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CONTINUUM-WISE EXPANSIVE HOMEOMORPHISMS 

HISAO KATO 

ABSTRACT. The notion of expansive homeomorphism is important in topological 
dynamics and continuum theory. In this paper, a new kind of homeomorphism will be 
introduced and studied, namely the continuum-wise expansive homeomorphism. The 
class of continuum-wise expansive homeomorphisms is much larger than the one of 
expansive homeomorphisms. In fact, the class of continuum-wise expansive homeo­
morphisms contains many important homeomorphisms which often appear in "chaotic" 
topological dynamics and continuum theory, but which are not expansive homeomor­
phisms. For example, the shift maps of Knaster's indecomposable chainable continua 
are continuum-wise expansive homeomorphisms, but they are not expansive homeo­
morphisms. Also, there is a continuum-wise expansive homeomorphism on the pseu-
doarc. We study several properties of continuum-wise expansive homeomorphisms. 
Many theorems concerning expansive homeomorphisms will be generalized to the case 
of continuum-wise expansive homeomorphisms. 

1. Introduction. By a continuum, we mean a compact metric connected nondegen-
erate space. Let X be a compact metric space with metric d. Let Z be the set of integers. 
A homeomorphism/: X —> X is expansive (see [6, p. 86]) if there is a positive number 
c > 0 such that if x,y G X and x ^ y , then there is an integer n = n(x,y) G Z such that 

d(f\x\fn(yj) > c. 

This property has frequent applications in topological dynamics, ergodic theory and con­
tinuum theory. 

A homeomorphism/: X —> X is continuum-wise expansive if there is a positive num­
ber c > 0 such that if A is a nondegenerate subcontinuum of X, then there is an integer 
n = n(A) G Z such that diam/n(A) > c, where diam^S = sup{d(x, y) | jc,y G S} 
for any subset S of X. Such c > 0 is called an expansive constant for f. Clearly, every 
expansive homeomorphism is continuum-wise expansive. Since a continuum-wise ex­
pansive homeomorphism of a continuum is "chaotic", the continuum admitting such a 
homeomorphism may contain considerably complicated subspaces. 

In this paper, we study several properties of continuum-wise expansive homeomor­
phisms. We will know that there are many important homeomorphisms of continua which 
are continuum-wise expansive, but not expansive. However, many theorems concerning 
expansive homeomorphisms will be generalized to the case of continuum-wise expan­
sive homeomorphisms. 
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EXPANSIVE HOMEOMORPHISMS 577 

We use hyperspace theory, which is very convenient for this study. We refer readers 

to [1], [6] and [27] for some basic properties of expansive homeomorphisms and to [21] 

for hyperspace theory. 

2. Definitions and preliminaries. In this section, we give some definitions and 

results which will be needed in the sequel. 

Let X be a compact metric space with metric d. By the hyperspace of X, we mean 

2X = {A | A is a nonempty closed subset of X} and C(X) = {A G 2X | A is a nonempty 

subcontinuum of X} with the Hausdorff metric du, i.e., dn(A,B) = inf{e > 0 | U£(A) D 

B and U£(B) D A}, where £/£(A) denotes the ^-neighborhood of A in X. It is well-known 

that if X is a continuum, then 2X and C(X) are arcwise connected continua (e.g., see [21]). 

For any subsets A and B of X, let d(A, B) = inf {d(a, b) \ a G A and b G 5 } . 

Le t / : X —> X be a homeomorphism of a compact metric space X. For any e > 0, let 

W| and W" be the local stable and unstable families of subcontinua ofX defined by 

Ws
£ - {A € C(X) | diam/n(A) < e for each AZ > 0} and 

Wu
£ = {Ae C(X) | dmmf~n(A) < e for each n > 0}. 

Also, define stable and unstable families Ws and W" of C(X) as follows: 

Ws = {Ae C(X) | lim diam/"(A) = 0} and 

Wu = {Ae C(X) | lim diam/""(A) = 0}. 

Then we have 

PROPOSITION 2.1 (cf. [20, P. 315]). Let f:X —+ X be a continuum-wise expansive 

homeomorphism of a compact metric space X with an expansive constant c > 0 and let 

c > e > O.IfA e Ws
£ (resp. A G Wu

£), then A G Ws (resp. A G Wu). In particular, 

w = tf-nyy \AeWs
£,n> 0} and Wu = \fn(A) \ A G Wu

£, n > 0}. 

PROOF. Let A E W£. Suppose, on the contrary, that there is a sequence n( 1 ) < n(2) < 

• • -, of natural numbers such that diam/n(i)(A) > <5 for some positive number 6 > 0. 

Since C(X) is compact (see [21]), we may assume that lim/_>00/n(/)(A) = 5 G C(X). 

Since lim/^oo «(/) = oo and A G W£, we see that 8 < d iam5 < £ and diam/"(^) < e 

for any integer n G Z. S ince/ is a continuum-wise expansive homeomorphism with the 

expansive constant c, this is a contradiction. Hence A G WJ. Similarly, if A G W", then 

A G WM. 

PROPOSITION 2.2 (c/ [20, P. 318]). Letf:X —> X be a continuum-wise expansive 

homeomorphism of a compact metric space X with an expansive constant c > 0. Let 

0 < 2e < c. Then there is 6 > 0 such that if A G C(X), diam A < 8 and for some n > 0, 

£ < sup{diam/>(A) | j = 0 ,1 , . . . , « } < 2e, I/Ï^W diam/n(A) > & 

PROOF. Suppose, on the contrary, that there are a sequence {<5;} of positive numbers 

with lim^ooê/ = 0, a sequence {A/} of subcontinua of X and a sequence {n(i)} of 
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natural numbers such that diamA/ < <5, for each / = 1,2,..., e < sup{diam/y'(A/) | j = 
0 , 1 , . . . ,n(/)} < 2e and diam/w(/)(A/) < <5/. We may assume that n(l) < w(2) < • • •. 
Choose 0 < m{ï) < n(i) such that E < diam/m(l,)(A/) < 2e. Then lim/_oo(/i(0 - ra(/)) = 
oo = lim/_oom(/). We may assume that lim/^oo/m0)(A/) = B G C(X). It is easily checked 
that £ is nondegenerate and diam/n(5) < c for any integer n G Z. This is a contradiction. 

PROPOSITION 2.3 (cf. [16, (2.8)]). Lef/, c, e, b be as in Proposition 2.2. If A is any 
nondegenerate subcontinuum ofX such that that diamA < 6 and diam/m(A) > e for 
some integer m, then one of the following conditions holds: 

(a) If m > 0, then diam/n(A) > 6 for any n > m. More precisely, there is a subcontin­
uum B of A such that supjdiam/7^) | j — 0 , 1 , . . . , n} < e and diarn/7^/?) = 6. 

(b) If m < 0, then diamf~n(A) > S for any n > — m. More precisely, there is a 
subcontinuum B of A such that sup{diam/~;(J5) | j — 0 , 1 , . . . , n} < e and 
diam/-n(^) = S. 

PROOF. Let A be as in Proposition 2.3. Choose a point a from A. Suppose m > 0. 
It is well-known that there is an arc a: [0,1] —> C(X) from {a} to A in C(X) such that if 
x < y, then a(x) C a(y) (see [21, (1.26)1). Let n > m. Define a map F: [0,1] —> [0, oo) 
by 

F(x) = supjdiam/^orCjc)) | j — 0 , 1 , . . . , n j . 

Choose xo G [0,1] such that xo G F^l(£). Put B' = a(jco). By Proposition 2.2, 
diam/n(A) > diam/n(a(x0)) > 6. Define a map D: C(Bf) —̂  [0,oo) by D(C) = 
diam/n(Q. Since C(B') is connected, we can choose B G D~x{8). Clearly, B satisfies 
the desired conditions. The case m < 0 is the same as before. 

COROLLARY 2.4. Let f, c, e, 8 be as in Proposition 2.2. Then for each 7 > 0 there 
is N > 0 such that if A G C(X) and diamA > 7, then diam/n(A) > 6 for all n > N or 
diam/-"(A) > 6 for all n>N. 

PROPOSITION 2.5 (cf. [20, P. 315]). If f\X —» X is a continuum-wise expansive 
homeomorphism of compact metric space X and dimX > 0, then there is a nondegener­
ate subcontinuum A of X such that A G Wu or A G Ws. 

PROOF. Let C be a nondegenerate subcontinuum of X with diam C < <5, where c, E 
and 6 are positive numbers as in Proposition 2.2. Suppose that any nondegenerate sub­
continuum C of C is not contained in Ws

c. Choose a sequence C\ D C2 D • • •, of nonde­
generate subcontinua of C and a sequence n(l) < nil) < • • •, of natural numbers such 
that lim^oo diam Q = 0, sup{diam/(C/) | j = 0 , 1 , . . . , n(i)} < e and diam/n(/)(C/) > <5 
for each / = 1,2,..., (see 2.3). We may assume that Wm^^ fn{i)(Ci) = A. Then A^Wu

c 

and A is nondegenerate. This completes the proof. 
From continuum theory in topology, we know that inverse limit spaces yield powerful 

techniques for constructing complicated spaces and maps from simple ones. Let/: X —> X 
be a map of a compact metric space X. Consider the following inverse limit space: 

(XJ) = {(xn)Zo \xneX mdf(xn+{) = xn}. 
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The set (X,f) is a compact metric space with metric 

d(x,y) = Ë d(xn,yn)/2
n, where x = (xn)?=0, y = (y„)~ 0 € ( * / ) • 

n=o 

Define a map / : (*,/) ^ (X,/) by / ( f t , , * , , . . . ) ) = (/X*o),/(*i)....) (= 

(/(xo),xo,xi,. . .)), where (%o>-*i> • • •) £ (X,/). The m a p / is homeomorphism and it is 

called the shift map off. 

