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Hermite’s Constant for Function Fields

Chris Hurlburt and Jeffrey Lin Thunder

Abstract. 'We formulate an analog of Hermite’s constant for function fields over a finite field and state
a conjectural value for this analog. We prove our conjecture in many cases, and prove slightly weaker
results in all other cases.

1 Introduction

The notion of Hermite’s constant first arose in the study of quadratic forms. Later,
when Minkowski introduced his geometry of numbers, he was able to greatly im-
prove on Hermite’s original bounds for this constant. Moreover, via the geometry of
numbers, it turns out that Hermite’s constant has many connections with diverse ar-
eas of mathematics and even other physical sciences. (See [2] for an excellent guide to
these mathematical connections.) Now the geometry of numbers lends itself well to
adelic formulations, meaning one can formulate the geometry of numbers over an ar-
bitrary number field, function field, and even algebraic closures of such. It turns out
that these generalizations and extensions of the geometry of numbers have impor-
tant applications, too. For example, the adelic formulations of Minkowski’s first and
second theorems on successive minima for number fields (see [1]) and an algebraic
closure (see [5]]) are key ingredients of some important machinery in Diophantine
approximation (see [3]). For an entirely different example, in [4] the authors used
the methods of the geometry of numbers over certain function fields to construct
non-linear codes with desirable attributes. The exact value of the original Hermite’s
constant is famously known only up to dimension eight.

In this paper we focus on an analog of Hermite’s constant for function fields over a
finite field. Specifically, we state a conjecture analogous to an exact determination of
this constant in general, and prove our conjecture for a great many specific cases. We
are also able to prove a general result (Theorem[4.4) that is just slightly weaker than
our conjecture. In order to formulate this analog, we first need to introduce some
notation and ideas from the adelic geometry of numbers; in particular, we need the
notion of a height on projective space. We formally state our conjecture at the end of
this introduction after the requisite definitions, notation, etc. In the following section
we provide an explicit construction for the case of genus 1 (Theorem [2.6]) which
proves the conjecture in that case. (The case of genus 0 turns out to be relatively
simple. See Corollary[Z.2]) Section 3 recalls some measure theory developed by the
second author in a previous paper [6], which is then used in the final section to again
prove more quantitative results for genus 0 (Theorem [4.2]), genus 1 (Theorem [4.3]),
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and finally the general result (Theorem [£4]) mentioned above, which is somewhat
weaker than the conjecture.

Let K be a finite algebraic extension of the field of rational functions F,(X), where
X is transcendental over the field with g elements IF,. We assume that [, is the field
of constants for K. Let ¢ and ] denote the genus and the number of divisor classes
of degree 0, respectively (] is also the cardinality of the Jacobian). Let (x denote the
zeta function of K which is analogous to the classical Riemann zeta function. We
will write M(K) for the set of places of K and K for the adele ring. For a place
v € M(K) we let K, denote the topological completion of K at v and let ord, be the
order function on K,, normalized to have image Z U {co}. We let O, denote the
subring of K, consisting of all elements x € K, with ord,(x) > 0 (with the usual
convention that co > 0). We extend ord, to K| by defining

ord,(xi,...,x,) = min ord,(x;).
1<i<n

For any x = (x,) € K} with ord,(x,) € Z for all places v and with ord,(x,) = 0
for all but finitely many places, we get a divisor

div(x) := Z ord,(x,) - v.

vEM(K)

Thus, for any non-zero x € K" and A € GL,(Kj) we have a divisor div(Ax) and the
additive height
ha(x) = — deg div(Ax).

Since the degree of a principal divisor is 0, one sees that these heights are actually
functions on projective (n — 1)-space P"~!(K). These heights are extended to arbi-
trary subspaces of K" via Grassmann coordinates. Specifically, suppose 1 < d < n
and S C K" is a d-dimensional subspace with basis x;,...,x;. Then X = x; A -+ - A
X, € K(2) and we define

ha(S) = ]’l/\dA(X) = —degdiv(Ax; A --- A Axy).

