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Abstract

This paper constructs a minimal faithful representation of a semilattice of groups by partial
transformations. The solution is expressed in terms of join irreducible elements of the semilat-
tice and minimal faithful representations of groups with respect to certain normal subgroups.

1980 Mathematics subject classification (Amer. Math. Soc.): 20 M 20, 20 M 30.

1. Introduction

It is natural to ask, for a given semigroup S, what is the least size of a set X
for which S may be faithfuily represented by partial transformations of X. This
question, among others, was posed by Schein in {10, Problem 45]. In this paper,
the problem is solved for any given finite semilattice of groups. The solution is
expressed in terms of joint irreducible elements of the semilattice and a slight
generalization of a well-known result for groups. In the final section an example
is given which illustrates the construction embodied in the proof of the main
theorem.
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2. Preliminaries

Standard terminology and basic results relating to inverse semigroups, and
representations by the symmetric inverse semigroup in particular, as given by
Howie [4], Petrich [8] or Clifford and Preston [9] will be assumed.

The symmetric group, symmetric inverse semigroup and semigroup of partial
mappings on a set X will be denoted by $x, A and L% respectively. The
identity relation on X, {(z,z)|z € X}, will be denoted by idx.

If : S — T is a homomorphism between semigroups S and T, denote the
congruence

{(z,y) € § x S|z¢p = yy}
by 1 o y~!. If further S is a group with identity e, denote the congruence class
containing e by ker1. Both 9 o4 ~! and ker 1 are known in the literature as the
kernel of v, and are related by

Yoy~ ={(z,y) €8 x Slzy~! € ker}.

Ify: 8 - £ and x: S — PFy are representations of a semigroup S,
where X and Y are disjoint sets, define the direct sum v @ x of ¥ and x to be
the representation

YO Xx: S > FIxuy

where, for z € S,
z(v ® x) = (z9) U (zx).
Clearly,
Wex)o@ax) ™ =woyp )N(xox™),
so, if S is a group,
ker(¢ & x) = ker ¢ Nker x.

If ¥: S — PTx is a representation, call | X| the degree of ¥, and write | X| =
degree(%). Call 9 effective if each element of X is in the domain or range of sy
for some s € S.

If S is a finite semigroup, define the minimal faithful degree pu(S) of S to be
the least non-negative integer n such that S can be embedded in 27 where
|X| = n. Further, if ¢: S — ZJ% is an embedding, say ¢ realizes (S) and call
¢ a minimal faithful representation. Note, because of the extended right regular
representation, 1(S) exists and is bounded by |S|+ 1. Note also 4(S) = 0 if and
only if |S| = 1.

The following theorem shows that for a given finite inverse semigroup S, u(S)
may always be realized by a representation into .#x, where |X| = u(S), so in
that case there is no advantage in using partial transformations which are not
one-one.
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THEOREM 1 ([8, IV.5.9], (7, 11.8.4], [11], [9]). Let S be an inverse
semigroup and v: S — PTx a faithful representation. For s € S, define

31/_) = 3¢|range(s“¢)~
Then : S — Px is a faithful representation.

PROPOSITION 2. Any effective representation of a group by partial one-one
mappings 18 by permutations.

PROOF. Let G be a group with identity e, and ¥: G — % an effective
representation. Then ey = idy, so for each g € G, X is both the domain and
range of gy. Thus each gy is a permutation.

COROLLARY 3. Any minimal faithful representation of a finite group s by
permutations.

PROOF. Let v be a minimal faithful representation of a finite group G. By
Theorem 1, 4 is also faithful and gv is one-one for each g € G. But 9 must be
effective, for otherwise 1 would not be minimal. Hence, by Proposition 2, each
g% is a permutation, so 1 = v. This complete the proof.

If H is a subgroup of a group G, define the core of H, core(H), to be the
largest normal subgroup of G contained in H. Thus core(H) is the kernel of the
representation of G induced by right multiplication of cosets of H in G. Denote
the index of H in G by |G: H|. The following solution is well known (see, for
example, [5]).

THEOREM 4. Let G be a finite non-trivial group with identity e. Then u(G)
13 the least positive integer n such that, for some subgroups H,,...,H,, of G,

n core(H;) = {e}

and

m
Y IG: Hi| =n.
=1

The following definition will be useful later. If G is a finite group with normal
subgroup N and identity e, let u(G|N), the minimal degree of G with respect to
N, be the least non-negative integer n such that there exists a representation
¥: G — Zx satisfying |X| = n and kery NN = {e}. We say ¢ realizes u(G|N).
Thus, for example, u(G) = u(G|G) and u(G|{e}) =0.