Let A be a subset of a compact metric space X. A map / : X —> X is called positively 

expansive (or separated) on A if there is a positive number c > 0 such that if x,y G 

A and x ^ v, then there is a natural number rc > 0 such that d(fn(x),fn(y)) > c. A 

homeomorphism/: X —• X of a compact metric space X is expansive (or separated) on A 

if there is a positive number c > 0 such that if x, v G A and x ^ y, then there is an integer 

ft G Z such that d(fn(x)Jn(y)) > c (see [6, p. 38]). As before, such c > 0 is called an 

expansive constant for f\A. 

A m a p / : X —> X is called positively continuum-wise expansive if there is a positive 

number c > 0 such that if A is a nondegenerate subcontinuum of X, then there is a natural 

number n > 0 such that diam/"(A) > c. 

A compact connected 1 -dimensional polyhedron is called a graph. Let F be a family of 

compact polyhedra. A continuum X is ¥-like if for any e > 0 there is a m a p / from X onto 

some member F of F such that diam/~1 (y) < e for each y G F. A continuum X is arc-like 

(= chainable) if X is {/}-like, where / is the unit interval [0,1] (see [2]). A continuum 

X is tree-like if X is T-like, where T = { all trees}. A continuum X is decomposable if 

X is the union of two subcontinua different from X. A continuum X is indecomposable 

if X is not decomposable. A continuum X is hereditarily decomposable (resp. hereditar­

ily indecomposable) if each nondegenerate subcontinuum of X is decomposable (resp. 

indecomposable). 

L e t / : X —> F be an onto map of compact metric spaces. T h e n / is said to be light 

if d im/ - 1 (y ) = 0 for each y G Y. A l s o , / is said to be weakly confluent if for any 

subcontinuum B of Y, there is a subcontinuum A of X such that/(A) = B. 

By the definition of continuum-wise expansive homeomorphism, we can easily see 

the following proposition. 

PROPOSITION 2.6. (1) Iff: X —> X is a continuum-wise expansive homeomorphism, 

then for any integer k G Z,fk is also continuum-wise expansive. 

(2) Iff: X —> X and g: Y —> Y are continuum-wise expansive homeomorphisms, then 

the product f x g: X x Y —> X x Y is also continuum-wise expansive. 

(3) Letf: X —> X, h:Y —> Y be homeomorphisms and let <p:X —> Y be an onto map 

making the following diagram commute: 

f 
X - U X 

^ 1 [^ 
Y > Y 

h 
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If ip is light and h is continuum-wise expansive, then f is also continuum-wise 
expansive. If (p is light and weakly confluent and f is continuum-wise expansive, 
then h is also continuum-wise expansive. 

EXAMPLE2.7. Let G = SlUA,whereS1 = {(x,y) G R2 | x2^2 = 1},A = {(*,0) G 
R2 | 1 < x < 2} and R is the set of real numbers. Define a map g: G —> G such that 
g\Sl : S{ —* Sl is the natural covering map with degree 2 and g\A: A —> G is a positively 
expansive map such that g ((1,0)) = (l,0),g((2,0)) = (2,0), g(A\) = S{ andg(A2) = A, 
where Ai = {(x,Q) | 1 < x < 3/2} andA2 = {(x,0) | 3/2 < x < 2}. Pu t* = (G,g) 
and/ = g. Then/: X —+ Xis an expansive homeomorphism (see [13,(4.1)] or [16,(2.6)]); 
in particular it is a continuum-wise expansive homeomorphism. Set Z = (g\S\ S{) and 
consider the quotient map (p: X —> Y = X/Z, where X/Z is obtained from X by shrinking 
the subcontinuum Z to a point. Then y is an arc and there is a homeomorphism h: Y —> Y 
such that (pf = hip. Note that ip is a monotone map (/.£., ip~l(D) is connected if D is a 
subcontinuum of F), but h: Y —> y is not continuum-wise expansive. In fact, p is not a 
light map. 

3. Continuum-wise expansiveness of shift maps of inverse limits of graphs. In 
this section, we give a characterization of continuum-wise expansiveness of shift maps 
of inverse limits of graphs (see 3.2), and we give some examples in order to clarify the 
difference between expansive homeomorphisms and continuum-wise expansive home-
omorphisms. The similar characterization concerning expansiveness of shift maps of 
inverse limits of graphs is more complicated (see [16, (2.6)]). 

First, we show the following proposition. 

PROPOSITION 3.1. Iff: X —> X is a positively continuum-wise expansive map of a 
compact metric space X, then the shift map f off is a positively continuum-wise expansive 
homeomorphism. 

PROOF. Note that if C is any nondegenerate subcontinuum of X, /(C) is nonde-
generate, i.e.,f is a light map. This implies that for any n > 0, there is m > n such 
that diam/m(C) > c1, where c' is an expansive constant for/. Put Y — (X,f). Let 
A G C(Y) be nondegenerate. Choose a natural number n such thatpn(A) is nondegenerate, 
where pn\ Y —> X is the natural projection. Choose m > 0 such that diam/m(/?„(A)) > 
c'. Choose a positive number c > 0 such that if B G C(Y) and diamZ? < c, then 
dmmpo(B) < c'. Sincep0(/m"n(A)) =fm'n(po(A)) =fm(pn(A)) > c', diam/m"n(A) > 
c. Since we can choose m > n,f is a positively continuum-wise expansive homeomor­
phism. 

THEOREM 3.2. Letf: G —> G be an onto map of a graph G. Then the following are 
equivalent. 

(1) / : (G,/) —> (G,f) is a continuum-wise expansive homeomorphism. 
(2) f: (G,f) —> (G,f) is a positively continuum-wise expansive homeomorphism. 
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(3) f.G —> G is a positively continuum-wise expansive map. 

PROOF. Suppose that/: G —> G is a positively continuum-wise expansive map. By 
Proposition 3.1, we see that/ is a positively continuum-wise expansive homeomorphism. 
This implies that (3) —> (2). (2) —» (1) is trivial. 

We shall show that (1) —> (3). Suppose that/ is a continuum-wise expansive home­
omorphism. First, we shall show that there is r > 0 such that if A is a nondegenerate 
subcontinuum of X = (G,/) with diamA < r, then A G W", where c is an expansive 
constant for/. Suppose, on the contrary, that there are subcontinua An of X such that 

(1) diamA„ < l//i, and 
(2) An is not contained in W". 

We may assume that lim^oo An = {x}. Let £ and S > 0 be as in Proposition 2.3. We 
may assume that diam An < 6 for all n. Since A i is not contained in W", there is a natural 
number m(l) > 0 such that diam/~m(1)(Ai) > c > 2e. Choose a neighborhood U\ of 
x in X such that there is a subcontinuum B\ of Ai such that diam/~m(1)(#i) > e and 
Z?i n U\ = 0. Choose «(2) > 0 such that An(2) C U\. Since A„(2) is not contained in 
W", there is a natural number ra(2) such that diam/_m(2)(A„(2)) > c > 2e. Choose a 
neighborhood U2 of x in X such that ^ H ^ i = 0 and for some subcontinuum Z?n(2) of 
An(2>, diam/_m(2)(5n(2)) > £ and Bni2) H t/2 = 0. If we continue this procedure, we obtain 
two sequences {m{i)}^x and 1 = n{\) < n(2) < • • •, of natural numbers, and a sequence 
{^nO')}Si °f subcontinua of X such that 

(3) Bn(i)nBn{f) = <e(i?j)md 
(4) diam/~m(/)(^(0) > e for each / = 1,2,.... 

By 2.3, we see that 
(5) diam/-n(£n(0) > 6 for all n > m(i). 

Let no be a natural number and let 77 = 77(̂ 0, <5) be a positive number such that if E is a 
subset of (G,/) and dmmpno(E) < 77, then dmmE < 6. Since G is a finite graph, we can 
choose a natural number N(rj) > 0 such that if {Dj}1^ is a mutually disjoint family of 
subcontinua of G, then there is Dy with diam £)7 < 7/. Consider the family *B — {#«(/) \ i — 
1,2,... ,N(rj)}. Choose a natural number TV so that pN(Bn{i)) npN(Bn(j}) = 0 (/ ^ 7) and 
TV > max{m(0 | / = 1,2,.. .,N(rj)}. Then dmmpno+N(Bn(i)) = diampno(f~

N(Bn{i))) > 7/ 
(/ = 1,2,... ,N(r])) and pno+N(Bn(i)) H pno+N(Bn(J)) = 0 (/ ^ 7*)- T h i s i s a contradiction. 
Therefore there is a positive number r > 0 such that if A G C(X) and diamA < r, then 
A G Wu

c. Consider the set C(X;T) = {A G C(X) \ diamA = r}. Note that C(X\r) is 
compact and for any x G l , there is some A G C(X; r) such that x G A, because there is 
an arc a: / —• C(X) such that from {x} to X such that a(t) C a(f') if f < t' (see [21]). 