Note that h4(K") = — degdivdet(A). The case where A = I,,, the identity element
of GL,(Ka), gives the usual “untwisted” height.
For A € GL,(Ky) the successive minima A\(A) < --- < )\, (A) are

Ai(A) := min{m : K" contains i linearly independent x with f4(x) < m}

for 1 < i < n. An analog of Hermite’s constant here would be the maximum of
A1 (A) over some set of A € GL,(Kp). Unlike the case of the rational numbers or
any other number field, we cannot simply normalize via a scalar multiple to look at
A with fixed determinant since a scalar multiple will change the height of K" here
by some multiple of n. For this reason, we will dispense with a specific “Hermite’s
constant” and instead work with the relationship between the first minima A, (A) and
the height hs(K") directly.
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We will use capital script german letters to denote divisors: U, B, €, etc., and sim-
ply use O to denote the zero divisor. We say a divisor 2 is non-negative, and write
A > 0, if ord,(A) is non-negative for all places v € M(K). Such a divisor is called
effective. More generally, we write A > B if A — B > 0.

For a divisor A and an A € GL,(Kj), consider the following sets.

AQLA) .= {x=(x,) € K} : ord,(A,x,) > —ord, () forallv € M(K)},
LA, A) =K"NAQLA),
L'(AWA) = {x € LA A) : ord,(A,x) = — ord,(N) for all v € M(K)}.

We collect a few obvious yet useful observations here.
Note 1 (i) Ifac Klﬁf , then for all divisors W and all A € GL,(Kj) we have
AU+ div(a),A) = AU, aA) = a” "AQ, A).

(ii) For non-zero x € K", x € L(U, A) if and only if A > —div (A(x)) and x €
L'(AA) ifand only ifx € L(A+ €, A) forall € > 0.

(iii) We have hy(x) = m if and only if x € L/(U, A) for some divisor A with
deg(A) = m. In particular, hu(x) < deg(A) ifx € L(A, A).

(iv) Supposex € L'(U, A). Thenax € L'(A,A) fora € K ifand only ifa € quX.

It is known that L(, A) is a vector space over I, of finite dimension (see [8]], for
example); we denote its dimension by (2, A). In general, we have ([[7, Theorem 3])

(L1) I, A) = n(deg() + 1 — g) + deg div det(A) + dim, ( ﬁ) :

and in the case n = 1 we have the Riemann—Roch Theorem
(1.2) I(A,A) = deg(A) + 1 — g + degdivdet(A) + (W — AL A,

where 2 is an element of the canonical class.
Using this, we get an important result in the geometry of numbers.

Theorem 1.1 (Minkowski’s First Theorem for Function Fields) Suppose n > 2 and
let A € GL,(Kp). If ha(K") < n(1 — g), then \(A) < 0. In particular, for all

A € GL,(Ky) -
M) < g+ [MED],

n

where [ - | denotes the greatest integer function.
Indeed, if — degdivdet(A) = ha(K") < n(l — g), then [(0,A) > 0. Take any

non-zero x € L(0,A). Then h(x) < deg(0) = 0 by Note[Il(iii). More generally, if
A € GL,(Ky), set

m:= g+ [ha(K")/n] > g+ 1

ha(K")
n
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and let a € K with degdiv(a) = 1. Then by the definitions,

ha(K™)

hana(K") = ha(K") — nm < hy(K") — n<g+ — 1) —n(1—g),
and by what we have already shown, A;(A) = A\;(a™A) + m < m.

One can view this as an analog to the classical Minkowski’s first theorem in the
case of ellipsoids, where the sharpest upper bound involves Hermite’s constant. The
question here is whether or not the statement above is sharp; we believe that it is.

Conjecture  For all integers n > 2 and all integers m, there is an A € GL,(Ka) with
— degdivdet(A) = mand A\ (A) = g+ [m/n].

2 The Case of Genus 1: An Explicit Construction

We first remark that in order to prove the conjecture, it suffices via Note [I(i)—(iv)
above to consider only those m for which 0 < m < n. In fact, we even have the
following.

Proposition 2.1 Suppose n > 2. If there is a prime divisor of degree 1, then the

conjecture holds for all m if and only if it holds for m = 0.

Proof Suppose thereisan A € GL,(Kp) with deg divdet(A) = 0 and \;(A) = g. Fix
m and write m = ns +t, where s = [m/n] and 0 < t < n. Leta € K, be such that
— div(a) is a prime divisor of degree 1. Let B’ = a°A and let B be obtained from B’
by multiplying the first t rows by a. Then degdiv det(B) = mdegdiv(a) = —m and
A (B) = M\ (A) — degdiv(a®) = s = [m/n]. We claim that A\;(B) > \;(B’). Indeed,
letx € K"\ {0} and set y = B(x). Then B’(x) = y/, wherey’ = (y1, ..., y,) is given
by

, JaTly ifi <,

yi= i otherwise.