The following is an immediate generalization of Theorem 4.
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THEOREM 5. Let G be a finite group with identity e and non-trivial normal
subgroup N. Then u(G|N) is the least positive integer n such that, for some
subgroups Hy,...,H,, of G,

NN ﬁ core(H,;) = {e}
i=1

and

m
Z |G: H;| =n.
=1

In describing semilattices of groups, the notation and basic results (originally
due to Clifford [1]) as described in any of [4, IV], [8, I1.2] or [2, 4.2] will be
assumed, except that, if S is the semilattice of groups | J{Ge|e € E}, the identity
of each group G, will be identified with e. Thus ife, f € E and f < e, then

¢e, f: Ge hnd G f
is the homomorphism defined by, for g € G,

9be,s = 9f,

where g¢f is the product in S.

If E is a semilattice, the symbol V denotes the supremum, when it exists, with
respect to the partial order < of E. If e, f € E, then e < f means e < f and
e # f. If E has a least element e, which exists when F is finite, then e is called
the zero of E. Call an element e of E join irreducible if e is non-zero and, for
[,9€E,

e=fVvg implies e=fore=g.
It is easy to see that, for a finite semilattice E, an element e is joint irreducible
if and only if e has a unique immediate predecessor, that is, element f for which
f <e,and g < e implies ¢ < f.
The following is a trivial but useful observation.

LEMMA 6. Let P be a finite partially ordered set with n elements. Then
P ={p1,...,pn} may be listed so that

pi <p; implies 1<

3. Semilattices of groups

The main aim of this paper is to prove the following:
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THEOREM 7. Let S be a fintte semilattice of groups, so there is a semilattice
E and collection of groups {Gele € E} for which S = |J{G.le € E}. For each

ecE, put
Ge if e 13 the zero of E,
Ne = n ker ¢ s if e 1s nonzero.
f<e

Let J(S) = {e € E|e is join irreducible and ker ¢, 5 = {€} where f is the unique
tmmediate predecessor of e}. Then

u(S) = Z B(Ge|Ne) +1J(9)]-

ecE

For example, if S is a group then the statement of the theorem reduces to the
triviality u(S) = u(S|S). If S is a semilattice, then u(S) is the number of join
irreducible elements of S, a result obtained in [3].

The proof of Theorem 7 will be by induction. First a sequence of lemmas
is proven, in which it is assumed S = [J{Gy|f € E} is a finite semilattice of
groups, and e is a non-zero maximal element of E, that is, e < f implies e = f.
Put T = S\G.. By the maximality of e, T is an ideal of S, so the following two
lemmas follow immediately.

LEMMA 8. Define {: S — F¢y by, forz €S,
26 = { id{e) if z € G,
%) ifzeT.
Then £ is a representation of S and
€0l =(Ge xG)U(T xT).

LEMMA 9. Let¢: G, — Zx be a representation of G which realizes u(Ge|N).
Define ¢1: S — Fx by, forz e S,
{ z¢ if r € G,
T = .
S fzeT.
Then ¢ 13 a representation of S and

¢1o¢7 = {(z,y) € Ge X Ge|lzy™! €ker¢} U (T x T).
LEMMA 10. Let ¢p: 8 — FP% be a representation such that V| is faithful

and effective. Put ¢y = ¢|g,. Then kerypy = N, (where N, is defined in
Theorem 7).

PROOF. Suppose g € kert;, so gy = epp. Hence, if f < e, g(de,r¥) =

(9N = g = e fop = (ef )Y = e(Pe,s¥), 50 g € ker(¢e,s¥) = ker ¢, since
|7 is faithful. This shows ker; C N..
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Conversely, suppose ¢ € N, so gf = ef = fforal f <e. Leta e
domain(et), so, since ¢|r is effective, there is some ¢ € E, ¢ # e, for which
a € domain(e’y). Hence o € domain(ee’y) and ee’ < e. Thus

a(gy) = aleey)(g¢) = aled'gy) = alec'y) = o.

This shows gy = ey, so g € kervy;. Hence N, C kerv;, and the proof is
complete.

