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A GENERALIZATION OF AN INEQUALITY
OF BHATTACHARYA AND LEONETTI

RITVA HURRI-SYRJANEN

ABSTRACT. We show that bounded John domains and bounded starshaped domains
with respect to a point satisfy the following inequality

LF(I;%) de <K [ F(IVu@)) ds,

where F: [0, 00) — [0, 00) is a continuous, convex function with F(0) = 0, and u is a
function from an appropriate Sobolev class. Constants b and K do depend at most on D.
If F(x) = 7, 1 < p < 00, this inequality reduces to the ordinary Poincaré inequality.

1. Introduction. Tilak Bhattacharyaand Francesco Leonetti introduced the follow-
ing version of the Poincaré inequality

(1.1) /DF(blu(Txi:l(bl)l—D‘)dx SK/DF(IVu(x)Ddx.
Here, F: [0, 00) — [0, 00) is a convex, continuous function with F(0) = 0, D is a bounded
domain in R”, u is a function from an appropriate Sobolev class, and up stands for the
integral average of u over D. Constants b € (0,1] and K > 0 depend at most on D.
A domain D is an F-Poincaré domain, write D € ‘P(F), whenever there are constants
b = b(D) and K = K(D) such that (1.1) holds for all u € W}(D) and F(|Vu|) € L'(D).
Bhattacharya and Leonetti proved that inequality (1.1) with & = 1 holds for convex
domains, [1, Lemma 1], and with additional assumptions of F for an annulus, [1, Theo-
rem 2]. In this paper we show that John domains and starshaped domains are F-Poincaré
domains. Further we consider a modification of (1.1) in Section 6.
If F(x) = x*, 1 < p < o0, inequality (1.1) reduces to the ordinary Poincaré inequality

| 146 — ul? de < (DY [ [Vuo)P d,

whenever u € W) (D). It is customary to write D € P(p) and (D) = K /P dia(D) b™!

and to say D is a p-Poincaré domain. Starshaped domains as well as John domains are

p-Poincaré domains for all p, 1 < p < o0, [4, Theorem 3.1], [3, Theorems 3.1 and 8.5].
We restate the result of Bhattacharya and Leonetti here.
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THEOREM 1.2 [1, Lemma 1]. Let D be a convex, bounded subset of R", n > 1. Let
F:[0,00) — [0, 00) be a continuous, convex function with F(0) = 0. If u € W}(D) such
that F(|Vu|) € L\(D), then (1.1) holds with b = 1 and K = (ﬂ%‘lﬁ)l-‘/".

A generalization of Theorem 1.2 is that John domains and starshaped domains are
F-Poincaré domains, Theorems 4.1 and 5.1.

2. Notation and definitions. Throughout this paper we let D and G be bounded
domains of euclidean n-space R, n > 2.

If x € R" and r > 0, then B"(x,r) = {y € R" | |x —y| < r} is an open ball in R"
and the sphere S"~!(x, r) is its boundary. We use the abbreviations B"(r) = B*(0,r) and
5 1(r) = s"71(0,r).

The euclidean distance between sets 4 and B is written as d(4, B), and d(x, 04) denotes
the distance from x € A to the boundary of 4. We let dia(4) denote the diameter of 4.
We write ¢Q for the cube with the same center as Q and dilated by a factor ¢ > 1.

The average of a function u is uy = lflf_l Jau(x)dx = fyu(x)dx if [A| > 0; here |4]
stands for the n-dimensional Lebesgue measure of 4. We write |B"(1)| = wj,.

The I7-norm of u in 4 is ||ul|y = (J4 |4()IP dy)'/P. The Sobolev space Wy (G),
1 < p < o0, is the space of functions u € LP(G) whose first distributional partial
derivatives belong to L7(G). In W,(G) we use the norm [u|| wia = lullee +IVullwo;
here Vu = (01u, .. .,0,u) is the gradient of u.

We let c(*, ..., *) denote a constant which depends only on the quantities appearing
in the parentheses.

A domain D is called an («, 3)-John domain, 0 < a < 3 < oo, if there is xg € D such
that each x € D can be joined to xp by a rectifiable curve v: [0, £] — D parametrized by
arc length with £ < 3 and

[0 4
d(V(9),0D) > 7b e

Convex domains, Lipschitz domains, and bounded uniform domains are John do-
mains. John domains form a proper subclass of domains satisfying a quasihyperbolic
boundary condition. We refer to [2] for detailed discussion of these concepts.

Abounded domain in R” is called starshaped with respect to a point xy € D, if eachray
starting from xo intersects 0D exactly at one point. A starshaped domain is not necessarily
a John domain: a simple example is

D = {(x1,x2) € B*((1,0),1) : |xo| <x}}.

