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Abstract

One way of realizing representations of the Heisenberg group is by using Fock representations, whose
representation spaces are Hilbert spaces of functions on complex vector space with inner products
associated to points on a Siegel upper half space. We generalize such Fock representations using inner
products associated to points on a Hermitian symmetric domain that is mapped into a Siegel upper half
space by an equivariant holomorphic map. The representations of the Heisenberg group are then given
by an automorphy factor associated to a Kuga fiber variety. We introduce theta functions associated to
an equivariant holomorphic map and study connections between such generalized theta functions and
Fock representations described above. Furthermore, we discuss Jacobi forms on Hermitian symmetric
domains in connection with twisted torus bundles over symmetric spaces.

2000 Marhematics subject classification: primary 22E45, 11F55, 11F27; secondary 14K 10, 14K25.

1. Introduction

Let %, be the Siegel upper half space of degree n consisting of complex symmetric
n x n matrices with positive imaginary part. Then the symplectic group Sp(n, R) acts
on %, and the quotient I'"\ 3%, of J#, by an arithmetic subgroup I'’ of Sp(n, R) canbe
regarded as the moduli space for a certain family of polarized abelian varieties, known
as a universal family (see for example [5, 10, 13]). Such a family of abelian varieties
can be considered as a fiber variety over the Siegel modular variety X’ = ['\J%,
and the geometry of a Siegel modular variety and the associated universal family of
abelian varieties are closely connected with various topics in number theory including
the theory of Siegel modular forms, theta functions and Jacobi forms.
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Let G = G(R) be a semisimple Lie group of Hermitian type that can be realized
as the set of real points of a linear algebraic group G defined over Q. Thus the
quotient 2 = G/K of G by a maximal compact subgroup K has the structure of
a Hermitian symmetric domain. Let v : 2 — J%, be a holomorphic map, and let
p : G — Sp(n, R) be a homomorphism of G into a real symplectic group of degree
n such that t(gz) = p(g)1(z) forall z € 2 and g € G. Let I" be an arithmetic
subgroup of G such that p(I') C I, and let X = I'\2 be the associated arithmetic
variety. Then t induces a morphism 7y : X — X’ of arithmetic varieties, and by
pulling back the fiber variety over X’ via ty we obtain a fiber variety over X whose
fibers are again polarized abelian varieties (see Section 2 for details). Such fiber
varieties over an arithmetic variety are called Kuga fiber varieties (see [12, 22]), and
various geometric and arithmetic aspects of Kuga fiber varieties have been investigated
in numerous papers (see for example [1, 2, 8, 14, 16]). Various objects connected
with Siegel modular varieties and the associated universal families of abelian varieties
can be generalized to the corresponding objects connected with more general locally
symmetric varieties and the associated Kuga fiber varieties.

One of the important nilpotent Lie groups is the Heisenberg group whose irre-
ducible representations were classified by Stone and von Neumann (see for example
[11,19,23]). One way of realizing representations of the Heisenberg group is by using
Fock representations, whose representation spaces are Hilbert spaces of functions on
complex vector spaces with inner products associated to points on a Siegel upper half
space (see [21]). In this paper, we generalize such Fock representations using inner
products associated to points on a Hermitian symmetric domain that is mapped into a
Siegel upper half space by an equivariant holomorphic map. The representations of
the Heisenberg group are then given by an automorphy factor associated to a Kuga
fiber variety. We introduce theta functions associated to an equivariant holomorphic
map and study connections between such generalized theta functions and Fock rep-
resentations described above. Furthermore, we discuss Jacobi forms on Hermitian
symmetric domains in connection with twisted torus bundles over locally symmetric
spaces (see [15]).

