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Abstract

We study a quiver description of the nested Hilbert scheme of points on the affine plane and its higher rank
generalization — that is, the moduli space of flags of framed torsion-free sheaves on the projective plane. We show
that stable representations of the quiver provide an ADHM-like construction for such moduli spaces. We introduce
a natural torus action and use equivariant localization to compute some of their (virtual) topological invariants,
including the case of compact toric surfaces. We conjecture that the generating function of holomorphic Euler
characteristics for rank one is given in terms of polynomials in the equivariant weights, which, for specific numerical
types, coincide with (modified) Macdonald polynomials. From the physics viewpoint, the quivers we study describe
a class of surface defects in four-dimensional supersymmetric gauge theories in terms of nested instantons.

Introduction

In this work, we are interested in studying a quiver description of the local model for nested Hilbert
schemes on complex surfaces — that is, nested Hilbert schemes of points on the affine plane A2. We are
also interested in its natural higher-rank generalization, which is given by the moduli space of flags of
framed torsion-free sheaves on the projective plane P2. For reasons which we will explain later in this
introduction, we call the quiver modelling our moduli problem the nested instantons quiver, which is
shown in Figure 1. Algebraic constructions arising from stable representations of these quivers appear
to be generalizations of Nakajima’s ADHM presentation of framed torsion-free sheaves on P? and, as
a special case, of Hilbert schemes of points on the affine plane; [43]. The possibility of exploiting
an ADHM-type construction is very powerful by itself in that it provides an explicit construction for
an a priori very complicated moduli space of sheaves in terms of purely linear algebraic data. Other
constructions of this kind can also be found in the literature for different moduli spaces of sheaves on
algebraic varieties (cf. for instance, [1, 14, 43, 12, 28, 29, 27, 2]). Moreover, there has been some recent
interest surrounding moduli spaces of flags of sheaves on surfaces, and in particular nested Hilbert
schemes, due to their relevance to the context of Vafa-Witten theory; [50, 51]. It is indeed known that
monopole contributions to Vafa-Witten invariants reduce under virtual localization to the computation
of invariants of such moduli spaces. The interested reader can refer to [24, 34] for computations in
the rank-one case, involving nested Hilbert schemes. The deformation-obstruction theory and virtual
cycle for the components of the monopole branch in Vafa-Witten theory giving rise to flags of higher
rank sheaves were explicitly constructed in [48]. Nested Hilbert schemes on surfaces were interpreted in
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Figure 1. The nested instantons quiver. A vector space V; = C" (resp. W; = C"i) is intended to be
attached to each node labelled by n; (resp. by r;).

terms of degeneracy loci in [20, 21], where they are also shown to be equipped with a perfect obstruction
theory. Similarly nested Hilbert schemes of points were also studied in [19], and a perfect obstruction
theory and virtual cycles are explicitly constructed. Their application to reduced Donaldson-Thomas
and Pandharipande-Thomas invariants are also discussed in [19, 18, 13].

Content of the Paper

In this paper, we concentrate on the study of representations of the nested instantons quiver with a single
framing; namely, we choose the dimension vector for the framing to be r = (r, 0, ..., 0), where r is the
dimension of the leftmost framing node in Figure 1. We also study its relation to flags of framed torsion-
free sheaves on P? and nested Hilbert schemes, and we compute some relevant virtual invariants via
equivariant localization. In the following, we give a summary of the results we obtained in this paper.

In §1, we start our analysis by constructing the moduli space of stable representations of the nested
instantons quiver, which is characterized by the following.

Theorem (Theorem 1.8). The moduli space N (r,n) of stable representation of the nested instantons
quiver of numerical type (r,n) is a quasi-projective variety over C equipped with a perfect obstruction
theory.

We also prove that A/(r,n) embeds into a Nakajima quiver variety M (r,n), which is a smooth
hyperkihler variety; see §1.3.

In §2, we construct the moduli space F(r,y) of flags of framed torsion-free sheaves on P and prove
the existence of an isomorphism with A (r, n). As a particular case, we have the following.

Theorem (Theorem 2.4). The moduli space of nested instantons N'(1,n) is isomorphic to the nested
Hilbert scheme of points on C%; namely,

N(1,n) =X,/ ,G = Hilb?(C?).

The moduli space of flags of sheaves is constructed by means of a functor F, ,) : Schép — Sets
describing flags of torsion-free sheaves on P? in the following.

Proposition (Proposition 2.7). The moduli functor F(, ,y is representable. The (quasi-projective) variety
representing F . ) is the moduli space of flags of framed (coherent) torsion-free sheaves on P2, denoted

by F(r,y).
Its isomorphism with A'(r, n) is proved in the following theorem.

Theorem (Theorem 2.9). The moduli space of stable representations of the nested instantons quiver
is a fine moduli space isomorphic to the moduli space of flags of framed torsion-free sheaves on P?:
F(r,y) = N(r,n), as schemes, where n; = y; ++++-+ yn.

https://doi.org/10.1017/fms.2024.43 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.43

Forum of Mathematics, Sigma 3

The ADHM construction of a particular class of flags of sheaves on P? was given in [44], where their
connection to shuffle algebras on K-theory is also studied. Moreover, the construction of the functor
F(r.y) shows that the moduli space of nested instantons is isomorphic to a relative nested Quot-scheme.
Perfect obstruction theories on Quot-schemes and the description of their local model in terms of a
quiver are discussed in [2, 47], while nested quot schemes on curves appeared in [38], where their
cohomology was studied, and in [39], where their motivic invariants where computed. More in general,
the smoothness of nested quot schemes was studied in [40].

In §3, we proceed to the evaluation of the relevant virtual invariants via equivariant localization.
Indeed, we show how on N/ (7, n) there is a natural action of an algebraic torus T = (C*)? x (C*)" and
a T-equivariant lift of the perfect obstruction theory. The classification of the T-fixed locus of N (r,n)
is presented in the following proposition.

Proposition (Proposition 3.4). The T-fixed locus of N'(r,n) is in bijection with (N + 1)-tuples of nested
coloured partitions gy C --- C upn S po, with |po| = no and |p;¢| = no — n;.

In §3.2, we compute the generating function of the virtual Euler characteristics of N'(1,n); see
Equation (3.2.4) for the explicit combinatorial formula. We conjecture that, by summing over the nested
partitions, this invariant is expressed in terms of polynomials:

Conjecture (Conjecture 3.6). The equivariant virtual Euler characteristic

XN (Lo, onn)iars a3 = ) Puy(a,0)/Nuy(9,1)

Ho
is such that

Qﬂo(q’t)

P ) = ——————,

with Q (g, 1) € Z|g,t] and Ny, (q,1) as in (3.2.5)."

For specific profiles of the nesting, these polynomials are conjectured to be determined by modified
(or transformed) Macdonald polynomials, as defined in [25, Eq. 2.18]; cf. also (3.2.10).

Conjecture (Conjecture 3.8). When |uo| = lun|+ 1= |un-1|+2="---=|u1| + N, we have

01 (0:1) = (i (). H (x:9.1)).

where hy, are the complete symmetric functions, the Hall pairing (—, =) is such that {(hy,ma) = 6,4
(cf. [37]) and H,(X; q, 1) are the modified Macdonald polynomials.

In §3.3, we compute the generating function of the virtual y_y-genus of A'(1,n) (see Equation
(3.3.3)) and of N (r,n) (see Equation (3.3.7)). We also conjecture, by specializing at y = 1, that the
virtual Euler characteristic of A/ (1, n) reproduces the generating function of nested partitions of arbitrary
length. These results are further generalized in §3.4, where we compute the generating function of the
virtual elliptic genus of A'(1,n) (see Equation (3.4.1)) and of A/ (r, n) (see Equation (3.4.2)).

Finally, in §4, we extend our results to P? and P! x P! in the case of X-y-genera; see formulae (4.1.2)
and (4.2.1), respectively. Notice that the choice of computing y_,-genera was due to the expected simple
polynomial dependence in y. Everything which was done in this context is, however, completely general
and holds for any complex genus.

!As explained in Rmk. 3.7, the rational function P, (q, t) and the polynomials Q,, (g, t) in Conj. 3.6 also depend on the
discrete nesting profile n. This dependence is suppressed to keep the notation more concise.
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Figure 2. The comet-shaped quiver. As in Figure I, to each node labelled by nl(j ) (resp. rl.(j ) ) is

) i o) i o)
associated a vector space Vl.(j ) = cni (resp. Wl.(] ) =i ).

Relation to String Theory

It is very well known that the interplay between string theory and geometry provided interesting results
for both the parts at play during the last decades. A prototypical example of this phenomenon is given
by the close relationship between BPS-bound states counting and enumerative geometry. On a threefold
X, for instance, the problem of counting BPS-bound states in the context of DO-D2-D6 brane systems is
translated in the computations of virtual invariants of Hilbert schemes of points and curves on X (i.e.,
the Donaldson-Thomas theory of X). The story goes in a quite similar way also in lower (and, up to
a certain point, also higher) dimensions. There, instanton counting on complex surfaces is still closely
related to the geometry and the distinguished algebraic structures of Hilbert schemes and moduli spaces
of sheaves; [43]. As it turns out, these correspondences between physical theories and geometrical
constructions can be generalized to different setups. For instance, one may want to study the geometry
of instanton moduli spaces in presence of surface defects. In [5], we introduce the moduli space of
nested instantons by studying surface defects in supersymmetric gauge theory on T2 x Cg.k, where T2
is a real two torus and C, x a genus g complex projective curve with k marked points.

The D-brane setup engineering the surface defect is described in [5], and its analysis naturally led to a
description in terms of representations of a quiver in the category of vector spaces — the D-branes being
the objects and the open strings being the morphisms. Let us briefly resume the D-brane geometry and its
relation with the relevant mathematical problems. One considers type IIB supersymmetric background
given by T2 x T*Cq i X C?, with r D7-branes located at points of the fiber of the cotangent bundle and
n D3-branes along 72 x Cg k. The low energy effective theory of the D7-branes should correspond to
a generalization of equivariant higher rank Donaldson-Thomas theory [15] on the non-CY four-fold
T2 % Co 1 X C?, while the low energy effective theory of the D3-branes is equivariant Vafa-Witten theory
on T2 x Cg 15 [53]. In the chamber of small volume of C, , the effective theory describing the surface
defect is encoded in the theory of maps from T2 to the moduli space of stable representations of the
comet-shaped quiver displayed in Figure 2. For k = 1, this is described by the total space of a bundle
V, over the nested instanton moduli space, which, in turn, is the moduli space of stable representations
of the quiver displayed in Figure 1. Let us remark that virtual invariants of V), have a connection to the
cohomology of character varieties of punctured Riemann surfaces, and in particular to the conjecture
proposed in [26] whose physical interpretation was provided in [11]. The interested reader can find the
details in [5].
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1. The nested instantons quiver
1.1. Quiver representations and stability

In the following, we will mainly be interested in studying the following quiver, which will be called the
nested instantons quiver,

anN ay [e))

O o 0, 4,

VN <7N> <y2 > Vi <y1 V() z > W (1.1.1)
v} )

BN B Bo

with relations
[@o, Bol +én =0, [a;,B:i]=0, ai-1¢;—dia; =0=p;1¢; — ¢:ib;
viaiot — &y =0 =viBi-1 = Bivi, ¢ivi=0, n¢1 =0, y&=0.

Given a tuple of vector spaces (W, Vj, ..., Vn), one for each node of the quiver (1.1.1) and such that
dim W = r, dimV; = n;, let X(r, n) be the linear space of representations of the quiver (1.1.1) with fixed
dimension vector (r, n); namely,

X(r,n) =End V* @ Hom(W, Vo) ® Hom(Vp, W) & End(V;)®* & Hom(V}, Vo)

(1.1.2)
®Hom(Vy,V))®--- & End(VN)$2 ® Hom(Vy,Vn_1) ® Hom(Vyn_1, VN).

A representation of numerical type (r,n) of (1.1.1) with relations in the category of vector spaces will
be given by the datum of a pair X = (W, k), with W = (W, Vj,...,Vy) such that dimW = r and
dimV; = n;, and

Xo(r,m) > h = (BY,BS,1,J,B},B),F',G',...),

where Xo(r,n) € X(r,n) is the closed subspace of X(r, n) whose morphisms satisfy the nested ADHM
equations (1.1.3)

[BY, B9 +1J=0, [B,B)]=0, B 'F -FB =0=B"F -FB} (1.13)
G'BI'-BIG'=0=G'By"' - BiG', F'G'=0, JF'=0, G'I=0.

In the following, we need to address the problem of King stability for representations of the nested
instantons quiver. The definition of stability we will use follows from considering the moduli space
of representations of the framed nested instantons quiver with a moduli space of representations of an
auxiliary extended quiver with relations; [33, 12].

Definition 1.1. Let © = (6, 6.,) € QV*? be such that ©(X) = n- 0 +r6,, = 0. We will say that a framed
representation X of (1.1.1) is ®-semistable if

o Y0 # X C X of numerical type (0, fi), we have ®(X) = 0 - /i < 0;
o V0 # X C X of numerical type (r, i), we have ®(X) = 0 - fi + 70, < 0.

If strict inequalities hold, X is said to be ®@-stable.

In [7, 54], the two node case (namely, N = 1) was considered. We can here generalize their result to
the more general nested instantons quiver (1.1.1).

Proposition 1.2. Let X be a representation of numerical type (r,n) € NQ’O*'Z of the quiver (1.1.1) with
relations (1.1.3). Then choose 8; > 0, Vi > 0 and 0 s.t. Oy + 61 + --- + On < 0. The following are
equivalent:
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(i) X is ©O-stable;
(ii) X is ©-semistable;
(iii) X satisfies the following conditions:
S1 Fi e Hom(Viy1,V;) is injective, Vi > 1;
S2 the ADHM datum A = (W, Vo, BY, B, 1,J) is stable.

Proof. (i) = (ii) This is obvious, as a @-stable representation is also ®-semistable.
(i7) = (iii) Letus first take a ®-semistable representation X having at least one of the F*’ notinjective.

Without loss of generality, let F* be the only one to be such a map. Then vy € ker FX = B’z‘vk € ker F*,
due to the nested ADHM equations, and BS (ker F¥) c ker F* (and similarly for BY). Now

X=(0,...,0,ker FX,0,...,0, B | pics B ler s F*,0,...,0)
is a subrepresentation of X of numerical type (0, ..., 0, dimker F ko, ..., 0). Thus,
fi- 0+ F0s = 0 dimker FF > 0,

which contradicts the hypothesis of X being ®-semistable. Let then X be a ®@-semistable representation
satisfying S1. Letalso S C Vybe a B?-invariant subspace of Vp, i = 1,2, such that Im(7) C S, and define
Vo=SandV; = (F'o-- 0 F)~!(S). Then X = (W, Vy, V1, ..., Vy), with the morphisms induced by
those of X, is a subrepresentation of X of numerical type (r, dim S, dim Vi,...,dim VN). We have

dimV; = dim(Im(F' o --- 0 F)) N S) = n; +dim S — dim(Im(F' o --- 0 F) + ),
and by semistability,
N
n-0=nylp+- - +nn6y > dimS6p +Z(nk +dim S — dim(Im(F' o - -- o F¥) +S))9k —h-0,

k=1

whence

N
no(Bp + - +6xn) = noby +Zdim(lm(F1 o---0 FX) 4+ 8)0; = dimS(6p + - - - +On).
k=1

Since 8 + - - - + O < 0, this implies nyp < dim S; thus, S = V.
(iii) = (i) If we take a proper subrepresentation X of numerical type (7, fi), we just need to check
the cases 7 =0 and 7 = r.

o If # = r, then W = W, which, in turn, implies that / # 0; otherwise, the ADHM datum (BY, B, I,J)
would not be stable. Since X is proper, the following diagram commutes:

w—L5 v
HWT T —iol=1loly, (1.1.4)
w ;> Vo
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so that 779 > 0; otherwise, we would have I = 0. Moreover, the following diagram also commutes
(and so does the analogous one for Bg):

BO

Vo —— Vo

,»T ‘T =ioB"=B0i= BV c V. (1.1.5)
RO

Vo — Vo

leading to a contradiction with the stability of (W, Vj, B?, Bg, 1,J). Since we are interested in proper
subrepresentations of X, at least one 7;-¢ is not zero, and at least one of these nonzero 7i; < ng, so
that @ - n + f.r < 0, and X is stable.

o Let now 7 = 0. Since we are interested in proper subrepresentations, we must choose 7y > 0;
otherwise, Viso =0 by virtue of the injectivity of Fy. Similarly, one has 7i; < 7i;_1, so that

N N
O'ﬁZZGkﬁk sﬁOZGk <0,
k=0 k=0

and X is stable.
O

Corollary 1.3. If X is a stable representation of the nested instantons quiver (1.1.1) with relations
(1.1.3), Gk =0, Vk.