Since div(a™!) > 0, we clearly have ord,(y’) > ord,(y) for all places v, so that
hp(x) > hp:(x) for all non-zero x € K". [ |

Corollary 2.2 The conjecture is true in the case of genus 0.

Proof The identity matrix I, € GL,(Ka) clearly satisfies degdivdet(I,) = 0 and
A1(I,) = 0 for all n > 2. Moreover, there are g + 1 prime divisors of degree 1 when
g = O‘ .

We will now show that the conjecture is true when the genus is 1 by an explicit
construction. We first remark that in the case of genus 1 there are exactly J places,
i.e., prime divisors, of degree 1. Denote these places of degree 1 by vy,...,v;. For
a non-zero x € K, write div(x) = (x)¢g — (x)s0, Where (x)g and (x), are effective
divisors. The following is well known; we include a proof for completeness.

Lemma 2.3 Supposeg = 1 and x € K\ IF,. Then degdiv(x)y = degdiv(x)s > 2.
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Proof Indeed, let A be an effective divisor of degree 1. By the Riemann—Roch The-
orem ([L.2), the union of the set of y € K with div(y) > —U together with the
element 0 is a one-dimensional vector space over IF;. Since non zero y € I, have
div(y) = 0 > —2U, we see that this collection consists exactly of IF,. [ ]

Our first goal is construction of a particular element of GL,(Kx). Let b € K, with
b,=1forallv # v, and b,, = 7r1_1, where 7, € K,, with ord,, (m) = 1. Set

(1)

We concern ourselves with elements of the form (x,1) € K?. Now A(x,1) =
(x+ b,1), so that ord,(A,(x, 1)) < 0 for all places v. Moreover, ord,(A,(x,1)) =
ord,(x) for all places v # v, in the support of (x)~, and ord,, (A(x,1)) < —1if
ord, (x) # —1. Thus, ha(x,1) > 2 except for x € I, and possibly for x satisfying
(X)oo = v1 + v; for some i = 2,...,J. Via the Riemann—-Roch Theorem, for each
i=2,...,] theset of x € K with (x)oc = v; + v; consists of all elements in some
2-dimensional vector space over IF; which are not in the 1-dimensional subspace .
There are g(q — 1) elements in such a set, and clearly at most g of them can satisfy
ord,, (x + b,,) > 0. In summary: hu(x,1) > 0 for all x € K, there are at most Jgq
elements x € K with hy(x, 1) = 1, and this last set includes the g elements of IF;. In
particular, there are no more than (J — 1)q elements x € K \ F, with ha(x,1) = 1.
Moreover, these possible (J — 1)g elements x have (x)oo = v + v; for some i =
2, .

Again by the Riemann—Roch Theorem, there are J(q + 1) effective divisors of de-
gree 2, exactly J of which contain v; in their support. This leaves Jq effective divisors
of degree 2 that do not contain v, in their support, at least q of which are not equal to
(x)o for any x € K with ha(x,1) = 1. Choose such a divisor A and let a € K with

div(a) = —Wand g,, = 1. Set
,_(a ab
A= <0 1).

We claim that A;(A’) = 2. As in the proof of Proposition 2} h/ (x) > ha(x)
for all non-zero x € K? since div(a) < 0. It remains to show that s/ (x) > 2 for
all x with ha(x) < 1. Clearly ha/(1,0) = — degdiv(a) = deg(WA) = 2. Also, since
A # vy, we have div(a(y + b), 1) < div(a) for all y € F,. Finally, consider a possible
y € K\ F; with ha(y,1) = 1 and write (y)oo = vi + v;, where (as we showed
above) v; # v; is some place of degree 1. If the support of U is not contained in
the support of (), say v is in the support of A and not in the support of (y)o, then
div (a()/ + b), 1) < —v — v;. This gives ha(y,1) > deg(v) + deg(v;) = 2. If the
support of A is entirely contained in the support of (¥)o, then since A # (y)o by
construction, we must have A = 2v and (y)q = v + v’ for some places v, v’ # v; of
degree 1. In this case we again have div (a(y + b), 1) < —v—v and hy(y,1) > 2.
This shows that A\, (A’) = 2.