Choose a natural number TV and a positive number 7 > 0 such that if C is a subset of X 
with diam/?;v(C) < 7, then diam C < c. We may assume that diampN(A) > /? for any 
A G C(Z; r), where /3 is some positive number. Note that if ^ G G, lim^oo I P = J G G , 

Xp G AXp G C(G), A^ C PN(AP) for some Â  G CCX^T), and lim^oo A^ = C, then 
x G C and C C pu(A) for some A G C(X;r). Note that /7yv:X —> G is an onto map. 
By using these facts, we can see that there is a simplicial complex K such that \K\ = G 
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and if E is any edge of K, then there is A G C(X; r) such that /?w(A) D E. Let D be a 
nondegenerate subcontinuum of G. Choose an edge E of K such that lnic(E HD) ^ 0. 
Choose A G C(X;r) with/7^(A) D £. Then we can choose a subcontinuum 5 of A such 
thatpN(B) is nondegenerate and/?#(#) C lntG(EnD). Since Z? G W", we see that there is 
a natural number n such that diam/"(D) > diam/n (/?#(#)) = à\dLmpNfn(B) > 1. Hence 
/ is a positively continuum-wise expansive map with an expansive constant 7 > 0. This 
completes the proof. 

EXAMPLE 3.3. The converse of Proposition 3.1 is not true. Let Y = C U /, where 
C is a Cantor set and I is the unit interval such that CHI = 0. Let g\\l —> / be a 
constant map, i.e., g\(I) is a one point set, and g2'. C —> Y be an onto map. Define a map 
g: Y —» F by gQc) = gi(jc) for JC G 7 and g(x) = gii*) f° r * € C Let X be the cone of 
F, i.e., X = (Y x D/(Y x {0}), which is obtained from Y x / by shrinking F x {0} to a 
point. Define a map/: X —> X by/(£y, f]) = lg(y),f3(t)] for | j , r] G X, where/3: / —> / is 
the map as in Example 3.5 (see below). Then it is checked that the shift map/ of/ is a 
positively continuum-wise expansive homeomorphism of a continuum (X,/), but/ is not 
a positively continuum-wise expansive map. Also, in the statement of Theorem 3.2, we 
can not replace "a graph" by "«-dimensional polyhedron (n > 2)". In fact, by [25] there 
is an expansive homeomorphism/: T2 —» T2, but/ and/ - 1 are not positively continuum-
wise expansive, where T2 is the 2-torus. Note/ is also expansive. 

REMARK 3.4. Le t / be a continuum-wise expansive homeomorphism as in Theo­
rem 3.2. Then it is positively continuum-wise expansive. But, the situation of expansive 
homeomorphisms of compact metric spaces is different. In fact, it is well-known that if 
/ : X —> X is a homeomorphism of a compact metric space X and positively expansive, 
then X is a finite set (see [1] or [6]). In [16], we proved that for any onto map/: G—* G of 
a graph G, / is expansive if and only if/ is a positively pseudo-expansive map (see [16] 
for the definition of positively pseudo-expansive map). 

EXAMPLE 3.5. We will consider an interesting class of inverse limit spaces called 
Knaster's chainable continua. Let / denote the unit interval [0,1]. For each natural num­
ber n = 2 , 3 , . . . , let/n: / —» / be a map defined 

f / \ _ / nî ~ si if ^ is even, 
în{t)~ {-nr + 5+1 , ifsisodd, 

for t G [s/n,s + l/n] and s = 0, l,...,n ~ 1. Then K(n) = (I,fn) is the Knaster's 
chainable continuum of order n. It is clear that the map/n is a positively continuum-wise 
expansive map; hence the shift map/n is a (positively) continuum-wise expansive home­
omorphism. Since every chainable continuum can be embedded into the plane R2, there 
are many nonseparating plane continua admitting (positively) continuum-wise expansive 
homeomorphisms. On the other hand,/n is not an expansive homeomorphism. In fact, it 
is not known whether or not there exists a nonseparating plane continuum admitting an 
expansive homeomorphism (see [15], [23] and [24]). 

https://doi.org/10.4153/CJM-1993-030-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1993-030-4


EXPANSIVE HOMEOMORPHISMS 583 

REMARK 3.6. The pseudoarc P is a hereditarily indecomposable chainable contin­
uum. Then there is a positively continuum-wise expansive homeomorphism/ on P. In 
[19, Section 2], J. Kennedy proved that there exist a homeomorphism h:P —> P and 
an onto map 6:P —• / such that/20 = Oh and 0 satisfies that if P' is a nondegenerate 
subcontinuum of P, then 0(P') is also nondegenerate, i.e., 6 is a light map, where/2 is 
as in Example 3.5. Since/2 is positively continuum-wise expansive, it is easily seen that 
h: P —» P is also a positively continuum-wise expansive homeomorphism (cf. 2.6). 

By 3.1, we have the following corollary. 

COROLLARY 3.7. For any graph G, there is a positively continuum-wise expansive 
map f from G onto G, and hence/: (G,f) —> (G,/) w a continuum-wise expansive homeo­
morphism. Moreover, for any graph G there is a {G}-like and indecomposable continuum 
X and a continuum-wise expansive homeomorphism on X. 

OUTLINE OF PROOF. Take a simplicial complex K of G, i.e., \K\ = G. We can 
choose an onto map g:G—> G such that for each edge e = (V, V') of K, g is positively 
continuum-wise expansive on e and g((V, Vb)) — g((Vo, ̂ ')) ~ ^> where Vb is the mid­
dle point of (V, V). Let X = (G,g) and/ = g. Then/ is a continuum-wise expansive 
homeomorphism and X is {G}-like. Suppose, on the contrary, that X is decomposable, 
i.e., there are two proper subcontinua A and B of X such that AU B = X. Choose a natural 
number N such that pn(A) and pn(B) are proper subcontinua of G if AZ >N— 1. We may 
assume that Vo G A^ = PN(A). Consider the following cases: 

CASE (I). AN contains Vor V'. We may assume that AN D (V,Vo). ThenpN^\(A) = 
g(AN) D g((V, Vb)) = G. This is a contradiction. 

CASE (II). AN does not contain V and V'. In this case, V, Vr G ##• Since BN is 
connected, there is an edge e' of K such that B^ D e'. ThenPN-\{E) = g(Z?#) D g(e') = 
G. This is a contradiction. 

An onto map / : X —> X of a compact metric space X has sensitive dependence on 
initial conditions if there is r > 0 such that if x G X and U is any open set that contains x, 
then there are some point v in U and a natural number AI > 0 such that d(fn(x),fn(y)^j > r. 

Then we have 

PROPOSITION 3.8. (1) Iff: X —> X is a positively continuum-wise expansive map of 
a continuum X, thenf has sensitive dependence on initial conditions. 

(2) Let G be a graph. Then a mapf: G —> G is a positively continuum-wise expansive 
map if and only iff has sensitive dependence on initial conditions. 

PROOF. Let/: X —> X be a positively continuum-wise expansive map with an ex­
pansive constant c > 0. Put r = c/2. Let x G X and U be an open set such that x £ U. 
Choose a nondegenerate subcontinuum A of X such that x £ A C U. Take a natural 
number n > 0 such that diam/n(A) > c. Clearly, there is a point y G A C £/ such that 
d(fn(x),fn(y)) > c/2 = r. This proves (1). Next, we shall prove (2). Let/: G —> G be 
an onto map of a graph G which has sensitive dependence on initial conditions. Let A 
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be a nondegenerate subcontinuum of G. Choose an open interval J in A and x G J. Then 
there is y G J and a natural number n > 0 such that d(fn(x),fn(y)) > r. This implies 
that diam/n(A) > r. Hence / is a positively continuum-wise expansive map with an 
expansive constant r > 0. 

It is easily seen that an onto map/: X —-> X has sensitive dependence on initial con­
ditions if and only if the shift map/ has sensitive dependence on initial conditions. As a 
corollary of Theorem 3.2 and Proposition 3.8, we have 

COROLLARY 3.9. Let f: G —> G be an onto map of a graph G. Then the following 
are equivalent. 

(1) The shift mapf off is a continuum-wise expansive homeomorphism. 
(2) f is a positively continuum-wise expansive map. 
(3) f has sensitive dependence on initial conditions. 
(4) f has sensitive dependence on initial conditions. 

REMARK 3.10. We can easily see that if an onto map/: X —» X of a compact metric 
space X has sensitive dependence on initial conditions, thenX is perfect, i.e., x G C\(X — 
{x}) for any x G X, and fxg:XxY—+XxY has also sensitive dependence on 
intial conditions for any onto map g: Y —>• Y. Let/3: / —-> / be as in Example 3.5. Then 
f = fi x 1:1 x I —^ I x I has sensitive dependence on initial conditions, but it is not 
positively continuum-wise expansive, where 1:7 —> I is the identity map. Hence (2) in 
Proposition 3.8 is not true for the case of 2-dimensional polyhedra. Also, consider the 
Cantor middle-third set C in the unit interval I. Note that/3(C) = C. Put X = I x {0} U 
Cxi. Then dimX = 1 and/|X: X —• X has sensitive dependence on initial conditions, 
but/|X is not positively continuum-wise expansive. Hence (2) in Proposition 3.8 is not 
true for the case of 1 -dimensional continua. 