Proof. By the previous proposition, due to the injectivity of FX, FKG* =0 = G* = 0. O

1.2. The nested instantons moduli space

We want now to discuss the construction of the moduli space of stable representations of the quiver
(1.1.1) and its connection to GIT theory and stability. First, recall that we defined the space X(r,n) of
nested ADHM data as in Equation (1.1.2), and an element X € X(r, n) is called a nested ADHM datum.
On X(r,n), we have a natural action of G = GL(Vj) X - - - X GL(Vyx) defined by

W (g0,81s---,8N.X) > (0B, 20BYgy s gol. I gy

Blo~! g/Ble~! ooF'e~!. 0,G g™,
81818, ,81B8, .80k 81,8168 (1.2.1)

enBY gy enBY gi en 1 FN gyl anGN gy
Let now X% (r, n) be the open locus of ®-stable representations in X(r, n), where the stability chamber
is chosen as in Proposition 1.2. The G-action on X(r, n) is free on the stable locus X*'(r, n). Indeed, it
is known that the ®-stable representations are exactly the simple objects in the category RepE(Q) of
k-linear ®-semistable representations of a quiver Q, where we let k be an algebraically closed field.?

Then given a ®-stable representation X, any g € G such that g - X = X defines an endomorphism
in EndRepi(Q) (X) of the simple object X. However, Repfl?(Q) is an abelian cateogry, and by Schur’s

lemma, EndRepg (0)(X) is a finite-dimensional division k-algebra for any simple object X. Hence,
EndRepg(Q)(X) =~ k. Thus, we must have g = Alg, for A € k, and the only such g € G fixing X
corresponds to A = 1. Also, it is easy to prove that the G-action preserves the space X(r,n) of nested
ADHM data satisfying the relations (1.1.3).

2Strictly speaking, this is true for representations of an unframed quiver Q. However, the statement readily generalizes to the
framed case as well, thanks to [46, Prop. 3.3], for example.
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Now if y : G — C* is an algebraic character for the algebraic reductive group G, we can produce
the moduli space of y-semistable orbits following a construction due to [33], N: ;S(r, n), which is a
quasi-projective scheme over C and is defined as

N)‘;S(r, n) = Xo(r,n)/, G = Proj

& A(Xou,n))g’*")

n>0
with A(Xo(r,n))9X" the space of polynomials in the coordinate ring A(Xo(r,n)) satisfying
Ao (r,m)?Y" = {f € A@o(r,m)|f (k- X) = x(h)" f(X),Vh € G}

The scheme N " (r,m) contains an open subscheme N L(r,m) C N V" (r,m) encoding y-stable orbits.
As in [33], it turns out that the notions of y-stability and of ®-stability are closely related.

Proposition 1.4. Let © = (60,61, . ..,0n,00) € ZVN*? and define yo : G — C* the character
xo(h) = det(hg)™% - det(hy) ON. (1.2.2)

A representation X of the nested ADHM quiver (1.1.1) is yo-(semi)stable iff it is O-(semi)stable.

Since the proof for Proposition 1.4 deeply relies on some known results about equivalent characteri-
zations of y-stability, we will first recall them. In full generality, let V be a vector space over C equipped
with the action of a connected subgroup G of U(V), whose complexification is denoted by G©. Then if
x : G — U(1) is a character of G, we can extend it to form its complexification y : G — C*. We then
form the trivial line bundle V x C, which carries an action of G© via y:

g-(x.2)=(g-xx(@ 'z, g€G,(x,2)eVxC.
Definition 1.5. An element x € V is

1. y-semistable if there exists a polynomial f € A(V)GC’Xn, with n > 1 such that f(x) # 0;

2. y-stable if it satisfies the previous condition and if
(a) dim(G® - x) = dim(G®/A), where A C G is the subgroup of G acting trivially on V;
(b) the action of G€ on {x € V : f(x) # 0} is closed.

Given the previous definition, the next lemma due to King [33] gives an alternative characterization
of y-(semi)stable points under the G-action.

Lemma 1.6 (Lemma 2.2 and Proposition 2.5 in [33]). Given the character y : G — C* for the action
of G© on the vector space V, and the lift of this action to the trivial line bundle V x C, a point x € V is

1. y-semistable iff G€ - (x,z) N (V x {0}) = 0, for any 7 # O;
2. x-stable iff G© - (x, 2) is closed and the stabilizer of (x, z) contains A with finite index.

Equivalently, a point x € V is
1. y-semistable iff x(A) = {1} and (1) > O for any 1-parameter subgroup A(t) € G for which
lim;—0 A(%) - x exists;
2. x-stable iff the only A(t) such that lim;_ A(t) - x exists and y (1) =0 are in A.
With these notations, if V**(y) denotes the set of y-semistable points of V, V J )‘/,G(c can be identified
with V% (y)/~, where x ~ y in V() iff G -x N GC -y # 0 in V(y).

https://doi.org/10.1017/fms.2024.43 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.43

Forum of Mathematics, Sigma 9

Proof of Prop. 1.4. Notice first that A = {1g}, as the G-action on the open dense X*(r,n) C X(r, n) is
free; thus, the G-action on X(r, n) is effective.

Take a 6-semistable representation X € X*(r, n) and assume it does not satisfy y¢-semistability. Then
there exists a 1-parameter subgroup A(¢) of G such that lim; g A(¢) - X exists and y (1) < 0. However,
each such 1-parameter subgroup A determines a filtration - - - 2 X,; 2 Xj;+1 2 - -+ of subrepresentations
of X ([33]), and

Xo() == 0(X,) 20, (1.2.3)

nez

thus proving one side of the proposition, as the part concerning stability is obvious from the fact that
trivial subrepresentations of X correspond to subgroups in A.

Conversely, if X is a y¢-semistable representation, we want to show that it is also a f-semistable one.
We only need to consider two cases, corresponding to subrepresentations X of Xwith7=ror7=0.
Each vector space in X, say V;, will have then a direct sum decomposition V; = V; ® V;. We will then
take a 1-parameter subgroup A(z) such that

tly O
Ai(1) =[ 0 1. (1.2.4)
Vi
Then one can easily compute
A1) - 7 = [det(o(1))% - - - det(Ay (1)~ ]!
Xa(A(1)) -2 = [det(o(0) ™ -~ det(An (1)) ] (125

=

It is then a matter of a simple computation to verify that if X was not §-semistable, then one would
have had lim; 0 A(¢) - X € X x {0}, thus contradicting the yo-semistability. A completely analogous
computation can be carried over when 7 = r, taking

0

]]_-
Ao(r) = | 3P A1 | A1) = 0 t_ll ,i>0, (1.2.6)
0

and since (i —n) - @ > 0 if X is supposed not to be §-semistable, this would still lead to a contradiction.

Finally, if X was to be yg-stable but not 6-stable, the 1-parameter subgroups previously described
would have stabilized the pair (X, z), z # 0, in the two different cases 7 = 0 and 7 = r, respectively, thus
again giving rise to a contradiction. ]

Corollary 1.7. Given a representation X of the nested instantons quiver (1.1.1) with relations (1.1.3)
of numerical type (r,n), there exists a chamber in QN*? 3 (0,0,) = © in which ;59 > 0 and
6o+ 61 +---+0n <0 such that the following are equivalent:

X is O-semistable;

. X is ©-stable;

X is ye-semistable;

X is yo-stable;

X satisfies S1 and S2 in Proposition 1.2.

R

Because of the previous corollary, in the stability chamber defined by Proposition 1.2, all notions of
stability are actually the same, so that a representation satisfying anyone of the conditions in Corollary
1.7 will be called stable, and the corresponding ./\/ ve(r,m) = N (r,n) will be referred to as the moduli
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space of stable representations of quiver (1.1.1) with relations (1.1.3) or, equivalently, as the moduli
space of nested instantons. Altogether, the previous considerations prove the following theorem.>

Theorem 1.8. The moduli space N (r,n) of stable representation of the nested instantons quiver of
numerical type (r,n) is a quasi-projective variety equipped with a perfect obstruction theory, and it has
virtual dimension (2ny — ny)r.

Proof. We need to construct a perfect obstruction theory on A/ (r, n). To this end, let Y (7, n) be the affine
space of representations of the quiver obtained from (1.1.1) by neglecting all the G € Hom(V;_1, V;).
Consider ® = (8, 6.,) € QN*? as in Proposition 1.2, and let Y(r,n) C Y(r,n) be the open locus of
®-stable points in Y (r, n). Similarly to X(r,n), on Y(r,n), there is a natural G-action, which is free on
the stable locus Y*(r,n). Thus, the GIT quotient Y(r,n)//,,G, with ye defined as in Proposition 1.4,
exists as a smooth quasi-projective variety, which we will denote by ))(r, n). The moduli space of nested
instantons N (7, n) is then the closed subscheme of ))(r, n) cut by the nested ADHM equations (1.1.3),
neglecting G'. We claim that there exists a vector bundle £ over a smooth subvariety A of Y (r,n),
together with a section o € H°(A, &), such that A/(r, n) is isomorphic to the zero scheme Z(o):

&

w o (1.2.7)

N(r,n) = Z(oc) — A.

This induces a perfect obstruction theory on N (r,n) a la Behrend-Fantechi ([3]) — that is, a perfect
complex E € DI=1.01(Z (o)), together with a morphism in the derived category

E = [Else ~ Qulzio]
s | |
Lzioy = [(Z/T) — Qulzo]

where Lz (o) is the truncation 7>7'L3, (o Of lllusie’s cotangent complex LY, . € D[==01(Z (o))
([32]), and Z c O 4 is the ideal sheaf of the inclusion Z (o) < A. In what follows, we will show how
such a vector bundle £ — A is constructed.

On Y (7, n), we introduce the vector bundles C?,i =0, ..., 3, defined as

N
= @End(vi),
i=0

C' = End(Vy)®?> ® Hom(W, V) @ Hom(Vy, W) @

EB(End(vi)892 ® Hom(V,, V,-_l)

i=1

= Ty(rn)»

C? = End(Vy) ® Hom(V;, W) & ,

@N}(Hom(vi, Vi® o End(Vi))
i=1

N
¢ = (P Hom(V, Vi-y).
i=1

3We thank Valeriano Lanza for pointing out to us a correction to the original proof for the two-nodes quiver found in [54]. A
more refined analysis and a correct version of the original proof can be found in [55].
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Each vector bundle C?,i =0, . .., 3 carries a natural equivariant structure under the G-action on Y (r, n),
so they restrict to the stable locus Y™ (r, n) and then descend to vector bundles C’ on )(r,n) under the
quotient map Y*(r, n) N Y(r,n).

On Y(r,n), we also have vector bundle homomorphisms d':Ct > C™li=0,1,2, defined along
the fibres as

0 po 0 107 4 i ;
(b7, By + [BY, b5] +iJ + 1

[hO,Bg] bg JFI +Jfl
, [h(})l, 1132] biz Bg]d + bgFl —Flp! - (1B
% h j BYf'+bYF' — F'by - f'B,
1 =Jho 1 pl 151
L= sl | b= (b1 B2+ 181 b ,
5 U, Bl) bl z
NI hoF' = Fla! f B}’:’I‘]fN + bg“FN - FNbg - fNBi\V[
: BY VN + by 'FN — FNpY — N B
[(bY,BY1+[BY,b)]
¢ ch1+B303—C3B%+C4B% —B(I)C4—IC2—F1C5
¢ C5F2+B;06—C6B§+C7B%—B{C7—F2Cg
a*l 3 |= :
c3i-1F' + B ey — c3iBY + c3in1 BY — B e300 — Flesin
C3N+2 :

Altogether, the datum of the vector bundles C i i=0,...,3, and of the bundle homomorphisms d’,
Jj = 0,1,2, descends to the datum of vector bundles Ci,i =0,...,3, and bundle homomorphisms
5§/ . Cl - C, j =0,1,2 over Y(r,n). Let us point out that when restricted to A/ (r,n), the couple
(C*, 6*) forms a complex of vector bundles over A/(r, n), which we claim to have vanishing cohomology
in degrees 0 and 3. Let C4, Cp and C4, g be the following auxiliary complexes of vector bundles over

N(r,n):#
End(Vo)@z
&0 ® by
Ca® End(Vy) —23 Hom(W, Vy) —2% End(Vp),
&b
Hom(Vy, W)
with
[ho,BO] b()
ho, B b .
6% (ho) = [‘;1012], sl 2 =69, B + [BY, bS] + 1) +iJ;
=Jhy J

0 1
Cs: @Y End(vy) 23 @Y, End(vV)® 25 BN, End(Vy),

4As for (C*, 6°), these complexes are introduced by defining bundles and maps over Y (r, n), restricting to the stable locus,
descending to the quotient and finally restricting the moduli space.
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with
[hl,Bi] bi
m\ | [, Bl bl | [ [0} BY+ (B b))
of . . | . .
op| 1 |= : ’ Op = : ’
N’ 2
N
. o D Hom(Ve Vi)™
ABS @Y Hom(V;, Vi) —25 ® —25 P, Hom(V;. Vi),
Hom(V;, W)
with
—Bgfl +f Bi
fl fl +f1
60 . _ N
A.B v leN+fNBN’
f }\f lfN fNBi\]
-Jf!
c3 —B(ZJC3 + C3Bé - C4B} + B?C4 +1cy
1 : —BéCs + CsB% - C6B% + Bic6
Oan| - = .
B ) :
(o) —-BY"lcon1 + canBY — conBY + BN eann

It is then readily verified that there exists a distinguished triangle
C——=Ca®Cs —25 Cap , (1.2.8)

coming from the fact that C[1] is a cone for p = (po, p1, p2), Where

I’l() —]’l()F1 +F1/’l1
po| © |= s (1.2.92)
]’lN —hN_lFN +FN]’ZN
bO
B0 -bYF' + F'b;
1 11
i2 -byF +F'b,
Jl= :
Pl = s (1.2.9b)
bi —-bY'FN + FNpY
by| |-by'FN +FNpY
. _jFl
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—61F1+F1C2N+3
pa| .= : . (1.2.9¢)

N N
3N FY + FY e3ngs
C3N+3

From the triangle (1.2.8), one gets a long exact sequence in cohomology

0 —— H(C) —— H(Ca®Cs) 22 HOC,z) )

[-> H'(C) —— H'(Ca®Cp) M H'(Ca,p) j

[» HY(C) —— H2(Ca®Cp) 208 H2(Cap) —— HA(C) — O,

and since C4 is simply the deformation complex of the standard ADHM quiver, it is well known that
H°(Ca) = H*(Ca) = 0, [43]. Then H°(C) = 0 by the injectivity of H(p) : H°(Cg) — H®(Ca.p). In
fact, we have
hy F'hy hi
H@)| : |=0=| : [=0=]: =0
/’lN FN hN /’lN

since F' is injective. Moreover, the map ', , : C} , — C3  is surjective: this, in turn, means that
H?(Ca.p) = 0, which implies H>(C) = 0. Indeed, let us consider (6}4 z)". One has

B;;m - ¢1Bgl

61 \ — 61 \ : — :
(p.5)"(#) = (5 5) NS
-BY¢n +¢nBY !

é11

and if ¢ € ker(((SIlLLB)V), then ker(¢;) would be a (BY, Bg)-invariant subset of Vj containing Im(7),
which contradicts the stability of X, by which we conclude that ker(¢;) = Vj. Similar statements also
hold true for each other component of ¢, which we then conclude to be ¢ = 0.

