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Abstract. Let R = ⊕i∈�Ri be a �−graded ring and M = ⊕i∈�Mi be a graded
R-module. Providing some results on graded multiplication modules, some equivalent
conditions for which a finitely generated graded R-module to be graded multiplication
will be given. We define generalised graded multiplication module and determine some
of its certain graded prime submodules. It will be shown that any graded submodule of a
finitely generated generalised graded multiplication R-module M has a kind of primary
decomposition. Using this, we give a characterisation of graded primary submodules
of M. These lead to a kind of characterisation of finitely generated generalised graded
multiplication modules.

2010 Mathematics Subject Classification. 13A02, 13C05, 13C13, 13C99.

1. Introduction. Let R be a commutative ring with a non-zero identity and M
be a unital R-module. Then M is called a multiplication module if any submodule N
of M has the form aM for some ideal a of R [4]. This gives N = aM = (N :R M)M,
where (N :R M) = {r ∈ R : rM ⊆ N} is the residual of N by M. The ring R is called a
multiplication ring if any ideal of R is a multiplication R-module in the above sense [12].
These concepts have attracted the interest of several authors in the last two decades,
and have led to more information on the structure of R-modules (see for example
[2, 3, 7, 20, 21]). In [9], multiplication modules in the category of R-modules graded
by a group G were introduced and some interesting results were obtained (see also
[8]). Nevertheless, based on the author’s knowledge few results are known on this
concept. In this paper we deal with the category of graded multiplication modules
over a �-graded ring R and obtain some concerning results. More precisely, among
other things, it will be shown that for a graded submodule N of a finitely generated
generalised graded multiplication R-module M, there exists a primary decomposition
N = ⋂

p∈P N(p), where P denotes the set of all minimal primes of (N :R M). We
also show that for a finitely generated graded multiplication R-module M, this kind
of primary decomposition for each submodule N of M, together with other two
conditions, gives that M must be a generalised graded multiplication R-module. It
should be noted that all of the results remain valid if one replaces the grading group
� with any torsion-free abelian group G having a total order � compatible with its
structure. However, for the convenience we are interested in more concrete abelian
group �.

The organisation of the paper is as follows. In Section 2, we collect some
preliminary results on graded multiplication modules. Some characterisations for
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finitely generated graded multiplication modules will be presented (Theorem 2.6). In
Section 3, among other things, we give results about certain graded prime submodules
of generalised graded multiplication modules, which yields to a kind of primary
decomposition theorem (Theorem 3.6), the main theorem of this section. Section 4
concerns graded primary submodules. A kind of characterisation of graded primary
submodules is presented (Theorem 4.6). We also give a characterisation of finitely
generated generalised graded multiplication modules (Theorem 4.8).

2. Preliminary results. Throughout the rest of this paper, R = ⊕i∈�Ri is a �-
graded (commutative with identity) ring and M = ⊕i∈�Mi is a graded R-module. If
x ∈ Mi, we write deg(x) = i and say that x is a homogeneous element of degree i. The
set of all homogeneous elements of R (resp. a typical graded R-module X) is denoted by
H(R) (resp. H(X)). For a multiplicative closed subset S ⊆ H(R), the ring of fractions
S−1R turns into a graded ring by (S−1R)i = {r/s : r ∈ H(R), s ∈ S, i = deg(r) − deg(s)},
for each i ∈ �. Then S−1M is a graded S−1R-module in a usual way. In the case that p

is a graded prime ideal of R and S = H(R) \ p, we denote S−1R and S−1M by R(p) and
M(p), respectively. A graded ideal m is called ∗maximal if it is maximal in the lattice of
all graded ideals of R. It is well known that for each graded prime ideal p of R, the ring
R(p) is a graded ring with unique ∗maximal ideal pR(p).

Let N be an arbitrary submodule of M. Then by N∗ we mean the graded submodule
of M generated by all homogeneous elements x ∈ N. It is clear that N∗ is the largest
graded submodule contained in N.

A proper submodule P is called a prime submodule of M if for r ∈ R, x ∈ M;
rx ∈ P implies r ∈ (P :R M) or x ∈ P. It is easily proved that P is a prime submodule if
and only if (P :R M) is a prime ideal of R and M/P is a torsion-free R/(P :R M)-module
[16]. For a graded proper submodule Q of M, it is well known that Q is primary if and
only if for r ∈ H(R), x ∈ H(M); rx ∈ Q, gives that r ∈ √

Q :R M or x ∈ Q [19, Section
2.13, Lemma 14]. Similar criterion is true for a graded prime submodule. One can see
that if P is a prime submodule then P∗ is also prime. One can also see that for a graded
prime submodule P of M if (P :R M) is an ∗maximal ideal, then P is prime.