4. Topological entropy and expansiveness of subsets of continuum-wise expan­
sive homeomorphisms. Let A and S be finite open covers of a compact metric space 
X, and let N(A) denote the minimum cardinality of a subcover of !A. For any map/: X —-> 
X, put/-*(JÏ) = \f~\U) I ^ G ^ } . D e f i n e ^ V $ b y J 3 V # = {UC\V\ U e A,V e <B}. 
Consider the following 

h(f,fl) = lim(l/w) • logA^(j^ V / " 1 ^ ) V • • • y f{n~x\A)). 

The topological entropy off is then 

h(f) = sup{h(f, !A) I & is an open cover of X}. 

A subset E of X is (n, e)-separated if for each x, y G E,x ^ y, there is & (0 < k < n) such 
that d(fk{x\fk{y)) > e. Let S(rc, e) denote the maximum cardinality of (/i, e)-separated 
sets in X. Consider the following 

h(f,E) = lim sup (1/ft) • log SO?, e). 
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Note that if e > e', then h(f, e) < h(f,e'). Then the topological entropy is given by 
h{f) = lim^o h(f, e) (e.g., see [27]). 

In this section, we show that iff: X —* X is a continuum-wise expansive homeomor-
phism of compact metric space X and dimZ > 0, then the topological entropy h(f) > 0. 
As a corollary, every expansive homeomorphism of any /i-dimensional compact metric 
space (n > 0) has a positive entropy. It is well-known that the topological entropy of ex­
pansive homeomorphism is finite (see [27, Theorem 7.11]). We give an example in which 
some continuum-wise expansive homeomorphism of a chainable continuum has an in­
finite topological entropy. Also, we investigate expansiveness of subsets of continuum-
wise expansive homeomorphisms. 

THEOREM 4.1. Iff:X —> X is a continuum-wise expansive homeomorphism of a 
compact metric space X with dimZ > 0, then h(f) is positive. 

PROOF. Note that h(f) — h(f~l). Let c > 0 be an expansive constant for/. By 
Proposition 2.5, there is a nondegenerate subcontinuum A of X such that A G Ws

c or 
A G W". We assume that A G W". Let 6 > 0 be as in Proposition 2.3. By Proposition 2.3, 
we may assume diamA = 6/3. Choose a natural number TV such that if D G C(X) and 
diamD > 6/3, then max{diam/'(D) | \j\ < N} > c. Hence we see that if D G Wu

c 

and diamD = 6/3, then diam/yv(D) > 6 (see Proposition 2.3). Let n(m) = m • N. By 
Proposition 2.3, it is checked that there is a finite collection {Aiuilv. j} (ik = 0 or 1, and 
j < m) of subcontinua of X satisfying the following conditions: 

(1) Aix (i\ = 0 or 1) is a subcontinuum of fN(A) such that 6/3 = diamA/, and 
d(A0,A{)>6/3. 

(2) A(ui2j_tik is a subcontinuum offN(Atui2^iki) such that diamA/,/2 ..^ = 6/3 and 
d(Aiui2_A_x^,Aiui2^k^x,\) > 5/3. 

(3)Aiui2_ij G Wu
c (see Proposition 2.3). 

Choose a point tf/,,/2,...,/„, €f~mN(Aiui2t_tim). Then the set Em = {<?/,,/2,...,/w | ij = Oor 1} 
is (5/3, rc(ra) + l)-separated. Hence S(n(m) + 1,5/3)) > 2m, which implies that 

h(f,6/3) = lim sup(l/w) • logS(n,6/3) 
n—>oo 

>lim sup (l /(rc(m)+l)) • log ̂ ( m ) + 1,5/3) 

> l im(m/(/n#+l)) • log2 = (\/N) • log2 > 0. 

Then /*(/) > 0. This completes the proof. 

COROLLARY 4.2. Iff: X —> X is an expansive homeomorphism of a compact metric 
space X with dimX > 0, then the topological entropy h(f) is positive. 

REMARK 4.3. In [4], Fathi has already proved Corollary 4.2. However, his proof is 
completely different from one of this paper and our proof is more general and elementary. 

EXAMPLE 4.4. We will construct a map/: I —* I such that/ is a continuum-wise 
expansive homeomorphism and h(f) = oo. Put In = [l/(n + 1), 1 jn\ (n = 1,2,...). Let 
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gi: [1/2,1] -* [1/2,1] be the map defined by 

Let gn\In—^InU 7„_i (« > 2) denote the piecewise linear map defined by the following 
figure: 

-2x + 2, x e [1/2,3/4] 
2 * - l , x e [3/4,1]. 

'*-; 

where l / (n+ 1) = 
Define a m a p / : / -

xo < x\ < 
^ / b y 

< JC„ = \/n and */ — JC/_I = 1 / («2(A2 + 1)) for each /. 

/(*) = 
0, 
gnto, 

if* = 0 
ifxein. 

It is checked that/ is a positively continuum-wise expansive map and h(f) > \ogn for 
all n. Hence h(f) = oo. 

THEOREM 4.5. Let f'.X —> X be a homeomorphism of a compact metric space X. 
Thenf is continuum-wise expansive if and only if there is a positive number r such that 
for any nondegenerate subcontinuum Y ofX, there is a dense and uncountable subset D 
of Y such thatf is expansive on D with an expansive constant r. 

PROOF. Suppose that/ is continuum-wise expansive. Let Y be any nondegenerate 
subcontinuum of X. Let {£//}2i be a countable open base of Y. Choose a point/?i of 
U\. Note that/ is expansive on E\ = {p\}. We assume that there are points pi of £/, 
(1 < / < k) such that if p, q G Ek = {p\,p2, • • • ,Pk} a nd P ^ q, there is an integer n 
such that d(fn(p),fn(q)) > 6/4, where c, e and 5 are as in Proposition 2.3. By Corol­
lary 2.4, there is a natural number N > 0 such that if B G C(X) and diami? > 6/4, 
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then dmmfn(B) > 6 for all n > N or diam/~"(£) > 6 for all n > N. Take a non-
degenerate subcontinuum A of F such that A C Uk+\ and diamA < 6. We may as­
sume that for some m > N, diam/m(A) > 6 and diamf(A) < e (0 < j < m) 
(see Proposition 2.3). Since diam/m(A) > 6, there is a subcontinuum A \ of fm(A) such 
that d(fm(pi),Ai) > 6/4 and diamAj = 6/4. Next, consider the set fN(A{). Since 
diamAi < 6, we see that diamfN(A\) > 6 (see Corollary 2.4). Then there is a sub­
continuum A2 off^Ai) such that d(fm+N(p2), A2) > (5/4 and diamA2 - «/4. If we con­
tinue this procedure, we obtain Ai, A2 , . . . ,Ak. Choose a point pk+\ G f~(m+(k~l)N)(Ak). If 
/?, q G £fc+i = {/?/ | / = 1,2,..., k + 1} and p ^ q, then there is an integer n such that 
d(fl(p)Jn(q)) > 6/4. Put Di = \JEk = {pup2,...}. Then we see that Cl(Di) = F 
and/ is expansive on D\ with an expansive constant 6/5 — r. For a countable ordinal 
number À > 2, we assume that for any a < A, there is a countable subset Z)a of Y such 
that D« C DQ if a < f3 < A, and/ is expansive on D a with an expansive constant 6/5. 

We shall construct D\ as follows: 

CASE (I). A = a + 1. Let Z)a = {gi, g 2 , . . . } . As before, we can choose a sequence 
Aj,Ai,A2,..., of subcontinua of X such that Ao C Y, diamAo < 6, diamA/ = 6/4 
(i > 1), d(fm+(i-l)N(qilAi) > 6/4 mdfN(Ai) D Ai+l for some integers m, N. Choose a 
point /? G nëi/"(w+(,""1)A0(A/). Put Dx=DaU {p}. 

CASE (II). A is a limit ordinal. Put Dx = U«<A ^«- Note that DA is a countable set. 
Hence we obtain subset D\ of Y for any countable ordinal A. Put D = {J{DX | A is 

a countable ordinal}. Then D is uncountable and/ is expansive with expansive constant 
6/5. Clearly C1(D) = Cl(Z)i) = Y. 

The converse is obvious. 

THEOREM 4.6. Let f: X —> X be a homeomorphism of a compact metric space X. 
Thenf is continuum-wise expansive if and only if there is a positive number r such that 
for any nondegenerate subcontinuum YofX, Y contains a Cantor set C such thatf or 
f~l is positively expansive on C with an expansive constant r. 

PROOF. The proof is similar to the one for (4.1). Suppose that/ is continuum-wise 
expansive. Let c, e and 6 be as in Proposition 2.3. Choose a natural number iV such that if 
A G C(X) and diamA > 6/3, then diam/n(A) > £ for all n > N or d iam/^A) ' > 6 for all 
n> N (see Corollary 2.4). We may assume that diam Y < 6. By Proposition 2.3, we may 
assume that there is a natural number m > N such that diam/m(F) > 6. Take two sub­
continua Ao, A] offm(Y) such that d(A0, Ai ) > 5/3 and diamA/ = 5/3 for / = 0,1. Note 
that diam/^(A/) >6{i — 0,1). For each / = 0,1, take two subcontinua A/0, An offN(At) 
such that d(Aio,An) > 6/3 and diamA// = 6/3 (j — 0,1). If we continue this procedure, 
we obtain A/l/2,...,n (ik = 0,1 and n = 1,2,...). Put Ahh_ = nSli/~(m+(,,-1)A0(A/Ii2 /J. 
If for each sequence *i, /2 , . . . ,A/,/2J... is a one point set, C = {A/li2,... | 4 = 0,1} is a 
Cantor set in Y and/ is positively expansive on C with an expansive constant r = 6/4. 
If for some sequence / i / 2 , . . . , Az- ; is nondegenerate, A/]i2 .. G W£. By the same proof 
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as before, we see that A/t;2v.. contains a Cantor set C such that/" is positively expansive 
on C with an expansive constant r. The converse is obvious. 