Let now s be the section s € H(Y(r,n), C?) cutting via its zero locus Z(s) c Y(r,n) the solutions
to the nested ADHM equations (1.1.3) (neglecting G*) in Y (r, n) — that is,

N
s = (B, By +17) @ JF' & () ((FiBﬁ -B'F) @ (F'B} - BY'F') ® [B, B;]).
i=1

As s is naturally G-equivariant, it also restricts to the stable locus and descends to a section o €

d2
H°(Y(r,n),C?). It is easily checked that d*> o s = 0, so s(Y(r,n)) C ker(C> — C?). Let now
A C Y*(r,n) be the open subscheme of Y*(r,n) where d? is surjective, and whose image under the

quotient map is A C Y(r,m). Then ker(C?|4 d—2> C3|4) is a G-equivariant vector bundle E — A,
which descends to a vector bundle £ — A. Also, s|4 € HO(A, E) is a G-equivariant section, inducing
a section o € H%(A, £). The moduli space of nested instantons is then constructed as the zero scheme
Z(o) c A. Indeed, as 62 is surjective over N'(r,n), we have A/ (r,n) C A. Moreover, as the section
o € HY(A, C?) factors through a section of the subbundle £ — A, then Z(s) and A/ (r,n) define the
same closed subscheme of A.
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Thus, we are precisely in the situation of diagram (1.2.7), and N'(r,n) = Z (o) is naturally equipped
with a perfect obstruction theory of rank vd = tk E = (2ny — nj)r, whose virtual tangent complex is

d —
BY = [Tulvirm <5 Elnem| € DI W, m).

In particular, retracing all the steps we have discussed so far, we can see that the K-theory class of the
virtual tangent space over a point X € A (r,n) attached to the perfect obstruction theory E is

T/\\l}r(r,n)

= H'(C*lx) = H(C*Ix) € K°(py).
O

Remark 1.9. With the notation introduced in the proof of Theorem 1.8, the moduli space of nested
instantons A/(r,n) is also equipped with another perfect obstruction theory, induced by the vector
bundle C> —s Y(r, n), together with the section s € H(Y(r,n), C?). Indeed, after restriction to the
stable locus, the couple (C2,s) descends to a vector bundle and a section (C2, o) over Y(r,n), and
N(r,n) = Z(o) c Y(r,n). Then, N'(r,n) is equipped with a second perfect obstruction theory E,

- d -
whose tangent complex is EY = [Ty n)IA7(r.m) RN Cle(,,n)]. However, the rank of E is

N

tkE = 2ng — ni)r — Z nini_1,
i=1

which might become negative (e.g., this is the case for r = 1,n9 > 3,n; = ng — 1). This is due
to the relations (1.1.3) being overdetermined, as they are not independent. Thus, in Theorem 1.8,
we constructed a ‘reduced’ perfect obstruction theory, which automatically takes into account the
dependency of the equations cutting the moduli space of nested instantons by exploiting the fact that

d2
s(Y(r,n)) C ker(C? — C?).
For future reference, we want now to exhibit some morphisms between different nested instan-

tons moduli spaces and between them and usual moduli spaces of instantons, which are mod-
uli spaces of framed torsion-free sheaves on P?>. We obviously have iterative forgetting projections

ni : N(r,ng,...,n;) = N(r,ng,...,ni_1). Moreover, we also have other morphisms to underlying
moduli spaces of framed torsion-free sheaves on PZ, which are summarized by the commutative diagram
in Figure 3.

In order to see that these maps do indeed exist, take a stable representation [ X] of the nested instantons
quiver. The fact that [ X] is stable implies that the morphisms F' are injective, so that we can construct
the stable ADHM datum (W, V;, B!, B, I', J') as follows. Let V; be Vo/Im(F'---F") and choose a
basis of V; in such a way that

Ly,

1... i:
F F (O

), F'loF?0...0F :V; 5V, (1.2.10)
whence Vo = V; ® V;. Then define the projections 7; = Vy — V; and #; : Vg — V; as m;(v,7) = v
and 7; (v, ) = 7, with v € V;, 7 € V;. We can then show how V; inherits an ADHM structure by its
embgddiﬂg 1~n \{q. I~pdeed, if we define E’i = B?|\7,-’ Eé = B(2’|‘~,,_, I'=f;oland J' = Jly,, the datum
(W, V;, B, B, I', J') satisfies the ADHM Equation (1.2.11):

(BB +1'J = [B)ly, ,B3ly | + 7oL o |y = ([B?,Bg] +IJ)‘ =0 (1.2.11)

V;
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N(r,ng,...,nn) — %) — M(r,ng—nn)

| ~ . R \
N Pyoi IN-1
4 ~y 4

N(r,n0,~~,nN—]) E—— M(r7n0_nN—1)

pN)

1IN i

N(r,ng,...,n;) ————— M(r,ng —n;)

Figure 3. Morphisms between moduli spaces of sheaves.

This new ADHM datum is moreover stable, as if it would exist 0 c S; c V; such that
Ei’2(§,~),l~i(W) C S; it would imply that also the ADHM datum (W, Vo, BY, B, 1,.J) would not
be stable. In fact, in that case, we could take 0 c V; & §; c V,, and it would be such that
BY(V;@S:), BY(V;®8;), I(W) C V;@S8;. In fact, if we take any (v, §) € V; &8, ithappens that BY (v, 5) =
(B, (v), B1g,9) = (Blv;, B (5)) € Vi @ i, BY(v, ) = (BYIv, (v), Bl ) = (Blv, BL(5)) € Vi @5,
and IW) =IW)nV;@I(W)NV; = (o (W) & (; o I)(W) C V; @ S;. Thus, we constructed a
map pl.(N) N (r,ng,...,nN) = M(r,ng — n;).

1.3. Nakajima quiver varieties

In this section, we exhibit an embedding of the moduli space of nested instantons into a Nakajima quiver
variety, which is a smooth hyperk&hler variety; [41,42, 22]. In the vector space X(r, n) of representations
of quiver (1.1.1) of numerical type (r,n), which, we recall, is defined as

N
X(r,m) = End(Vo)®* & Hom(W, Vo) & Hom(Vo, W) & () [End (V)

et (1.3.1)
® Hom(Vj_1, Vi) ® Hom(Vy, Vi_1)],
we will introduce a family of relations:
[BY, B +1J + F'G' =0, (13.2)
[B!,B)] -G'F' + F*'G™*' =0, i=1,...,N. (1.3.3)

Then a point X € X(r,n) is called stable if it satisfies conditions S1 and S2 in Proposition 1.2. With
these conventions, we will define M (7, n) to be the space of stable elements of X(r, n) satisfying the
relations (1.3.2)—(1.3.3):

M(r,n) = {X € X(r,n) : X is stable and satisfies (1.3.2), (1.3.3)}. (1.3.4)
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Exactly in the same way as we did before, we can easily see that there is a natural action of G =
GL(Vp) X --- x GL(Vy) which is free on M(r,n) and preserves the equations 1.3.2—1.3.3: the same
is then true for the natural U-action on M(r,n), with iU = U(Vp) X --- X U(Vy). Thus, a moduli
space M (r,n) of stable U/-orbits in M(r,n) can be defined by means of GIT theory, as was the case
for M'(r,n) in the previous sections. Moreover, any stable point of X satisfying the nested ADHM
equations automatically satisfies (1.3.2) and (1.3.3). Indeed, a stable representation of quiver (1.1.1)
satisfies, among other relations, the equations

[BY, BY] +1J =0, B>, B™°] =0,

while G: =0, fori=1,...,N, by Corollary 1.3. Thus, any stable representation of quiver (1.1.1) with
relations (1.1.3) also satisfies the relations (1.3.2)—(1.3.3) so that A(r,n) < M(r,n) via the natural
inclusion.

Next, let us point out that on each T Hom(V;, Vi), we can introduce a hermitean metric by defining

1 )
XY =3 tr(X e x -Y), VX,Y € Hom(V;, Vi), (13.5)

which, in turn, can be linearly extended to a hermitean metric (—, —) : TM(r,n) X TM(r,n) — C.
Finally, we can introduce some complex structures on TM(r, n): given X € TM(r, n), these are defined
as the following I, J, K € End(TM(r, n))

1(X) = V-1X, (1.3.6)
J(X) = (=b3, B, =1, i (=5, T, —g™T, F11), (1.3.7)
K(X)=10J(X), (1.3.8)

with X = (b(l), bg, i, ], {b, b;, fi, gi}). These three complex structures make the datum of

M(r,n), (-, —),1,J,K)

a hyperkéhler manifold, as one can readily verify. It is a standard fact that once we fix a particular
complex structure, say /, and its respective Kéhler form, wy, the linear combination wc = wy + V-1lw K
is a holomorphic symplectic form for M(r, n). The thing we finally want to prove is that the hyperkéhler
structure on M(r,n) induces a hyperkahler structure on the GIT quotient M(r,n), which will be
moreover proven to be smooth. This is made possible by the fact that the natural {/-action on M(r,n)
preserves the hermitean metric and the complex structures we introduced. Then, letting u be the Lie
algebra of the group U/, we need to construct a moment map

w:M(r,n) > u* @R,

satisfying

1. G-equivariance: u(g - X) = AdZ,_1 u(X);
2. (dp;(X), &) = wi(é*,X), forany X € TM(r,n) and ¢ € u generating the vector field £* € TM(r, n).

If then ¢ € u* ® R3 is such that Adg(¢;) = i forany g € U, u~(¢) is U-invariant, and it makes sense

to consider the quotient space u~! () /U. It is known ([30]) that if / acts freely on u~' () /U, the latter
is a smooth hyperkéhler manifold, with complex structures and metric induced by those of M(r, n).
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Our task of finding a moment map u : M(r,n) — u* ® R? then translates into the following. Define
(u?,...,uf’) =u; : M(r,n) > u

V-1 .
p(X) = - ([B?, BY 1+ [BY,BY 1+ 11" - J7J+ F'F'T - G”Gl)
V=1 .
1l (X) = T([B}, B+ [BL,BY] - FYF! + G'G'T + F2F?T - G”GZ) 139

V=1
2

N (X) = ([Bf’,Bf’T]+[B§’,B§W]—FNTFN+GNGNT),

with X = (BO,B(Z),I, J, {Bi,Bé,Fi,Gi}) € M(r,n). In addition to yu;, we also define a map uc :
M(r,n) — g, with g = gl(Vy) X --- xgl(Vy):

pd(X) = [BY, B3] +1J + F'G'

us(X) = [B,B)] - G'F' + F?G?
(1.3.10)

ut (X) = [BY,BY] -GN FN,

by means of which we define us 3 : M(r,n) — uas uc(X) = (u2 + \/—_1ﬂ3)(X). Notice that in absence
of B{ and /, J the complex moment map we defined would reduce to the Crawley-Boevey moment map
in [12]. We then claim that u = (u1, 12, 13) is a moment map for the U/-action on M(r, n). If this is true
and y is the algebraic character we introduced in §1.2, the space

— 1y (V=1dy) N pz'(0) N M(r,m) 4! (V=1dy,0,0) N M(r,n)
M(r,n) = 7 = 7,

(1.3.11)

is a smooth hyperkidhler manifold which, by an analogue of Kempf-Ness theorem, is also isomorphic
to M(r,n). In fact, it is known, due to a result of [33, 43] and the characterization of y-(semi)stable
points we gave in the previous sections, that there exists a bijection between ,u]‘1 (V=1dy) and the set of
X -(semi)stable points in /1(61 (0). Then, in order to prove that y is actually a moment map, we will first
compute the vector field £* generated by a generic ¢ € u. Let then X = (89,69, 4, j, {b', b’, f7, g'}) be
a vector in TM(r,n) and Wy : U/ — M(r, n) the action of ¢/ onto X € M(r, n): the fundamental vector
field generated by £ € u is

d
Ex =d¥x (1y)(é) = T (¥x ©¥)li=0 (1.3.12)

where 7y is a smooth curve y : (—¢, €) — U such that y(0) = 15, and y(0) = £. Thus, we can compute

&lx = ([60. b, (€0, b1, &0t =0, [0, 011 €1, b1 bof ' = f'é1 618" = 860,

N N N _ N N _ N (1.3.13)
""[§N7b1 ]’[?(::N’bz ]’é:N*lf _f ENENET -8 é‘:Nfl)-
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Then if n; : M(r,n) — M(r,n) denotes the projection on the i-th component of the direct sum
decomposition induced by (1.3.1) so that i runs over the index set Z, by inspection, one can see that w
is exact, and in particular, w; = d4;, with

A = gtr(Zm Aﬂj*). (1.3.14)

This implies that

(u1(x), &) =14+ 4, (1.3.15)

and it is easy to verify that g : M(r,n) — u* thus defined indeed matches with the definition (1.3.9).
Similarly, one can realize that

1= %[tr( Z ; /\7T1+1*)l, (1.3.16)

1€2ZNT
A = —V—ls[tr( Z T A ﬂ1+1*)l, (1.3.17)
1€2ZNT

and the moment map components satisfying {u; (x), &) = 1£+A; agree with the combination po+V-1u3 =
(e we gave previously in Equation (1.3.10).

2. Flags of framed torsion-free sheaves on P>

We give in this paragraph the construction of the moduli space of flags of framed torsion-free sheaves of
rank r on the complex projective plane. We also show that there exists a natural isomorphism between
the moduli space of flags of framed torsion-free sheaves on P? and the stable representations of the
nested instantons quiver. In the rank r = 1 case, our definition reduces to the nested Hilbert scheme of
points on C2, as is to be expected. By this reason, we first want to carry out the analysis of the simpler
r = 1 case, which also has the advantage of providing us with a new characterization of punctual nested
Hilbert schemes on C2, analogous to that of [8].

2.1. Hilb®(C2) and N'(1,n)

Before delving into the analysis of the relation between nested instantons moduli spaces and flags
of framed torsion-free sheaves on P2, we want to show a special simpler case. In particular, we will
prove the existence of an isomorphism between the nested Hilbert scheme of points in C> and the
nested instantons moduli space (1, ng, .. ., ny). This effectively gives us the ADHM construction of
a general nested punctual nested Hilbert scheme on C2, which will also be the local model for more
general nested Hilbert schemes of points on, say, toric surfaces S. In order to see this, we first recall the
definition of a nested Hilbert scheme of points.

Definition 2.1. Let S be a complex (projective) surface and n; > np > - - - > ny a sequence of integers.
The nested Hilbert scheme of points on S is defined as

Hilb ") (§) = glmemed — (1) ¢ [, € - € I € Og : length(Og/1;) = n;}. (2.1.1)
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Alternatively, if X is a quasi-projective scheme over the complex numbers, we can equivalently define
the nested Hilbert scheme X [1----7] = Hilb">+-"%) (X) as

Hilb" ) (X) = {(Z1,..., Zx) : Z; € Hilb" (X), Z; is asubscheme of Z; if i < j},  (2.1.2)

with Z; being a zero-dimensional scheme, for everyi =1,..., k.

Before actually exhibiting the isomorphism we are interested in, we want to prove an auxiliary result,
which gives an alternative definition for the nested Hilbert schemes over the affine plane, analogously
to the case of Hilbert schemes studied in [43].

