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ON ADDITIVE PROPERTIES OF GENERAL SEQUENCES

MIN TANG AND YONG-GAO CHEN

Let A = {aj,a3,...} (a; < a2 < ---) be an infinite sequence of positive integers.
Let A(n) be the number of elements of A not exceeding n, and denote by Ra(n) the
number of solutions of a; + a; = n,i < j. In 1986, Erdds, Sarkdzy and Sés proved
that if (n — A(n))/logn = co(n — o), then
N
lim sup Z(R2(2k) — Ry(2k + 1)) = +o0.

k=1
In this paper, we generalise this theorem and give its quantitative form. For example,
one of our conclusions implies that if limsup(n — A(n))/logn = oo, then

max ;(Rg(Zk) - Ry(2k + 1)) > 0.004 min{A(N), (N = A(N))/log N}

for infinitely many positive integers N.

1. INTRODUCTION

Let A = {a;,0aq,...} (a1 < @z < ---) be an infinite sequence of positive integers. Put

A(n) = 3 1. For each positive integer n, let R(n), R;(n), R2(n) denote the number
agn,a€A
of solutions of

zT+y=mn, z,y€A,

T+y=n, z<y1IY€EA,
r+y=n, z<YT,y€EA

respectively. In [3, 4], Erdés, Sarkozy examined the possible order of growth of the
function R(n) in comparison with that of functions such as logn or lognloglogn. In
(7], Erdés, Sarkézy and Sés showed that under certain assumptions on A, |R(n +1) -
R(n)| cannot be bounded. In {5, 6], Erdés et al studied the monotonicity proper-
ties of the functions R(n), Ri(n), R2(n). Continuing the work of Erdés, Sirkézy and
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Sés; Balasubramanian {1] concluded: If Ry(n + 1) > Ry(n) for large n, then A(N)
= N + O(log N), and if Ry(n + 1) > R;(n) for large n, then > e~%/" > N/log N. For
the other related problems, see [2, 8, 9]. acA

Erdc’is Sarkozy and Sés [6] proved that if (n — A(n))/logn — oo(n — o), then

lim sup Z (R2(2k) — Ry(2k +1)) = +oc0. Balasubramanian [1] remarked that his method

can be employed to prove the same theorem. In this paper, we generalise this theorem
and give its quantitative form.

THEOREM. Let A = {a1,a2,...} (a1 < a; < ---) be an infinite sequence of
positive integers, Ny > e be a positive integer such that

(1) n<m(mz (Ra(2k) — Ry(2k + 1)) < —A(N)

for all N > Ny, where m(N) = N(log N + loglog N). Then there exists an Ny such that

1 N—A(N)_E_lNl

2% % + 1
max ) (Ra(2k) — Fa(k+1)) > g ==~ 7~ 5

<
ng<m(N) k<n

for all N 2 Nl
From the theorem, we may easily derive the following corollaries:

COROLLARY 1. Let A= {a,as,...} (a; < a; <---) be an infinite sequence of
positive integers such that
N — A(N)
im ———~ =
No+oo log N
Then at least one of the following statements is true:

(i) for infinitely many positive integers N, we have

1
Ry(2k) — Ry(2k + 1)) > —A(N);
s, 3 (Ra(2k) = Ra(2k + 1)) > 5 AWN)

(ii) for all sufficiently large positive integers N, we have

1 N — A(N)

max n(R2(2k) Ra(2k +1)) > 5 e N

ng<m(N)

COROLLARY 2. Let A= {ay,as,...}(ay < az <---) be an infinite sequence of

positive integers such that
N — A(N)

WA g T
Then
limsu Ry(2k) — Ry(2k + 1 +o00.
N—b+o£§ ( 2 ) 2( ))
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COROLLARY 3. Let A= {aj,as...} (a1 <ap <---) be an infinite sequence of
positive integers such that

lim su N——A(m—+oo

N—v+oc1>) log N - .
Then 1 N = AW
Jmax 3 (Ro(2k) — Ra(2k +1)) > mm{ A(N )240_TogT}

=

for infinitely many positive integers N.

2. PrROOFS

LEMMA 1. (1, Lemma 5.11].) We have

(1-d)% >1-2didy, if0<d; <1/2,d;>0.

LEMMA 2. Define f(a) = ). o*, 0 < |a| < 1. Then
acA

fle?) = l2‘@—"‘(;*(04))2 - 1+—"‘(f( —a))?+ 2i(R2(2k) - Ry(2k + 1)) o

k=1

PrROOF: Let §(n) be an arithmetic function such that §(n) = 1 if n = 2a for some
a € A, otherwise, §(n) = 0. Since (f(a))® = . R(k)o*, we have
k=2

=Y " R(2k)o* - > R(2k + 1)a*+!
k=1

k=1
- 2ZR2 2k a2k — 22R2(2k + 1)a2k+l _ f(a2)
=Ua) +2) _ Rp(2k)(a® — o+

U(a) + (1-a) Z Ry(2k)a™ + Y Ry(2k + 1)a®**1)
+(1 =)D Ra(2k)0™ = Ry(2k + 1)a™*!)
=U(a)+ (1—a) ) _ Ra(k)o* + (1— ) Y _ Rp(k)(—a)*
= Ule) + 152 3 (R0 +6(k)a) + =2 3 (R(O)(~a)* + 6(k)(~a)")
2 (@) + - —%f(a2),

1
=U(oz)+1 a)2+2x

where U(a) = 2 3 (Ra(2K) — Ra(2k + 1))a?**! — f(a?). Hence
k=1

fla?) = 1-a (f(e))? - H_a(f(_ )2+ 2E(R2(2k) ~ Ry(2k +1))a®*
k=1

2c
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This completes the proof of Lemma 2.