Let/: X —> X be a homeomorphism of a compact metric space X and let x,y G X. The 
points x and y are said to be doubly asymptotic under f (see [6, p. 84]) if 

lim d(fn(x)Jn(y)) = 0 = lim d{f~\x\rn(y)\ 
ft—>oo v ' ft—>oo x ' 

THEOREM 4.7. Let f: G —> G be an onto map of a graph G. Suppose that the shift 
map] off is a continuum-wise expansive homeomorphism and let X — (G,/). Then the 
following are true: 

(1) For any nondegenerate sub continuum A ofX, there are two points x and y (x ^ y) 
of A such that x and y are doubly asymptotic under f. 

(2) Iff is null-homotopic, for any nondegenerate subcontinuumA ofX and any 7 > 0, 
there are two points x and y (x ^ y) of A such that d(fm(x),fm(y)j < 7 for each integer 
m G Z and x and y are doubly asymptotic under f. In particular, f is not expansive on 
any nondegenerate subcontinuum A ofX. 

OUTLINE OF PROOF. ( 1 ) Let A be a nondegenerate subcontinuum of X. By the proof 
of Theorem 3.2, there is a positive number r > 0 such that if B G C{X) and diamZ? < 
r, then B G W", where c is an expansive constant for/. Let An = pn{A) and A_n — 
/n(Ao) (n — 1,2,...). We may assume that diamA < T, and hence A G W". Note that 
limn_oo diamAn = 0. Note that An is nondegenerate and/ is a positively continuum-
wise expansive map (see Theorem 3.2). Hence, we see that for some natural number k, 
fk\Atf. AQ —> A_k is not injective (see the proof of Theorem 3.2). Choose two points x 
and y of A such thatpo(x) ^ po(y) and/*(/?o(x)) = fk(po(y)) • Clearly, x and y are doubly 
asymptotic under/. 

(2) Next, suppose that/: G —> G is null-homotopic. Let k be as before. Let n be a 
sufficiently large natural number. Note that fn+k\An: An —> A_k is not injective. Consider 
the universal covering/?: G —+ G of G. Since/ is null-homotopic, there is a lifting g:G—+ 
G of/, /.<?., /?g = / . Since gfn+k\An is not injective and g(G) is a compact tree, we can 
choose two points a and a' of A„ such that a ^ a', a and a' are sufficiently near and 
gfn+k(a) = gfn+k(a') (see the proof of [13, (3.5)]). Hence fn+k+l(a) = fn+k+x(a'). Take 
two points x and y of A such thdXpn(x) = a and pn(j) = a'. Since « is sufficiently large, 
we see that/m(x) mdfm(y) is near for each integer m, because of A G W". Clearly, x and 
j are doubly asymptotic under/. 

THEOREM 4.8. Let X be a compact metric space and let/: X —> X be an onto map 
ofX. Then the following are equivalent. 

(I)f has sensitive dependence on initial conditions. 
(2) There is a dense and uncountable subset D ofX such thatf is positively expansive 

on D. 
(3) There is a positive number c > 0 such that for any x G X and any open subset U 

ofX, there is a Cantor subset CofU such that x G C andf is positively expansive on C 
with an expansive constant c. 
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OUTLINE OF PROOF. The proof is similar to those of Theorem 4.5 and Theorem 4.6. 
We shall prove that (1) implies (2). Let r > 0 be a positive number as in the definition 
of sensitive dependence on initial conditions. Put c = r /2 . Let {Ui}^{ be a countable 
base of X. Suppose that / is positively expansive on a countable set E = {pn} with 
an expansive constant c. Let / be an any natural number. Choose a point p G £//. If 
d{fj(pilfj(p)) < c for each j > 0, we can choose/?7 G U{ such that for some m > 0 such 
that d(fm(p),fm(pf)) > r. Then d(fm(pilfm(pf)) > c. Choose a closed neighborhood 
W\ of// in Ui such that d(fm(W\)jm{p\)) > c. Otherwise, put p = p' and choose a 
closed neig hborhood W{ of p' in Ut such that d(fm(Wx)j

m(px)) > c. Next, we choose 
p" G Wx and a closed neighborhood W2 of p" in Wi such that d(fm(W2)j

m(p2j) > c 
for some m > 0. If we continue this procedure, we have a sequence £// D W\ D W2 D 
• • •. Choose a point g G C\%Li Wn- Then/ is positively expansive on E U {#} with an 
expansive constant c. The remaining proofs are similar to the proofs of Theorem 4.5 and 
Theorem 4.6, and we omit them. 

Note that any homeomorphism of a 0-dimensional compact metric space is always 
continuum-wise expansive. We have the following theorem. 

THEOREM 4.9. If g:Z —> Z is any homeomorphism of a 0-dimensional compact 
metric space Z, then there exists an indecomposable chainable continuum X containing 
Z and a continuum-wise expansive homeomorphism/: X —> X such thatf is an extension 

PROOF. We may assume that Z is a nowhere dense closed subset of the Cantor 
middle-third set C It is well-known that there is a homeomorphism g' of C which is an ex­
tension of g. Let / be the unit interval [0, lj . Put/— C — AJU{/i,,i2 /„ | ik = 0,1 andrc = 
1,2,...}, where /= ( l /3 ,2 /3 ) , / 0 = ( l /9 ,2 /9) , / i = (7/9,8/9),70,o = (1/27,2/27), 
/o,i — (7/27,8/27), . . . , is a sequence of mutually disjoint open intervals such that 
diam //, ,/2,...,/„ = diam Jk] ,k2,...,kn for each n and diam //, ,/2,...,/„_1 > diam 7^ ,/2,...,/„_1 ,/„. Choose 
a map gy. Cl(7) —> / such that gj is an extension of g'\ Bd(7), g/(Cl(7)) = / and if A is 
a closed interval in Cl(7), then diamg/(A) > 2 • diam A (see Example 3.5 and Exam­
ple 4.4). For each 71/2,...,/n (n > 1), we can choose a map giui2,..jn:Cl(Jiui2t_jn) —+ I 
such that^i,,,-2 in is an extension of gf\ Bd(7/l5/2,..jn), the image of giui2,..jn contains some 
Jkuk2,...,k„-i> a n d if ̂  i s a closed interval of Jiui2,..jn, then diam g/,^...^ (A) > '2 • diamA 
(see Example 3.5 and Example 4.4). Also, with careful constructions, we may assume 
that lim^oo diamg/,^...^ {CVJiui2,..jn)) = 0 for any sequence *'i, i2, Define a map 
G:I -> / by G(*) = &,(*) for* G Cl(7), G(x) = ^1,/2,...,/n(x) for* G 0(7/^,...^), and 
G(x) — g\x) for x G C. Now, we shall show that G is a positively continuum-wise 
expansive map. Let A be any closed interval in /. If there is m > 0 such that Gm(A) 
contains some Cl(71?/2v..5iJ, we see that Gm+n+l(A) D /. Otherwise, for any m > 0, 
Gm(A) is contained in some Cl(7/,,/2,...,/J, because C is a perfect set. Then we see that 
diam G"(A) > 2n • diamA. This is a contradiction. Hence G: I —> / is a positively 
continuum-wise expansive map. Consider the shift map f = G: (I, G) —-> (/, G). By 
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Proposition 3 .1 , / is a continuum-wise expansive homeomorphism. Since G\Z = g, we 
have the following commutative diagram: 

(/,G) ^S (/,G) 

'î _ Î' 
(Z,g) - ^ (Z,g) 

z — z 

Where ptf. (Z, g) —> Z is the projection defined by po((zn)^Lo) = zo, and / is the inclusion 
map. Since g is a homeomorphism, po is also a homeomorphism. Hence / = G is a 
desired homeomorphism. Also, (/, G) is indecomposable, because for any subinterval A 
of/, there is a natural number m such that Gm{A) — I. This completes the proof. 

REMARK 4.10. By using Theorem 4.9, we can prove that there is a chainable contin­
uum X and a continuum-wise expansive homeomorphism/ of X such that the topological 
entropy h(f) — oo. In fact, it is easily seen that there is a homeomorphism g of a Cantor 
set C such that h(g) — oo (e.g., see [27, Theorem 7.12]). Theorem 4.9 implies that there 
is a chainable continuum X containing the Cantor set C, and a continuum-wise expansive 
homeomorphism/ of X which is an extension of g. Hence h(f) > h(g) = oo. 

REMARK 4.11. If /: C —> C is the identity map of a Cantor set C, then there is an 
extension/: X —> X of / such that X is a chainable continuum and/ is a continuum-wise 
expansive homeomorphism. Then the set Fix(/) of all fixed points of/ is uncountable. 
Note that if/ is an expansive homeomorphism of a compact metric space, then Fix(/) is 
finite. 