This paper is organized as follows. In Section 2, we describe the construction of
Kuga fiber varieties over an arithmetic variety. In Section 3 we review the notion of
canonical automorphy factors for groups of Hermitian type, and automorphy factors
associated to products of semisimple groups and Heisenberg groups are discussed in
Section 4. In Section 5, we construct twisted torus bundles over arithmetic varieties
which are circle bundles over Kuga fiber varieties. We then study their connections
with Jacobi forms on Hermitian symmetric domains. Section 6 is devoted to the
discussion of Fock representations of Heisenberg groups on the space %, of certain
functions on vector spaces associated to each z € 2. We prove that such repre-
sentations are unitary and irreducible. In Section 7 we introduce theta functions on
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Hermitian symmetric domains and prove that certain types of such theta functions
generate the eigenspace of the Fock representation associated to a quasi-character.

2. Kuga fiber varieties

In this section we review the construction of Kuga fiber varieties associated to
equivariant holomorphic maps of symmetric domains. They are fiber bundles over
locally symmetric spaces whose fibers are polarized abelian varieties. More details
can be found in [12] and [22].

Let G be a Zariski-connected semisimple real algebraic group of Hermitian type
defined over Q. Thus G is the set of real points G(R) of a semisimple algebraic
group defined over Q, and the associated Riemannian symmetric space 2 = G/K,
where K is a maximal compact subgroup, has a G-invariant complex structure. Such
a space can be identified with a bounded symmetric domain in C* for some k, and
is called a Hermitian symmetric domain. Let G’ be another group of the same type,
and let 2’ be the associated Hermitian symmetric domain. A pair (o, T) consisting
of a homomorphism p : G — G’ and a holomorphic map 7 : 2 — 2’ is said to be
equivariant if t(gz) = p(g)t(z) forallg € Gandz € 2.

Let V be a real vector space of dimension 2n defined over Q, and let 8 be a
nondegenerate alternating bilinear form on V defined over Q. Then the symplectic

group
Sp(V, B) = {g € GL(V) | B(gv, gv') = B(v,v") forall v, € V)

is of Hermitian type, and the associated Hermitian symmetric domain can be identified
with the set 2 = S (V, B) of all complex structures I on V such that the bilinear
foom V x V —» R, (v,v) — B(v, IV') is symmetric and positive definite. The
action of Sp(V, B) on J# is given by the map G x ¥ — I, (g,I) — glg™.
Let {e}, ..., e3,} be a symplectic basis of (V, B), that is, a basis of V satisfying the
condition

1 ifi=j+n,
Blei,e) =3—-1 ifi=j—n,
0 otherwise

for 1 < i,j < 2n. Then Sp(V, B) can be identified with the real symplectic group
Sp(n, R) of degree n, and ¢ can be identified with the Siegel upper half space

H,={ZeM,(QO)|'Z=2Z, ImZ> 0}

https://doi.org/10.1017/51446788700003256 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700003256

204 - Min Ho Lee [4]

of degree n on which Sp(n, R) acts as usual by
-1 A B
8(Z)=(AZ+ B)(CZ + D) for g= c D)€ Sp(n, R)

and Z € J%,.

We now consider an equivariant pair (p, ) for the special case of G’ = Sp(V, 8).
Thus the homomorphism p : G — Sp(V, B) and the holomorphic map r : 2 — J%,
satisfies the condition 1 (gz) = p(g)t(z) forallg € Gandz € @. Let I be a torsion-
free arithmetic subgroup of G, and let L be a lattice in V with Vo = L ®; Q such
that B(L, L) C Z and p(I')L C L. Regarding 5%, as the set of complex structures
on V, each element z € 2 determines a complex vector space (V, I,(,), where I,
is the complex structure on V corresponding to t(z) € J%,. Let z; be a fixed element
of 2, and let I, be the complex structure on V corresponding to the element 7(z) of
J,. Let Ve = V ®g C be the complexification of V, and denote by V, and V_ the
subspaces of V¢ defined by V, = {v € V¢ | lyv = %iv}, so that we have