Let p be a graded prime ideal of R and N be a graded submodule of M. We put

N(p) = {x ∈ M : rx ∈ N for some r ∈ H(R) \ p}.

Then N(p) is a graded submodule of M containing N with the property that for each
graded ideal b of R with b ∩ (H(R) \ p) �= ∅, (bN)(p) = N(p). In particular we put

�(p) = {x ∈ M : rx = 0 for some r ∈ H(R) \ p}.

If �(p) = M, we say that M is graded p-torsion, and M is called graded p-cyclic if there
exists r ∈ H(R) \ p and x ∈ H(M) such that rM ⊆ Rx [9]. If M is finitely generated and
p is a minimal prime ideal over (N :R M) (note that such a p must be graded, otherwise
(N :R M) ⊆ p∗ ⊂ p), then N(p) is a p-primary submodule (see Remark (e)).

As it was defined in [9], the graded R-module M is called graded multiplication if
for any graded submodule N of M there exists a graded ideal a of R with N = aM.
The graded ring R is graded multiplication if each graded ideal of R is a graded
multiplication R-module. We say that M is a generalised graded multiplication module
if any proper graded submodule of M is a graded multiplication R-module.
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LEMMA 2.1. Let M be a finitely generated graded R-module and a be a graded
ideal of R such that aM = M. Then there exists a ∈ H(a) with deg(a) = 0 such that
(1 − a)M = 0.

Proof. This is proved using the usual determinant argument with a careful notice
to the degree of elements (see also [6, Remark 2.1(i)]). �

THEOREM 2.2. ([9, Theorem 5.9]) Let M be a graded R-module. Then M is graded
multiplication if and only if for any graded prime ideal p, M is graded p-torsion or graded
p-cyclic.

LEMMA 2.3. (cf. [1, Corollary 1.7]) A graded R-module M is a graded multiplication
R-module if and only if

(i)
⋂

λ∈�(aλM) = (
⋂

λ∈�[aλ + (0 :R M)])M for any non-empty collection of graded
ideals aλ(λ ∈ �) of R, and

(ii) for any graded submodule N of M and any graded ideal a of R with N ⊂ aM,
there exists a graded ideal b of R such that b ⊂ a and N ⊆ bM.

For a graded submodule N of M we set ∗V (N) = {P ∈ ∗specM : N ⊆ P}, where
∗specM denotes the set of all graded prime submodules of M.

A graded R-module M is said to be graded cyclic if there exists x ∈ H(M) such
that M = Rx.

LEMMA 2.4. Let k be a field and t an indeterminate over k. Let M be a graded module
over the graded field S = k[t, t−1] (i.e. each non-zero homogeneous element is invertible)
such that for each graded submodules N, L of M there exists a graded submodule K of
M with ∗V (N)∪∗V (L) =∗V (K). Then M is a graded cyclic module over S.

Proof. By [10, Lemma 1.1.1], M is a graded free S module. We show that M has
rank one. Suppose the contrary. Note that (0) is the only ∗maximal ideal of S. Hence,
any graded proper submodule P of M satisfies (P :R M) = 0, and so it is a graded
prime submodule. Choose a non-trivial graded prime submodule P of M and let
x ∈ H(M) \ P, 0 �= p ∈ H(P) with deg(x) = deg(p). Then Sx and S(x + p) are graded
prime submodules of M such that Sx ∩ S(x + p) = 0 ⊆ P. By our assumption, there
exists a graded submodule K of M such that

∗V (Sx) ∪∗V (S(x + p)) = ∗V (K).

Now we have S(x) ∈ ∗V (Sx) ⊆ ∗V (K), so that K ⊆ Sx. Similarly, K ⊆ S(x + p). Thus,
K ⊆ Sx ∩ S(x + p) = 0 and we have

∗V (Sx) ∪∗V (S(x + p)) = ∗V (0).

This gives that Sx ⊆ P or S(x + p) ⊆ P, which is not the case. Therefore, M must be
of rank one, as desired. �

THEOREM 2.5. ([9, Theorem 5.18]) Let M be a finitely generated graded R-module.
Then M is graded multiplication if and only if M(p) is a graded cyclic R(p)-module for
each graded prime ideal p of R, if and only if M(m) is a graded cyclic R(m)-module for
each ∗maximal ideal m of R.

The following is a characterisation of finitely generated graded multiplication
modules.
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THEOREM 2.6. Let M be a finitely generated graded R-module. The following
statements are equivalent:

(i) M is graded multiplication.
(ii) For any graded submodule N of M, there exists a graded ideal a of R such that

∗V (N) = ∗V (aM).
(iii) For any graded prime ideal p and any graded submodules U and W of M(p), there

exists a graded submodule X of M(p) such that ∗V (U)∪ ∗V (W )=∗V (X).
(iv) For any graded prime ideal p of R, there exists at most one graded prime submodule

P of M with (P :R M) = p.
(v) For any ∗maximal ideal m with (0 :R M) ⊆ m, the graded R/m-module M/mM

is graded cyclic.