LEMMA 11. Let ¢: T — .Fx be a faithful and effective representation. De-

fine x: S — F by

Ty ifzeT,

xX=y J@Ny ifzeq..

f<e

Then x 13 a well-defined representation. If e is not join irreducible then
xox ! ={(z,y) € Ge X Gelzy™! € N} uidr.

If e is join irreducible with unique immediate predecessor €' then

xox 1 ={(z,y) € Ge x Gelzy™! € ker ¢¢ ¢+ } Uidr U{(z, z¢')|z € G,}.

PROOF. We first show x is well defined. If z € T, then zx = zv € Fx.
Suppose z € G.. We show zx is a partial mapping. Suppose (¢, ) and
(0,7) € Uy <o(@ ), 50 for some fy, fz < e, a(zfi) = B and a(zfo) = 7.
Hence o € domain(f;%) Ndomain(fa1) = domain(f; fo¢) Thus, 8 = a(zf1y) =
a(fifo)(zf1¥) = a(fifazy) = a(fife)(zf2¢) = a(zfe) = 7, s0 zx is a
partial mapping.

We shown zx is one-one. Suppose (a,~) and (5,7) € zx, so for some f1, f2 <
e, a(zfiv) = v and B(zf210) = 7, so Y(z71fiv) = a and y(z7 1 fo9) = B.
Applying the previous argument, we get a = 8. This shows zx € Fx.

We show x is a homomorphism. Suppose z,y € G., so zy € G.. Let o €
domain(zyy), so o € domain(zyf) for some f < e. Hence

a(zyx) = a(zyfy) = alzfY)(yfP) = a(zx)(yx)-
Conversely, suppose a € domain(zxyx), so a € domain(z fi) for some f < e and
alzf)yY € domain(ygy) for some g < e. But fg < e, and a € domain(z fyyygy) =
domain(zy fgy), which shows o € domain(zyx). This shows (zy)x = zxyx. The
case when one of z,y lies in G, and the other in T is similar, and the case both
z,y lie in T is covered since x|r = 1. Thus x is a homomorphism.

Now we calculate x o x~!. Suppose zx = yx. If z,y € T then z = y, since
Xxlr = ¢ and ¢ is faithful.

If z,y € G, then zy~! € N, by Lemma 10. If e has a unique immediate
predecessor €', then N, = ker ¢, ., since if f < e then f <€, so

ker ¢e,f = ker(¢e,e’ ¢e’,f) 2 ker ¢e,e’ .
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Suppose now z € G, and y € T, so Uf<e(xf)¢ = yv. For some g € E, y lies

in Gg, so
domain(yvy) = domain(gy) = U domain(f).
f<e

Hence, if f < e then f < g, so f < eg. But e # eg, since e is maximal in E, so
eg is the unique immediate predecessor of e, which shows e is join irreducible.
Thus U (zf)y = (zeg)y, so y = zeg, since ¢ is faithful. This completes the
proof of the lemma.

We now return to the more general hypotheses of Theorem 7.

PROOF OF THEOREM 7. By Lemma 6 we may suppose E = {ej,...,€e,}
where e; < ¢; implies 7 < j. For ex € E, put S = {J;<4 Ge» 50 S = S, and
each Sy is a subsemigroup of S with semilattice {e;,. . ex}, of which e is a
maximal element.

Put My = Zle #(Ge,|Ne,)+|J (Sk)|. We show by induction that u(Sk) = My
for k=1 to n.

Observe that S; = G, and N,, = G,,, s0 u(S1) = u(Ge,) = u(Ge,|Ne,) =
M, which starts the induction.

Suppose now k < n and u(Sk) = M, so there is some faithful representation
¥: Sk — Fx where |X| = Mj. Define x: Sg41 — Fx by

Y if z € S,
Tx = U @y ifzed.,,,.
F<ext1

By Lemma 11, x is a representation. We extend x to a faithful representation
of Si41 of the appropriate degree, but the argument splits into two cases.