Proposition 2.2. Let k be an algebraically closed field, and n a sequence of integersng > ny > -+ - > ng.
Define 1 to be the sequence of integers fig = ng > ] = ny — g = -+ - > Ay = ng — ny. Then there exists
an isomorphism

(i) [p%,65] =0

(ii) b5 fi = fibl , =0
Hilb™(A%) = { (b0, 65,1, b1, by, fi, ..., bY, by, fi)|(iii) AS € K™ : b9 ,(S) € S and / Gn, (2.1.3)
Im() c S

(iv) f; : kK™ — K™ is injective

where Gn = GLy, (k) X - - - X GL,,, (k), b’i , € End(k™), i € Hom(k, k™) and f; € Hom(k", k"-1).
The action of Gy, is given by

g (B0, 00,0, ... b, bE, fi) = (80b%g5", 80580 s gois - - - gibY g gibh gl grmt frgrh).-

Proof. Suppose we have a sequence of ideals Inp € I} C ---I; € Hilb™(A2). Let us first define
Vo = klz1,22]/1o, b(l)’2 € End(Vp) to be the multiplication by z; pmod Iy, and i € Hom(k, Vp) by
i(1) = Imod Iy. Then obviously [b(l), bg] = 0 and condition (iii) holds since 1 multiplied by products of
z1 and z5 spans the whole k[zy, z2]. Then define V; = k[z1, z2]/I;, i > 0, so that dim V; = ng — ng_j41.
By letting Vy_;+1 = ker(Vy —» V,-), we have V; C V;_;, and dimV; = n;. The restrictions of b(1),2 to V;
then yield homomorphisms b} , € End(V;) naturally satisfying [b}, b}] = 0, while the inclusion of the
ideals Iy C I € --- C I} implies the existence of an embedding f; : V; < V;_; such that condition (ii)
holds by construction.

Conversely, let (bo, bg, I,..., b’l‘, b’z‘, fx) be given as in the proposition. In the first place, one can
define a map ¢o : k[z1,22] — K™ to be ¢o(f) = f(bY,53)i(1). This map is surjective, so that
Iy = ker ¢ is an ideal for k[z, z2] of length ng. Then, since f; € Hom(k", k™-!) is injective, we can
embed k" into k™ through F; = fj o --- o f;_1 o f; in such a way that bli,z = b(])’zl]k"it—ﬂk”(h which is a
simple consequence of condition (ii). Then we have the direct sum decomposition k0 = k™07 ¢ k™
the restrictions I;li,z = b(l),2|1k"0‘"f and the projection 7; = m; o i, with m; = k" — k™07 satisfying
[b!,b] = 0 and a stability condition analogous to (iii). Thus, we define ¢; : k[z;,z2] — k™™ by
¢i(f) = f(bi, bL)i(1). This map is surjective, just like ¢o, so that I; = ker(¢;) is an ideal for k(z1, z2)
of length ny — n;. Finally, due to the successive embeddings k' < k-1 «— ... < k"0 we have the
inclusion of the ideals I; C I;_;. O

One can readily notice that the description given by the previous proposition of the nested Hilbert
scheme of points does not really coincide with the quiver we were studying throughout this section.
However, we can very easily overcome this problem by using the fact that if (5Y, bg, i,J) is a stable
ADHM datum with r = 1, then j = 0; [43]. This proves the following proposition.
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Proposition 2.3. With the same notations of Proposition 2.2, we have that

(a) [BY,69] +ij =0

(@) [b1,b5] =0, i >0

(b) b\ f; = fibi, =0

Hilb®(A%) = { (b9, 65,7, /. b}, b}, fi, ... b, b5, f)] () jfi =0 /%'

(d) AS c k™ : b ,(S) C S and
Im()) c S

(e) fi : k™ — K™ isinjective

All the previous observations, together with corollary 1.7, immediately prove the following theorem.

Theorem 2.4. The moduli space of nested instantons N (r, n) is isomorphic to the nested Hilbert scheme
of points on C*> when r = 1.

N(1,n) =X/, G = Hilb"(C?).

Remark 2.5. The isomorphism given in Theorem 2.4 is only valid at the level of points. A version in
families of the proofs of Proposition 2.2 and Proposition 2.3 would suffice to get a scheme-theoretic
version of this isomorphism. We will not do that here, as the result of Theorem 2.9 already implies it as
a special case.

2.2. F(r,y)and N (r,n)

A more general result relates the moduli space of flags of framed torsion-free sheaves on P2 to the
moduli space of nested instantons. In the case of the two-step quiver, this result was proved in [54].
Here, we give a generalization of their theorem in the case of the moduli space N, [+1],n,u TEPrEsented
by a quiver with an arbitrary number of nodes.

Definition 2.6. Let £, C P? be a line and F a coherent sheaf on P?. A framing ¢ for F is then a
choice of an isomorphism ¢ : F|,. — (’)Z’, with r =tk F. An (N + 2)-tuple (Eg, Ey,...,En,¢) isa
framed flag of sheaves on P2 if Ey is a torsion-free (coherent) sheaf on P? framed at £ by ¢, and E;,
j=0,...,N -1, form a flag of subsheaves Eg C --- C Ey of Ey s.t. the quotients E;/E;, i > j, are
supported away from €.

By the framing condition, we get that ¢;(Ey) = 0, while the quotient condition on the subsheaves
of En naturally implies that the quotients E;/E; are 0-dimensional sheaves and c{(E;) = 0, for all
j=0,...,N. Then a framed flag of sheaves on P? is characterized by the set of integers (r,y), where
r=rkEyg=---=1kEyp, CQ(EN) =%YN, /’ZO(EN/Ej) =Yyjt - +t¥YN-180 that CZ(EJ') =yjt---tyYN.

We now define the moduli functor

Firy : Schfép — Sets (2.2.1)
by assigning to a C-scheme S the set
i . 0 0 N-1 _N-1
F(r.y)(S) = {isomorphism classes of (2N +2) — tuples (Fs, ¢s,Qg,8g----- Qg -85 }
with

o Fg a coherent sheaf over P> x S flat over S and such that Fg|2, (s} is a torsion-free sheaf for any
closed point s € S, tk Fs =r, c¢|(Fs) = 0and c3(Fs) = yn;

or . is an isomorphism of O;_xs-modules;

C gs: FS|foo><S - OfooXS
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o Qg is a coherent sheaf on P?x S, flat over S and supported away from £., X S, such that hO(Qfg 2 (s}) =
vi+-+-+7yn_1, for any closed point s € S;
o gY:Fs— Q%andgl: Q' — QL i=1,...,N — I are surjective morphisms of Oz2,g-modules.

Two tuples (Fs, ¢s, 0%, 85, - ... O . g%) and (F§, ¢§, Q}g",gé", o ng_l”,ggv_l") are said to be
isomorphic if there exist isomorphisms of Op2, g-modules Og : Fs — Fg and I'y : Q' — QY such that
the following diagrams commute:

0 i
¥s ® 8s N i—1 8s i
FS|€¢<;XS ) OfmrXS FS } QS Qfs‘ ; le
Oslre XS\L % l@s ll"f;’ lrg—l ll"’s
0,7 ir
, 8s 0,/ i-1,, _8s i
Fleoxs Fg —— Qg oy —— 0Y.

If this functor is representable, the variety representing it will be called the moduli space of flags of
framed torsion-free sheaves on P2.

What we want to show next is that the moduli space of flags of torsion-free sheaves on P? is a fine
moduli space, and that it is indeed isomorphic (as a scheme) to the moduli space of nested instantons
we defined previously. First of all, we will focus our attention on proving the following statement.

Proposition 2.7. The moduli functor F, ) is represented by a (quasi-projective) variety F(r,y) iso-
morphic to a relative quot-scheme.

Proof. Our proof strongly relies on the use of (relative) nested Quot functors, so let us recall their
construction and basic properties. First of all, let N be a fixed positive integer and take the universal

framed sheaf (F,y) on P? x M(r,yn), with ¢ : Fleaxmr,yn) > O?er(r ) A0 isomorphism

of O¢ xM(r,yn)-modules. Let y an N-tuple of integers (o, ¥1,...,¥n-1). We define the nested Quot
functor

. Qch®P
Quot(r ) : Schyy(, ) — Sets (2.2.2)

by
Quot(r,)(S) = {isomorphism classes of (Qg, qg, R Q]SV_I, qlsv_l)}, (2.2.3)
where

o Each Qg is a coherent sheaf on P? x S, flat over S, supported away from £, X S and such that
hO(leng{s}) =1vy; +---+7yn-1, for any closed point s € S;

o qg : Qg_l — Qg is a surjective morphism of Op2,g-modules fori =1,...,N - 1;
o qg tFs — Qg is a surjective morphism of Opa,.g-modules, where F is the pullback of F to P? x §
via

(Lp2 X 71) : P2 X § — P2 x M(r, yn).

By an induction on N along the lines of [31, §2.A.1] one can prove the representability of the nested
Quot functor. Note that when N = 1, the nested Quot functor reduces to an ordinary Quot functor,
which is representable by Grothendieck’s theory. In this case, representability of F(, ,, ,) has been
established in [54, Prop. 1]. In general, there is a natural forgetting map F(, ) — Quot(r ), which
acts as (Fs, ¢s, Q(S’,gg, O A (Qo,gg, ...0% 1, gd™"). This map also has an inverse
given by setting Fgs to be the framed sheaf Fg = ker(gg) with framing ¢g at £, X S induced by the
framing ¢ of F at {o, X M(r,yn). Thus, the functors F, , and Quot r ,) are naturally isomorphic,
and representability of the latter implies representability of the former. The moduli space of flags of
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framed torsion-free sheaves on P2, representing F(r.y), is then the nested quot scheme Quot” (F) relative
to M(r,yn). O

Remark 2.8. The previous description of the moduli space of framed flags of sheaves on P? suggests
we could also take a slightly different perspective on F(r,y) and study its closed subscheme of the
moduli of sequences of quotients

Zy o In o F Q> > O,

where F is the trivial vector bundle F' = O];?;’. In this sense, F(r,y) seems to be analogous to the
Filt-scheme studied by Mochizuki in [38] in the case of curves.

Now that we proved that the definition of moduli space of framed flags of sheaves on P? is indeed a
good one, we are ready to tackle the problem of showing that there exists an isomorphism between this
moduli space and the space of stable representation of the nested instantons quiver we studied in the
previous sections. First of all, let us point out that our definition of flags of framed torsion-free sheaves
reduces in the rank 1 case to the nested Hilbert scheme of points on C2, and the isomorphism we are
interested in was shown to exist in Theorem 2.4 of §2.1. This is, in fact, compatible with the statement
of Theorem 2.9.

Theorem 2.9. The moduli space of stable representations of the nested ADHM quiver is a fine moduli
space isomorphic to the moduli space of flags of framed torsion-free sheaves on P>: F(r,y) = N (r,n),
as schemes, where n; = yo + -+ +ynN—i.

Before diving into the proof of Theorem 2.9, we need to recall a few facts about the moduli space of
framed torsion-free sheaves on P?. Our main reference is [43, §2]. Recall then that with any (ordinary)
ADHM datum (W, V, By, By, 1, J) is associated a complex of locally free sheaves on P2, which we call
the ADHM complex of X, of the form

Ey: VeOn(-1) —23 (Vo VeW)® Op — Ve Op(l), (2.2.4)

where [x : y : z] are homogeneous coordinates on P2, £, = {z = 0} is a line at infinity, and

zB1 +x1ly
a=|zBy+yly |, B=(-zB2—yly zBi +xly zl).
zJ

As in [43, Lemma 2.1], « is always injective if X satisfies the ADHM equation, while 3 is surjective
if and only if X is stable. The cohomology sheaf E := HO(E;() is a rank r torsion-free sheaf on P2,
with ¢2(E) = n, framed by the induced isomorphism E|,, — W ® O,_. Conversely, given any framed
torsion-free sheaf E on P2, there is a stable ADHM datum X such that E is the cohomology of E %~ This
realizes an isomorphism between the moduli space of framed torsion-free sheaves on P? with rank r and
second Chern class n, and the moduli space M (r, n) of stable representations of numerical type (r, n)
of the ADHM quiver; cf. [43, §2]. Moreover, if we let Kom(P?) be the category of complexes of sheaves
on P? and Rep,ppm be the category of representations of the ADHM quiver, we have that the functor

K : Repapim — Kom(P?)

defined by K(X) = E)'(, with the obvious definition for morphisms, is exact and fully faithful; cf. [54,
Prop. 20].

Proof of Theorem 2.9. We first want to show how, starting from an element of N (r, ng, . . . , in ), one can
construct a flag of framed torsion-free sheaves on P2. As we showed previously, to each (V;, B, B, F")
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in the datum of X € N (r,ny,...,nyn), we can associate a stable ADHM datum (W, \7, E’l, §’2, It Jh,
fitting in the diagram (2.2.5)

1 _~
Vi E > Vo > Vi .

AN )(\\\)l f>\\<;( )<\\>(
F? {0}y ——— |- W ———|--> W
: N : v :
I ~ I
Va - : > Vo — W o
T ’<\\\>l ~ UV NS
F3 {0} === W ———-|--> W

I I I (2.2.5)

| ~ | ~ 1
. ! | |
. \ \ 1
SN 4 > | 4 > |
/\T/\\\\/l \:/ \\\>( \V TI\ \\,1 \V
FN {0} ——=|--> W ——|--—> W
! 1 | 1 |
I ~ I
\%N, : > Vo — Wn !
U < rl\\(( <5 F’\\\,i <4
{0} ------ W oo > W

where we suppressed all of the endomorphisms B‘i 2 E{ ,- We will then call Z;, S and Q; the representa-

tions of the ADHM data ({0}, V;, B}, BY), (W, Vo, BY, BY,1,J) and (W, Vi Eli’ E;, It, J%), respectively.
The the diagram (2.2.5) can be restated in the following form in Repspym:

\
7

> Q1 >

;
:
|

\
7

N

~

S4— 1t &—oO<&—o

~
~

NE— - —mi—w

(2.2.6)

~

~

~

OC— - —o<&—o

~

\
4
\
4
> Qn

~
N

Z
~

Moreover, if £}, , E§ and Eé denotes the ADHM complex corresponding to Z;, S and Q;, the diagram
(2.2.6) induces the following

0 > Ej > Eg > EQ, 5 0

0 > Ej, > Eg > Eg, 5 0

l T l l l (2.2.7)
: 5 5 y 5

0 > Ei,\, > E§ > E(.IN > 0.
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Then, since S and Q; are stable, by [43, Lemma 2.6], one has that H” (Eg) = Hp(Eé_) = 0, for

p = —1, 1. Moreover, one can also show that HO(Ei) = 0. Indeed, we have

Ej) 0 V;®O0p(-1) =25 (VO V)® 0n —2 Ve On(l).

If welet [x:y:0] =p € le C P2, we have

xﬂv
@i,p = (ylv)’ Bip= (_yILV XILV),

and ker 3; , = 0, for all p € {s. Thus, HO(Eil_) is a zero-dimensional sheaf supported outside of {,. In

particular, HO(’HO(Ei[)) = HO(HO(Eii)(—l)), and the right-hand side vanishes. Indeed, consider the
following short exact sequences of sheaves:

Vi ® Opa (=1) —> ker i — HO(E}), (2.2.82)

ker i —— (V@ Vi) ® Op —L3 Im ;. (2.2.8b)

From Equation (2.2.82), we get H(H"(E}, )(~1)) = H°(ker B;(~1)), while from Equation (2.2.8b),
we get HO(ker 8;(=1)) = 0. Thus, HO(’HO(Eil_)) = 0, and for each line in (2.2.7), the long exact
sequence for the cohomology associated to it reduces to

0 — HU(EY — HU(EY,) — H'(E7) — 0,

and by the ADHM construction, (’HO(E('} ), @) is a rank r framed torsion-free sheaf on P2, with framing

goh: 7;[0(E('2i)|gm = W ® Oy.. Moreover, HO(EY) is a subsheaf of ’HO(E('zi), and H'(E7 ) is a quotient
shea

H'(E7,) = H(EQ,) | HO(E),

which is O-dimensional and supported away from £, c P?. Finally, one can immediately see from
(2.2.7) that HO(E pa ) is a subsheaf of ’HO(E ° ) One can moreover check that the numerical invariants
classifying flags of sheaves do agree with the statement of the theorem.