Proof.

(i) ⇒ (ii) is clear.
(ii) ⇒ (iii) Let p be a graded prime ideal of R and let U, W be graded submodules

of M(p). There exist graded submodules L and K of M such that U = L(p) and
W = K(p). By our assumption (ii), there exists graded ideals a and b of R such
that ∗V (L) = ∗V (aM) and ∗V (K) = ∗V (bM). It is not hard to see that ∗V (aM)∪
∗V (bM) = ∗V (J), where J = abM. So ∗V (L)∪ ∗V (K) = ∗V (J). Now, as there
is a one-to-one correspondence between the set of all graded prime submodules
P of M satisfying (P :R M) ∩ (H(R) \ p) = ∅ and the set of all graded prime
submodules of M(p), given by P 
→ P(p), one can easily see that

∗V (U) ∪ ∗V (W ) = ∗V (L(p)) ∪ ∗V (K(p)) = ∗V (J(p))

and the result follows.
(iii) ⇒ (iv) Let p be a graded prime ideal of R and let P be a graded submodule

of M with (P :R M) = p. Then in view of [5, p. 35], R(p)/pR(p) is either a field,
or else is of the form k[t, t−1], where k is a field and t is a homogeneous
element of positive degree, which is transcendental over k. So by Lemma 2.4,
M(p)/(pM)(p) is a graded cyclic module over R(p)/pR(p). As (pM)(p) ⊆ P(p) ⊆
M(p), we conclude that P(p) = (pM)(p) or P(p) = M(p). These respectively gives
that P = P(p) = (pM)(p) or P = P(p) = M. As P = M is not the case, we must
have P = pM.

(iv) ⇒ (v) Evidently mM is a graded prime submodule of M with m = (mM :R M).
Now, as R/m is either a field or a graded field, by [10, Lemma 1.1.1], M/mM
is a finite rank-graded free module over R/m. Let N be a graded submodule of
M with mM ⊆ N ⊂ M. It follows that (N :R M) = m and so by our hypothesis
N = mM. This gives that M/mM is a graded cyclic R/m-module.

(v) ⇒ (i) By Theorem 2.5, we may assume that m is the only ∗maximal ideal of
R. By our assumption, there exists x ∈ H(M) \ mM such that M = mM +
Rx. This gives that M/Rx = m(M/Rx). Thus, by Lemma 2.1, there exists a ∈
H(m) with deg(a) = 0 such that (1 − a)(M/Rx) = 0. It follows that M is a
graded m-torsion. Now for any graded prime ideal p ⊆ m, as (1 − a) /∈ p, M is
also a graded p-torsion. Consequently, by Theorem 2.2, M must be a graded
multiplication R-module. �
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3. A primary decomposition theorem. Let M be a graded module over a graded
integral domain R. Then the torsion submodule of M, T(M) = {x ∈ M : (0 :R x) �= 0},
is a graded submodule. In order to see this, let 0 �= xm + · · · + xn = x ∈ T(M). We show
that all components xi ∈ T(M) (m ≤ i ≤ n). There exists 0 �= ap + · · · + aq = a ∈ R
with 0 = ax = ∑

i+j=r aixj for r = m + p, · · · , n + q. It follows that apxm = 0, and by
induction ai

pxm+i−1 = 0 for all i ≥ 1. Thus, 0 �= an−m+1
p ∈ (0 :R xj) for m ≤ j ≤ n. So

xj ∈ T(M) for m ≤ j ≤ n as desired.

LEMMA 3.1. Let R be a graded integral domain, which is not a graded field. Let M
be a generalised graded multiplication R-module. If M is not a torsion module, then it is
a torsion-free module.

Proof. Suppose the contrary, T(M) �= 0 and M/T(M) �= 0. As R is not of the form
k[t, t−1], we can find a non-zero proper submodule N/T(M) of M/T(M). Then there
exists a non-zero graded ideal a of R such that T(M) = aN. This gives that N is a
torsion submodule of M containing T(M). Hence, N = T(M), which is impossible.
This completes the proof. �

Let X = ⊕i∈�Xi, Y = ⊕i∈�Yi be graded R-modules. By a homogeneous
homomorphism f : X → Y is a homomorphism satisfying f (Xi) ⊆ Yi for all i ∈ �.

THEOREM 3.2. ([9, Proposition 5.6]) The ring R is a graded multiplication domain if
and only if it is a graded Dedekind domain.