The following chains and decompositions of a domain are essential to our sufficient
condition in Theorem 3.1.

2.1. CHAINS. Sets D;, i = 0,1,...,k, in R" form a chain, abbreviated C(D;) =
(Do, Dy, ...,Dy),if D;N\D; # ( if and only if |i —j| < 1.
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2.2. DECOMPOSITIONS. Let W be a family of domains D € P(F) with 0 < by <
b(D) and K(D) < cp < oo such that D € P(1) with k(D) < ¢; < oo. We call W an
F-Poincaré decomposition of G, if there are constants c;, c3, and N with the following
properties:

@ G =UpewD.
(i) Spea X&) < Nxc(x) forall x € R”, and
(iii) there is a domain Dy € W such that for each D € W there is a chain C(D) =
(Do, Dy, . ..,Dy) of domains in ‘W with

2.3) max{|D;|, |Di+1|} < c2|Di N Dy
fori=0,1,....,k—1,D = Dy; and

2.4) > ki) < cby'c; ! dia(G).
A4eC(D)

For each D € ‘W we fix a chain C(D) satisfying (2.3) and (2.4) and call this chain the
F-Poincaré chain from Dy to D. For a fixed set 4 € W we write

AW)={De W |4 CD)}.

If D in R" is an (a, 3)-John domain and W is a Whitney decomposition of D into
Whitney cubes Q, [6, V1], then {int Q | Q € W} forms an F-Poincaré decomposition
of D, see the proof for Theorem 4.1.

3. A sufficient condition for a domain to be an F-Poincaré domain. Our main
result is the following theorem which gives a sufficient condition for a domain to be an
F-Poincaré domain.

THEOREM 3.1. Let G C R" be a bounded domain and let ‘W be an F-Poincaré
decomposition of G. Suppose that there are constants by < oo and € € [0, 1] such that

3.2) > D] < biki(A)~F|4]
DeA(‘W)

- forall A€ W. Then G € P(F).
PROOF FOR THEOREM 3.1. Since F is an increasing, convex, continuous function,
F(lu@) — ugl) < %(F(Zlu(x) —c|) +FQle — uG|)),
where by Jensen’s inequality
FQlug ) < F(2 f Jup) - cldy) < £ F(2luty) - cl) dy;
here, ¢ € R. Hence

3.3) [ F(ue) = ul) dx < [ F(2[ux) — ) d
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for each ¢ € R. Thus we need to estimate F(2|u(y) — c|) for some constant ¢ € R.

We apply a similar argument as in [3, Theorem 4.4)]. Since W is an F-Poincaré de-
composition of G, there is a domain Dy € W such that for each D € W we can fix a
chain satisfying (2.3) and (2.4). We will estimate

(4(:3 dla(G)Iu(x) “D°|) 2(F (203 dia(G) @~ “DI)

F(E(%@WD —uDol)).

Recall D € P(F) with K(D) < ¢y < oo and especially D € P(1) with k(D) < ¢; < 00.
Inequality (2.3) and the fact D; € P(1) yield

(3.4)

k—1
|uDk - uDol < Z(:) IuDj - uDjﬂ'
j=

- Z ‘énD/ﬂ uD,+l|dx
< 2022][ |lup, — u(x)| dx
1—0

< 2czj§) k1(D)) ]ﬁ, |Vu(x)| dx.

Thus using (2.4), convexity, and Jensen’s inequality we obtain

b b
(arda@ ™~ ) <Gy 5, D f V0 )
<F __ @
3.5 B (AGC(D) Ygec) K1(B) ]£ [Vu©)| d}’)
| il
= A€C(D) LBeC(D) m(B)F (]ﬁ Vu)) dY)

I“‘,](A)
= 4écp) £1(Do) fI;F(IVu(y)l) dy

Inequalities (3.3)—(3.5) imply

/ F (8c;d1a(G)|u(x) ”Gl)dx
1 b(D)
(3.6) = ELE,W/ d (20 dia(D) “® ~ wl)ds
1 4
+5 2 |Dl ) FF(IVup))) ay.

pew  acco) £1(Do)

https://doi.org/10.4153/CMB-1996-052-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1996-052-x

442 RITVA HURRI-SYRJANEN
We may assume that 1 < ¢3. Since D € P(F), inequality (1.1) yields

b(D)
3.7 DEZW/DF(Q o))~ w0l dx < o 3, F(I7ue]) e

< NCO/GF(|Vu(x)|) dx.

Rearranging the double sum in (3.6), and using (3.2) and the inequality x,(4) < ¢;

we obtain
Y% D) £ F(IVu)]) dy
DeW A€C(D)
=¥ ¥ D) f, F(Vu)]) dy
(3.8) AcW DeA('W)
< 3 m)'™ [ F(Vu0))
Ae '

< bicl N /G F(|Vu()|) dx.