Conversely, let (Ey, ..., En, ) be a flag of framed torsion-free sheaves on P? such that rk E =T,
c2(EN) = YN, hO(EN/Ej) =y + -+ yn-1. By definition, each (E}, ¢) defines a stable ADHM
datum Q; = (WJ-, Vj, I;{ , Eé, I7,J7) (with the convention of calling S = Qy), since it can be identified
with a framed torsion-free sheaf on P2, with rk E i =r1,c2(Ej) =0+ ---+v;. Moreover, we have the
inclusion Ey — E;, which induces an epimorphism ¥; : S — Q;. In fact, we can construct vector
spaces Vo, Vj, W and V~Vj as in [43], so that

Vo = HY(Eo(-1)), V; =HE;(-1)), W =HEol.), W,;=H"El.),

and by the fact that the quotient sheaf E;/E( is 0-dimensional and supported away from £, we can
construct an isomorphism

Finally, we have the exact sequence

O—>E0—)Ej—)Ej/E0—>O’
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which induces the following exact sequence of cohomology, thanks to the fact that H(E;(~1)) = 0,
being that E; is a framed torsion-free u-semistable sheaf with ¢ (E;) = 0 (due to the standard ADHM
construction), and H' (E i/Eo(=1)) = 0, since the quotient sheaf E;/Ey is 0-dimensional,

\ll.
0 — HO(E;/Eo(-1)) — H'(Eo(~1)) == H'(E;(~1)) — 0.
The morphism ¥; = (¥, 1,¥;>) is then an epimorphism, since both ¥; ; and ¥, , are surjective.

Taking into account the flag structure of the datum (Ey, ..., En, ¢), the sequences

0 —— ker%y_; >

LT

0 —— kerPy_»

.
I

0 — ker¥

~
=)
_

~

~
~

—@

~

S— - &—oO<&—o

~

Ni— - —mi— W

~
~
=
b4

~

give us (N + 1) stable ADHM data fitting in the following diagram:

Vi N > Vo > Vi

AN )(\\ f> \\
d RS ¥N-1.2 <

O} ———|--s w2 w

| | |

| 4 | ~ |

1 Y21 ! = !

VZ By ) 0 | > 2 N :

TR v SRS N
-2,2 N

(0} ———[-—s W22 s w

: v : v :

| |

I i |

> > I

AT | :\ | T/\\ |

o ol SO

(0} === |-=3 W ———-|--3 W

| | |

: 4 %0,1 : :', :

VN | > Vo — VN !

U+ ST LAV
0,2 <

{0} ------ NS/ —m— > W

Finally, we need to show that there exists a scheme-theoretic isomorphism between the moduli space of
flags of sheaves F(r,¥) and the nested ADHM moduli space A (r,n). Generalizing the proof of [54,
Thm. 18], one may first notice that the complex of sheaves on P? in Equation (2.2.4) can be regarded as a
family of complexes parametrized by M (r, nyg) whose cohomology, by [43, §2] and the relative version
of Beilinson’s Theorem (cf. for instance, [7, §3.4]), yields a family of framed torsion-free sheaves on
P? parametrized by M (r, ng). Similarly, diagram (2.2.5) enables us to think of (2.2.7) as sequences of
complexes parameterized by N'(r,n) (i.e., complexes of sheaves on P?> x N'(r,n)). Thus, passing to
cohomology, we get a family of framed torsion-free sheaves also parameterized by N (r,n), and the
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isomorphism we were just describing may be regarded as an element of F, ., (N '(r,n)), to which we
may associate a unique bijective morphism of schemes A/ (r,n) — F(r,y) by the representability of
F(r.y). Conversely, suppose we are given coherent sheaves (Fs,Q%,...,08™") on P? x S, flat over
S, defining a family of flags of framed torsion-free sheaves (Fs, ¢s, Qg, gg, cens Qé\"l, gév_l). We can
associate to this family of sheaves a family of representations of the nested ADHM quiver parameterized
by S (i.e., a morphism S — A (r,n)). Then, corresponding to the universal family, we get a morphism
F(r,y) = N(r,n). mi

3. Virtual invariants

In this section, we study fixed points under the action of a torus T on the moduli space of framed stable
representations of fixed numerical type of the nested instantons quiver. By doing this, we can apply
virtual equivariant localization and compute certain relevant virtual invariants. More precisely, since
our moduli space N (r, n) is quasi-projective, hence non-compact, we define invariants in (equivariant)
localized K-theory, using the localization theorem [52, Thm. 2.1] to push forward along the structure
morphism. Indeed, as we will see in §3.1, we have a natural action of a torus T = (C*)% x (C*)" on
N (r,n), and the perfect obstruction theory lifts to the equivariant setting. Moreover, the T-fixed locus
in N'(r,n) is compact, so we will define the general K-theoretic invariants via the composition

XN (r,n), =) : Ky (N (r,m)) — Ky (N (r,m)) e = Ky (N (r, n)T) — Ky (pWioc,

loc

where the first map is a suitable localization in Kgr (N (r,n)), the isomorphism follows from Thomason’s
abstract localization [52], and the last map is proper pushforward on the T-fixed locus. On the physics
side, this is equivalent to the computation of partition functions of some suitable quiver GLSM theory
by means of the SUSY localization technique.

3.1. Equivariant torus action and localization

Given an algebraic torus T = (C*)", any finite-dimensional T-representation V splits in a direct sum
of its weights, which are one-dimensional T-representations. Each of the weights appearing in the
decomposition of the T-representation V corresponds to a character u € T = Hom(T,C*) = 7",
and thus to a monomial * = tf '...th" in the coordinates (t1,...,t,) of T. We have then a map
tr: Kgr (pt) > Z[t* - u € ‘T] on the representation ring Kg (pt) = R(T), sending a T-representation V to
its decomposition into weight spaces try = >}, *. Since this map is an isomorphism, in what follows,
we will often identify (virtual) T-modules with their characters.

Consider the tori T; = (C*)?> and T» = (C*)". Let T;,T» and Ry, ..., R, be the generators of the
representation rings R(T;) = K%] (pt) and R(T,) = K%Z (pt), respectively. On X(r,n), there is an
action of the algebraic torus T = T} X T,. Indeed, given X € X(r,n), a torus element t = (T}, 7>, R),
R e (C*)" c GL,, acts on X as

t-X = (0B, TLBY, IR, RT\T»J, ..., T\BY , By ,FN).

The T-action we just described commutes with the G-action of §1.2, so it descends to an action on the GIT
quotient A/ (7, n). Similarly, the vector bundle £ in Theorem 1.8 is naturally equivariant; thus, the perfect

obstruction theory E 2, N (r,m) lifts to the derived category DP][I._I’O] (N (r,n)) of T-equivariant coherent
sheaves on N (7, n). Indeed, one can introduce a natural T-equivariant structure on the vector bundles
C' and the bundle homomorphism d : C* — C™*! in such a way that the section s € H(Y(r,n), C?) is
T-equivariant. These then restrict to the stable locus and descend to T-equivariant vector bundles C' and
bundle maps &’ : C' — C™*! over Y (r,n), together with a T-equivariant section - € H°()(r,n),C?).

https://doi.org/10.1017/fms.2024.43 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.43

Forum of Mathematics, Sigma 27

In the following, we will denote by Q =T1-C® 71, -C € Kg '(pt) the T -representation corresponding
to C2,and by A’Q =T\T» - C € Kgl" '(pt) its top exterior power.

We begin the analysis of the fixed locus under the T-action on the moduli space of nested instantons
with a brief recall of the results obtained in [54] and show how they enable us to fully characterize the
T-fixed locus of the two-step nested instantons quiver. The main result we want to recall is the following
theorem.

Theorem 3.1 (von Flach-Jardim, [54]). The moduli space N (r,ng,n;) = F(r,ny — ny,ny) of stable
representations of the nested ADHM quiver is a quasi-projective variety equipped with a perfect ob-
struction theory. Its T-equivariant deformation-obstruction complex is the following:

0 ® End(Vp)
® A%Q ® End(V)
Hom(W, Vp) ®
End(Vp) <) 0 ® Hom(Vy, Vy)
o —%5 A20 ®@Hom(Vy, W) —L ® —% s A20 @ Hom(Vy, Vo),
End(V)) ® A?Q ® Hom(V;, W)
Q ® End(V}) )
® A?Q ® End(V})
Hom(Vy, Vp)

with
do(ho, h1) = ([ho,B(l)], [ho, B, hol, —Jho, [h1, B}1, [h1, B3], hoF — Fh1),
dy (b0, 50, j. b, b, f) = ([b?, BY +[BO.60] +iJ + 1, BOf + bOF — Fb' — fB!,

BYf +bOF — Fbl - fB) jF+Jf.[b' B} + [B},bé]),

dz(cl, C),C3,C4, C5) =cF+ BgCQ - CzB% + CgB(l) - B%C3 —Ic4 — Fes.

Thus, the infinitesimal deformation space and the obstruction space at any X will be isomorphic to
H'[C(X)] and H?[C(X)], respectively. N (r,ny,n2) is smooth iff ny = 1 ([10]).

Moreover, it turns out that there exists a surjective morphism ¢ : (BO,Bg,I, J,B%,B%,F) —
(B, B;, I’,J’) mapping the nested ADHM data of type (r,ng,n;) to the ADHM data of numerical
type (r,ng — ny); [54]. Thus, we have two different maps sending the moduli space of stable repre-
sentations of the nested ADHM quiver to the moduli space of stable representations of ADHM data.
Moreover, from Theorem 2.9, one deduces that ' (r, ng, n1) can be identified as the incidence variety

N (r,ng,n1) = M(r,ng) x M(r,ng —ny),

by means of which one can characterize T-fixed points of N'(r, ng,n) in terms of the fixed points of
M(r,ng) and M(r, ng — ny). For the sake of simplicity, let us first focus on the r = 1 case. We can first
take the decomposition Vy = V @ V|, then decompose the vector spaces Vy, V with respect to the action
of T: if 1p : T — End(Vp) and A : T — End(V) are morphisms for the toric action on Vj, V, we have

V= le} V(k,1) = Ek]l}{v e VIA(r)y = tkelv)

Vo = @ V()(k,l) = @{VO € V()l/lo(l‘)V() = l‘{(té\)o}.
k,l k,l
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Thus, if X = (W,V,B{,B},1',J'), Xo = (W, W, B(l), Bi, 1,J) are T-fixed points, the very well-known
results about the classification of fixed points for ADHM data leads us to the following commutative
diagram:

Vik-1,1) 2 S Vik-1,1-1)
Vo(k = 1,1) T > Vo(k —1,1-1) B
‘ (3.1.1)
B V(k,I) s Vk,1-1)
7
B)
VO(k’l) ) Vo(kvl_ 1)

Proposition 3.2. Let X € Xy be a T-fixed point. The following statements hold:

1. If k >0o0rl >0, then Vo(k,1) =0, V(k,1) =0,

2. dimVy(k,l) < 1, Vk,l and dimV (k,1) < 1, Vk,I;

3. If k,1 <0, then dimVy(k,l) > dimVy(k — 1,1), dimVy(k,l) > dimVy(k,[ - 1), dimV(k,l) >
dimV(k - 1,1, dimV(k,l) > dimV(k,l — 1) and dim Vyy(k, ) > dim V (k, ).

The previous propositions give us an easy way of visualizing fixed points of the T-action on the
nested ADHM data. If we suitably normalize each nonzero map to 1 by the action of [ ; GL(Vo(k, 1)) X
[T » GL(V(k’,1")) each critical point point can be put into one-to-one correspondence with nested
Young diagrams Y, C Y,. Thus, the fixed points of the original nested ADHM data are classified
by couples (v, v \ u), where u C v and v \ u is the skew Young diagram constructed by taking the
complement of y in v.

If we now take a fixed point Z = (v, u) and define v; = Y}, dim Vy(k, 1 —1i), v;. =, dimVo(1-j,1)
and similarly y; = ¥, dimV(k, 1 —i), ;1‘;. = >, dimV(1 - j,I), we can regard V; and V as T-modules
and write them as

Vo = Gk? Vo(k,1) = Z ZT—1+1T J+L_ Z ZT—1+1T J+1

i=1 j=1 Jj=1 j=1
M, H Ny Hj

@V(k I) = ZZT—t+lT J+l _ ZZT—I+]T J+1

i=1 j= j=1 j=

with My = vy, My = puy, Ny = v{, Ny = u/. If we now take Vo =V @ Vi, we have

M Vi—H;
—ilp—jtl —i+ 1 H; ]+1
I R IS
(i, ) ev\u i=l j=

The virtual tangent space TV“(1 o n1)|Z € KT(pt) to N(1,n9,n1) at the T-fixed point Z can be
regarded as a T-module, so that
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TY"N (1,n9,n1) = End(Vp) ® (Q — 1 — A’Q) +End(V}) ® (Q — 1 — A>Q) + Hom(W, Vy)
+Hom(Vy, W) ® A’Q — Hom(V;, W) ® A>Q + Hom(V;, Vo) (1 + A’Q — Q)
=(Vi®Vi+Vi®V, -V, @ V) ® (Q-1-AQ)+Vy+V;®AQ
-V ® A*Q.

In the first place, we might recognize the term Vj; ® Vo ® (Q — AQ-1)+Vy+ Vi® A2Q in the sum as
being the tangent space at the moduli space of stable representation of the ADHM quiver Taq(1,n,) |7
with Z = (v). Thus, we have

TJ\V}I(I no, n1)|Z = TM(L"O)'Z +(V1® Vl* - Vl* eV)e(Q-1- A2Q) - Vl* ®A2Q' (3.1.2)
Then
M, Vi~H; rio]
. 1
Vi ®(Q—1—A2Q)=(T1—1)(1—T2)Z Z Tt
i=1 j=1
v ,ul
—(Tl—l)ZT’ TN (1 - ) Z 7]
1— vi—p+l
T -1 T”Wll—T —————4
= (T )Z (-T)| — 2
Vi—pi+1
=(T1 -1 T’W“ 1-T
(T >; (1-1y)| - 5
Ml ’ /
:_ ! v,
=(T1—1)ZT1’ Nr -1,
i=1
so that
Ni Vi=Hj Sl | M, , ,
. —Hj=J = i _ Vi
Vievie (Q-1-ANQ)=(-1) )y > 1/ Y it -1y
Jj=l j'=1 i=1
M, N 1 ] Vi—Hj .
_ ZZTI Hj (T —JjHH+ —/+V.- )Ty = 1) Z TI—J
i=1 j=1 J'=1
M, N, 1 T —vj+uj—1
_ ZZTI M (T —j+ui+l T —Jj+v; +1)(T _ 1) 1 _1
i=1 j=1 I_T
M, N, | v
i— i-v U+ —j+vi+
=ZZ(T .ul_ ])(T-]HI Tz-] i )’
i=1 j=1
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while we have

Ny vy
I 1 i1 Hi _ i
VieVy®(Q-1-A2Q )—(T]—I)ZZT I ZTl NTh - 1))
j=1j'= i=1
M, N,
—ZZTI(TJHJH TJ+V+1 (Tl_l)ZTJ

M, N,

i+ ’+1 +vi+l 1- T_Vj_l

P ! —Jjt+v;

=ZZT1[(T21 . J (T = 1) 1 1
i=1 j=1 -7

M, N, . L L
_ Z Z(Tl lt—vj)(T2 ]+;1i+1 _ T2 ]+vi+1),

i=1 j=1
and

M, Vi—H;
* i— =1
1% ®A2Q=T1T22 Z Tty

i=1 j=1

Assembling everything together, we finally get that

M, N,

—j+ui+l —j+vi+l

TN g2 ZTattrn 17+ 3 ) (T =T (@™ =17
i=1 j=1

I (3.1.3)

it
SN
i=1 j=1

As an immediate generalization of (3.1.3), we can easily see that the (T-equivariant) K-theory class of
the virtual tangent space to N(r, no, n1) at a fixed point Z is

M@ N®
.
. i— Iu .
T o |z = T |z + ) Z Z RyR, ( ’ —Tf)
a,b=1 i=1 j=1

@ (@ _ (@
M@ @
Vi H (@)

i@ _ @ 1 i
5 (T2 JHu " +1 T2 J+v; 1) _ Z Z TlTj+”'

i=1 7=

Remark 3.3. It turns out that the character representation of the virtual tangent TX}‘| z can be computed
by exploiting deformation theory techniques. These techniques may also be employed to compute the
virtual fundamental class and (T;-character of) the virtual tangent bundle at fixed points of nested
Hilbert schemes on surfaces, as it is done in [19].