A non-zero unitary graded module X over a commutative graded ring A is called
graded uniform if any two non-zero graded submodules of X intersect non-trivially.

LEMMA. 3.3. Let M be a non-zero torsion-free generalised graded multiplication
module over the graded integral domain R. Then R is a graded Dedekind domain, and M
is a graded uniform R-module.

Proof. We note that for each t ∈ �, the t-th shifted module M(t) = ⊕i∈�Mi+t is
a torsion-free generalised graded multiplication module. Let 0 �= x ∈ H(M) with a =
deg(x). Then the map R → M(a) given by r → rx is a homogeneous monomorphism
of graded R-modules. Thus, R is a graded multiplication domain, and by Theorem 3.2,
is a graded Dedekind domain.

For the second part, suppose M is not a graded uniform R-module. Then we can
find non-zero graded submodules N and L of M such that N ∩ L = 0 and N + L ⊂ M.
So there exists a non-zero graded ideal a of R such that N = a(N + L). Thus,

aL ⊆ a(N + L) ∩ L = N ∩ L = 0,

which is impossible. So M must be a graded uniform R-module. �
LEMMA 3.4. Let R be a graded integral domain and M be a torsion-free finitely

generated generalised graded multiplication R-module. Then M is a graded multiplication
module.

Proof. By Lemma 3.3, R is a graded Dedekind domain and M is a graded
uniform R-module. Now let 0 �= x ∈ H(M). Then Rx ∼= R as R-modules. As M is
graded uniform, M/Rx is a torsion R-module. Thus, as M is finitely generated, we can
find r ∈ H(R) such that r(M/Rx) = 0 and so rM ⊆ Rx. Let t = deg(r). Then the map
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M(−t) → Rx given by y → ry (y ∈ M) is a homogeneous monomorphism of graded
R-modules. So M is isomorphic to a graded submodule of Rx, and thus it is isomorphic
to a graded ideal of R. Hence, M is graded multiplication by Theorem 3.2. �

THEOREM 3.5. Let m be an ∗maximal ideal of R and M be a finitely generated
generalised graded multiplication module with (0 :R M) ⊆ m. Let P be a prime submodule
of M properly contained in mM. Then P = ⋂

n∈� mnM and P = mP.

Proof. By graded version of Nakayama’s Lemma we have mM �= M so that mM is
a graded prime submodule of M. Now let P be a graded prime submodule of M such
that P ⊂ mM. There exists a graded ideal a of R with P = amM. As m � (P :R M) and
P is a prime submodule of M, we conclude that aM ⊆ P and so P ⊆ mP. It therefore
follows that P ⊆ ⋂

n∈� mnM. In order to prove the other inclusion, we note that M/P
is a torsion-free finitely generated generalised graded multiplication module over the
graded integral domain R/(P :R M). Thus, by Lemma 3.3, R/(P :R M) is a graded
Dedekind domain, and so is a (graded) Noetherian domain ([18, II.2.1. Theorem]).
Hence, using [17, 8.10], it follows that

⋂
n∈�[m/(P :R M)]n = 0. On the other hand,

Lemma 3.4 gives that M/P is also a graded multiplication R/(P :R M)-module. So by
Lemma 2.3, we deduce that⋂

n∈�

mn(M/P) = (
⋂
n∈�

[m/(P :R M)]n)(M/P) = 0.

Therefore,
⋂

n∈� mnM ⊆ P and the proof is complete. �
REMARKS:

(a) Assume that p is a (graded) prime ideal of R and P is a (graded) prime
submodule of M such that p = (P :R M). Then pM ⊆ P ⊂ M and M/P is
a torsion-free R/p-module. It follows that M/pM is not a torsion R/p-module.

(b) Let M be a finitely generated generalised graded multiplication R-module.
Assume that p is a graded prime ideal of R that is not ∗maximal, and P be a
graded prime submodule of M such that (P :R M) = p. Using (a) together with
Lemma 3.1, we see that pM is a graded prime submodule of M.

(c) Assume that N is a submodule of M such that (N :R M) is a graded ideal, then
(N∗ :R M) = (N :R M). In particular, if p is a graded ideal of R and P is a prime
submodule with (P :R M) = p, then P∗ is also prime with (P∗ :R M) = p.

(d) Let p be a graded prime ideal of R. Assume that M is finitely generated and N
is a graded submodule of M such that (N :R M) ⊆ p. Then using [15, Theorem
3.3] together with (c) we see that there exists a graded prime submodule P of
M such that N ⊆ P and (P :R M) = p.