We stop to summarize what we are able to say so far.
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Proposition 2.4 Using the notation above, let c = b™' and

ca cab
Az—CA—(O C).

Then degdiv det(A;) = 0 and A\ (Ay) = A\ (A’) — degdiv(c) = 1.

We next turn to the case n = 3 and construct a particular element of GL3(Kjp).
Use the notation above and set
c b
B = .
0 1

We claim that there is at most one y € K with hg(y,1) < 1. Let y € K. If v # vy,
then
ord,(y¢, + b,,1) = ord,(y + 1,1) < ord,(1) =0,

with equality if and only if ord(y) > 0. Also,
ord,, (yc,, + by, 1) = ord,, (ym + ', 1) < ord,, (1) = 0,

with equality only if ord,, (y) = —2. Therefore, div(yc+b, 1) < 0, with equality only
if the pole divisor (y)oo = 2v;. In other words, hg(y, 1) > 1if (y)oo # 2v;. Suppose
there is a y € K with pole divisor (y)s = 2v;. Then any y’ € K with (y')s = 211
is of the form y’ = xy for some x € I;*. But clearly at most one of these y’ can
possibly satisfy ord,, (y'm, + 7, ') = 0, proving our claim.

If thereisa y’ € K such that hg(y’, 1) <0, set

ca cab cab(1—y’)
A3 = 0 Cc b
0 0 1

Otherwise set
ca cab cab

A3: 0 c b
0 0 1

Then in either case deg div det(A;) = degdivdet(A;) = 0. We claim that A; (A3) = 1.
First, we have Ay, (x, 7,0) = ha,(x,y) > 1 forall (x,y,0) € K>\ {0}. Suppose
thereisa y’ € K above with hg(y’,1) < 0. Let (x, y, 1) € K> with y # y’. We have
div(cax + caby + cab(1 — y'), yc+ b, 1) < div(yc + b, 1),

so that

ha,(x, y,1) = — degdiv(cax + caby + cab(1 — y'), yc + b, 1)
> —degdiv(yc+b,1) = hp(y,1) > 1.
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Also, for any (x, y’, 1) € K> we have div(cax + cab, yc+ b, 1) < div(cax + cab, 1) and

ha,(x,y",1) = — degdiv(cax + cab, y'c + b, 1)

> —degdiv(cax + cab, 1) = ha,(x,1) > 1.

Finally, if there is no y’ € K with hz(y’,1) < 0, then for all (x, y,1) € K> we have
div(cax + caby + cab, yc + b, 1) < div(yc + b, 1), so that

ha,(x,y,1) = — degdiv(cax + caby + cab, yc + b, 1)
> —degdiv(yc+b,1) = hg(y,1) > 1.
Since the height is projective, this shows the following.
Proposition 2.5 Using the notation above, deg div det(As) = 0 and A\{(A3) = 1.

The three propositions above will suffice to prove our conjecture in the case of
genus 1.

Theorem 2.6 Suppose g = 1. Then for all integers n > 2 and all integers m there is
an A € GL,(Ky) with — degdivdet(A) = mand A\ (A) = 1 + [m/n].

Proof By Proposition2.1]it suffices to prove the case where m = 0. Propositions[2.4]
and 2.5] thus take care of dimensions 2 and 3, so suppose n > 3. Write n = 2s + 3¢
for non-negative integers s and t. Let A, and A; be as above and set

A 0 ... 0 0 ... ... 0
0
0 0 0 0
o 0 A 0 0 0
"~ o 0 0 A; 0 0’
0 0 0 0
o
0 0 0 A

where A, is repeated s times and As is repeated ¢ times. Then

degdivdet(A,) = sdegdivdet(A,) + t degdivdet(As) = 0.
Suppose x € K" and write X = (x,...,X,,¥1,...,¥:), wherex; € K* and y; € K°
foralli = 1,...,sand j = 1,...,t. If x # 0, then some X; or y; is non-zero. By

construction hy, (x) > hy,(x;) > 1 in the former case, and hy, (x) > hy,(y;) > 1in
the latter. This shows that \;(A,) > 1, completing the proof. [ |
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3 Some Measure Theory

In this section we fix representatives 2y, . . ., U; of the divisor classes of degree 0 and
letay,...,a; be ideles with div(a;) = U; for each i.

