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The linear response of a dynamical system refers to changes to properties of the
system under small external perturbations. We consider two applications of linear
response theory to dynamical systems. In the first application (covering two settings)
we consider the optimal perturbation that (i) maximises the linear response of
the equilibrium distribution of the system, (i) maximises the linear response of
the expectation of a specified observable and (iii) maximises the linear response
of the rate of convergence of the system to the equilibrium distribution. We also
consider problems (i) and (ii) in the time-dependent situation where the governing
dynamics is not stationary. We initially solve these problems for finite-state Markov
chains. We numerically apply the theory developed in the finite-state setting to
stochastically perturbed dynamical systems, where the Markov chain is replaced by
a matrix representation of an approximate annealed transfer operator for the random
dynamical system. This research has been published in [1]. In the second setting, we
consider problems (ii) and (iii) for Hilbert—Schmidt integral operators with stochastic
kernels. By representing a deterministic dynamical system with additive noise as
an integral operator, we develop theory to compute optimal map perturbations that
address problems (ii) and (iii); we also provide numerical examples in this setting.
The second application of linear response is to finite-time coherent sets. Finite-time
coherent sets represent minimally mixing objects in general nonlinear dynamics and
are spatially mobile features that are the most predictable in the medium term. Under a
small parameter change to the dynamical system, one can ask about the rate of change
of the location and shape of the coherent sets, and one can also ask about the mixing
properties (how much more or less mixing) with respect to the parameter change. We
answer these questions by developing linear response theory for the eigenfunctions of
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the dynamic Laplace operator, from which one readily obtains the linear response of
the corresponding coherent sets. We construct efficient numerical methods based on a
recent finite-element approach and provide numerical examples.
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