If, in particular, one takes (Cz) [No2Ni] (o be the nested Hilbert scheme of points on c? =
Spec(C[xo,x1]), by lifting the natural torus action on C? to (C?) [N‘)ZM], it is proved in [19] that the
T -fixed locus is isolated and given by the inclusion of monomial ideals Iy C I;, which is equivalent to
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the assignment of couples of nested partitions u C v. Then the virtual tangent space at a fixed point is
given by

0L, = —xUo. Io) = x(I1, ) + x(Io. ) + X (R, R),

with y(—-,—) = Z?:O(— 1) Extﬁ,z (=, —). Then the T|-representation of TIVO irg ;, can be explicitly written in
terms of Laurent polynomials in the torus characters ¢, #, of T|. Then in terms of the characters Zy, Z;
of the T;-fixed 0-dimensional subschemes Z; € Zy c C2 corresponding to Iy C I, one has (cf. [19,
Eq. (29)D)

) Z — - - 1-1)(1 -1
TV =70+ i + (zozl ~Z0Zo —zlzl)w.

Iyl tl t2

If we now make the necessary identifications t; = Tl._l, Zy = Vpand Z; =V, we can see that Equation
(29) of [19] exactly agrees with our prescription for the character representation (3.1.2) of the virtual

tangent space TX}r(l’no,nl) |z, with ng = Nyg and n; = Ny — N;.5

We now move on studying the fixed locus of the more general nested instantons moduli space
N(r,ng,...,ny). However, similarly to the previous case, we first want to show that the moduli space
of stable representations of the nested ADHM quiver is equivalently described by the datum of (N + 1)
moduli spaces of framed torsion-free sheaves on P> — namely, M(r, ng), M(r,ng—ny), ..., M(r,ng—
ny ). To do this, we want to know if it is possible to recover the structure of the nested ADHM quiver
given a set of stable ADHM data. First of all, we can notice that as F’ i injective Vi, we have the sum
decomposition Vy = V; @ V;, where suitable choices of bases of V; are made so that Equation (1.2.10)
holds. We also have, with analogous choices being made, V; = V1 @ Viel, with Vi = V; /Im F;, so that
Vo=V; @Vi 69\7,~,1,thus‘7i = Vi 69‘71'71.

Let us first focus on the vector spaces Vi and V. It can be shown as in [7, 54] that once we fix a stable
ADHM datum (W, Vi, E‘%, Eé, nJ 1) and the endomorphisms B!, B; € End Vy, it is always possible to
reconstruct the stable ADHM datum (W, Vj, B(l), Bg, 1,J) as

B! B! B! B! 7! -
0 0
i (01 El%)’ F2= (02 Bz)’ - (il)’ J=(0J" G.1.4)

together with the morphism Fl = 1y, such that [B%, Bé] =0, B(I)F1 - FIB]1 = BgF1 - FlB; =0and
JF' = 0. The same can obviously be done for any of the stable ADHM data (W, V;, B}, B}, I, J') we
constructed previously, and we would have

Bi B B Bl It .
=B 5 w= (R} el een e

together with the morphism f? = 1y, such that [B}, B}] = 0, BYf' — fA; = BYf' — f'B = 0 and
Jft = 0. If we now fix

Fi = (16/) FlovVio Vi, (3.1.6)

which is clearly injective, then obviously f* = F'F?... F! where F/ now stands for the linear extension
to Vp, and B(l)fi—fiB’i = 0 (resp. Bgfi—f"Bé = 0)isequivalent to B(I)FlF2 S FEIRL_FIRE2.L FiB’i =
BI-'FI— F'Bl = 0 (resp. By"'F' = F'B, = 0),and J f = JF'F?--. F' = 0. This construction makes it

5The identification T; = tl.‘1 is necessary due to the fact that [19] uses the opposite convention for the T -action. In loc. cit., T

acts on C2 as (11, 1) - (x1, X2) = (t1x1, t2x2), and the action lifts to the nested Hilbert scheme. This translates in a T;-action on
quiver representations via (t1, %) - X = (tl"B(l), tz‘lBg, I, (tltz)"J, ),‘I‘IB]1 ) tz‘lB%, Fl).
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possible to us to classify the T-fixed locus of N'(r, ng, . .., ny) in terms of the T-fixed loci of M (r, ng)
and {M(r, ng — n;)}i>o. In particular, the T-fixed locus of M (r, k) is into 1 — 1 correspondence with
coloured partitions g = (u',...,u") € P" such that |u| = |u'| + -+ |u"| = k. This fact and the
inclusion relations between the vector spaces V; prove the following.

Proposition 3.4. The T-fixed locus N (r,ng, ...,nn)" is in bijection with (N + 1)-tuples of nested
coloured partitions gy C -+ C pn S po, with |y = no and | ;5| = no — n;.

As we pointed out in Theorem 1.8, we can read the (T-equivariant) K-theory class of the virtual
tangent space to \'(r,n) at a fixed point Z € N'(r,n)" off the following equivariant complex:

PiLy End(Vi)

Ja

0 ® End(Vy) ® Hom(W, Vo) ® A2Q ® Hom(Vp, W) @ [@f\il(Q ® End(V;) ® Hom(V,, Vi_l)]

o

A2Q @ (End(Vo) ® Hom(Vi, W)) & | DY, (0 ® Hom(V;, Vi-1) @ A%Q ® End(V))) |

B

P, A2Q & Hom(V;, Vi_1),
giving us (3.1.7).

Tx1.mlz = End(V) ® (Q — 1 = A*Q) + Hom(W, V) + Hom(Vo, W) ® A’Q
+End(V)) ® (Q = 1 = A>Q) — Hom(V;, W) ® A’Q
+Hom(Vy, Vo) @ (1+A%Q - Q) a1
+End(V2) ® (Q — 1 — A2Q) + Hom(V, V) ® (1 + A’Q — Q)+

+End(Vy) ® (0 — 1 - A’Q) + Hom(Vy, Vy-1) ® (1 + A2Q - Q)

By decomposing the vector spaces V; in terms of the T-characters, we can also rewrite the representation
of (3.1.7) in R(T) as

(a) A7(b)
M N,
Tv1r T - S : N R R l lll I Tl T_']+M|((/I) +1 T ]+Hé“) +1
Nz = Trerng 1z + Z Z Z b {42 4
a,b=1 i=1

(a) (@) _ (a)
Mou 'u0,i l'l]’i (a)’

i TR
-2, 2, Tn
=1 =

(@ p ()
r MO NO

- (D) (b) (a)
1t =My Iy _1+/‘ "4
E E RyR, (T] -T, T, -T, ,
Jj=1

2|a,b=1 i=1

L

~
||

where the fixed point Z is to be identified with a choice of a sequence of coloured nested partitions
My S py C -+ C py C py as in Proposition 3.4, Z € M(r,ng)T is the T-fixed point corresponding to
the coloured partition .
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Lemma 3.5. The virtual tangent space TX}r(r n) |z at the fixed point Z € N (r,n)" contains no constant

terms (i.e., it is entirely T-movable).

Proof. Assuming the generators R,, a = 1, ..., r of the the representation ring R(T>) to be sufficiently
generic, we only need to show that TX}r(l’n) |z is T-movable. It is moreover sufficient to prove the claim
in the case of flags of length 2, and the proof immediately generalizes. If ny = n, there is nothing to
show, so let ny > nj and Z € N'(1, ng,n;)T a fixed point associated with the nested partitions pg O .
The K-theory class of the virtual tangent space at Z is

Nt |z =Vo® Vg ® (Q— 1 —AZQ) +Vo+ Vi ® A2Q
+(V1®V1*—V0®Vl*)®(Q—1—AZQ)—VI*‘@AZQ
=V0®VS®(Q—1—A2Q)+Vo+vg®A2Q

—V®Vl"®(Q—1—A2Q) — Vi@ A0,
where

—i —j+1 —i —j+1 —i —j+1
Vo= Z T vi= Z URUSN A Z T
(G))] EYu[) (G%))] EYHO\MI (@) EYH]

and Y, denotes the Young diagram associated with ;. By construction, if po O p1, one has i’ > i or
J' > j,orboth, forall (i, j) € Yy, (i’, j') € Y\, - We also have that

Tat(tylzo = Vo ® Vi ® (Q —1- A2Q) +Vo+ V. @ A2Q

contains no constant term, being the tangent space to M (1, np) at the fixed point Zy associated with
the partition po. Similarly, Vi ® A?Q is manifestly T-movable. Consider then the remaining term

VeVvie (Q-1- A2Q) in TX}?l’no’nl) |z. The contribution corresponding to V ® V' consists of a sum

of monomials of the form Tfi+i'T£j+j,, where (i, j) € Y, and (i’, j’) € Y,,\u, - The only possibility for
a constant term to arise is if i = i’, j = j’, for some (i, j) € Y, and (i’, j) € Y4, This is, however,
not possible if yg O u;. In a completely analogous way, one can show that no constant term can arise
from either V@ V@ Q or Ve V; ® A2Q. o

3.2. Virtual equivariant holomorphic Euler characteristic

The first virtual invariant we are going to study is the holomorphic virtual equivariant Euler characteristic
of the moduli space of nested instantons. The fact that we can decompose the virtual tangent bundle as a
direct sum of equivariant line bundles under the torus action we previously described greatly simplifies
the computations.

In particular, given a scheme X with a 1-perfect obstruction theory E, one can define a virtual
structure sheaf O;gr. Moreover, one can choose an explicit resolution of E as [E~! — E°] a complex
of vector bundles. If [Ey — E|] denotes the dual complex, then one can also define the virtual tangent
bundle T)‘?r € K%(X) as the class T;ir = [Ey] — [E1]. With these definitions, the virtual Todd genus of
X is defined as td*"(X) = td(T)V(ir), and if X is proper, given any V € K°(X), one defines the virtual
holomorphic Euler characteristic as

XX, V) = x(X,V® 0y,
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and as a consequence of the virtual Riemann-Roch theorem [17], if X is proper and V € KO(X ), the
virtual holomorphic Euler characteristic admits an equivalent definition as

XX, V) = / ch(V) - td(Ty"), (3.2.1)
[X]vir

where [X]VI is the virtual fundamental class of X, [ X]'" € A,q(X) and vd denotes the virtual dimension
of X, vd = rk Ey — 1k E;. Clearly, if we are interested in y"(X), then the previous formula reduces to

X(X) = /[ - td(Ty") (3.2.2)

whenever X is proper.

Equations (3.2.1) and (3.2.2) can be made even more explicit. In fact, if we take n = rk Eg, m =tk E,
so that vd = n — m, and define xy,...,x, and u1, ..., u, to be respectively the Chern roots of E( and
E1, then (3.2.2) becomes

v1r(X) / B U = e_x1 l—[ 1 _Mi —uj ,

while for (3.2.1), we have

. LS NG
XVU(X’V):'/X]V"(Z vk)l_[ l_e - H uf; 1]

since we can consider V € KO(X) to be a vector bundle on X with Chern roots vy, ..., v,.

Now, if we have a proper scheme X equipped with an action of a torus (C*)" and an equivariant
1-perfect obstruction theory, we can apply virtual equivariant localization in order to compute virtual
invariants of X. We will now briefly recall how virtual localization works. First of all, for any equivariant
vector bundle B over a proper scheme Z with a 1-perfect obstruction theory, which is moreover equipped
with a trivial action of (C*)", we have the decomposition

Bz@Bk,

kezN

where B¥ denotes the (C*)" -eigenbundles on which the torus acts by tf beos tﬁ,"’ . If we now give a set of
variables 1, ..., ey, we identify B with B = ¥, Bkek181...efven € K9(Z)[[gy,...,en]]. One then
defines B™ = B® and B™" = @y9B. Then the Chern character ch : K%(Z) — A*(Z) can be extended
by Q((¢1, - . ., en))-linearity to

ch: KX Z)(e1,....en) = A (Z) (&1, ..., en)).

Since the Grothendieck group of equivariant vector bundles K° (CyN (Z) is a subring of
K%Z)[[&1,...,en]], the restriction of the extension of ch to K oy (Z) is naturally identified with

the equivariant Chern character. Finally, if one denotes by pYir the Q((&1,...,en))-linear extension of
¥"(Z,-) : K%Z) — Z, and p, is the equivariant pushforward to a point, one can prove as in [17] that

pYr(V) = p*(ch(V) d(Ty") N [Z]Vir), VeK 2 (&1, ... en)).

Then, following [23], if we have a global equivariant embedding of a scheme X into a nonsingular scheme
Y with (C*)V action, we can identify the maximal (C*)N -fixed closed subscheme X/ of X with the
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scheme-theoretic intersection X/ = XNY/, where Y/ is the nonsingular set-theoretic fixed point locus.
By decomposing Y/ into irreducible components Y/ = | J; ¥;, one can also define X; = X NY;, which

carry a perfect obstruction theory with virtual fundamental class [ X;]""". In this way, if V € K ?c*)N (X)

is an equivariant lift of the vector bundle V, V} is its restriction to X; and p; : X; — pt is the projection,
one has that

XX Ve, sN>—ZpV“(vi/A_1(N;“>V) ZpV“(vL-/A_l(T“W)“;“)) (3.23)
belongs to Q[[&;,...,en]] and the virtual holomorphic Euler characteristic is y"'(X,V) =
Y(X,V;0).

As pointed out at the beginning of §3, we will define invariants in localization, as the T-fixed
locus of N (r,n) is proper, while A/(r,n) is only quasi-projective, so the pushforward in the right-
hand side of Equation 3.2.3 is well defined. Computations are now made very easy by the fact that we
represented the virtual tangent space to the T-fixed points to the moduli space of nested instantons in
the representation ring R(T). In this way, T)‘gr is decomposed as a direct sum of line bundles which are
moreover eigenbundles of the torus action. Then we can use the properties

ch(E®F)=chE+chF, A (E®F)=A(E) A(F), S;(E®F)=S,(E)-S,(F)

and Equation (3.2.3) to compute the equivariant holomorphic Euler characteristic of the moduli space of
nested instantons in terms of the fundamental characters q; » of the torus T;. These will be related to the
equivariant parameters by q; = €A%, with 8 being a parameter having a very clear meaning in the physical
framework modelling the moduli space of nested instantons as a low energy effective theory. In this
framework, it is very easy to explicitly compute the virtual equivariant holomorphic Euler characteristic
of the moduli space of nested instantons, as we already described the T-fixed locus of N (7, ng, ..., ny)
as being zero-dimensional and reduced.® As we saw in §3.1, the fixed points of N'(r, ng, ...,nyN) are
completely described by r-tuples of nested coloured partitions p; C -+- C uy € po, with g; € P",in

such a way that || = 2 |ué| =ng and |y \ H;59| = ni>0. In the simplest case of r = 1, we get

Lo (a1, 02) W ..y (a1, G2)

Vil A(1,n), Vi q1, q2) = \% i
X (N (1,m) 1,q2) MQZQMO Ny (a1, 02) [ ]|,u0,...,;4N (3.2.4)
[to\pj|=n;
where we defined
Nu(ana) = [ ] (1-a7 " as™)(1 - af ey ™), (3.2.5)
YEYM(]
My Mo =M ;

—j-u
T,uo,lll (CH,CIZ) = I—[ 1_[ (1 —ql q2 b ), (326)
i=1 =1
( Ilkl qu :“()1 1)(1 q.;lk Lj~ lq; Mkt 1)

My Ny
WMO """" HN (C“’qZ) B l_[ 1_[ l—l ( /lk j—th /‘kz 1)(1 qHL lj—lq/ /‘o, 1) ’ (3.27)
J=1 1

=1 =1 2 2

6The fact that the fixed points are reduced follows from the fact that A/ (, n) is a closed subscheme N (r,n) < M (r, ng) X
M(r,ng —ny) X --- x M(r,ng — nn). Considering the T-fixed locus, one has N (r,m)T < M(r, ng)T x M(r,ng —
)T x - x M(r,ng — nn)T, where the right-hand side is the disjoint union of finitely-many reduced points, each of them
corresponding to sums of monomial ideals; cf. [4, 43].
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with a(s) and [(s) the arm length and the leg length of the box s in the Young diagram Y, associated to
U, respectively. A very interesting and surprising fact can be observed if we rearrange the expression of
the holomorphic virtual Euler characteristic of A'(1,n). In fact, if we perform the summation over the
smaller partitions u; € -+ C uy and redefine g = q;', 7 = a5, we get

Pug(‘]vt)

—_—, 328
Nﬂo(q’ t) ( )

PRI EDY

Ho
and the unexpected fact is that we think P, (g, 1) to be a polynomial in g, ¢ except for a factor (1—g7) V.