For each place v, let v, be the Haar measure on K, obtained by setting o, (9,) = 1.
We then get the measure o on K given by

a=q¢"% J] a.
vEM(K)

We will write o for the resulting product measure on K.

We define G, = {A € GL,(Kp) : degdivdet(A) = 0} and for notational con-
venience, set I'; = GL,(K). Note that I',, is a discrete subgroup of G,. One can
construct a Haar measure on G, (see [6]); since G,,/T',, is compact, 1,(G,/T,) is
finite. We let u,, denote this measure, normalized so that 1, (G, /T,,) = 1.

Let H, be the subset of G, consisting of those A with [divdet(A)] = [0], where we
use brackets to denote the corresponding element of the divisor class group. Clearly
H, C G, is a subgroup of index J. We have u, = 7, x /3, where 7, is a measure on
H, and g is the counting measure on the group of divisor classes of degree 0. Then

(3.1) ]Tn(Hn/Fn) = (G, /Ty) = 1.

Let g, be the subgroup of G, defined by

& = {(g Z) €G,:acG,be (K" Ac Gnl}

and lety, = g, NT,. Let g, C g, consist of those matrices above with a = 1, and let
Yo = Yn N g, Similarly to above, we get a measure o, on g, with

0u(gn/ V) = 1 (G1/T 1) pin—1(Gy—y /T 1) ((Ky)" 1 /K"
and a measure o, on g, with
Tn(&n/ ) = bn—1(Guo1 /T ) (Kn)" ™! /K.
We have
(3.2) 0(&n/ V) = TG/ ),

since p1 (G /T1) = 1.
Let

h, = {(g Z) €G,:ac€H,be(Ky)" L, A eHn_l}

andlet b, C h, be those matrices above with a = 1. We see that h, C g, is a subgroup
of index J?. Exactly as above, we have o, = v, X 3 x 3, where v, is a measure on h,,.
We have

(33) Un(hn/"}/n) = 1/]2
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Set (K})™ to be the set of x € K} with x, # 0 for all v and ord,(x,) = 0 for almost
all v € M(K); we have (K})* = G, /g, = H,/h},. Let dv, be the relatively invariant
gauge form on the homogeneous space G, /g, which satisfies du,, = dv,do,. In other
words, for f an integrable function on G,,

F(A) dpin(A) = / dv,(Agy) / f(Aa) dors(a).

Gy Gn/gn S

Similarly, let p, be the gauge form on H,,/h, which satisfies dr,, = dp,, dv,.

For any x € (K})* and A € GL,(Kx) we have a unique divisor div(A(x)). Scalar
multiplication of x by an element of G, clearly changes this divisor by a divisor of de-
gree 0. Thus, for all Bg, € G, /g, we get a unique element [div(A(Bg,))] of the divisor
class group, whence a well-defined function deg[div(A(Bg,))] on G,/g,. Similarly,
for any Bh, € H,/h, we get a unique [div(A(Bh,))], so that deg[div(A(Bh,))] on
H, /h, is well defined. Let r,(A) be the measure (via dv,) of the set of Bg, € G, /g,
with deg[div(A(Bg,))] = 0 and let x,(A) be the measure (via dp,) of the set of
Bh, € H,/h, with deg[div(A(Bh,))] = 0.

Let dv], be the gauge form on G, /g, that satisfies du, = dv)do). Since g,/g, =
Gy, we have do, = duydo). Thus, dv, = dv,dp,. Let m, € O, generate the unique
maximal ideal for each v € M(K) and set

J
S = H DV \ WVDV, T= U a,—S.
vEM(K) i=1

Then T is a fundamental set of order ¢ — 1 modulo I'; of G;. Using (K})* = G,/g,,
we have

(3.4) (g — Din(A)ua(Gy/T) = / ().

XEA—(TO")

In the same manner, since H,/h,, = G, /g,, we get

(g — Dk, (A7 (H /T)) = / dv,(x).
XEA—1(TO")
Thus,
(3.5) Jra(A) = K1(A).

As shown in [[6], we have

(3.6) pn(Gn/T) da’ = o, (g /7, dv,.