Case (i). Suppose ex; ¢ J(S). Let ¢: Ge,,, — & be a representation of
Ge,,, which realizes u(Ge,,,|Ne,,,), and suppose X and Y are disjoint. Define
¢1 as in Lemma 9, and put ¥, = x & ¢1, so

Proyrt =(xox ) N(sio¢ ) =ids,,,,

by Lemmas 9 and 11, since ker¢ N N, ,, = {ex+1}. Thus #; is faithful. Also,
|X U Y| =M, + “(Gek-nl k+1) = Mgk

Case (ii). Suppose exy; € J(S), and let ¢’ be the unique immediate pre-
decessor of exi1. Let &: Sk — HA, +1} be the representation defined in
Lemma 8, where it may be assumed exyq € X. Put ¥; = x ® £. Note that
N€k+1 = ker¢ek+l,e' = {6k+1}, so by Lemma 11,

xox != idg,, , Vidr U {(z,z¢')|z € Ge,,, }-
TRence, by Lemma B, 9; o ¥ - =1ds,,,, S0 P1, 1S YAniul. A)so, 1X U iex+1)) =
Mi + 1= M.
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In both cases a faithful representation of S of degree My, has been exhibited,
80 u(Sk+1) < Myyy. ‘

Suppose now 8: Sgyy — 7 is a faithful representation. We show |Z| >
Mj.; 1. Let 81 be the effective part of |s,, so the degree of 8, is at least My, by
the inductive hypothesis.

Case (i). Suppose exy1 ¢ J(S).
Let W be the set of elements of Z which are deleted when §; is formed, and
let O ad 8z, be the restrictions of 0|G‘k+l to W and Z\W respectively, so

blg.,,, = 0w ®02\w.

Since 8 is faithful, ker f Nker 02\ = {ex+1}. By Lemma 10, kerz\w = N, _,-
Hence the degree of 6y, which is [W|, must be at least u(Ge,.,|Ne,,,). This
shows the degree of @ is at least My + u(Ge,,,|Ne,.,) = Miy1.

Case (ii). Suppose ex+1 € J(S), s0 Mg,1 = My +1. Hence it suffices to show
degree(#) > degree(,).

Suppose degree(f) = degree(f;). Let a € domain(exy10), so also a €
domain(f6) for some idempotent f in Sg. But exy1f < €x+1, 50 exy1f < €,
where ¢’ is the unique immediate predecessor of e. Hence a € domain(e'd).
Thus domain(eg.+18) C domain(e’d), so ex; < €/, which is impossible. Hence
degree(8) > M.

Thus we have shown p(Sk+1) = Mky1, so Theorem 7 follows by induction.

4. Example

The proof of Theorem 7 is algorithmic in the sense that given the appropriate
representations for the groups involved, one is shown how to paste these together
to obtain a minimal faithful representation for the union.

The following example uses only abelian groups, but illustrates the salient
features of the construction. Calculations of minimal faithful degrees of abelian
groups are undertaken in [6] and [5].

Let E be the following semilattice.

€s

€3 €4

€2

€1
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Denote the cyclic group with n elements by C,. Let S = | J{G,,|i = 1 to 5}
where

Ge, = (z|z* =€) = Cy;

Ge, = (yly* = e2) = Cy;

Ge; = (w|w4 =e3) = Cy;

Ge, = (v|v® = e4) = Cs;

Gey = (tult? = u® = e5,tu = ut) = Cy x Cs.
The multiplication of S is determined by homomorphisms ¢,y where f < e.
Consider the following, which are induced by the given actions on generators,

and from which all the other homomorphisms can be deduced:

. 2.
¢€2,€1' y—

Gegen: W — Y
¢e4,e2-' v — Y,

. 2 .
Peges:t = WU — w;

Pegesit — €4,U — V.

It is easy to calculate that N,, = Ge,, Ne, = {ea}, Ny = (w?), Ne, = (v*),
N5 <tu2> n () = {65}7 /‘(Gh'Nel) - 4 /"’(Geleez) - 0$ “(GealNes) = 4’
w(Ge,|Ne,) = 8 and p(Ge,|Nes) = 0. Also J(S) = {ez}. By Theorem 7,
u(S)=4+0+4+8+0+1 = 17. Explicitly, S is isomorphic to the union of the
following subgroups of %y, . 17}, where the usual cyclic notation is employed
for a permutation, except that all singleton cycles are included to indicate the
domain. The groups are listed in the order of construction, following the method
of the previous section:

en X((1234));
Ge, = ((13)(24)(5));
= ((13)(24)(5)(6789));
. = ((13)(24)(5)(1011 12131415 16 17));
s = {(1)...(5)(68)(79)(10)...(17),(13)(24)(5)(6 789)(10...17)).
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