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COMPOSITION WITH A NONHOMOGENEOUS
BOUNDED HOLOMORPHIC FUNCTION ON THE BALL

JUN SOO CHOA AND HONG OH KIM

1. Introduction. For an integer n > 1, the letters U and B, denote the
open unit disc in C and the open euclidean unit ball in C", respectively. It is
known that the homogeneous polynomials

ma(z) = nizzy -z (1]
7rR(z):z|2+z%+---+z,2,, (8]
TAR(Z) = baz{'23* -2y, 1 =p=n, [2]

where b, is chosen so that m4z(B,) = U, have the following pull-back property:

If g € B(U), the Bloch space, then g o m € BMOA(B,), the space of holo-
morphic functions on B, of bounded mean oscillation, for m = ms, mg and
TAR-

In this paper we show that the nonhomogeneous map

2 2 52
Zm+l +Zm+2+'”+‘n

1— (@ +z2+-+22)

Tnm(z) = l1=m=n—1,

pulls the Bloch space B (U) back to the My<p<coH”(B,). It should be noted that
unlike 74, mg and mag, the map 7, , has a large set of singularities on dB, which
is

V={z€0B,:z}+23+---+25 =1},

an m — 1 dimensional sphere S”=! imbedded in dB,, and
Tom@U) = W\V,

where

W={z€0B,: |1 = (2 +23+---+z2)|
= Izr2n+l +Z,2n+2+--'+23'}
(which is easily verified to be homeomorphic to S"'9U), is also an n-

dimensional submanifold of 0B, as 7, '(dU) and mz'(AU). The authors do not
know whether , ,, pulls B(U) back to BMOA(B,) or not. The second author
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would like to thank Professors P. R. Ahern and Boo Rim Choe for the valuable
discussions during his visit to the University of Wisconsin last summer. They
pointed out that the methods of Ahern and of Ahern-Rudin do not work for this
Tnm-

2. Definitions and preliminaries. Let o, be the Lebesgue measure on 0B,
normalized so that 6,(dB,) = 1 and v, the Lebesgue measure on B, nomalized so
that v,(B,) = 1. The Hardy space H”(B,) is the class of holomorphic functions
f on B, for which

I = sup / Fo)Pdone) < oo.
0<r<1J98,

For f € H*(B,) we say that f € BMOA(B,) if there exists a constant C such
that for all F € H%(B,) we have

/ Ffdo,
3B,

BMOA(B,) serves as the dual of H!(B,). For more intrinsic descriptions on
BMOA(B,) see [4].

Next we describe some function spaces on U. If p is a positive measure
on U, then A”(du) will denote the space of holomorphic functions in L”(dp),
0 < p < o0o. When

< ClIF-

du(r,0) = (1 —r)*drdd, o> —1,

we use the notation A”(du) = AP (U). Finally we say that g is a Bloch function,
g €BW),if

)

lglls = Islup(l — |2Dlg'@)] < oo
z|<1

Any unexplained notations are as in [7].
For the integrations with respect to dv, and do, we have the following for-
mulas.

1
2.1 / f(2)dv,(z) = 2n / P dr | frOdon©
0B, 0

3B,
for f € L'(dv,). See [7].

1
mB(m,n — m)

2.2) / F(Odon© =
0B,

X/ /a FEQ = €D INAa,— (1 — €)™ dvn(€)
m J OB, —m
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for f € L'(do,).

For m = 1, (2.2) is proved in [6]. This general form can be proved exactly
the same way.

If m(z) = z3 +23 +- -+ 22 with m 2 2 the following formula is proved in [8].

m— 1 1 27 ) 3
(2.3) f ondo,, = / f(re®)do(1 — r*)*T rdrdd
0B, 2 Jo Jo

for continuous functions f on U.
Finally we have the following orthogonality relations for the monomials

_ 0 if a s
(2.4) ¢Pda,(Q = { (-liel g aig
9B, (n—1+|e)!
where o = (ay, -+, a), o+ o) and |a| = o) + - - + «,. See [7].