(e) Let M = 〈x1, . . . , xn〉 be finitely generated, N a proper submodule of M and p be
a prime ideal of R minimal over (N :R M). Then N(p) is a p-primary submodule
of M. In order to see this, let r ∈ R, x ∈ M \ N(p) and rx ∈ N(p). These, in
turn, give that x/1 /∈ Np, rx/1 ∈ N(p)p(= Np). But, because of

√
Np :Rp

Mp =
pRp, Np is a primary submodule of Mp and we must have r/1 ∈ √

Np :Rp
Mp.

Hence, we can find a positive integer t such that rtxi/1 ∈ Np for i = 1, . . . , n.
Therefore, we can find u ∈ R \ p with urtxi ∈ N and thus r ∈ p. Similar argument
shows that p ⊆ √

N(p) :R M. Hence, by [11, p. 386, Ex. 3], N(p) is a p-primary
submodule of M. We will call N(p) the isolated p-primary component of N.

Now we are ready to prove the following theorem.
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THEOREM 3.6. Let N be a graded submodule of a finitely generated generalised graded
multiplication R-module M. Let P be the set of all minimal prime ideals of (N :R M).
Then

N = ⋂
p∈P N(p), (†)

so that (†) is a primary decomposition of N.

Proof. By Remark (e) it suffices to prove the equality. We note that all elements of
P are graded. Suppose that x ∈ H(

⋂
p∈P N(p)) \ N and look for a contradiction. Let

m be a minimal (graded) prime ideal over (N :R x). There exists p ∈ P such that p ⊆ m.
Evidently p ⊂ m. Now in view of Remark (d) there exists a graded prime submodule
P of M such that N ⊆ P and (P :R M) = p. We claim that P = pM.

To this end, we note that M/P is a torsion-free (finitely generated) generalised
graded multiplication R/p-module. So by Lemma 3.3, R/p is a graded Dedekind
domain. Hence, by [18, II.2.1. Theorem], R/p is a graded Noetherian domain and m

is an ∗maximal ideal of R. Now by Remark (b) we see that pM is a graded prime
submodule of M. Furthermore, by Lemma 3.4, M/pM is graded multiplication (also
generalised graded multiplication) over R/p. So applying Theorem 2.6 for R/p-module
M/pM we must have P = pM.

Now in view of [14, Result 2] and Theorem 3.5, we have pM = ⋂
n∈� mnM

and pM = mpM. As R/p as a graded Dedekind domain is a multiplication domain
(Theorem 3.6), and [(N :R x) + p]/p ⊆ m/p, there exists a graded ideal a of R with p ⊆ a

such that (N :R x) + p = am + p. If a ⊆ (N :R x) + p, then we have [(N :R x) + p]M =
[(N :R x)m + p]M. This gives that

(N :R x)M ⊆ [(N :R x) + p]M

⊆
⋂
n∈�

mn[(N :R x) + p]M + pM ⊆ pM.

Thus, (N :R x) ⊆ p by [14, Result 2], which contradicts the fact that m is a minimal
prime over (N :R x).

So we conclude that a � (N :R x) + p. Thus, ax � N + px. As x ∈ N(p), N ⊆ P =
pM and pM is a prime submodule with (pM :R M) = p, we see that ax ⊆ pM. So there
exists a graded ideal b of R such that ax = bpM. This gives that

ax = bpM = bmpM = max

⊆ (ma + p)x = [(N :R x) + p]x ⊆ N + px,

which is a contradiction. The proof is now complete. �

4. Characterisation results.
PROPOSITION 4.1. Let M be a finitely generated graded R-module. Assume that for

each graded submodule N of M we have N = ⋂
q N(q), where q runs over all minimal

prime ideals of (N :R M). Suppose that Q is a graded primary submodule of M such that
(Q :R M) is not an ∗maximal ideal of R. Then Q = (Q :R M)Q.

Proof. Set q = (Q :R M) and p = √
q. Suppose that, on the contrary, Q �= qQ and

let x ∈ H(Q) \ qQ. Let m be an ∗maximal ideal of R such that q ⊂ m. Then p is the
only minimal prime ideal over m

(
qQ + Rx

)
:R M and is also the only minimal prime
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ideal over (qQ + Rx) :R M. So by our assumption, we have

m
(
qQ + Rx

) = [m(qQ + Rx)](p)

= (qQ + Rx)(p) = qQ + Rx

(for the second equality note that m ∩ (H(R) \ p) �= ∅). Consequently, there exists y ∈
qQ and r ∈ m such that x = y + rx, and so (1 − r)x = y ∈ qQ. As p is the only minimal
prime ideal of qQ :R M, another use of our assumption gives that qQ = (qQ)(p) and
so qQ is a p-primary submodule of M. Therefore, we must have 1 − r ∈ p ⊂ m. Thus,
1 ∈ m, which is not the case. This completes the proof. �

COROLLARY 4.2. Let M be a finitely generated generalised graded multiplication
R-module. Suppose that Q is a graded primary submodule of M such that (Q :R M) is
not an ∗maximal ideal of R. Then Q = (Q :R M)Q.

