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ON QUASISIMILARITY FOR ANALYTIC TOEPLITZ
OPERATORS

BY
KATSUTOSHI TAKAHASHI

ABSTRACT. Let f'be a function in H*. We show that if f'is inner
or if the commutant of the analytic Toeplitz operator 7y is equal to
that of T, for some finite Blaschke product b, then any analytic
Toeplitz operator quasisimilar to 7 is unitarily equivalent to 7

1. Introduction. It is not yet known whether two quasisimilar (or similar)
analytic Toeplitz operators are necessarily unitarily equivalent (cf. [2], [5], [10]).
In this note we give some conditions for quasisimilar analytic Toeplitz operators
which imply their unitary equivalence.

Let 54 and 5%, be Hilbert spaces. A (bounded linear) operator X:5¢ — 5,
is called a quasiaffinity if it has trivial kernel and dense range, that is, if
ker X = {0} and (ran X)~ = 5%,. Operators 7; and 7, acting on 4 and 5%,
respectively are said to be quasisimilar if there exist quasiaffinities
X:] — HH, and Y:#, — 54 such that XT; = T,X and YT, = T,Y, and this
relation of 7} and 7, is denoted by T} ~ T,. If T; and T, are unitarily
equivalent, we write T} = T,. :

For fin H* of the open unit disc D, the analytic Toeplitz operator Ty is the
operator on the Hardy space H* defined by Trh = fh. 1f [ is inner and
nonconstant, then I; is a unilateral shift and its multiplicity is equal to
dim(H2 S sz). Quasisimilar unilateral shifts have the same multiplicity, and
therefore they are unitarily equivalent. Thus, if both f and g are inner
and I, ~ T, then I, = T, It was shown by Conway [3] that if f is a
single Blaschke factor (i.e., I; is a unilateral shift of multiplicity one) and
g e H®, then T; ~ T, implies Ty = T,, and this result was extended in [13] to the
case where f'is a finite Blaschke product. In this note we show that if f'is inner
and g is a function in H* with [|g|l., = 1 for which there exists a nonzero
operator X such that X T, = T¢X, then g is inner. The result is applied to show
that whenever f is inner, for any g e H>, the relation Ty ~ T, implies Ty = T,,
and to prove a conjecture given by Wu [15]. We also show that if fis in H® and

Received by the editors July 4, 1986, and, in revised form, August 17, 1987.
Key words and phrases: quasisimilarity, analytic Toeplitz operator, commutant.
AMS Subject Classification (1980): Primary, 47B20; Secondary, 47B35.
© Canadian Mathematical Society 1986.

111

https://doi.org/10.4153/CMB-1988-017-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1988-017-7

112 K. TAKAHASHI [March

there exists a finite Blaschke product b such that {7}’ = {7,}', where for an
operator 4, {4} denotes the commutant of 4, then for any g ¢ H®, I~ T,
implies I, = T, This result partially generalizes results of Cowen [5] and
Seddighi [10]. From a result of Clary [1] or Deddens [6], it is known that
quasisimilar analytic Toeplitz operators have equal spectra. Our result, together
with a result of Cowen [4] or Thomson [14] on the commutants of analytic
Toeplitz operators, shows that quasisimilar analytic Toeplitz operators also
have equal essential spectra.

2. Results. We first consider analytic Toeplitz operators which are quasi-
similar to unilateral shifts. If fis in H°° and there is a nonzero operator X such
that X7, = X for some inner function u, then by [6] we have /(D) € o(T) =
(u(D))” and so ||f|l, = 1. Conversely, if f ¢ H* is nonconstant and
[lfllo = 1, then for any nonconstant inner function u, there is a nonzero

operator X such that X7, = T:X [7]. However, we have the following result.

THEOREM 1. Let f be a function in H® with || f||l.o = 1 and let u be an inner
function. If there is a nonzero operator X such that XT; = T, X, then [ is inner.

ProorF. If u is constant; u(z) = A for some scalar A with [A\| = 1, then
XT; = T,X = AX. Since X # 0, it follows that A is an eigenvalue of T#. Then,
since T is a contraction and IA] = 1, X is an eigenvalue of T; (cf. [11, Propos-
ition 1.3.1]), which implies f = A, that is, f'is a constant inner function.

Now, suppose that u is nonconstant. Then clearly f is nonconstant.
Let a = {&":|f(e") | = 1}. We have to show m(dD\a) = 0 where m denotes the
normalized Lebesgue measure on the unit circle dD. Since T, is isometric and
XT, = TX,forhe H* and n = 1,2, ..., we have

XAl = TuXAI = IXT7All = [1X || 1 T7Al.

But, since |f| = 1 a.e. on 0D,
lim [|T/Al? = lim f |f1?"hPdm = f XalhPdm = |IxhlP?
n—oo n—o0

for h € H2, where x, is the characteristic function of a. Therefore it follows
that || Xh|| = [IX1] llxAll for all & € H?, so we obtain the operator Y: .4 — H,
where # = (x,H*)~ S L?, such that Y(x,h) = Xh for h e H>. Let M, be the
normal operator of multiplication on L? by f. Clearly the subspace .# is in-
variant for Mf and Mflﬂ is isometric. We have for 4 € H?