Substituting (3.7) and (3.8) into (3.6) implies the desired inequality
bo
S - <
/;F(gc3 dia(G)lu(x) uG[) dx < c(bl,co,cl,e,N)/GF(|Vu(x)|) dx
and Theorem 3.1 is proved.

4. John domains. Applying Theorem 3.1 and its proof to a John domain yields

THEOREM 4.1. An («a, 8)-John domain D in R" is an F-Poincaré domain with b =
c(m) and K = c(n)(2)™'.

PROOF. Let W be a Whitney decomposition of D into cubes Q. Theorem 1.2 yields
that K(Q) = c(n) := co and £1(Q) = c(n)dia(Q) := c;. Fix Qy € W with xo € Q.
The John property in a domain means that for each Q € W there is a chain C(int %Q) of
cubesint £0; 0 € W,j=0,1,...,k, Q = O, such that

S din(@) < ) dia(@,) < ctn dia(D)
J=i

foralli = 0,1,...,k, see [3, proofs for Proposition 6.1 and Lemma 8.3]. Hence there
are constants ¢c; = ¢(n) and c3 = ¢3 (n)g such that (2.3) and (2.4) are true.

The above result combined to the fact that there are not too many Whitney cubes of
the same size in a John domain yields that forall 4 € W = {int 20 | 0 € W}

> lar<y > 1ol
intoea(w") Jj=1Q;€s
o0 g n 04 4 _is
S};c(n)(a) (C(n)ﬁ) 27| 4]
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where § = {int§Q : §3% < dia(30) < 2‘;,—.‘}%2} and § = §(n, £), see [3, Lemma 8.4].
Now {inth | O € W} is an F-Poincaré decomposition of D and (3.2) is satisfied, when
e = 0. Thus D € P(F) by Theorem 3.1.

The proof for the Theorem 3.1 gives that b = c(n)% and

K= c(n)(l + (g)"(;‘iz(go))) < (g)nﬂ’

since a < dia(Qp) < dia(D) < .

5. Starshaped domains.

THEOREM 5.1.  If D in R" is a domain which is starshaped with respect to a point x,
then D € P(F). Here, b = 15 and K = K(n, d(xo, 0D), max,cop d(x,xo))-

We need the following trace lemma for the proof of Theorem 5.1.

LEMMA 5.2. Let D be a domain in R* and let B"(2¢) C D. If F: [0, 00) — [0, 00) is
a convex, continuous function with F(0) = 0, then

1 1 2=
_ < = .
[ F(agu@l) dmea@ < - [ (b)) der T2 [ F(vuco) ax,
s=19) B(0) B0
for each ¢ € [£/2, £] whenever u € C'(D).
PROOF. By the mean value theorem for integrals we have

£
[ [ F(ue.nl) " dm, @®)ar
(5' 3) r=£/2 $1(1)

=t~ t/2) / (lut6,0)]) o~ dms1(6)
S=1(1)

for some o € [£/2, £].
On the other hand for £ with £/2 < ¢ <o < ¢,

F(gghu0.61) < {00+ 3 [ 1001

1 /1 11 g
< 3F(5u0,0)) + 21 J» F(1Dru, 1))

Hence
F( 550, 9))e
< 5P (0.0 + 1 (3) e [ F(pa,ol)r~ar

where we have used £"! <o"'and 1 <1 /(2/2) 1.
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Combining the estimates and (5.3) we obtain

SH/({) F(%ht(z)]) dmy,_1(2)

- J F(%W(e,ol)&"“dmn_l(a)

1)
1 1 —1 .
< Ey./m F(Z|u(0,o)|>o” dm,_1(6)

n— 1 ¢

/ / F(ID,u(8,0)|)¢" " dm,_1(8) dt

t=£/2 S*1(1)

+

S%i /F(%|u(0,r)|)r”“ldm,,_l(())dr
r=£/2 $(1)

2n—1
+

F(|Vu)|) dx
Br(O\B'(¢/2)
1 1
=3 / F(Z{u(x)|> dx
B (O\B"(¢/2)

2n—1
+

F(IVu(x)l) dx.
Br(O\B(£/2)

This yields the desired inéquality and the proof is complete.

PROOF FOR THEOREM 5.1. Write d(xo,0D) = 2{, maX,cspd(x,x0) = L, and
B"(xo, %l) = B. It suffices to consider functions u € W;(D) N C>*(D), cf. [5, Theo-
rem 1.1.6/1]. We assume, for convenience, that xo = 0. By (3.3) it is enough to estimate
the term [ F(|u(x) — up|) dx.