Proof. This immediately follows from Theorem 3.6 and Proposition 4.1. �

In the next theorem sufficient conditions under which a finitely generated graded
multiplication R-module to be generalised graded multiplication are given. That these
are also necessary conditions, will be given later in Theorem 4.8.

THEOREM 4.3. (cf. [13, 9.21]) Let M be a finitely generated graded multiplication
R-module satisfying the following conditions:

(i) For each graded submodule N of M, N = ⋂
q N(q), where q runs over all minimal

prime ideals of (N :R M).
(ii) For each graded primary submodule Q of M, there exists n ∈ � such that Q =

(
√

Q :R M)nM.
(iii) If N is a graded submodule of M and p is a minimal prime ideal of (N :R M), if

n is the least positive integer such that pnM = N(p) and if pnM �= pn+1M, then⋂
q N(q) � pM, where q runs over all minimal prime ideals of (N :R M) other

than p.
Then M is a generalised graded multiplication module.

Proof. Let N ⊆ L be proper graded submodules of M. Let {pα} be the set of
all minimal (graded) prime ideals of both (N :R M) and (L :R M), {p′

β} be the set of
minimal primes over (L :R M) but not over (N :R M) and {p′′

γ } be the set of all minimal
primes over (N :R M) but not over (L :R M). Then by assumptions (i) and (ii) we have

L =
(⋂

phα

α M
)

∩
(⋂

p′kβ

β M
)

and

N =
(⋂

pmα

α M
)

∩
(⋂

p′′nγ

γ M
)

,

where hα, kβ, mα and nγ are chosen to be the least positive integers such that phα
α M =

L(pα), p′kβ

β M = L(p′
β), pmα

α M = N(pα), and p′′
γ

nγ M = N(pγ ).
For each α, we have

pmα

α M = N(pα) ⊆ L(pα) = phα

α M,
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so by the minimality of hα we have hα ≤ mα. Set

c :=
(⋂

pmα−hα

α

)
∩

(⋂
p′′

γ

nγ

)
.

Then in view of Lemma 2.3 (i), we have N ⊆ cM. It is not hard to see that cL ⊆ N. We
will prove that cL = N.

Let p be a minimal prime ideal over (cL :R M). Then (L :R M) ⊆ p or else c ⊆ p.
If (L :R M) ⊆ p, then p is a minimal prime ideal over (L :R M). Since (N :R M) ⊆ p,
there exists a minimal (graded) prime ideal q over (N :R M) such that q ⊆ p. Hence,

(cL :R M) ⊆ (N :R M) ⊆ q ⊆ p,

and so p must be a minimal prime ideal over (N :R M). Thus, p = pα for some α. On
the other hand if (L :R M) � p, then c ⊆ p and it can be easily seen that p is a minimal
prime ideal over both (N :R M) and c. Thus, p = p′′

γ . Consequently by (i) we have

cL =
(⋂

prα

α M
)

∩
(⋂

p′′sγ

γ M
)

,

where rα and sγ are the least positive integers such that prα
α M = (cL)(pα) and p′′sγ

γ M =
(cL)(p′′

γ ).
Since cL ⊆ N, we have

prα

α M = (cL)(pα) ⊆ N(pα) = pmα

α M.

Hence, by the minimality of rα we have mα ≤ rα for all α. Similarly nγ ≤ sγ for all γ .
Now for each γ we have

N ⊆ cM ⊆ p′′nγ

γ M = N(p′′
γ ).

Thus,

N(p′′
γ ) ⊆ (cM)(p′′

γ ) ⊆ (p′′nγ

γ M)(p′′
γ ) = [N(p′′

γ )](p′′
γ ) = N(p′′

γ ),

which gives that

(cM)(p′′
γ ) = p′′nγ

γ M.

On the other hand, as L � p′′
γ M or equivalently as (L :R M) � p′′

γ (note that M is a
graded multiplication), we deduce that

(cL)(p′′
γ ) = [c(L :R M)M](p′′

γ ) = (cM)(p′′
γ ) = p′′nγ

γ M, (†)

which means that p′′nγ

γ M is the isolated p′′
γ -primary component of cL. So we must have

nγ = sγ .
If pmα

α M = pmα+1
α M, then pmα

α M = prα
α M, and by the minimality of rα we conclude

that mα = rα.
Therefore, suppose pmα

α M �= pmα+1
α M. Let

L′ =
⎛
⎝⋂

δ �=α

p
hδ

δ M

⎞
⎠ ∩

(⋂
p′

β

kβ M
)

,
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N ′ =
⎛
⎝⋂

δ �=α

p
mδ

δ M

⎞
⎠ ∩

(⋂
p′′

γ

nγ M
)

and

c′ =
⎛
⎝⋂

δ �=α

p
mδ−hδ

δ

⎞
⎠ ∩

(⋂
p′′nγ

γ

)
.