5. Generalization of Mane's theorem to continuum-wise expansive homeomor-
phisms and some properties of positively continuum-wise expansive maps. In [20], 
Mané proved that if/: X —• X is an expansive homeomorphism of a compact metric space 
X, then dimX < oo and every minimal set of/ is 0-dimensional. In this section, we show 
that this theorem of Mané concerning expansive homeomorphisms and dimension can 
be generalized to the case of continuum-wise expansive homeomorphisms. Also, we in­
vestigate some properties of positively continuum-wise expansive maps. 

Let X be a compact metric space. Then X has dimension < n, denoted by dimX < n, 
if for every 7 > 0 there is a covering U of X by open sets with diameter < 7 such that 
ord U < n+l, i.e., every point of X belongs to at most n + 1 sets of 11. Note that for 
a compact metric space X, dimX < n if and only if for every 7 > 0 there is a covering 
¥ of X by closed sets with diameter < 7 such that ord J < n + 1. If dim X < n and 
dimX < n — 1 is not true, dimX = n. It is known that for a compact metric space X, 
dimX = 0 if and only if each component of X is a single point. 

We refer the reader to [8] for the properties of dimension of separable metric spaces. 
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Let/: X —> X be an onto map of a compact metric space X. A closed subset M of X is 
a minimal set off if M is/-invariant, Le.,f(M) — M, and for each proper closed subset 
C o f M , / ( C ) ^ C . 

First, we show the following proposition. 

PROPOSITION 5.1. Let f: X —> X be a homeomorphism of a compact metric space X. 
Then the following are equivalent. 

(l)f is a continuum-wise expansive homeomorphism. 

(2) There is a finite open cover a ofX such that if for every bisequence {An}
(£=_OQ of 

members of a, then d i m ( ^ _ ^ / - n ( C l ( A n ) ) ) < 0. 

( 3) There is a finite open cover a such that for each 7 > 0, there is N > 0 such that if 

A,B G a, each component off~n(C\(A)) nfn(C\(B)) has diameter less than 7 for each 

n>N. 

PROOF. First, we shall prove that ( 1 ) implies (2). Let c > 0 be an expansive constant 
for/. Choose a finite open cover a such that mesh a < c. Clearly, a satisfies the condi­
tion as in (2). Next, we shall prove that (2) implies (1). Let a be as in (2). Suppose, to 
the contrary, that/ is not continuum-wise expansive. Then there is a nondegenerate sub-
continuum A of X such that/n(A) is contained in some element An of a (—oo < n < oo). 
Hence dim f](^_OQf ~n(An) > 0. This is a contradiction. Clearly, (3) implies (2). Finally, 
we shall show that (1) implies (3). Let c and S be as in Proposition 2.2. Choose a finite 
open cover a such that mesh a < 6/2. Let 7 > 0. By Corollary 2.4, there is N as in 
Corollary 2.4. If A, B G a, C is a subcontinuum of/"n(Cl(A)) nfn(d(B)) and n > N, 
then diam C < 7. This implies that (3) is true. 

THEOREM 5.2. Iff'.X —> X is a continuum-wise expansive homeomorphism of a 
compact metric space X, then dimX < oo and every minimal set off is 0-dimensional. 

PROOF. The proof is similar to one of [20, Theorem], but there are some differences. 
First, we shall prove that dimZ < oo. Choose a finite open cover a as in (3) of 

Proposition 5.1. Let 

C\. =/-'z(Cl(A/)) n/M(Cl(A7)) for AhAj G a and n > 1. 

Let 7 > 0. Choose N > 0 as in (3) of Proposition 5.1. Since each component of C^ has 
diameter less than 7, there is a finite closed covering fcj = {Cfj\ C^'2,..., c^**(l',/VV)} of 
C?j such that Cff H d?f = 0 (k ^ k') and mesh fa < 7. Consider the closed covering 
j3 — {C | C G J3ij and Ai,Aj G a} of X. Then we can easily see that ord (3 < \a\2 and 
mesh/3 = maxjdiamC | C G 0} < 7, where |a| denotes the cardinality of the set a. 
Therefore dimX < \a\2 — 1 < oo. 

Next, we shall show that every minimal set of/ is 0-dimensional. Suppose, on the 
contrary, that X is a minimal set of/ and dimX > 0. We need the following lemma. 
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LEMMA 5.3 (cf. [20, LEMMA II]). If there is A G Ws such thatfm(A) n A i- fbfor 
some integer m, thenf has a periodic point. 

PROOF. Take y G A n fm(A) and let z = / ' m (y) . Then z G A and 

limn_^00 d(fn{fm(z)\fn(z) ) = 0. Take a subsequence {i(n)} of natural numbers such that 

lim^f^Xz) = w. Then d(w,.T(w)) = l i m ^ d ( f ^ \ z ) J n \ f l { n \ z ) ) ) = 

lim^oo d(fKn\z)Ji(n)(fm(z))) = 0. Therefore w = fm(w). 

Choose a nondegenerate subcontinuum A of X such that A G W;! or A G W" (see 
Proposition 2.5), where c, e and 5 are as in Corollary 2.4. We may assume that A £ Ws

c 

and diam A = 6 (see the proof of Proposition 2.3). Let TV be as in Corollary 2.4, where 
1 = 6/3. Now, define 

r = inf{d(/(C),/(£>)) |CGWJ,DG W£d(C,d) > 6/3, 

CUD is contained in some member Eof Ws
c, and 0 < i,j < TV}. 

where d(C,D) = inf {d(x,y) | x G C and y G D}. Then r > 0, for otherwise there are 
xneCne Ws

c, yneDne Ws
c and CnUDn CEneWs

c(n=\,2,...) such that </(*„, yn) > 
6/3mdlimn^00d(fi(n\xn),f

j(n)(yn)) = 0for some0 < i(n) <j(n) < N. We may assume 
that linv^oo^ = x, l i n v ^ } ^ = y, lim^oo Cn = C, limn_00Dn = D, lim,,—^ £„ = E, 
and /(n) = /,y(w) = j for all n > 0. Then/'(-*) — /•/0;) and d(x,)0 > 6/3. Hence / < j 
and//_I'(£) R E D / M ( D ) H C 7̂  0. By Theorem 5.3 , / has a periodic point. This is a 
contradiction. Hence r > 0. Let £/ be an open set with diameter < r / 2 and £/ H A = 0. 
Let AQ = A. Since A £ Ws

c and diam A = 6, diamf~N(A) > 6. Choose a subcontinuum 
E G Ws

c such that £ C f~N(A) and diam£ = 5 (see Proposition 2.3). Then we have two 
subcontinua C and D off~N(A0) such that d(C,D) > 6/3, diamC = diamD = 6/3 
and C U D C £. By the definition of r, we may assume that U H (Ujlo/'CO) = $• P u t 

Ai = C. If we continue this procedure, we have a sequence AQ, AI , . . . , of subcontinua 
such that 

(1) An Cf-N(An^) for each n = 1,2,..., 

(2) U H ()JjLofj(AnJ) = 0 for each n = 1,2,.... 
Choose a point p G fln>o/nyV(^n)- Then f~l(p) is not contained in U for each / = 
0,1,2, . . . . Put F = Clif^ip) I 1 = 0,1,2, . . .} . Then f~l(F) C F. Choose a mini­
mal element F0 of {A G 2F \ f~x(A) C A}. T h e n / " 1 ^ ) = F 0 C f C X - [ / . This 
implies that X is not a minimal set off. This completes the proof. 

Similarly, we have the following theorem. 

THEOREM 5.3. Iff: X —> X is a positively continuum-wise expansive map of a com­
pact metric space X, then dimX < 00 and every minimal set off is ^-dimensional. 

To prove Theorem 5.3, we need the following Lemma 5.4, Lemma 5.5 and Lemma 5.6, 
whose proofs parallel those of Proposition 2.2, Proposition 2.3 and Corollary 2.4. We 
omit the proofs. 

https://doi.org/10.4153/CJM-1993-030-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1993-030-4


EXPANSIVE HOMEOMORPHISMS 593 

LEMMA 5.4. Letf: X —> X be a positively continuum-wise expansive map of a com­
pact metric space X with an expansive constant c > 0. Let 0 < 2e < c. Then there is a 
8 > 0 such that if A G C(X), diamA < 8 and for some n > 0, e < supjdiarn/^A) | j = 
0 , 1 , . . . , n} < le, then diam/n(A) > 8. 

LEMMA 5.5. Letf, c, E and 8 be as in Lemma 5.4. If A is any nondegenerate sub-
continuum of X such that diamA < 8 and diam/w(A) > £ for some m > 0, then 
diam/rt(A) > 8 for each n >m. More precisely, there is a subcontinuum B of A such that 
sup{diam/(£) | j = 0 , 1 , . . . , n} < e and dianif (£) = 8. 

By using Lemma 5.4 and Lemma 5.5, we have 

LEMMA 5.6. Letf, c, s and 8 be as in Lemma 5.4. Then for any 7 > 0 there is N > 0 
such that if A G C(X) and diam A > 7, then diam/n(A) > 8 for all n>N. 

In general, it is not true that if g: Y —> Y is an onto map of a compact metric space Y and 
dim Y > 0, then dim(F, g) > 0. For example, let g: Y —> Y be a map as in Example 3.3. 
Then g is an onto map of Y, dim Y > 0, but dim(y, g) — 0. 