Ve=V,@V., V,=V_.
Then each element v in (V, I,,) determines an element
2.0 §@,v)=v, =v, — (v = v, ~ (V-

of the subspace V, of V., where the elements vy denote the Vi-components of
veEVC V=V, & V.. Weset

w=][V. L),
€2
the disjoint union of the vector spaces (V, I ;) with complex structure I, for the
elements z € 2. Then the map

(22) W— 2 x V+, (Z, U) - (Z’ g(zv U))

determines a bijection W = 2 x V, and a C-linearisomorphism (V, I,,)) = {z} x V,.
Thus the natural projection map W — 2 has the structure of a holomorphic vector
bundle with fiber V,.
Let G, V be the semidirect product of G and V with respect to the action of G on
V via p. Thus G X, V consists of the elements (g, v) € G x V and its multiplication
- operation is given by (g, v)(g', V') = (gg’, p(g)v' + v) forg, g € Gandv, v € V.
Then G x, V actson W by

(2.3) (8, v)(z, w) = (gz, p(Rw + p(g)V)

for(g,v) e GX, V,z€ Zandw € (V, I,y).
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REMARK 2.1. Let g be a fixed element of G. Then we have

It(gz) = Ip(g)t(z) = p(g)It(z)p(g)—1

for all z € 2. Consider the map ¢, : V — V defined by ¢,(v) = p(g)v for all
v € V. Then ¢, is an R-linear isomorphism of V such that I;(,; o ¢, = ¢, o I;(,
for all z € 2, that is, ¢, is an isomorphism between the vector spaces with complex
structure (V, I;(,)) and (V, I (,,). Indeed, we have

(It(gz) o ¢g)(v) = p(g)lt(z)p(g)—]p(g)v = p(g)lt(z)v = (¢g ° ‘[(Z))(v)

forall z € 2 and v € V. Thus p(g)v in (2.3) is simply the element of (V, I;,)
corresponding to the element v in (V, I ).

Using the isomorphism between W and 2 x V, given in (2.2), wee see that, if
w=§&(z,u) withu € (V, I,i), G X, Vactson 2 x V, by

(g, v)(z, w) = (gz,§(gz, p(&)W) + &E(gz, p(g)V))
= (gz,§(gz, p(Q)u) + (p(8IV),2)

for (g,v) € G X, Vand (z, w) € 2 x V,. Since p(g)v is the element of (V, I(,)
correspondingto v € (V, I,(,) as was mentioned in Remark 2.1, we shall simply write
v, for (p(g)v),,. Thus we have

(24) (gv v)(z, w) = (gZ, g(gz’ p(g)u) + vgz)

forall (g,v) € G, Vand (z, w) € 2 x V,, where u is an element of (V, I;,) such
that w = £(z, u).

Let the arithmetic subgroup I' C G and the lattice L C V be as before. Then, since
p(T)L C L, the action of G X, V on W induces an action of the discrete subgroup
I'x, L of G, Von W. Since I' is assumed to be torsion-free, the quotient spaces
X =T\Zand Y =T X, L\W are complex manifolds. The natural projection map
W — 2 determines the structure of a fiber bundle on the induced projection map
m : Y — X whose fiber over 'z € X with z € 2 is the quotient (V, I;,)/L of
the complex vector space (V, I,(;) by the lattice L. The complex torus (V, I))/L
is in fact an abelian variety because the alternating bilinear form 8 can be used as a
Riemann form. Thus we obtain a fiber bundle = : ¥ — X whose fibers are abelian
varieties of the form (V, I,,;)/L. The total space Y of such a fiber bundle is called a
Kuga fiber variety.
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3. Canonical automorphy factors