3. Pull back to Mo<p<cof1”(B,). The results of this paper are based on the
following theorem.

THEOREM 1. For each integer n > 1 and 1 = m = n — 1, there exists a
continuous function w,  : (0, 1) — [0, 00) such that

1
1
(i) / Wym(r)dr = — < 00,
0 2

™

(ii) 0 < 1imwy(r)(1 — 1) < oo,

(ii1) if g is a continuous complex-valued function defined on U then

1 21
/ g o Mypmdo, = / / g(reie)dHWn_m(r)dr.
9B, o Jo :

Proof. (i) is a consequence of (iii) by taking ¢ = 1. We divide the proof into
four cases (a) n=2;som=1,(byn>2andm=1,(c)n>2andm=n—1,
and (d)n>3and 1 <m<n-—1.

For the case (a), let

m(z) = m1(2) = Z%/(l — z%).

We have to show the existence of w = w,; with the properties (ii) and (iii):

2 1 2
(3.1 / ;,( S z)dog(Q: / / g(re®)dbw(r)dr.
3B 1= o Jo
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The left hand side of (3.1) can be written as

2T (1 2) 2i6
(3.2) gomdo, = dbpdpdp.
9B, 2 21<p

If we write
2T )

(33) GR) = / g(Re®)df, 0LR<Z1,
0

the right hand side of (3.2) becomes

1 1 2m 1_p2
34)  — G| ——E— ) pdpd
Y (11—p2e21w|>””“’
R
== G — | dpdyp
7 Jo Jo (1= p)2 +4rsin ¢

873

by the symmetry of sin’® ¢ and a change of variable in the part of dp-integral.
p

By the successive changes of variables

1—
sinp = _—f and

1
2y/p Vitid

and by the interchange of order of integration, the right hand side of (3.4)

becomes successively

2/p

1 ! ~p 1 du
3.5 — 1—p)d G
5-3) 2/( 2 p/ (\/1+u2) Vap — (1 — pyu?

1 dr
=— [ (1—pMd G
/( P p/ (r)r\/l—rz Vapr? — (1 —p2(1 —r?)

I+p

/‘G(r) L ? (1—p)dp
0 rV1—r2 Jiz \fdpr? — (1 — p)*(1 — r2)

If w(r) denotes the expression in the bracket in (3.5), (iii) is satisfied. If we

make a change of variable 1 — p = 2rt/(1 +r), we have

(3.6)  w(r)=

2
m2(1+7r)2/1 —r/o VIi—2+r(1 =12

By the dominated convergence theorem, we have

V2

3n2

o=

lin} w1 —r)
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Therefore (ii) is satisfied for w(r). We note that the integral in (3.6) can be

evaluated by an easy calculation. In fact, w(r) can be expressed as
2 1 r m
w(r) = . {\/l+r————— — —sin 'r }
m2(L+ry2/1—r 1—r \/1-}’(2 )

The proof for the case (d) is much more complicated. We write

=y 1 Cms ety 5 G) = €4/ 1 = [€2).
By (2.2), we have

3.7 / 8 © Tnm(Qdon(Q)
0B,

(1= P +~-+173fm))
mB(ma yn—m) / /; . ( 1 — (g% +oeet ggn) doy—m(m)

X (1= €)' dv ().
If we apply (2.3) to the inner integral, we have

aﬂWm%~+ﬁ%»
3.8 doy_m
(38) .A g( =&+ +6) On-m(11)

L Y e T
- // (1—(§%+-..+§'2n))d9(1 s%)72 sds

w (1 —[¢[)s e
2 /OG(|I—(§%+...+€'2n)|>(l s%) 7T sds,

2
GR) = / g(Re™)do.
0

where

Interchanging the order of integration in (3.7) the dv,-integral on G can be
written by (2.1) and (2.3) as

(1 —[¢Ps > _—
3.9 G {— i,
9 /Bm ({1—(§§+...+§3n)| (1 — €% Vm(€)

1
0
(1—1%)s
X/amG(Il—t2(7'%+...+7.gn)|)d0m(7')
1
— m/ m—](l )n~m,1dt
/’ 2m (1 t)s dodl 22 .
2” / |1 tpei?| e(1 —p°)7 pdp

https://doi.org/10.4153/CJM-1989-040-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1989-040-9

NONHOMOGENEOUS BOUNDED HOLOMORPHIC FUNCTION 875

If we note

|1 —tpe'?| = \/(l — 1p)? + 4tpsin® (%)

and set

1—1¢
sin£= p

2 2y "

the dy-integral on the right hand side of (3.9) becomes by the symmetry of
s 20
sin“(%)

21
(1 —10)s
a0 [Co ()