Also,

(3.7) / dOén(X) — qdegdivdEt(A)/ dOén(X),
xE€(KZ)* NA~1(TO") x€(KJ) X NT(O")
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and since degdiv(aq;) = 0foralli =1,..., ],

(3.8) / da(x) = / da”(x)
x€(K2)X NT(D") Z )% Na;S(

=] / da/'(x)
x€(K}) X NS(O")

n(l1—g) H (1— ndegdlvw )

veM(K)
]qn(l—g)
Ck(n)
Hence, by B.1)-(3.8)
T (gn/Vn) 104y Ol /)
(39) Hn(A)O'n( n n) = Kn(A)i = Hn(A)i
& /’7 ,Ufn(Gn/Fn) Tn(Hn/Fn)
B qn( 1—g) qdeg div det(A) ]
(q — )¢k (n)
Now let f be the characteristic function of any interval (—oo, z]. One readily ver-
ifies that
(3.10) |7~ degldiviatg)) din(Bg) = () S "0,
Gun/gn lez

(3.11) / |, (= deglav(ABh.)) dp, (Bh,) = wn(A) Y " f).
H,/hy

lez

As remarked in [6], we have

T (gn/Vn) f(— deg[div(A(Bg,))1) dv,(Bg,)

Gn/gn
/G

Since I, /7, = P"~1(K), we also have

> - degldivA(By)]) = #{€ € (KD s han(€) < 2),

By €T/

f( — degldivA(By))]) | dyun (BT,
/Tn B%EF/%

so that

(3.12)  7u(gu/vn) ) f( — deg [ div(A(Bg,))] ) dvy(Bg,)
Gn/gn

= / #{€ € PUK) < hap(€) < 2} dpy (BT,
H, /T,
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Similarly

(3.13)  vn(hn/7a) p f( — deg[div(A(Bh,))]) dp,(Bhy)
Hy/hy

_ / #{€ € P"UK) ¢ hag(€) < 2} dry(BT).
/T,

Equations (3.9)—(3.13) give us the following.
Theorem 3.1 Forany A € GL,(Ky) and any z € 7/ we have

qn(l—g)qdegdivdet(A)]qnz 1( ) L ( ) p ( )

= #{& e P"H(K) : <z #(BT,),
(1= q")(q = D) /G,,/pn t¢ (e = 2hdn
qn(lfg)qdeg div det(A)qnz

= pr—t +h . (BT,,).
(1 —g7")(q — 1)Ck(n) /Hn/rn #E e (K) : hap(§) < z}dr,(BT,)

4 Applications of Theorem [3.1]

We use Theorem [B.1] to get close to a complete answer to our conjecture. We also
use it to give a rather definitive quantitative answer in many cases, including the case
of genus 1. We first consider the quantity (q¢ — 1)(x(n) occurring in Theorem [3.1}
though.

Lemma 4.1 Supposen > 1. Ifg = 0, then

- q B 1 1
(q - Dix(n) = (1_q1_n 1_q—n) S
Ifg =1, then
1 1
(q - Dx(n) = ](qn_l_l - qn_l) +(g—1).

In all cases (g (n) > 1.

Proof We have (x(n) = Zf:oo a;q"", where a; is the number of divisors % > 0 with
deg(A) = L. For a fixed divisor U, the number of linearly equivalent divisors € > 0 is
equal to q_%(ql(m*l) — 1). An application of the Riemann—Roch Theorem (L2)) gives

qlJrlfg -1

>
a>] 1

)

with equality if | > 2¢ — 1. We clearly have a; = 1. This gives (x(n) > 1.
In the case g = 0 we have | = 1, so that

[e’s} B q 1
(@— D= @' -1g "= - .
q— 1)k ;q e S T e
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In the case g = 1, we get

(@—DCk(m) =7 (q =g " +(q—1)

I=1

:](qn_ll_l—qnl_l)+(qf1). n

Theorem 4.2 Suppose g = 0. Then the set X C G,/T, of BT, € G,/T, with
A1(B) = 0 satisfies

1

0 2 1 = nGem

Moreover, if n = 2, we have

—1
Ha(X) = -
q

Proof LetY C G, /T, be the subset of BI',, with \;(B) < 0. By Theorem 3.1 and
Lemma[£.I]we have

i(Y) < / | FEEPTIHO  hy(©) < 1) dp (BT
G,/

1
(1 =q7")(q — )¢k (n)
<1

By Minkowski’s Theorem (I.1)) and since 11,,(G,,/T,;) = 1, we get p1,,(X) = 1— p,, (V).
We can say more when n = 2. In general we have ([[7, Theorem 1])

AL(A) + -+ + M(A) + degdivdet(4) > 0

for all A € GL,(Kp). In particular, if n = 2 and B € G,, we have \;(B) + \,(B) > 0.
This implies that all elements of B[', € Y have exactly one point ¢ € P!(K) with
hp(§) < 0, because \,(B) > 0. Therefore, when n = 2, we have

1Y) = /G | HEEPTIH0 hy(€) < 1) dpa(BT)

1
(=g - 1)k (2)
Via LemmalLT] we have
- - q 1
(== 0&@ =015~ 7= =)

_q-q% | _g0-q7
 1—gq! - g—-1
= q.