In this section we review the notion of canonical automorphy factors for semisimple
Lie groups of Hermitian type and describe some of their properties (see {20, 22]). Let
G = G(R) be a semisimple real algebraic group of Hermitian type as in Section 2,
and let K be a maximal compact subgroup of G. Then the Riemannian symmetric
space Z = G/K has a G-invariant complex structure .# which determines a complex
structure on the tangent space T,(2) for each z € &. Let £ be the Lie algebra of X,
and let g = € + p be the corresponding Cartan decomposition of g. Let zy € & be the
fixed point of K, and let .#; be the complex structure on 7, (%) = p. We set

p: ={X € pc | AH(X) = £iX},

and denote by P,, P_ the C-subgroups of G¢ corresponding to p,,, p_, respectively.
Then we have

P.,NKcP_={1}, GCP.KcP.,, GNKcP. =K

(see for example [22, Lemma I1.4.2], [20]). If g € P.KcP- C G, we denote by
(g)+ € P, (g)o € Kc and (g)_ € P_ the components of g such that

g = (8)+(8hl(g)-.

We denote by (G¢ X p.). the subset of G¢ x p, consisting of elements (g, z) such
that gexpz € P,KcP_. Then the canonical automorphy factor is the map J :
(Gc x v4). = K defined by

3.1 J(g,2) =(gexpz)o

for (g.z) € (Gc X py).. If (g,2) € (Ge X by)., we also define the element g(z) € b,
by

G2 expg(z) = (gexp2)s.

Furthermore, for z, z’ € p, with (expZ’)~'expz € P, KcP_, we set
(3.3) k(@z,2)=JWexpz) " 2)™ = ((expZ) ' expz)o) ™' € Kc.

Thus we obtain a K¢-valued function « (-, -) defined on an open subset of p, x p,
called the canonical kernel function for G, and it satisfies the relations

k(Z,2) =k(z,2)7", «(20,2) =k(z,20) =1,
k(g(2), (@) = J(g, )k (z,2)J (g, w)™'
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forz,z' € p, and g € G¢ for which «(z, z’) and «(g(z), £(z’)) are defined (see for
example [22, Section IL.5]).

Let (V, B) be the real symplectic space of dimension 2n defined over Q as is
described in Section 2. We extend 8 to a bilinear form on V¢ and denote by §;, :
Ve x Ve — C the bilinear map defined by 8,,(v, v') = B(v, Ipv') forall v, v € V.
Then we have 8, = ifon V, x V, and B8;, = —if on V_x V_. Thuseachof B;,lv,xv,
and B, |v._«v. is both symmetric and alternating; hence we have

ﬁloIV+xV+ =0’ ﬂIOIV_xV_ =0.

On the other hand, since I, € 2%, from the definition of J# it follows that both
Bilv.xv. and By lv_xv, are positive definite. Therefore we can identify V_ with the
dual V} of V,. Now we define a Hermitian form E : Ve x Ve = Con V¢ by

B, v) = if(®,v)

forallv, v € V¢. Then B is positive definite on V, x V,, negative definite on V_x V_,
and is zeroon V, x V_and V_ x V,.

Let {u;, ..., u,) be an orthonormal basis of V, with respect to the restriction of
the positive definite form B to V, x V,, and define the elements u,., ... , 42, by
Uj4n = u; for 1 < j < n. Then we have

iBunyjs uy) = iBGa, u;) = Bluj, uy) = 1,
iB g, Uny) = By, ) = —iP e, w) = —Bur, w) = 1

for 1 <j, k < n. On the other hand, using Lemma 1.1(iii), we obtain

iB(u;, w) = B, u) =0,
iB(Unyj, Unsx) = iBGH;, i) = Buj, ) =0

for1 <j,k <n. Thus {u, ..., uy,} is a symplectic basis for ( V¢, iB), and we have

Sp(Ve, iB) = Sp(Vc, B).