First we note that

/DF(|u(x) — up|) dx < /DF(]g |u(x) — u@)| dy) dx
(5.4) < [ £ F(lue — up)) dyax
+'/D\B ]éF(Iu(x) — u(y)l) dydx.

The function F is increasing and by Theorem 1.2 a ball B is an F-Poincaré domain and
hence

/B ]é;F(9di;(D) lux) — u(y)l) dy dx

(5.5) §L£F<&L?)|u(x)~u31> dxdy

< cn) /B F(IVu(x)]) dx.
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We estimate the last double integral in (5.4) in three parts:
1
/D\B £F (9 dia(D) Ju) = “(y)') dy dx

<5 o b sl (gl

(5.6) 1
VY ﬁF(M’u(ﬂx) -uBD dy dx
* % /D\B ]ésF(3 dizll(D) |u(y) — uBI) dydx,
where
/D\B ]gF(dial(D) |u() — uBl) dy dx
5.7

< c(n)ll)l%fBF(Wu(x)l) dx

by Theorem 1.2.

Since D is starshaped the first integral of the right hand side in (5.6) can be estimated
by using spherical coordinates: for § € S"~!(1) write R(§) = |z| where z is the unique
common point of 8D and the ray ¢4, ¢t > 0. Thus

Je JQF(&I(—D‘)I“(")’ (2|x| )D dydx

u(r,0) — u(é@) D 7 drdm,_,(6).

¢ 1
=/ [F (dia(D)
sy £/2

Applying the inequalities £ /2 <r < R(@) < Land ¢/2 = dia(B) < a < r we obtain

/el;(zv) d ( dial(D) u(r,6) = ”(é 9) 0 rldr

< e’;‘;’ F(m [, luat 00 da) 7 dr

< el;(zO)F(m /e/z |uo,(oz,0)|da)r"“1 dr

< ;(29) |R(0) 77 fe F(|ua(er, 0)|) dor” " dr

< ;(20) 2/2 /2/2 (|ualer, 0)]) dor”~" dr
;quz ' F(IVula, o)|) et

g%(%’i) [y F(Vuta, H)I)o/' de.
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Hence

Jos JﬁF(ﬁE) ju) (2|x| )D dy dx
< c(n)(%)n A S F(IVue)) ds

In order to estimate the second integral of the right hand side of (5.6) we need
Lemma 5.2. Changing the variables and using Lemma 5.2 and Theorem 1.2 we obtain

/D\B -ﬁF(dia;(D) |u(§|—ex—lx) - uBD dydx
= zl}zsn_l/(r) F(% ‘u(fl%x) - “BD dmy_\(x)dr

(5.8)

(5.9) = A’L/{W (fe/ F(zl—glu(z)—um)(g;;%dmn_,(z)dr
<en(7)” Ly_‘(/m) F(55 142) ~ usl ) dmy-+@)

< c(n)(%)n /DF(|Vu(x)|) dx

Estimates (5.4)5.9) and (3.3), where G = D, together yield the inequality (1.1) with
b= L

6. Further remarks. We need an additional assumption of F to get » = 1 in in-
equality (1.1) for more general domains than convex domains. In this case, a variation
of inequality (1.1) is the following one which-was studied by Bhattacharya and Leonetti

6.1) /D F(l“(dxl)a (D’)‘D|)dx < Kr [ F(|Vu@)l) dx
where D is a bounded domain in R”, u is a function from an appropriate Sobolev space,
F:[0,00) — [0,00) is a convex, continuous function satisfying the A;-condition, and
F(0) = 0. Here constant Kr depends at most on F and D. By the A;-condition we mean
that there is a constant 77 such that F(2x) < 7pF(x) for all x > 0.

Then Theorems 4.1 and 5.1 read as

THEOREM 6.2. An («, §)-John domain in R" satisfies the inequality (6.1) with Kg =
c(n)(g)"”ql; heren = n(%) <O0.

THEOREM 6.3. A starshaped domain in R" satisfies inequality (6.1) with a constant
Krp =1°K (n, d(xo, OD), max,csp d(x, xo)) ; here K is a constant from Theorem 5.1.

The proofs for Theorems 6.2 and 6.3 are essentially the same as the proofs for Theo-
rems 4.1 and 5.1.
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6.4. REMARK. Let F;:[0,00) — [0,00), i = 1,2, be continuous functions with
constants ¢; and ¢, such that the inequalities ¢; Fi(x) < Fa(x) < cFi(x) hold for all
x € [0,00). If F; is a convex function and F;(0) = 0, then D is an F,-Poincaré domain
whenever D is an F;-Poincaré domain in the sense of (1.1). Further if F satisfies the
A,-condition and D satisfies (6.1) with F, then D is an F,-Poincaré domain in the sense
of (6.1).
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