Conjecture 3.6. P, (q,t) in Equation (3.2.8) is a function of the form

_ Ou(q.1)
C(1—gnN’

with Q,(q,t) € Z[q,1] a polynomial in the (g, t)-variables.

Puy(q,1) (3.2.9)

Remark 3.7. The rational function P,,(qg,¢) and the polynomials Q,,(qg,) in Equation (3.2.8) and
Equation (3.2.9) also depend on the discrete nesting profile n. The dependence on n is suppressed in
the notation to avoid cluttering.

Sometimes the polynomials in (3.2.9) can be given an interpretation in terms of some known
symmetric polynomials. Consider the ring A(x) of symmetric functions in the infinite set of variables
{x1,x2,...}. It is convenient to sometimes denote by the same symbol X both the formal sum X =
X1 +xp+--- and the alphabet x = {x{, x2, ... }. If A is an integer partition, we can define the monomial

functions
— @ @
my = E XXy e,

a

where the sum runs over all the permutations of A. The ring of symmetric functions A(x) will then
be the free Z-module generated by the monomial functions m,, for all partitions A. Two other sets of
symmetric functions in A(x) are the complete homogeneous symmetric functions h, and the power
functions p,, defined as

hy=hahy, -+, hk=Zm/1
Ark

Pa=pPyPa s pk:Zx?
j>0

The symmetric functions /, and p, form other Q-bases of A(x) indexed by integer partitions, and we
can moreover introduce a symmetric positive-definite bilinear form, the Hall pairing (—, —), such that
the two Q-bases m, and h, are dual to each other (i.e., (h1,m,) = 64, for any choice of partitions
A, w). Consider then the function

s

Q[X] = exp(z ‘l%

kx1

where the plethystic notation P[X] = P(xy, x>, ...) is used, forany P € A(x) and X = x; +xp+---, as
before. On the ring A(x) ®z Q(g,t), we can introduce the operator

Af =Coeff o (f[X +(1-¢q)(1-1)/z]Q[-zX]),  f € Alx)®zQ(g.1),
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and a set of eigenfunctions for A is given by the modified (or transformed) Macdonald polynomials
H,(x;q,t). They form a basis for A(x) ®z Q(g, t) and are defined as

HilX;q,11 = )" Kua(g, )sulX], (3.2.10)
prla|

where s, are the Schur symmetric functions and K, 1(q,t) € N[q,1] are the modified q,t-Kostka
functions, introduced by Macdonald in [36].
Let us then define the generating function

N
Zup(q.t;x0, ..., XN) = Z XN (1,1);¢,1)

ny>- 2NN i=0

where m; = n; — n;4 and the integers 7i; form a sequence obtained by permuting n; in such a way that
the sequence defined 7i; — 7i;41 is ordered. By construction, Zy;p(q,t; X0, ..., xn) € Q(q, 1) ®z A(X).
As a consequence of conjecture 3.6, we have

O (a.1)

. _ Ho ) m;

Zyup(q,t;x0,...,XN) = E E =g " N(a.) | lel. ,
i=

no--2nN uyg€P (ng)

where, as in Remark 3.7, we emphasized the dependence of Q,,, (g, t) on the discrete profile fi.

Conjecture 3.8. When |ug| = |un|+ 1 = |un-1]1+2="--- = |u1| + N, we have

Ou(q,1) = <h/10 (X)’ﬁuo(X;qJ)>~ (3.2.11)

The Schur functions s,, can be expressed in terms of the monomial functions as

S/t[X] = Z Kuvmv[x

vkl

where the Kostka coeflicients K,,,, count the number of semi-standard Young tableaux of shape u and
weight v, so that K,,, = 1. Thus, using (3.2.10), we can rewrite (3.2.11) as

Ql—‘(](q7t) = h/l()(x)’ Z E/l,,u()(q’t)K,u(),va(X)
A,veP (np)

Z E,l,po(q, t)'

A€P (ng)
my (x)#0

In particular, within the assumptions of Conjecture 3.8, we have Q,,(q,t) € N[q, t]. We checked the
previous conjectures up to ng = 10.

If instead r > 1, we get a more complicated result, even though its structure is the same as we had
previously:

T\, (L)W . (a1) .

XVir(N(r,n),V;CIl,q% {t;}H) = Z [ ]|,u0 ..... Un’ (3.2.12)

1S Cg N(r) (a1, 92)
|Il0\.uj|=nj
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with

r

=1y (s)-1 K la(s) — s)—1
N @) =[] [] (1_tabq1 ) qf"“))(l—q1 g er )
a,b=1 SGYH(a)
0

(a)r (a)r

r M(§a> Hoi —Hi . (a)y
(r) _ —i TITHL
Tllo’l»ll (a1,02) = 1 = tapa, q, R
a,b i=1 Jj=1
(a)r

wll =i jpgd -1 w1
b <. J 0,i -1j k,i
r M NPT - tabql ! Q2 ' I- tabql ! qz '

®)_. . (a) ®) . . (a)y >
_ PR My it -1 My it Jpy -1
k=1 a,b i=1 j=1 (1 _ tabql k.j q ki )(1 _ tabqlk Lj q 0,i )

2 2

where now t,;, = tutgl, and {t;} are the fundamental characters of T, in T, and a, (s) denotes the arm

length of the box s with respect to the Young diagram Y, associated to the partition 1) of u (with
an analogous definition for the leg length).

3.3. Virtual equivariant y_,-genus

The first refinement of the equivariant holomorphic Euler characteristic we are going to study is the
virtual equivariant y_-genus, as defined in [17]. In order to exhibit the definition of virtual y_,-genus,
let us first recall that if E is a rank r vector bundle on r, one can define the antisymmetric product A;E
and the symmetric one S, E as

AE = ;[AiE]ti e K'X)[t], SE= ZO[SiE]ti e K°X)[[11],

so that 1/AE = S_,E in K%(X)[[]]. We can then define the virtual cotangent bundle Q}ir = (T)‘éir)V

and the bundle of virtual n-forms Q;(”Vir =A" Q"Xir. If then X is a proper scheme equipped with a perfect
obstruction theory of virtual dimension d, the virtual y_,-genus of X is defined by

X0 = XX AR = ) () T Q). (3.3.1)

i>0

while if V € K°(X), the virtual X-y-genus of X with values in V is

RV = TV @ ALQY) = ) (=) XLV @ ).

i>0
Though in principle one would expect )(Xi;, (X, V) to be an element of Z[[y]], it is, in fact, true that

X (X, V) € Z[y], [17].
By the form (3.2.2) and (3.2.1) of the holomorphic Euler characteristic, it is easy to see that

0= [ e, a2

XX, V) = / ch(A_yTy") - ch(V) - td(Ty") = / Aoy (X) - ch(V),
[XJVir [XJVir
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which, in terms of the Chern roots of Eg, £ and V become

l—ye"' Tl 1-e
Vll'X ; _ ,
( ) / X Jvir l:[x 1-e" l—[ lfil 1- yeiu-’.

=1

N a ol—ye Ml l-eW
Vi X, V — Vi . _ .
Xy ) /[xjvir Ze nxl 1 —ex g uj l—ye™

k=1 i=1

Finally, one can define the virtual Euler number ¢""(X) and the virtual signature o*"(X) of X as
e""(X) = x"1(X) and 0¥ (X) = x{"(X). Whenever y = 0, one recovers the holomorphic virtual Euler
characteristic instead.

By extending the definition of y_,-genus to the equivariant case in the obvious way and by equivariant
virtual localization, one gets

XX, Ve, en) = Z P (Vi ® Ay (1) /A (N, (3.3.2)

whence ¥ ¥ (X, V) = x'V(X, V;0,...,0).
A simple computation in equivariant localization gives us the following result:

llolll(c“’qZ) llo ----- MN(quZ)

XN (1,m), Va1, q2) = Z N2 (a1, 02) [ “”0 ----- HN’ (3.3.3)

H1E--Cp
[o\pj|=n;

with

(1 qll(s) lq;(s))(l ql(s)q a(s)— 1)

Ny (a1, 92) = (3.3.4)
J;L (1 _yq;l(s) lqa(y))(l yqi(y)qfa(s) 1)
My ﬂé,i_ﬂi,i (1 _ ql—lqz.] /~‘1 t)
T (o) = ] — (3.3.5)
=1 j=I (1 - ya;'a, "’)
N My Ny ( qlllk/ lQé B~ 1)(1 q,ilk l]_lqé Hii™ ])
..... llN(ql’q2)_l—[l_[l_[ e g T
k=1 i=1 ( yq1 q2 )(1 yq1 q2 )
—i k= —1 i Jph 1
(1 ya <, R )(1 yay < gy T )
: (3.3.6)

k— 1 ; 1
(1 qlllk, lq2 :“kl )(1 qll"kll C[; ”01 )

The limit y — 0 manifestly reverts to the case of the equivariant holomorphic Euler characteristic of
the moduli space of nested instantons.
A similar result holds also for the general case r > 1:

7, Y ( (r).y
. N a1, )W, (a1, q2)
vir . N Ho AL Q2) Wy 0 iy
X_y(N(r, n),Viqi,q, {t;}) = Z (r) y [V] ‘,uo ..... un’ 3.3.7)
1S Crg (a1, a2)
|Il0\.uj|=nj
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with

s - (l—t qlza(w 'qg”(‘))(l—tabql"(”q ap(s)- 1)

Nll0’ (a1, q2) = 1—[ —la(s)=1 _ap(s) Lo (s) —ap(s)-1

a,b=1 SGY#(Q) (1 _yta Cll Cl b )(1 _yt q q b )
0

(a)r
(a) ) i
r Mo(a) Moz /7”5,(:'/ (1 _tabql q2 )
(r),y —
T,u() R (qla QZ) = - ll(a)/ 5
ab =t =l (1 ~ytapai'a,” )
B . . (a) by . . (a)y
My it Jpgy -1 My 8 J=m -1
b k, 0, k-1, k,
<ia) N()( : (1 - tabql ! a, l )(1 - t“bql ’ a0 l )
®)_; (@) o) @1\
_ ki My =t jpg; 1 My 8 gyl
k=1 a,b i=1 j=1 (1 _ytabql J q2 i l_ytabql J q2 i

(b) . (a)r b)) . . (a)
My it k- -1 M =i j=pg,; —1
(l _ytabqlkqj q2 . )(1 _ytabqlk " q2 o )

D) _; (a)/ (b) (a)r ’
My i k— —Hy. -1 [P B My, -1
(1 _tabql ! q2 )(1 _tubql 7 QQ !

with the same notations of the previous section.

Virtual Euler number

Recall that the virtual Euler characteristic ¢""(X) and the virtual signature o-(X) of a scheme X
endowed with a perfect obstruction theory are defined as /\(Zilr (X) and XI’“(X ), respectively (cf. [17,
§5]). Here, we are interested in virtual Euler characteristics, for which we use an analogous definition
in the equivariant context. In general, these are highly nontrivial to compute explicitly, even when the
T-fixed locus is isolated reduced. An interesting feature in this case is that the computation of virtual
Euler characteristics of nested Hilbert schemes of points seems to reduce to just the enumeration of
T-fixed points.

Conjecture 3.9. Let Z(qo, q1, - - - ) be the generating function of virtual Euler characteristics of nested
Hilbert schemes, that is

Z(qo-q1,...) = Z Z (N (Lno,....n))gy -4}
There is an identity

Z(qo. q1 - - )—Z Z #{,ulC 1y S Hotay’ - q?’.

Unfortunately, we are not able to provide a complete proof of the previous conjecture as of yet. We
checked its validity numerically up to ny = 10. However, assuming the validity of Conjecture 3.9, we are
able to express the generating function of virtual Euler characteristic in closed form for specific nesting
profiles n.
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Proposition 3.10. Assuming Conjecture 3.9 holds, we have the following identities:

Z e""(N(1,n))g" = 1_[(1 _] k) (3.3.8a)

n>0 k=1 q
2, ¢ W (Lnn=1)g" = =1+ TN (1n)q" (3.3.80)
n>1 n>0
. = 1
vir N 1, ’1 n_ L ( ) 3.3.8
2 e = =5 (3.3.80)

Proof. Equation (3.3.8a) follows from the isomorphism A (1,n) = M(1, n). Fixed points are in bijec-
tion with integer partitions, whose partition function is precisely given by Equation (3.3.8a). Similarly,
fixed points in A (1,n,n — 1) are in bijection with collections of nested partitions u; C pg, such that
|uo| = n, |u1| = 1. Given yy, there is just one possible choice for yu; C pg. Thus, assuming Conjecture
3.9 holds, eV (N(1,n, n — 1)) counts partitions of size at least one, which immediately implies Equa-
tion 3.3.8b. Finally, the fixed locus in N'(1, n, 1) is in bijection with nested partitions p; C o, such that
|tol = n, |u1] = n— 1. Given ug with |ug| = n, the possible choices for | C g are determined by the
boxes s € Y}, in the Young diagram Y, associated to g such that a, (s) + [, (s) = 0. If we let P(n)
be the number of all such boxes in all integer partitions of n, one has (cf., for example, [49, Ex. 1.80])

n—1
D Pmg" =) > pog",

n>1 n>1 k=0

where p (k) denotes the number of integer partitions of k. Then

) -1 oo n—1
q I 1
Coeffyn E B I —qk) = kz:(:)Coefqu B T qk) = kZ:ép(k),
whence we get Equation (3.3.8c¢). O

Proposition 3.11. Assuming Conjecture 3.9 holds, by setting \n| = ng + - - - + ny there is an identity of
generating functions

Z(@) =) > e TW(1,m)g" = M(g),

n>0 |n|=n

where M (q) is the MacMahon function

= 1
M = _
(q) ﬂ T

Proof. Assuming Conjecture 3.9 holds, Z(g) counts the number of all unrestricted nested partitions.
A fixed point u; C -+ € uny € po in N'(1,n) determines a plane partition 7 of size |7 = (N + 1)ng —
ny —---—ny as follows:

m;j = #{partitions pin prg 2 pn 2 - 2 py st () = j).
Conversely, any plane partition 7 determines a nested partition po 2 - -+ 2 n,, as

(p)i = #{ﬂ[j inms.t ;> k}_
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We conclude that Z(q) is nothing but the generating function of plane partitions (i.e., the MacMahon
function). |

Proposition 3.12. Considering the generating function of (non-virtual) Euler characteristics, there is
an identity

D D eN(Lm)g" = M(q).

n>0 |n|=n

Proof. The Euler characteristic of a scheme coincides with the one of its T-fixed locus. The result
then follows immediately from the fact that the N'(1, n)T is reduced and zero-dimensional, so the Euler
characteristic is just counting the number of nested partitions. O

3.4. Virtual equivariant elliptic genus

A further refinement of the virtual y_,-genus is finally given by the virtual elliptic genus. In this case,
if F is any vector bundle over X, we define

EF) = (R)(Ayg F' ® A1 F @ S (F@ FY)) € 1+ g- KXy, y 141,

n>1
so that the virtual elliptic genus EII'"(X; y, ¢) of X is defined by
BN (X3, q) = y 24 (X, £(TYN) € QU )[4,
and also
EIMM (X, Vsy, q) = y P20 (X, E(TYM) @ V).

By using virtual Riemann-Roch again, one can see that EII'"(X; y, ¢) admits an integral form

EllVir(X;y,q)z‘/[] EKK(T)V(Ir,y q),
X Vll

EllVir(X, V, y, q) = [ ] ) Eff(T;?r,y, 6]) . Ch(v)9
X vir

with
ECU(F;y,q) =y F 2 ch(A_yFY) - ch(E(F)) - td(F) € A*(X)[y~"%, y"1[[4].