Now we discuss the canonical automorphy factor for G = Sp(V, B). We shall
regard the elements of G and the elements of its Lie algebra as matrices using the
basis {u;, ... , uz,} of V¢ described above. Thus, for example, p, and P, can be

written in the form

={( o)

where S, (C) denotes the set of complex symmetric n x n matrices. Similarly, we have
00 1 0
p_:{(7 O) ’ZeS,,(C)], P_—expp_—[(7 1) IZGS,,(C)}.
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We shall identify p, with S,,(C) using the correspondence (3 Z) > Z. Thus we can
writeexpZ = (%) € P, for Z € p, = S,,(C), and G acts on p, by

gZ =exp'((gexpZ),) € by

for all g € G, where exp™!(W) for W € P, denotes the (1, 2)-block of the 2 x 2
block matrix W. Let g’ be an element of G¢ = Sp( V¢, 8) whose matrix representation
is of the form g’ = ('2. 5 ) Then g’ € P, K¢ P_ if and only if D’ is nonsingular, and
in this case its decomposition is given by

, _(1 BD™N\('D™'" 0 1 0
£= 1 o p)\ptc 1)

LEMMA 3.1. Letg = (2 5) € Gc, Z e py. = S.(C), andlet J¥ : (Gc x py)a—> K¢
be the canonical automorphy factor for the symplectic group G = Sp(V, B). If
CZ + D is nonsingular, then we have

8Z =(AZ + B)(CZ + D)7},

s _((CZ + D) 0
(3.4) JS(g, Z) = ( 0 cz+ D)).

PROOF. We have
exZ—ABlZ—AAZ+B
gexPe=\c p)\o 1)7\c cz+b)
Since CZ + D is nonsingular, g exp p belongs to P, K¢ P- and its decomposition is
givenby gexpZ = (gexp Z),(gexp Z)o(gexp Z)-,

1 (AZ + B)(CZ + D)™
(gepo)+=(O (AZ + )(1 + D) )

_((CZ+ D) 0
(gexpZ)o = ( 0 €z + D)>,

1 0
(gexp 2)- = ((cz + D) 'C 1) '

Hence it follows that

t -1
s _ _((CZ+ D) 0
J°(g,Z) = (gexpp)o = ( 0 (CZ + D)
and gZ is the (1, 2)-block (AZ + B)(CZ + D)~' of the matrix (g expp).,. |
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Since the Siegel upper half space .5, can be regarded as the set of complex
symmetric n X n matrices with positive definite imaginary part, there is a natural
embedding of J%, into p, = S,(C). If g = (45) € Gand Z € 5, then CZ + D
is nonsingular; hence, using Lemma 3.1 we obtain the usual action Z — (AZ +
B)(CZ + D)™! of G on J%,. On the other hand, given g € G and Z € %, the
associated complex n x n matrix J5(g, Z) can be regarded as a linear map of V¢ into
itself.

COROLLARY 3.2. Let Z € J%, and g = (’é g) € Sp(V, B). Then the restriction
J3(g, Z) of the linear map J5(g, Z) : V¢ — C to the subspace V, of Vc is given by

(3.5) Jig,Z)="(CZ+ D)y

PROOF. This follows immediately from (3.4). O

4. Automorphy factors for generalized Jacobi groups

In this section we describe canonical automorphy factors and canonical kernel
functions of generalized Jacobi groups associated to symplectic representations of a
semisimple Lie group that are equivariant with holomorphic maps of the associated
symmetric domains. We shall follow closely the descriptions of Satake given in [22].

letp: G — Sp(V,B)and r : Z — F£, be as in Section 2, and let G be the group
of all elements of G x V x R whose multiplication operation is defined by

4.1) g v, 0, v, 1) = (g8, p(V + v, t+ 1 + B(v, p(g)V)/2)

for all (g, v, 1), (g, v, ¥) € G x V x R. Thus the subgroup {0} x V x R of G is
the Heisenberg group associated to the symplectic space (V, ). The group G is the
group of Harish-Chandra type in the sense of Satake [22] and can be considered as a
generalized Jacobi group since it reduces to a usual Jacobi group when p is the identity
map on Sp(V, B) (see for example [3, 24]). We set

pr=p.®V,, P_=p,0V,

and let P,, P_ be the corresponding subgroup of Ge = Ge x Ve x C, respectlvely
If Kc = K¢ x {0} x C, we have G C P+ KcP_. The canonical automorphy factor T
for the group G and the action of G on p, = p, @ V, is defined by