Y(xo/h) = X(fh)
= XTh = T,Xh = T,Y(x,h).

Y (M| A )(xh)

) Y(Mflﬁ) = T,Y. It follows from [1] that o(7,| (tan Y) ) € o(Mfl//l). But,
since Y # 0 and u is nonconstant, 7,| (ran Y)  is a nonzero unilateral shift,
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hence we have D™ S o(My|.#) and so My|.# is not unitary. This implies that
m(dD\a) = 0, that is, fis inner. Indeed, if m(dD\a) # 0, then Szegd’s theorem
(cf. [2, Theorem IV.5.13]) shows A = (xaHz)“ = xaLz, hence # reduces the
normal operator My and the isometry M|/ is unitary.

Let S; (i = 1, 2) be a unilateral shift of multiplicity »; and let X be an operator
satisfying XS; = S,X. It is easily seen that if X has dense range, then n; = n,. It
is also known [12] that if X is injective, then n; = n,. Thus, if X is a quasi-
affinity, then n; = n,, so S; and S, are unitarily equivalent.

Parts of the following corollary were shown in [3] when u is a single Blaschke
factor and in [13] when u is a finite Blaschke product (cf. also [16]).

COROLLARY 1. Let u be an inner function and f € H®. Then the following

conditions are equivalent.
O =T,

(i) Ty ~ T,

(iif) There are operators X and Y having dense range such that XT; = T, X and
YT, = TyY.

(iv) There are injections X and Y such that X I; = T,X and YT, = T;Y.

W) Iflloo = 1 and there is a quasiaffinity X such that XT; = TX.

PrOOF. By [6], the existence of the operator Y in (iii) or (iv) shows || f]l., = 1.
Thus the implications (iii) = (i), (iv) = (i) and (v) = (i) follow from Theorem 1
and the above facts on the multiplicty of unilateral shifts. The other implica-
tions are trivial.

The following corollary was conjectured by Wu [15] and proved in [16] for
isometries V with dim ker V* < oo.

COROLLARY 2. Let V be an isometry on a separable Hilbert space H# If
TeAlgVand T ~ V, then T = V. Here for an operator X, Alg X is the weakly
closed algebra generated by X and I.

Proor. If V is unitary, then 7 is normal and so the result follows from the
well-known fact that quasisimilar normal operators are unitarily equivalent.
Thus we assume that V' is non-unitary, hence we can write V = U @ T,
on # = @ H? where U is a unitary operator and u is a nonconstant
inner function (i.e., T, is a unilateral shift). Since T ¢ Alg ¥V and Alg V &
Alg U ® Alg T,, we have T = A @ T, where 4 ¢ Alg U and f ¢ H”. (Note
that Alg U and Alg T, consist of normal operators and of analytic Toeplitz
operators, respectively.) Let X and Y be quasiaffinities such that XT' = VX and
YV = TY. Since V is not unitary, the relation X7 = VX implies that Ty is not
normal (cf. [2, Proposition II1.11.7]) and therefore T; is a pure subnormal
operator (cf. [15, Lemma 4.4]). Thus it follows from [2, Proposition III.14.11]
and its proof that 4 = U, X4 C Y and Y¥ C & Let X, = PX|H* and
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Y, = PY|H? where P denotes the projection of ¥ = ¢ @ H? onto H-.
Clearly X,7; = T,X, and Y\T, = T;Y,. Since X has dense range and
X% C 9 X, has dense range too. Similarly Y, has dense range. Thus it
follows from Corollary 1 that Ty = T,, hence T = V.

In [5] Cowen proved that if analytic Toeplitz operators Iy and T, satisfying
{77} = {1} and {T,}' = {T)}’ for some inner functions u and v are similar,
then they are unitarily equivalent. On the other hand, Seddighi [10] proved that
if analytic Toeplitz operators T and 7, respectively generate the same weak*
closed algebras as 7, and 7, for some inner functions u and v, then Ty ~ T,
implies 7, = T,. We have the following result.

THEOREM 2. Let [ ¢ H® and assume that there is a finite Blaschke product b
such that {Tr}' = (T,Y. If g e H® and T; ~ T,, then T; = T,.

The following lemma is known (cf. the proof of [16, Proposition 2.1] ), but we
include its proof for completeness. For an operator A4, let {4}” denote the
double commutant of A.

LEMMA. If S is a unilateral shift of finite multiplicity, then for any quasiaffinity
X € {SY there is a quasiaffinity Y € {S} such that YX € {S}".

