables are zeros and 

Kl = K2=-..= Km= - 1 /or (7.1) 
and 

Kl = K2=^^Km=l for (72) 

Also the strict inequality fails to hold if all the ax are zero whatever be Ku /= 1, 2, 
. . . , m. For (7.2), r < K when K= minf K{ is not an integer. 

Proof. Same as in [1]. 
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