Therefore, 11,(Y) = 1/g, so that u,(X) = (g — 1)/q. [ |
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Theorem 4.3 Suppose ¢ = 1. Then the set X C G, /T, of of BT, with \{(AB) = 1
satisfies
(¢ +1) N
29+2]7(q* = (g — 1))
Proof Write G,/T, = X UY U Z, where

2 (X) =1 0.

Y = {Brz € Gz/Fz . )\l(B) = 0}, 7z = {BFZ S Gz/rz . )\I(B) S 71}.

As above in the proof of Theorem M(B) + \(B) > 0forall B € G,. In
particular,

(4.1) / | HEE PO hy(©) < 1) (B = pa(2)
G /T,

and
(4.2) / | FEEPK)  hal©) = 0} dpa(BT)
Gy/T,

Y

By Theorem[B.Iland equations (£.1)) and (4.2),

(4.3) 12(2) = / / #{€ € PUK) : hp(€) < —1} dup(BT)
G, /T,
(I—q g D&
]

(¢ — (g — D¢x(2)’

We now turn to Y. We will see that elements of Y have either 1,2, or g + 1 points
of height 0 and that, on average, the elements of Y have exactly 2 points of height 0.
First, let Ay, . .., A; be representatives of the divisor classes of degree 0 and choose
ideles ay,...,a; € Gy with div(a;) = U foralli =1,..., J. Set

U, :={U € H, : ord,(U,(x,)) = ord,(x,) for all v € M(K) and x, € K]'}.

Clearly div(UA(x)) = div(A(x)) forallU € U,, A € GL,(Kj), and non-zerox € K".
For any i and j we have by Note[I(i) and (.I) (and since a; € K;')

: Ka . Ka
dime, ( —_1> = dimg, ( ﬁ)
aiK+A(0,aj ) K +a; A(O,aj )

. Ka
—d
H ( K+ Aldiv(aa; ), 1))

= Z(QB — div(al-aj_l), 1) ,

https://doi.org/10.4153/CJM-2011-046-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-046-6

314 C. Hurlburt and J. L. Thunder

where 2B is any divisor in the canonical class. But since ¢ = 1, we can take I = 0.
Since div(aia]-_l) =A; — A, we get

dim1Fq<—KA\ ) = {0 07

a;K + A(O,a]-_l) 1 ifi=j.
For each i let b; + (a;K + A(O, ai_l)) be a basis element of #?)afl)

Let B € Y. Then for some C, € I'; and some D, € U, we have D;BC) is upper

triangular of the form
a; b
v, = (5 7)

for some 7 and j. If i # j, then we can write —b = ¢ + d, where ¢ € 4;K and
d € A(0, aj_l). Setc¢ = ajc’ and d = a;d’, where ¢’ € Kand d’ € A(0,1). Then

1 ¢ 1 d
C2:<0 1>6F27 D2:<0 I)EUZ

a0
DleBCICZ = B,‘J‘ = <01 a‘) .
J

and

Similarly, if i = j, then for some C, € I', and D, € U, we have

D,DyBC,C, = Bj, = (‘g “;")
1

for some a € IF;. In this manner we see that for each BI', € Y there are C € I'; and
D € U, with
DBC — B;; for somel: # j,or
Bi, forsomeianda €I,

Let Y; denote those in the first case, let Y, denote those in the second case with
a = 0, and let Y; denote the remainder. Then Y is a disjoint union of Y, Y, and Y.
Moreover, we clearly have

(4.4) p2(Y3) = (g — Dpa(Y2).
Suppose i # j. Then clearly div(B; ;(1,0)) = div(a;) and div(B;;(0,1)) =
div(a;). This gives two linearly independent elements of K* with height 0. But if x is

a non-zero element of K, then div(x, ajafl) < div(x) since div(ajafl) =A; — s is
not a principal divisor. Hence

div(B; j(x, 1)) = div(a;x, a;) = div(a;) + div(x, a]-ai_l)

< div(a;) + div(x)
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and hg, (x,1) > 0. Thus
(4.5) #{€ € PY(K) : hg(¢) =0} =2, forall B[, € Y.