However, we have the following proposition. 

PROPOSITION 5.7. Iff: X —> X is a positively continuum-wise expansive map of a 
compact metric space X and dimX > 0, then dim(X,/) > 0, where (X,f) is the inverse 
limit space off. 

PROOF. Choose a nondegenerate subcontinuumA of X. Consider the set S — n°?0 Xi9 

where X; = X. Let (yt) G S. For each n > 0 consider the following subset of S: 

A(f,n) = {(xi) G S I xn G A,Xj =f(xj+\) forO <j<n— 1 and*/ = yt for/ > n+ 1}. 

Then A(f, n) is a subcontinuum of S. Since C(5) is a compact metric space, there is a 
sequence «i < ni < • • • of natural numbers such that \imi-+OQA(f,ni) — C. Then C C 
(X,/). By Lemma 5.6, we can easily see that there is a positive number A > 0 such that 
diam A(/", AÏ;) > A for almost all /. Then diamC > A, and hence C is a nondegenerate 
subcontinuum of (X,/). Therefore dim(X,/) > 0. 

OUTLINE OF PROOF OF THEOREM 5.3. First, we shall prove that dimX < oo. Choose 
a finite open cover a of X such that mesh a < 8/2, where 8 is as in Lemma 5.6. Let 
Cn

Q = C1(A0 nf~n(C\(Aj)) for A/, Aj G a. By Lemma 5.6, for any 7 > 0 there isN>0 
such that each component of Cfj has diameter less than 7. As in the proof of Theorem 5.2, 
we can prove that dimX < oo. 

Next, we shall show that every minimal set off is 0-dimensional. Let M be a minimal 
set off and let/ |M be the restriction off to M. Consider the inverse limit space (XJ) 
and the shift m a p / of / . Note that/: (XJ) —+ (XJ) is a continuum-wise expansive 
homeomorphism (see Proposition 3.1). Then (MJ\M) is also a minimal set of/, because 
f((MJ\M)) = (MJ\M) and the fact that if C is a closed /-invariant subset of (XJ), 
then C = (j?n(C)J\pn(C)^, where pn: (XJ) —> X is the projection. By Theorem 5.2, 
dim(M,/|M) = 0. By Proposition 5.7, we can see that dimM = 0. 
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Also, we have the following results (cf. Theorem 4.1, Theorem 4.5, Theorem 4.6 and 
Theorem 4.9). The proofs are similar to those of Theorem 4.1, Theorem 4.5, Theorem 4.6 
and Theorem 4.9. We omit the proofs. 

THEOREM 5.8. Iff: X —> X is a positively continuum-wise expansive map of a com­
pact metric space X with dimX > 0, then the topological entropy h(f) off is positive. 

THEOREM 5.9. Letf: X —• X be an onto map of a compact metric space X. Then the 
following are equivalent. 

(1) f is positively continuum-wise expansive. 
(2) There is a positive number r such that if Y is any nondegenerate subcontinuum 

ofX, then there is a dense and uncountable subset D of Y such thatf is positively 
expansive on D with an expansive constant r > 0. 

(3) There is a positive number r such that if Y is any nondegenerate subcontinuum 
ofX, then there is a Cantor subset CofY such thatf is positively expansive on C 
with an expansive constant r > 0. 

THEOREM 5.10. If g:Z —> Z is any map of a ^-dimensional compact metric space 
Z, then there is a positively continuum-wise expansive map f:I —> I such thatf is an 
extension of g, where I — [0,1]. 

By Lemma 5.6 and a similar way as in Theorem 4.5, we can strengthen (1 ) of Propo­
sition 3.8 as follows. 

COROLLARY 5.11. Iff: X —> X is a positively continuum-wise expansive map of a 
continuum X, then there is r > 0 such that ifx G X and U is any open set with xG( / , then 
there are some pointy G U and a natural number k > 0 such that d(fkn(x),fkn(y)} > r 
for all n = 1,2, 

REMARK 5.12. In the statements of Theorem 5.2 and Lemma 5.3, we can not replace 
the assumption that/ is continuum-wise expansive, by the assumption that/ has sensitive 
dependence on initial conditions. Let 1:1°° —> 7°° be the identity map of the Hilbert cube 
/°° and let/?: / —• / be as in Example 3.5. Put g = 1 x/2 : /°° x / —• 7°° x /. Then the shift 
map g of g is a homeomorphism and g has sensitive dependence on initial conditions, but 
dim(/°° x /, g) = 00. Let Sl be the unit circle and let ra denote the rotation of length 2na 
on Sl. Define a map/: S1 x I —> S1 x I by/(x, t) = (rto(jc), t) for x G S1 and t G /, where 
a is an irrational number. Then/ is a homeomorphism and/ has sensitive dependence 
on initial conditions. Note that M — S1 x {1} is a minimal set of/ and dim M = 1. 

6. Continuum-wise expansive homeomorphisms and indecomposability. There 
are several theorems concerning the existence of expansive homeomorphisms (see the 
references). In this section, we show that almost all results can be generalized to the case 
of continuum-wise expansive homeomorphisms. 

By Proposition 2.3 and Proposition 5.1, we obtain the following theorems. The proofs 
are just the same as those of [ 10], [ 11 ] and [ 16], if we replace expansive homeomorphisms 
by continuum-wise expansive homeomorphisms. 
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THEOEREM 6.1 {cf. [16, (3.1)]). Iff: X —> X is a continuum-wise expansive homeo-
morphism of a compact metric space X and dimX > 0, then there is a closed subset Z 
ofX such that 

(1) each component ofZ is nondegenerate, 
(2) the space of components ofZ is a Cantor set, 
(3) the decomposition space ofZ into components is upper and lower semicontinu-

ous, and 
(4) all components ofZ are members of Ws or Wu. 

THEOREM 6.2 (cf [11]). There are no Peano continua in the plane admitting 
continuum-wise expansive homeomorphisms. 

THEOREM 6.3 {cf [10]). Let X be a Peano continuum which contains a 
1-dimensional AR neighborhood. Then there is no continuum-wise expansive homeo-
morphism on X. 

REMARK 6.4. In Example 4.4, we showed that there are many chainable continua 
admitting continuum-wise expansive homeomorphisms. Note that each chainable con­
tinuum can be embedded into the plan and it is acyclic. 

Next, we will consider continuum-wise expansive homeomorphisms on continua 
which are not locally connected. We need the following notation. By a refinement of 
a finite collection U of subsets of a space X, we mean, as usual, any finite collection of 
subsets of X whose elements are contained in some elements of U Let C\, C2,..., Cm 

be a sequence of subsets of X. Then the sequence is said to be a chain and is denoted by 
[Cu C2 , . . . , Cml provided that Q D Cj ^ 0 if and only if \i - j \ < 1 for each 1 < i, 
j < m. A chain [C\, C2,. • •, Cm] is said to be an r\-chain if mesh({Ci, C2,. . . , Cm}) = 
supjdiamC/ \ I < i < m} < rj. Let [V\, V2,..., Vm] be a chain such that V — 
{V\, V2,..., Vm} is a refinement of a finite open cover U of X. Let U\ and U2 be el­
ements of 11. Then the chain [V\, V2,..., Vm] is said to be crooked between U\ and U2 if 
there are 1 < i{\) < i{2) < i{3) < i{4) < m such that Vi(i) C Uu Vm C U2, Vi(3) C U\ 
and V/(4> C U2. A chain [V\,V2,...9Vm] is said to be chain from x to y if x G V\ and 
yevm. 

We need the following key lemma. 

LEMMA 6.5 {cf [16, (4.3)]). Let f:X —> X be a continuum-wise expansive home-
omorphism of a continuum X. Then there is 6\ > 0 such that for any p > 0, there is 
a natural number N > 0 and r\ > 0 such that if 11 is any finite open cover ofX with 
mesh(<Zi) < 77 and [U\, U2,..., Um] is a chain of U with d{U\,Um) > p, then one of the 
following conditions holds: 

(1) d(fN{Ul)J
N{Ur)) > 6] for some 1 < r < m. 

(2) d(f-N(Ui),f-N(Ur)) > S1 for some 1 < r < m. 

PROOF. Let c, e and 6 be as in Proposition 2.2. Let 0 < 8\ < 6/3. We may as­
sume that p < 5. Choose a natural number N such that if A G C{X) and diamA > p, 
then c < sup{diam/n(A) I \n\ < N}. We shall show that £1 and N satisfy the desired 
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condition. Suppose, on the contrary, that there is a sequence r/i > 772 > • • • of positive 

numbers with lim^oo 77; = 0 for each / and there is a finite open cover £/,- of X with 

mesh(îi/) < r\i such that for some chain [ l ^ i , l ^ 2 , • • •, UiMi)] of ty, d(Uiy\, £//,m(0) > p 

and d(fN(Uu),fN(UijS) < 6U d(rN(Uux)j-
N(Uuk)) < 6X for each i = 1 ,2, . . . , and 

1 < k < m(i). For each i, choose 0 < n(i) < m(i) such that d(U^\, U^) < p for each 

I <k < n(i) and d(Uux, ^>(0+0 > P- Set A, = C K U ^ UiJc). Since 2X = {C \ C is a 

nonempty closed subset of X} is a compact metric space with the Hausdorff metric, we 

may assume that lim^ooA; = A. Clearly, A is a subcontinuum of X with diamA = p. 