By condition (iii) N ′ � pαM. Applying Proposition 4.1 for pαM, gives that pα is an
∗maximal ideal of R. So R = pmα

α + (N ′ :R M). This gives that

N = pmα

α M ∩ N ′ = (pmα

α M ∩ N ′)(pmα

α + (N ′ :R M)) ⊆ pmα

α N ′,

and so pmα
α M ∩ N ′ = pmα

α N ′.
As hα ≤ mα, we have phα

α M �= phα+1
α M. Thus, by (iii) we have L′ � pαM or

equivalently (L′ :R M) � pα. Therefore, R = phα
α + (L′ :R M). This gives that

L = phα

α M ∩ L′ = phα

α L′.

As N ′ ⊆ c′M and N ′ � pαM, we must have c′ � pα. Consequently if mα − hα > 0, then
c = pmα−hα

α ∩ c′ = pmα−hα
α c′. Hence, in this case we have the equality cL = pmα

α c′L′. If
mα − hα = 0, then c = c′ and the same equality holds. As c′(L′ :R M) � pα, thus

(cL)(pα) = (pmα

α c′L′)(pα) = [pmα

α c′(L′ :R M)M](pα) = (pmα

α M)(pα) = pmα

α M, (‡)

which means pmα
α M is the isolated pα-primary component of cL. As mα ≤ rα, it follows

that mα = rα. Hence, by our assumption (i), (†) and (‡) we must have N = cL as
desired. �

LEMMA 4.4. Let m be an ∗maximal ideal of R and M be a generalised graded
multiplication module with mM �= M. Then for each n ∈ �, there is no graded submodule
of M properly between mnM and mn+1M.

Proof. Let N be a graded submodule of M such that mn+1M ⊂ N ⊆ mnM. We
show that N = mnM. There exists a graded ideal a of R such that N = amnM and
a � m. Hence, a + m = R, and we have mnM = mn(a + m)M = N as desired. �

LEMMA 4.5. Suppose that m is an ∗maximal ideal of R and M is a generalised graded
multiplication R-module. Let mnM �= mn+1M for each n ∈ �. Then P := ⋂

n∈� mnM is
a graded prime submodule of M.

Proof. Clearly P is a proper graded submodule of M. Let x ∈ H(M) \ P and
r ∈ H(R) \ (P :R M). Then there exists i, j ≥ 0 such that x ∈ miM \ mi+1M, and r ∈
(mjM :R M) \ (mj+1M :R M). This shows that there exists y ∈ H(M) such that ry ∈
mjM \ mj+1M. Therefore, by Lemma 4.4 we have

miM = mi+1M + Rx

and

mjM = mj+1M + R(ry).
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Thus,

mi+jM = mi(mj+1M + R(ry)) = mi+j+1M + mi(ry)

⊆ mi+j+1M + rmi+1M + R(rx) ⊆ mi+j+1M + R(rx).

As by our assumption mi+jM � mi+j+1M, we deduce that rx /∈ mi+j+1M. So rx /∈ P
and P must be a graded prime submodule of M. �

Now we prove the following characterisation of graded primary submodules of a
finitely generated generalised graded multiplication R-module.

THEOREM 4.6. Let M be a finitely generated graded generalised multiplication R-
module. Let Q be a graded primary submodule of M. Then there exists a positive integer
t such that Q = (

√
Q :R M)tM.

Proof. Put p = √
Q :R M. Then p �= R is a graded prime ideal of R. We consider

two cases. Case (i): p is not an ∗maximal ideal of R.
By Corollary 4.2, Q = (Q :R M)Q ⊆ pM. We shall show that Q = pM. Suppose

that x ∈ H(pM) \ Q. Let m be an ∗maximal ideal of R containing p and put N :=
Q + mx. Then, evidently x /∈ N, and so by Theorem 3.6 there exists a minimal prime
ideal q over (N :R M) such that x /∈ N(q). Now let r ∈ p. Then using Corollary 4.2, we
have rnM ⊆ Q ⊆ qM for some positive integer n. Therefore, in view of [14, Result 2],
we have r ∈ q. Hence, p ⊆ q. On the other hand, let s ∈ H(m) \ p. Then sx ∈ N ⊆ N(q),
which gives that s ∈ q (otherwise x ∈ N(q), which is not the case). Hence, p ⊂ q, which
contradicts the fact that q is a minimal prime over (N :R M). Therefore, we must have
Q = pM.