It is also interesting to study how the virtual elliptic genus is described in terms of the usual Chern roots
X;, Uj, V, as its formula involves the Jacobi theta function 6(z, 7) defined as

1/2
0(2.7) = ”Sy— [T0-a)01 - a0 - gy,

I=1

where ¢ = ™17 and y = e?™2. In fact, if F is any vector bundle over X with Chern roots { f;}, one can
prove [6] that

k F

ECU(F;z7,7) = nﬁw

o0(f;/2ni, 1)
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so that

n . m .
; O(x;/2ni — z, 1 O(u;i/2mi, T
EHVH(X;y,q) :/ l_[xi (-xl/ Tl : Z T) l_[ 2 ( j/ : ) ’
(X 0(x;/2mi, T) G U O(uj/2nmi—z,7)

- " T 0(x;/2mi—z,7T) O(uj/2ni, T)
(Ze )nxl 0(x;/2ri, 1) nu]9(uj/2ﬂi—z,‘r)'

k=1 i=1

EIIM"(X,V;y,q) = /

[X]vir

Finally, by taking the same steps as in the previous paragraphs, we can equivariantly extend the
definition of the virtual elliptic genus, and by virtual localization, we find that

B (X,V.z,1561,...,6n) =y "2 Z pV“(w ® E(TY" @ Ay (QY'x,) /A (N,.Vif)V)

and EIIY"(X, V) = EII"(X, V;0,...,0). In particular, we get in rank 1

. N TEt, (1,82 W™ £1,& .
EHVH(N(I,H),V; e, 82) — Z ,UO,lll( 1 2) HO5---» HN( 1 2) [V”

Z,T
w1 CCao N,,O (&1,€2)
[0 \uj|=n;

with

_ 0(e1(I(s)+ 1) - @a(s).7)
N (e1,22) = ]:[ [ema(s) +1) - ea(s) - 2.1)

0(—€l(s) +ex(a(s)+1),7)
CO(—al(s) +el(s)+ 1) —z,1) |

) My Hoi"Hii 9(61i+€2(j+,ui i) -2,7)
T (g1, 82) = l_[ ' .
O(eri+e(j+p),)7)

Mo, M1

El

=1 j=1

N Mo Nol (e (i — g j)+e(l+uy, = j)7)
Wit (81,82)—1—[1_11—1 . .
HN

’’’’’ k=1 i=1 j=1 e(el(i_ﬂk,j)“‘ﬁ(l"‘#('),,-—j)—Z,T)

0(€1(i — pp-1,5) + (1 +py ; = j),7)
(e (- pror )+ (1, — ) —2,7)
0(e1(i — prj) +e(1+u; ;= j) —z,7)

Cb(ali— ) re(l+u), - )1
0(€1(i — pp-1,j) + (1 + o, = j) —2,7)
T 0(a (i - pror )+ (L +pg, — /). 7)

with €; = £;/2ni. One can easily see that the virtual elliptic genus we just computed is indeed a Jacobi
form and that its limit 7 — ico reproduces the y_,-genus. Moreover, by taking the limit y — 0 in the
X-y-genus, one can recover the virtual equivariant holomorphic Euler characteristic.
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Finally, if we study the virtual equivariant elliptic genus in the more general case of rank r > 1, we get

pN(Sl,Ez)

. . (g1, 82)WZT
ENV"(N (r,n),V;e, €1, {a;}) = ”0”‘ Ho>--os i
(N (r.m) 2. {ai}) MQZ% Ne(or.o0) Wl (342
|Il0\lvlj|:”j

with

r

Nitene =1 ]

a,b=1s€Y,,

O(aap +€1(I(s) +1) — e2a(s), 1)
Oaap +€1(I(s) +1) — ga(s) — z, T)'

O(agp +—€1l(s) +e(a(s) +1),1)
C(ag +-als)+als) +) -z1) |

( (a)r _, (a)r
r M()a) #Ol /‘l i

Tameren= [ [] ]

ab=1 i=l  j=1 O(aap+ei+e(j+u

O(aap +€1i + () +ﬂ(a)’) 7)

(a)/) 2 7) ’

(a) 5y (b)
N r My N

Wit (e1,82) = :
Hoseoeslt , ) ;
o k=1 al,:ll i=1 j=1 |0(aap +e€1(i = )) +e(l+ ﬂ(a), 5 =271)

O(aas +e1(i— ) +e(1+pi?" - j),7)

e(aab+51(i_ﬂk 1])+€2(1+1ukl j)(a),77')

O(aay +e1(i— ) )+ ea(l+m) = j)-27)

O(aap +€1(i — )) +e(1 +,U(a)’ J) =271

0(aay +e1(i— up ) +e(1+ ) = j),7)

(a)/

0(aap + €1 (i — ukl Jre(l+uy —j)-271)

Q(Clab+61(l—ﬂk lj)+62(1+ﬂ /_j)’T)

Notice that by knowing the equivariant virtual elliptic genus one is able to recover both the virtual
equivariant holomorphic Euler characteristic and y_,- genus. In fact, the limit 7 — ico of (3.4.2)
recovers exactly the y_y-genus found in (3.3.7), and a successive limit y — 0 gives us back the virtual
equivariant holomorphic Euler characteristic (3.2.12).

4. Toric surfaces

In this section, we will generalize the results we got in the previous ones to the case of nested Hilbert
schemes on toric surfaces, and in particular, we will be interested in P? and P! x P!. This is because one
might expect any complex genus of Hilb™ (S) to depend only on the cobordism class of §, as it was the
case for Hilb" (S) ([16]), and the complex cobordism ring Q = QU ® Q with rational coefficients was
showed by Milnor to be a polynomial algebra freely generated by the cobordism classes [P"], n > 0.
Then in the case of complex projective surfaces, any case can be reduced to P? and P! x P! by the fact
that [S] = a[P?]+b[P! xP']. The advantage given by having an ADHM-like construction for the nested
punctual Hilbert scheme on the affine plane is that it provides us with the local model of the more general
case of smooth projective surfaces. In particular, whenever S is toric, one can construct it starting from
its toric fan by appropriately glueing the affine patches (e.g., Figure 4a for P> and 4b for P! x P'), and
computation of topological invariants can still be easily carried out by means of equivariant (virtual)
localization.

In general, given the toric fan describing the patches which glued together make up a toric surface S,
each patch U; will be U; = C2, with a natural action of T} = (C*)z. Moreover, if S = P2 or § = P! x P!
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Figure 4. Toric fans for P*> and P' x P'.

and Z € Hilb™ (S) is a fixed point of the T;-action, its support must be contained in {P, . . ., Py(s)-1}
(as a consequence of [9]) with P; corresponding to the vertices of the polytope associated to the fan,
so that one can write in general that Z = Zy U - - - U Z, ()1, with Z; being supported in P;. This also
induces a decomposition of the representation in R(T;) of the virtual tangent space at the fixed points:

x(S)-1
vir 114 (D) _ Vir [ 11:114 (02)
Ty (Hﬂb (S)) - g? Ty (Hﬂb ¢ (Ug)). (4.0.1)

Let then Xj_rly’Vir(Pg, n;) be the T;-equivariant virtual y_,-genus

x5 Vlr(Pf,nz) = Vlr(/\/(l n([) -.-,n%));m,(f)ql(@) (4.0.2)

corresponding to the affine patch U, of S. We will be able to compute the non-equivariant y_,-genera
X (Hllb(“) (P?)) and X (Hilb™ (P! x P!)) in terms of /\/T‘ “I'(Pg,ng), thanks to Lemma 4. 1.

Lemma 4.1. Let S be either P? or P! x P. The T1—equivariant virtual x_-genus Xj_rly’Vir(Hilb(“) (9)) €
Zlla1, 0211 [y] is independent of the equivariant parameters q1, q;, and

X HID™ (8)) = x5 (Hilb™ (S)) € Ko(pt)[y] = Z[y].

Proof. Whenever S is a projective surface, the nested Hilbert scheme Hilb™ (S) is projective. Then we
have that XT‘ Vlr(Hilb(“) (8)) is well defined as an element of Kgr "(pt)[y] and, in particular, it has no
poles of the form y*q?q$ = 1, for a, b, ¢ € Z. However, if S is either P? or P! X P!, we can also compute

T‘ V“(Hllb(“) (S)) by applying the K-theoretic virtual localization theorem; cf. [45, Thm. 3.3], and
usmg (4.0.1), we get

x(S)-1

i@y = Y [ (B eene), 4.03)

No+--4+Ny (5)-1=N £=0

where )(T‘ V'T(Pg, ny) is defined as in (4.0.2). Then, each one of the terms appearing in the right-hand
side of (4.0.3) is a homogeneous rational expression of total degree 0 with respect to the variables qy, g2,
whose only poles can arise from terms of the form (1 — y“q{’qg)" ; cf. Equations (3.3.3)—(3.3.6). Since,

by the previous arguments, there is no such pole, Xj_rly’Vir(Hilb(“) (S)) is a constant in qy, qp. O
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4.1. Case I: S = IP*

We will be interested in the generating function

P (Hilb“‘) (Pz)) 4.1.1)

n>0

2
= I_l( Z XTI VIE(Pe,me)q™

ng >0

with fi defined as in §2.1, and since the left-hand side does not depend on q; 2, we can perform the
computation of the non-equivariant virtual y_,-genus by first computing the right-hand side of Equation
(4.0.3) in any limit of the equivariant parameters qy, q>. The iterated limit q; — +co, o — +00 appears
to be a particularly good choice, as it is well defined for each term contributing to the rhs of Equation
4.0.3, and the computation can be performed term-by-term. In each one of the three affine patches, the
weights of the torus action will be

q1,(0) =41 q2,(0) = a2
a1,y = 1/a a2,(1) = q2/q1
aLe =1/®m a2,(2) = q1/92.

We will study separately the three patches £ = 0, 1, 2. First of all, we notice that since the y_,-genus
is multiplicative, the first contribution coming from m(ql, q2) coincides with the same contribution
arising in the context of standard Hilbert schemes. It was shown in [35] that

1

lim lim - y|llo|—M0’
ot =+ N (qy(0)» 02,(0))
1
lim lim = ylmol,
w0 a =i N (a1, G, 1)
1
lim lim = ylkolrs(uo) = (o) = #{s € Yo va(s) <1(s) <a(s)+1},

ot g+ N (qy(2)5 02,(2))

so that we just need to evaluate the other contributions. Starting from T, we get

#0 e

_ ;o J # N3
My Mo~ ; (1 q;. (0)q2 (0)l )
lim lim b

Q2 —+00 (] —=+00

whence

lim lim n

(o —+00 (| —+00

My K

lim lim n

(o —+00 (| —+00

i=1

i=1

lim lim Tuo "

o —+00 q) —+00

lim lim Tuo i

qp—>+00 g —>+00

lim lim Tuo i

g2 —+00 q —=+00

’

’

i=1  j=1 (1

0,0 "H i (1

-Jj- 'ull
yay, (o)qz (0) )

—j-u;
q;, (1)q2 (1 )

H(l

My Mo =M1 ; (1

-Jj- .ul,
yay, (1)qz (1

)

=J=H ]
q, (2)q2 ) )

H (1-
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Finally, we need to take care of the limit involving W ,,,,, uy (G1,02), and in order to tackle, let us first
point out that we can rewrite Wﬂ ,,,,, un in the followmg simpler form

N (1 lk(‘) ao(S) N(q - lk 1(s) *ak(s) 1)

: _ )
Wi ) = ] [ ] (1 Yl ) g a0s)- 1)

k=1s EYHBEC

(1 lk 1(s) —ak(S) 1)

(1 yqik(s) —ak(s)-1

(1 _ qik<s>q2—ak<s>—1)(1 _ qikfl(s>q2—ao<s>—1)

1— lk 1(s) —ao(S) 1)

where p° is the smallest rectangular partition containing o and ag (s) (resp. [k (s)) denotes the arm
length (resp. leg length) of the box s with respect to Yy, . Then, by recalling that the partitions labelling
the T-fixed points are included one into the other as u; C --- C uny S po S pi*, it is easy to realize

that, in the case £ = 0, one gets

qzlin-;loo qllin-;lool lk(S)q*a()(S) 1

—qt W0 {1 for I¢(s) < 0
¥q

y~! for lx(s) >0’

and similarly in every other case,

i i qi" '(‘)q U (s)-1 1 for [;_1(s) <0
Q—+o0 qp—too | _ yqlk I(S)q_ak(s) 1 y_l for lk_l(s) > 0’

i i 1- yqi"(y)q ak(9)-1 1 forlx(s) <0
q@—+o0 qr+o0 | _ qik(s)q_ak(s) T y for lk(S) > 0,

. . 1— yqlk I(S)q ap(s)-1 1 for lk—l (S) <0
Qo+00 )40 | _ qik—l(S)qz_ao(S)_l - y for lkfl (S) > 0’

so that finally

lim lim W un (ql’(o),ql(())) =1.

G400 gy —>+00 T

It is easy to see that the same holds true also for £ = 2:
lim lim W, . (a1,2,%02) =1,

qp—+00 ] —+00

while the case ¢ = 1 is more difficult, even though the analysis of the different cases can be carried out
exactly in the same way. We then introduce the following notation:

s(piys 1iy) = #{s € Yyree L (s) > ap(s) + 1V I (s) =ai,(s)+1,a;,(s) < —1},

and we get

lim lim W n (q1. (1) 02, (1)) — ny\(ﬂk 1)+ (pk-1,10) =S (s> 10) = (k=15 1K)

—+00 o400 TV
a2 q1 k=1
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Finally, by putting everything together, we have an explicit expression for (4.1.1):

Z X (Hilbm) (]P’z))q“ - Z q° Z ylHol+Mo Z q" Z ylHol=luo\ui |
n

n {i} n {pi} 4.12)

N
]—[ ys(ﬂk’ﬂk)+s(/~lkI»IJO)y—S(Ilk»HO)_S(Hklsﬂk)) Z q" Z ylﬂol—s(ﬂo)
k=1 n {mi }

4.2. Case2: S =P! x P!
Similarly to the previous case, we are interested in studying the following generating function:

3
ATy (Hib® (2! x B )" =
n>0 =0

Z XIPE (P, nt’)qn‘),

ny >0

and we can perform the computation by taking the successive limits q; — 400, g2 — +00, asin §4.1. The
four patches are now indexed by £ = (00), (01), (10), (11), and the characters q; (¢) can be identified to
be in this case

q1,(00) = a1 q2,(00) = a2

q1,(01) = 01 a,on = l/a

ai,10) = 1/ G2,(10) = G2

ai,an = /g a1 = 1/q.

An analysis similar to the one carried out in the previous section enables then us to conclude the
following:

lim lim 1/N” , = ylHol=Mo,
oim | lim /Ny (a1,(00)> 92,(00) = ¥

lim lim 1/N;” , = ylkol|
oim | lim /Ny (1,00, 92,01)) =¥

lim lim 1/N; , = ylwol
oim | lim /Ny (a1,00)» 92,(10)) = ¥

lim lim 1/N;” , = ylHol+Mo
oJim | lim /Ny (G1,(00)> 92,(11)) =¥

lim lim T.° , =1,
om M T g (a1, (00)» 92, (00))

. : -y _
qzlggoo qllig}oo Ty (a1,(00)> G2,(01)) = 1,

i ; —Yy — y~lHo\uil
m 1M T (Q1,00)- 2,10)) =¥ :

lim lim 7> , — —|#0\M1|,
oim | lim g (01,0005 G2,(11)) = ¥

and

lim  lim W, . (41,00 92,00) = 1,

G400 gy —>+00 T

lim  Lim W, (a1,00)s 92,01) = L,

o400 gy =400 T

. . —y _
qzliglmqllgilm Wootr...un (A1,000)» 92, (10)) = 1,

lim  lim W, (@1 00), 02, an) = 1,

G400 gy —400 T
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so that, by putting everything together, we have

ZXXI; (Hilb(ﬁ) (Pl % Pl))qn — Z q" Z y\ﬂol—Mo an Z ylllol
n

n {ai} n {mi}

an Z yl,uol—l/lo\/lll an Z y|ﬂ0|—|ﬂ0\ﬂl|+M0 .

n {mi}t n {mi}
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