ProoF. We may suppose that S is the operator on the C"-valued Hardy space
Hf, defined by (Sh)(z) = zh(z), z € D, where n(<oo) is the multiplicity of S.
Then {S}’ consists of all multiplication operators on H,2, by n X n matrix
valued, bounded analytic functions on D. Thus X is the multiplication operator
on H?, by some n X n matrix valued, bounded analytic function F; (Xh)(z) =
F(z)h(z)forze D and h e Hﬁ. Since X has dense range, F is outer, hence by [11,
Proposition V.6.1 and Corollary V.6.3] d(z) := det F(z) (z € D) is an outer
function in H* and there is an n X n matrix valued, bounded analytic function
G such that G(2)F(z) = F(2)G(z) = d(z)I, z € D. Let Y be the multiplication
operator on Hi by G. Then Y e {S}’, and we have YX = XY = M, where M is
the multiplication operator by d. Hence YX ¢ {S}”. Since d is outer, M, is a
quasiaffinity. Therefore it follows from YX = M, = XY that Y is a quasi-
affinity. Thus Y is the required operator.

Proor oF THEOREM 2. Let X and Y be quasiaffinities such that X Iy = T,X
and YT, = T;Y. Then, since the quasiaffinity YX belongs to {7}’ = {7} and
T, is a unilateral shift of finite multiplicity, by Lemma there is a quasiaffinity
Z ¢ {T,} such that ZYX € {T,}" = {T;}". Thus, by replacing Y by ZY, we
can assume that the quasiaffinities X and Y satisfy YX e {7;}”. Under
this assumption, we see that for all 4 € { T;}” the operator XAY belongs to
{T,}", so XAY is an analytic Toeplitz operator. Indeed, if 4 € {7}}", then for
any B e {T,}', since YBX e {T}' and YX € {T}}” by our assumption, we have
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YXAYBX = YBXAYX and therefore XAYB = BXAY because X and Y are
quasiaffinities. This shows XAY € {T,}".

Forn=10,1,2,...,since T} € {T,}" = {7}}”, by the above fact XT}Y is
an analytic Toeplitz operator, hence there is w, ¢ H™ such that XT,Y = T, .
Then, noting that YX and 7, commute, we have ’

T, = (XLY)' = (XYY" 'XT;Y = T, 'T, ,
so that wi = i~ 'w, for n = 1. We also have
IMalloo = 1T, Il = IXTRY || = [IXI Y]
for every n (because b is inner). Therefore it follows that
w770 = gl T, [T = Dl (X1 1Y )Y

a.e. on 0D for n = 2, and letting n — co we get |w,| = |wy| a.e. on dD. But, since
T, = XY has dense range, w, is outer. Therefore there is v € H* such that

wy; = wyv and |v]l,, = 1 (cf. [9, Proposition 6.22] ). Then we have
XLY =T, = T,T, = XYT,

and therefore the injectivity of X implies T, Y = Y7T,. Hence it follows from the
implication (v) = (i) in Corollary 1 that v is inner and 7, = T,.

Now since Ty e {Tr}” = {T;,}", there is h ¢ H* such that f = h o b (cf. [4,
Theorem 1 and 2]). Let p, be the n-th Cesaro mean of A. Then, since p,, — h
weak* in H, T, o = Thop and T, ,, = T, weakly (cf. [11, Theorem IIL.2.1] ).
Therefore it follows from 7,Y = YT, that TtY = T;,Y = YT,,,. Also, if U'is
a unitary operator satisfying T,U = UT,, then T;U = UT,,. Hence the relation
I, = T, implies Ty = T, But YT, = T;Y = YT),, so we have
T, = T, by the injectivity of Y. Thus g = hovand Ty = T,.

It was proved by Cowen [4] that if fe¢ H° and for some scalar A the inner
factor of f — A is a (nonconstant) finite Blaschke product, then there is a finite
Blaschke product b such that {7}" = {7}’ (cf. also Thomson [14], Deddens and
Wong [8] ). Thus we have the following result.

COROLLARY 3. Let € H® and assume that for some scalar \ the inner factor
of / — X is a finite Blaschke product. If g € H® and Ty ~ T,, then T; = T,.

It is known (cf. [1], [6]) that quasisimilar analytic Toeplitz operators have
equal spectra.

COROLLARY 4. Quasisimilar analytic Toeplitz operators have equal
essential spectra.
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ProoF. Let T; and T, be quasisimilar analytic Toeplitz operators. By the
result of [1] or [6], we have only to consider the case when 0(7}) # o.(1p) (= the
essential spectrum of T¢) or o(T,) # o,(T,). Suppose that o(Ty) # o.(Ty), so
there is a scalar A such that 7; — Al is a non-invertible Fredholm operator.
Then, as noted in [14, Corollary 2], the inner factor of f — A is a finite

~

Blaschke product. Therefore it follows from Corollary 3 that T, = T, and so
0.(Ty) = o,(T,). Similarly, if o(T,) # 0,(T), then 0,(Tr) = 0, (Ty).

We note that the proof of Theorem 2 shows the following result.

ProposITION. Let f € H® and assume that {T;Y = (T} for some inner
Sfunction u. If g € H® and there are quasiaffinities X and Y such that X T = T,X,
YT, = T;Y and YX € {T}}", then Ty = T,.
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