We have div(B; ¢(1,0)) = div(B; (0, 1)) = div(a;) for all i. Also, forall x € K,

div (B,-,o(x7 1)) = div(a;x, a;) = div(a;) + div(x, 1)
S diV(a,‘),

with equality if and only if x € IF;. Therefore
(4.6) #{& € PH(K) : hg(§) =0} =g+ 1, forall B[, €Y,.
Next, for all 7 and all non-zero a € I, we have div(B;4(1,0)) = div(a;). For any

x € K we have
div(B; 4(x, 1)) = div(a;x + ab;, a;) < div(a;),

since by construction a;x + ab; ¢ A(0, a;l), i.e., div(aix + ab;) 7 div(a;). Thus
(4.7) #{€ € PY(K) : hg(¢) =0} =1, forall B, € V5.
By EA)-E7) we get
(4.8) /#{5 € PY(K) : hp(&) = 0} duy(BL,)
Y

= 2p(Y1) + (g + Dpa(Y2) + pa(Y3)
=2p2(Y1) + 2p2(Y2) + (g — Dpa(Y2) + p2(Y3)
= 2( (Y1) + p2(Y2) + pa(Y3))

= 2pa(Y).

Now by (£I)-(£3)), (4.8), and Theorem[3.1]
24(V) = [ #(€ € PO hal©) = 0} (L)
Y
= / #{& € P(K) : hp(&) = 0} dpr(BT,)
Gz/Fz
— [ #e e P E): n(©) < 0} dua(BT)
G,/T,

—/ #{& € PY(K) : hp(§) < —1} dpp(BIy)
G,/T,

= ( ~ Dia(2).
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This together with (43)) once more yields

2
1(X) =1 (7) — 2y =1 - L1

p2(Z) — pa(2)

B J(g* +1)
2(¢* - (g — D¢x(2)

But by Lemmal[4.2]
1 1
(qz —1D(g— 1¢k(2) = (‘12 - I)I(F - ﬁ) + (qz - 1D(@g—1)

=Jg+ (¢ —D(q—1),
so that
¢ +1
2q+2]7H(? —1D(g—1))
Finally, one consequence of the “Riemann Hypothesis” is the Hasse—Weil bound
for the number N of places of degree 1: N < q+ 1 +2gq"/>. In our case where g = 1,
we have N = J, so that J < g+ 1 +2¢"/? < 2(q + 1). Using this, we see

(X) =1

q2+1 < q2+1
2q+2]7(¢* = D(@—1) 29+(q—1)?

)

so that
¢ +1
- > 0.
2g+2] g — 1)(g—1))

2 (X) =1

Theorem 4.4 Suppose g > 1. Let ng be the smallest integer satisfying

(@*-1D@-1) =]
Then for all n > ng and all A € GL,(Kn) with ng < —degdivdet(A) < n, the

set of BT, € G,/T, with \\(AB) = g has positive measure. Moreover, the set of
BT, € G,/T', with \{(B) > g — 1 has positive measure.

Proof Letn > ng and suppose ng < m < n. Let A € GL,(Ky) with
— degdivdet(A) = m.

Denote the set of B, € G, /T, with A\;(AB) < g by X. Then by Theorem [3.T] and
Lemmal4.]]

1n(X) < / € € PPIK) < hap(€) < g — 1} dpn(BT)
G, /Ty

1—g"(q—-D¢n) (Q1-g™@g—-1)
< Jq ™ _ )
(I1—g™)g—-1) (g%« —-1)(q—1)

<1
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Since p1,(X) < 1, its complement (namely, the set of BI', with A\{(AB) = g) has

positive measure.
Similarly, let Y denote the set of BI',, with A\;(B) < g — 2. Then

1n(Y) < / | HECPTIIO  hy(E) < g =2} (BT
G, /Ty

_ Jg" < J
(I =g ")(q—1¢k(n) ~ (q"—1(g—1)
J
< -
(" —1)(q—1)
<1
Therefore the complement of Y has positive measure. ]
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