24/tp

=73 1—1¢ s (1 —tp)du
=4 G .
0 L—tp /1+u2) \/dtp— (1 — tp)u2

If we combine (3.7), (3.8), (3.9) and (3.10) we have

(3.11) / 8 © Tnm(Qdon()
a n

n—m—=3

1 1
=C(n,m)/(1—s2) 2 sds/ M1 = e
0 0

1 yomed
X | (1—=p7)7 pdp
0
2y/ip

/l—rp ( 1—1t s ) (1 —tp)du
X G )
0 1—1p /1+u? \/4tp—(1—tp)2u2

m—1DDn—m—1)
m2B(m,n — m)

where

C(n,m) =

We have to make judicious changes of variables and interchanges of the
order of integration successively. For example we make a series of changes of
variables:

tp=v (¢t fixed),
l—t={—-wv)w (v fixed),
1/V1+u®> =R,

Rw =1t (w fixed),

ts =r (s fixed),

1—w= (l —g)u (r, s fixed).

https://doi.org/10.4153/CJM-1989-040-9 Published online by Cambridge University Press


file:///l-tp
file:///l~tp
https://doi.org/10.4153/CJM-1989-040-9

876 J.S. CHOA AND H. O. KIM

We then have

1
3.12) / g ° Ty mdoy, :/ G(ryw(r)dr
0

n

where

w(r) = Wym(r)

(=) s — )
:C(n,m)%/ d=s) (s=r) ds

sn—4

m—3
/1 u'T (s —su+ru)"™dy
X
0 V1
1

—u S—su+r+ru
v(l — v)”"mz;'{st +(1—=v)s— r)u}ﬂz;zdv

wenuzn /22y — (1 — v)2(s — r)(1 — u)(s — su+r +ru)

(s—su+r+ru)

X

If we make further changes of variables
1—s={0-=r) (rfixed)

and

l—v:(l I=ra - —u)

T U —t+r)( —w) +r+ru

) s, (s new)
w(r) then has the form

m+3

(3.13) w(r)=Ch,m2" (1 —r)'Tr "%
s wo (2 —t+7)" 5 dt
xAt 2 (l—t)T————( (l—t+it)"—4
Vw0 = w1 =+ r{u+ (1 — )} du
o Vi—u [A—w(d—0+r{l+u+1(1—w}l
Logn—rgt Nds
0 VI—s /(I —w(d =) +s)+r[(1 —s)+ {u+t(l —u)}(1+s)]

X

where
N={l—-wd—0+r(l+u+tl—u)—2s5)}

X [(1—t+ {1 —uw)(1 — )+ r(+u+t(1 —u) — 2s5)}
+2rs(1 — r)(1 — tu]"T".
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We can easily check that as » — 1 the integrand is dominated by

m=3 n— m+l

uz s°T2

n—m—3
constant -t 2 -
1—u 1—=s

which is integrable with respect to dt - du - ds. We now apply the dominated

convergence theorem to have

(B.14)  limw(r)(1 — rT

1
ZC(n,m)z"T”/ (1 — 0 dr
0

1 1
X/(l —u)_%um_zlsdu/ (1—5) T 5" % ds
0 0
-9 n—m-—1m m—1 1 m—1 m
— 2% C(n,m)B <—2—,3)3 (T'E)B ("_T’§>’
(3.12), (3.13) and (3.14) show that w(r) in (3.13) satisfies (ii) and (iii).

The computations for the cases (b) and (c) are very much similiar to that for
the case (d) but a little simpler. We omit the details. One form for w, ;(r) is

given by

n—1¢, _ 3
2" N (n 2l)(n 2)(1—r)"%r”_2

Wp,1(r) =
u's Q2—u+ ru)%(l — u+ru)du

X o V1—u {1—u+r(1+u}

1 S"_l ds

8 0o V1—s \/(1—u)(l+s)+r{(1—s)+u(1+s)}.

1

If we apply the dominated convergence theorem we have

lim w,, 1 (7)(1 — r)e
r—

B 2¥(n~1)(n—2)3 (n—2 1)B<n 1)
72 .