By the definition of N, we see that diamfN(A) > ë or dizmf~N(A) > 6 (see Proposi­

tion 2.3). On the other hand, dim\fN(A) = diamfN(limi-^ At) < 28 \ < 6. Similarly, 

d iam/ ' N (A) < 5. This is a contradiction. 

By using Lemma 6.5 and the same techniques as the proofs of [16, (4.4) and (4.5)], 

we can prove the following lemma. 

LEMMA 6.6 [cf. [16, (4.6)]). Suppose that X is a continuum and f:X —+ X is a 

continuum-wise expansive homeomorphism ofX. Then there exists 8\ > 0 such that if 

x} y G X, x ^ y, and 11 is any finite open cover of X, then there is a natural num­

ber N > 0 and 77 > 0 such that if[V\,V2,...,Vm] is an rj-chain from x to y, then 

[ A V i ) , / " ( V 2 ) , • • • / ( V m ) ] or [T"(V! ) , /""(V 2 ) , • ' • >f~N(vm)] is a refinement of U and 
is crooked between Us and Ut, where Us, Ut G 11 and d{Us, Ut) >8\ — 2 • mesh(Zl). 

By using Lemma 6.6 and the same manner as in the proofs of [16, (4.1)] and [17, 

(3.1)], we can prove the following theorems, if we replace expansive homeomorphisms 

by continuum-wise expansive homeomorphisms. The proofs are just the same. 

THEOREM 6.7. If a tree-like continuum admits a continuum-wise expansive homeo­

morphism, then it contains an indecomposable subcontinuum. 

Note that there are many indecomposable tree-like continua admitting continuum-

wise expansive homeomorphisms (see Example 3.5, Corollary 3.7, Example 4.4 and 

Theorem 4.9). 

COROLLARY 6.8 (cf. [14]). There are no continuum-wise expansive homeomor­

phisms on dendroids (= arcwise connected tree-like continua). 

THEOREM 6.9. Suppose that ¥ is a finite collection of graphs and a continuum X 

is I-like. IfX admits a continuum-wise expansive homeomorphism, then X contains an 

indecomposable (nondegenerate) subcontinuum. 

COROLLARY 6.10. Let F be a finite collection of graphs. If a continuum X is home-

omorphic to an inverse limit of an inverse sequence {Gn,fn+\} such that each Gn is an 

element off, and X admits a continuum-wise expansive homeomorphism, then X con­

tains an indecomposable subcontinuum. In particular, iff: G —> G is an onto map of a 

graph G and the shift mapf off is a continuum-wise expansive homeomorphism, then 

the inverse limit (G,f) off has an indecomposable subcontinuum. 
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EXAMPLE 6.11. In the statements of Theorem 6.2, Theorem 6.7 and Corollary 6.8, 
we can not replace the assumption that/ is continuum-wise expansive, by the assump­
tion that/ has sensitive dependence on initial conditions. In fact, there is a homeomor-
phism/: S1 x I —> S1 x I such that/ has sensitive dependence on initial conditions (see 
Corollary 5.11). Note that Sl x I is a Peano continuum in the plane. Let D = {0,1} 
and let C = n —oo<n<ooDn, where Dn — D. Let o\ C —> C be the shift map of C, i.e., 
v((an)n) = (Qn-ùn- Let X be the cone of C, i.e., X = (C x I)/(C x {0}), which is ob­
tained from C x I by shrinking C x {0} to a point. X is called the Cantor fan. Define a 
map/: X —• X by/([a, f]) = [cr(a)9 \ft\ for a G C and f G /. Then/ is a homeomorphism 
and/ has sensitive dependence on initial conditions, but X is a dendroid. Hence X is a 
hereditarily decomposable tree-like continuum. Note that h(f) — log 2 > 0. 

The following questions remain open. 

QUESTION 1. If f:X —> X is a homeomorphism of a continuum X and the topo­
logical entropy h(f) is positive, is X not Suslinian? (Note that there is a hereditarily de­
composable continuum X admitting a homeomorphism/ of X such that h(f) > 0 (see 
Example 6.11)). 

QUESTION 2. If f:X —• X is a continuum-wise expansive homeomorphism of a 
continuum, then does X contain an indecomposable subcontinuum? 

QUESTION 3. What kinds of indecomposable continua admit continuum-wise expan­
sive homeomorphisms? What kinds of plane continua admit continuum-wise expansive 
homeomorphisms? 

QUESTION 4. Does the Menger's universal curve admit a continuum-wise expansive 
homeomorphism? 

QUESTION 5. Is it true that if/: X —» X is a continuum-wise expansive homeomor­
phism of a continuum X, then there is a subset D of X such that/ is expansive on D and 
every nondegenerate subcontinuum of X has at least two points of D? 

QUESTION 6. Is it true that if an onto map/: X —» X of a continuum X has sensitive 
dependence on initial conditions, then h(f) is positive? 

QUESTION 7. Suppose that a continuum X admits a homeomorphism/ which has 
sensitive dependence on initial conditions. Is X not Suslinian? (Note that there is a hered­
itarily decomposable tree-like continuum admitting a homeomorphism which has sensi­
tive dependence on the initial conditions of Example 6.11). 

REFERENCES 

1. N. Aoki, Topological dynamics. In: Topics in general topology, (eds. K. Monta and J. Nagata), Elsevier 
Science Publishers B. V. (1989), 625-740. 

2. R. H. Bing, Snake-like continua, Duke Math. J. 18(1951), 653-663. 
3. B. F. Bryant, Unstable self-homeomorphisms of a compact space, Vanderbilt University, Thesis, 1954. 
4. A. Fathi, Expansiveness, hyperbolicity and Hausdorff dimension, preprint. 

https://doi.org/10.4153/CJM-1993-030-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1993-030-4


598 HISAO KATO 

5. W. Gottschalk, Minimal sets; an introduction to topological dynamics, Bull. Amer. Math. Soc. 64(1958), 
336-351. 

6. W. Gottschalk and G. Hedlund, Topological dynamics, Amer. Math. Soc. Colloq. 34(1955). 
7. K. Hiraide, Expansive homeomorphisms of compact surfaces are pseudo Anosov, Osaka J. Math. 27(1990), 

117-162. 
8. Hurewicz and Wallman, Dimension theory, Princeton Univ. Press, Princeton, N.J., 1948. 
9. J. F. Jacobson and W. R. Utz, The nonexistence of expansive homeomorphisms of a closed 2-cell, Pacific 

J. Math 10(1960), 1319-1321. 
10. H. Kato, The nonexistence of expansive homeomorphisms of 1 -dimensional compact ANRs, Proc. Amer. 

Math. Soc. 108(1990), 267-269. 
11 , The nonexistence of expansive homeomorphisms ofPeano continua in the plane, Topology and its 

appl. 34(1990), 161-165. 
12. , The nonexistence of expansive homeomorphisms of Suslinian continua, J. Math. Soc. Japan, 42 

(1990), 631-637. 
13 , On expansiveness of shift homeomorphisms of inverse limits of graphs, Fund. Math. 137(1991), 

201-210. 
14 , The nonexistence of expansive homeomorphisms ofdendroids, Fund. Math. 136(1990), 3 7 ^ 3 . 
15. , Embeddability into the plane and movability on inverse limits of graphs whose shift maps are 

expansive, Topology and its appl. 43(1992), 141-156. 
16 , Expansive homeomorphisms in continuum theory, Topology and its appl., Proceedings of General 

Topology and Geometric Topology Symposium, (eds. Y. Kodama and T. Hoshina), 45(1992), 223-243. 
17 , Expansive homeomorphisms and indecomposability, Fund. Math. 139(1991), 49-57. 
18. H. Kato and K. Kawamura, A class of continua which admit no expansive homeomorphisms, Rocky Moun­

tain J. Math, to appear. 
19. J. Kennedy, A transitive homeomorphismon the pseudoarc which is semiconjugate to the tent map, Trans. 

Amer. Math. Soc, to appear. 
20. R. Marié, Expansive homeomorphisms and topological dimension, Trans. Amer. Math. Soc. 252(1979), 

313-319. 
21. S. B. Nadler, Jr., Hyperspaces of sets, Pure and Appl. Math. 49, Dekker, New York, 1978. 
22. T. O'Brien and W. Reddy, Each compact orientable surface of positive genus admits an expansive home-

omorphism, Pacific J. Math 35(1970), 737-741. 
23. R. V. Plykin, Sources and Sinks of A-Diffeomorphisms of Surfaces, Math. Sb. 23(1974), 233-253. 
24 , On the geometry of hyperbolic attractors of smooth cascades, Russian Math. Survey 39(1984), 

85-131. 
25. W. Reddy, The existence of expansive homeomorphisms of manifolds, Duke Math. J. 32(1965), 627-632. 
26 , Expansive canonical coordinates are hyperbolic, Topology and its appl. 15(1983), 205-210. 
27. P. Walter, An introduction to ergodic theory, Graduate Texts in Math. 79, Springer. 
28. R. F. Williams, A note on unstable homeomorphisms, Proc. Amer. Math. Soc. 6(1955), 308-309. 

Faculty of Integrated Arts and Sciences 
Hiroshima University 
Hiroshima 730 
Japan 

https://doi.org/10.4153/CJM-1993-030-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1993-030-4