Case (ii): p is an ∗maximal ideal of R.
First suppose that pnM �= pn+1M for each positive integer n. Then by Lem-

mas 3.5 and 4.5, the submodule
⋂

n∈� pnM is the (only) graded prime submodule
of M properly contained in the graded prime submodule pM.

Suppose Q ⊆ pnM for each n ∈ �. Then Q ⊆ ⋂
n∈� pnM ⊂ pM and so

p =
√

Q :R M ⊆
√√√√(⋂

n∈�

pnM

)
:R M

=
(⋂

n∈�

pnM

)
:R M =

⋂
n∈�

(pnM :R M).

Therefore, we have

pM ⊆
[⋂

n∈�

(pnM :R M)

]
M ⊆

⋂
n∈�

[(pnM :R M)M] ⊆
⋂
n∈�

pnM,

which is not the case. Thus, there exists a positive integer t such that Q ⊆ ptM and
Q � pt+1M. Now there exists a graded ideal a of R such that Q = aptM and a � p. We
claim that a = R. Suppose the contrary. Let n be any ∗maximal ideal of R with a ⊆ n.
Then (Q :R M) = (aptM :R M) ⊆ (nM :R M) = n and so p = n. As this is impossible,
we must have a = R and Q = ptM.

Continuing to assume that p is a ∗maximal ideal of R, we suppose that pnM =
pn+1M for some positive integer n. Suppose further that Q ⊆ pnM. If x ∈ H(pnM),
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then there is a graded ideal b of R such that Rx = bp
nM = bp

2nM = pnx. Hence, there
exists p ∈ p such that x = px = p2x = · · · , and consequently x ∈ Q (note that some
power of p is in (Q :R M)). Therefore, Q = pnM. On the other hand, suppose Q � pnM.
Then there exists a positive integer t such that Q ⊆ ptM and Q � pt+1M. Now, just as
in the preceding paragraph, we have Q = ptM. �

Let N be a graded submodule of a finitely generated graded R-module M and p

be a minimal prime ideal over (N :R M). As it was shown in Remark (e), N(p) is a p-
primary submodule of M. By the previous theorem, whenever M is a finitely generated
generalised graded multiplication R-module, then there exists a positive integer n such
that N(p) = pnM, that is the isolated p-primary component of N is just pnM for some
positive integer n.

PROPOSITION 4.7. Let M be a finitely generated generalised graded multiplication
R-module and N be a graded submodule of M. Let {p, qλ}λ∈� be the set of all minimal
prime ideals of (N :R M) and pnM = N(p) be the isolated p-primary component of N. If
pnM �= pn+1M, then ⋂

λ∈�

N(qλ) � pM.

Proof. For each λ ∈ �, let q
nλ

λ M be the isolated qλ-primary component of N. Let
L = ⋂

λ∈� q
nλ

λ M. Then by Theorem 3.6, we have N = pnM
⋂

L. Now by the same
argument as in the proof of Theorem 3.6, pM is a graded prime submodule of M and
(pM :R M) = p. Therefore, applying Corollary 4.2 for the graded prime submodule
pM, p should be an ∗maximal ideal of R. By [19, Section 2.13, Lemma 14], this gives
that pn+1M is a p-primary submodule of M. We have N � pn+1M, otherwise

pnM = N(p) ⊆ [pn+1M](p) = pn+1M,

which contradicts the hypothesis. So there exists a graded ideal a of R such that a � p

and N = apnM. Now for each λ ∈ �, we have apnM = N ⊆ q
nλ

λ M and pn � qλ; thus,
aM ⊆ q

nλ

λ M because of q
nλ

λ M is a qλ-primary submodule. Consequently, aM ⊆ L, and
as by [14, Result 2] aM � pM, we must have L � pM as desired. �

Combining Theorems 4.3, 4.6 and Proposition 4.7, we can conclude the following
characterisation theorem.

THEOREM 4.8. Let M be a finitely generated graded multiplication R-module. The
following two statements are equivalent:

(1) M is a generalised graded multiplication R-module.
(2) M satisfies the following conditions:

(i) For each graded submodule N of M, N = ⋂
q N(q), where q runs over all

minimal prime ideals of (N :R M).
(ii) For each graded primary submodule Q of M, there exists n ∈ � such that

Q = (
√

Q :R M)nM.
(iii) If N is a graded submodule of M and p is a minimal prime ideal of (N :R M),

if n is the least positive integer such that pnM = N(p) and if pnM �= pn+1M,
then

⋂
q N(q) � pM, where q runs over all minimal prime ideals of (N :R M)

other than p.
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