(4]

LEMMA 3. Letz 2 e and m(z) = z(log z + loglogz). Then

f: (Ra(2k) — Ra(2k + 1)) M) < = + max Z
k=1

n<m(:c)

Rg 2k R2 2k + 1))

PROOF: Let ! be an integer with [ — 1 < m(z) < [, and

B=e% 0,=> (Ra(2)— Ry(2k +1)),

k<n

Then

n=1,2,1—1.

ﬂl < ’Bm(z) — e—2(logz+log!ogz) < a:'z(logx)‘l.

By Abel’s Lemma, we have

-1
> (Ra(2k) — Ra(2k + 1))e /=) = (B — %0y +--- +

k=1

<SB~B+ - +B"

= ma.x g
'B ngli- "

< max 0’,,
ngm(z)

Since Ry(2k) < k and 1/(1 — B) < z, we have

> (Ra(2k) — Ra(2k + 1))e=4/=) Zkﬁ"
k=l

k=l

(B2~ B Noi_s + f o1

2 -1 {~1
bt max o,
g +8 )ng_l n

lﬁ‘ ﬂ“’l
1-8 " (1= Ay

< z(m(z) + 1) + z?

z?logz
z(logz + loglogz + 1) +1

<2
5

Hence

zlogz

f: (Ra(2k) — Ry(2k + 1)) e~ */=) < = + max Z Ry(2k) — Ry(2k + 1)).

n<m(::)

This completes the proof of Lemma 3.
PROOF OF THEOREM: Let ¢(z) = f(e~(V/?), z >

0, where

fla) = Za“, 0<|aj<1.

acA
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Put o = e~ /M. Then f(a) = ¢¥(N), f(?®) = ¥(N/2). Note that

l-e_ 1,11 1 1, 2)<1 1
« N 2IN? SHWN N26 N
o0
. 1
PY(N) = GEEA ,,Z_.:la l/N—1<N’

by Lemma 2 we have

»(N/2) < 2;, (w(V))* + % +2 i(Rg(%) — Ry(2k + 1)) e~ (/M)

k=1
Thus -
($(N))? > 2N9(N/2) — N = 4N 3 (Ra(2k) — Ra(2k + 1)) e~ /M),
k=1
Let
g(z) =11+4 max (Ra(2k) — Ra(2k+ 1)),z > ¢
ngm(x ksn

It is clear that g(z) is a monotone increasing function and g(z) > g(e) > 0. By Lemma

3, we have
(2) (W(W)* > 2N$(N/2) ~ Ng(N).
Note that
$(N/2) = Ze( 2N 5> N el 5 e N 1= eT2A(N),
a€A a€A, N a€A,agN
by (1) there exists an N, > Np such that for N > N, we have ¥(N) > 1 and
4 1

Then by (2) and (3) we have

Y(N) > NY2p(N/2)Y?, if N > N,
B(N/2) > (N/2) Pp(N/4)V2, i N/22 N,

and so on. Choosing A such that

Ny € =5 < 2Ny,

“B—IZ

we have
BN) > NYEN/2)A - (V722 ((N/24)
> %Nl-l/z* (1/)(N/2’\))1/2'\
l 1-1/2*
> 2N .
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Noting that N/2* < N2M2/N < 2 for N > N, where Nj is a constant with N3 > 2N,,
we have y(N) > N/4 for all N > N;. By (2), for all N > 2N,,

__g(N)
2y(N/2)

3

(¥(V)* > 2N¢(N/2)(1 ) > 2N¢(N/2)(1 - %N))

that is, s
B(N) > (V)2 (p(v/2)) 7 (1 - 2

By (3) we have g(N) < N/8.8 for all N > N,. So there exists an Ny(= 2N;) such that
4g(N) + 2N, < N/2 for all N 2 Ny. Let g;(N) = 4g(N) + 2N,. Then for N 2 Ny,

NI\ 1/2
B(N) > (@N)2( (/) (1 - 2)
N
For N > Ny, choose an integer u such that
p—1
1/4 < 21%& < 1/2.

Then

o 2 g1(N) > 2N,.

Since g1{N) < N/2, we have p > 1. If u > 2, then

Y(N/2) > N2 (z,b(N/4))1/2(1 _ 2_9_1_(#)1/2 5 Nl/z( (N/4))1/2( _ 291]5[1\1))1/2.

By Lemma 1, we have

w(V) > 2NN (w(/)) T (1 - 242

Proceeding similarly, by Lemma 1, we have

w(N) > NN (N2 - (=) T (pvgzey) T (1 - 2T
w arl—=(1/28 g1(N)\#
> ou/2* N1-(1/2 )(1 _ _N_)
/2% arl—(1/28 ZNQI(N)
> 2N (1 )

> N(l - %logN) (1 - _____Zugjl\SN))

N
>N-— ——logN 2ug: (N)

2
2 N —-2g(N)logN - —gl(N) log N
> N —5¢(N)logN.
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Let x(n) be the characteristic function of set A. Then

o0 o0
Zx(n)e’("/’v) > N —5g(N)log N > Ze'("m’ —5g1(N)logN.

n=1 n=1
Hence
el Z (1-x(n)) < Z (1- x(n))e‘("/N) < 5¢;(N)logN.
ngN ngN
Thus LN — AN
91(N) > g_logl\(f )-
That is,

— A(N 11
1N-AN) 11

max (Rz(2k) — R2(2k +1)) > 80e logN 4 8

<m(N
ngm( )ksn

for all N > N,
This completes the proof of the theorem. 0
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