- 2 2 72

One form of w, ,_i(r) is given by
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2" (n—=1)(n —2) 13 a2

Wan-1(r) = > (1—r)7rs
y bt (1 — u+ru)’du

o V1—u {l—u+r(l+uw}"

R
x/o \/;___E{(l—u)(l—r)+2r(1—s)}

y {AQ=wy(1 —r)y+2r(1 —s)+rs(1 —r)u}"‘?ds
VA =w)(1+s)+r{(1 —s)+u(l +s)}

for which we have, by the use of dominated convergence theorem again

fim w1 (P)(1 = 1)

_2"‘—57(n—1)(n—2)B n—=2 1), (n+2 n—1
B 2 2 2 A

This completes the proof.

If g is continuous on U and we apply Theorem 1 to |g|”, we have

/ ITmg o = / 1P dtinm
0B, U

where
Tn,mg =80 Tum and dun,m(r7 0) = Wn,m(r)drdg-

It is now clear that T, , extends uniquely to be an isometry of L’(dp,m)
into L”(do,). If g is holomorphic, then it is obvious from Theorem 1 that ¢ €
LP(dpnm) if and only if

g EA’,’,%,(U).

Also if g is holomorphic, then so is T, ,g. Hence we have the following

CoROLLARY 2. T, ,, is a bounded, linear, one-to-one map of Ah_,(U) into
2
H?(B,).

The following lemma can be obtained by an easy computation, but we give
a proof for the completeness.

Lemma 3. If g € B(U), then g € AL(U) for every o« > —1 and 0 < p < 00.
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Proof. Without loss of generality we may assume g(0) = 0. We have the
following well known property:

lg(re™®)| < ||g]| 5 log O=r<1). 5]

1—r

Hence we have

21 1
/ / g (re™)|P(1 — r)*drdf
0 0
p

: 1
§27r||g||’%/0 (logl_r) (1= r)dr.

We know that

1 1 14
/ (log ) (1 —r)%dr < oo.
0 1 —Fr

This completes the proof.

Combining Corollary 2 and Lemma 3, we have the following theorem.

THEOREM 4. If g € B(U) then

8o 7Tn,m € rW()<p<oo['Ip(Bn)-

Proof. Let g € B(U). Then by Lemma 3, we have g € AJ(U) for every
a > —1and 0 < p < oo. In particular g € A_,(U) for every p(0 < p < 00).
Therefore )

gom € mO<p<<>ol-1p(Bn)

by Corollary 2. This completes the proof.

We do not know whether m,,, pulls B(U) back to BMOA(B,). That the
methods of Ahern [1] and of Ahern-Rudin [2] do not work for this 7,,, was
pointed out by Professors P. R. Ahern and B. R. Choe.

Remark (a). As to the method of Ahern-Rudin 7,,, does not satisfy the
Cauchy Integral Equalities (CIE) of [3]. Suppose m = 7 satisfies CIE:

Cle*'#7l = vt (k=0,1,2,--),

for some sequence Y depending on m, where C[7**!7] is the Cauchy integral

of 717 on B,. Then for every h € H?(B,) we should have

(m?7t, h) = (C[7*7), h) = Yao{m, h).
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If we take
hzg%mgi m=0,1,2,--,

by a routine calculation using the series expansion and the integral formulas of
[7] we have

I'Q2j+2m+ 1I(5)
I'2j+2m+6)

(T7, ") = (i +m+1)
j=0

and

2

2m g2\
(m, &"&3) = 2m+3)2m+2)2m+ 1)’

Therefore

Y, =02m+3)2m+2)2m+1) - 3!

(o)

1
X
g Qj+2m+5)2j+2m+4)(2j +2m+3)(2j +2m+ 1)

form=20,1,2,---.

Form=0
9 & 1
Y2 == - : - ;
4;(/+§)(;+2>(;+%>(/+%)
>9( S SRR ) 47
213 3 17 5 379 7 5| 70"
\3:2°33 3335 3:45-3) 70
Form =1

:475 372_5.212.1)
2 272
Therefore
72‘z<ﬂ.
3 70

https://doi.org/10.4153/CJM-1989-040-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1989-040-9

NONHOMOGENEOUS BOUNDED HOLOMORPHIC FUNCTION 881

This is a contradiction.

(b). From the integration formula (iii) of Theorem 1, we know that {m*}2
is orthogonal in H%(B,). By (a) and Proposition 5.1 of [3] we know that T, (=
the adjoint of the operator T» 1: L2(u,1) — L*(doy)) do not map H*(B,) to

A% (dpr)(= HU) N L (dpy).-
Therefore the method of Ahern [1] can not be applied for this 7.
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