4.2) T (g, v, 1), (z, w)) = ((g, v, 1) exp(z, W,
4.3) exp((g, v, )(z, w)) = ((g, v, t) exp(z, w))4,
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assuming that (g, v, 1) exp(z, w) € i’; K cﬁ_. Here exp(z, w) is an element of G and
is given by

4.4 exp(z, w) = (expz, w, 0)

for all lz € p, and w € V,. Since 2 is embedded into p,, the quotient space
2 = G/ K =9 x V, can be embedded into p, = p, & V,. Thus (4.3) defines the
action of G on 9. We also define the canonical kernel functionK(-, ) : Py X Py — Kc
by

(4.5) £((z, w), (7, w)) = J((exp &> w)) ™, (z, w))™"
= (((exp (z, w')) "' exp(z, w))p) ™"

for (z, w), (z/, w') € p, such that
(4.6) (exp (7, W) ' exp(z, w) € P, KcP_

The condition (4.6) ~is sat~isﬁcd for (z, w), (', w') € é; hence we obtain a canonical
kernel functionon 2 x 9.

LEMMA 4.1. The canonical kernel function k((z, w), (', w’')) is holomorphic in
(z, w) and satisfies the relations

k((Z, W), @, w) =k((z, w), (Z, w))~",
#(E(z, w), §(Z, w) = T (&, (z, )R ((z, w), &, wHT(E, @, w))™"
for (z,w), (Z,w') € D and § € G.

PROOF. The first rglation is immediate from the definition of ¥. As for the second,
let (z, w), (z', w') € 2 and g € I'. Then, using (4.2) and (4.3), we see that

gexp(z, w) = exp(g(z, w)T (&, (z, w))py,
gexp(z, w') = exp(g (', W) (3, (2, w))p»

for some p;, p, € P_. Hence we obtain
exp (z/, )~ exp(z, w)
=p;' T @, w)) " exp @, w)) " exp(Z(z, w))J (3, (z, w))p;.

Thus it follows that exp (z/, w) 'exp(z, w) € ﬁ+ I?C ﬁ_, and by comparing the Ec-
components we obtain

#((z, w), & w)) ™ =T @, (2, w) T R(E( w), §E W)@, (2, w)).

Hence the proof of the lemma is complete. 0
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We shall now describe below the action of G on 2 and the canonical automorphy
‘actor for G defined by (4.3) more explicitly. Given (g, v,#) € Gand (z, w) € Z C
. @ V., we set

4.7) (g, v, )z w) =, w) €D,
J((g, v, 2), (z, w)) = (41,0, J5) € Kc = K¢ x {0} x C.

Jence we obtain a decomposition of the form

4.8) (g, v, 1) exp(z, w) = (expz, w',0)(J;,0, L) (p_, w_, 0)
or some (p_, w_,0) € P_. Using the multiplication rule on G, the right-hand side
)f (4.8) reduces to
(exp2) i, w', Jo)(p_, w_,0) = (g",v", "),
vhere

g =(expYhp_, V' =uw'+p((expz))w_,
" =J+ B, p((exp2)J)w.)/2.

In the other hand, we have

(g, v, )exp(z, w) = (g, v, t)(expz, w,0)
= (gexpz, v+ p(Qw, t + B(v, p(glw)/2).

Jdence we obtain

49) - gexpz = (expz)ip-,
'4.10) v+ p(@w =uw + (expZ)w_,
t+ B, p(Qw)/2 = L+ B, p((expz)J)w_)/2

or (g, 0, ) €G=Gx VxRand(z,w) € P =2 x V,.

PROPOSITION 4.2. For (z, w) € D we set p(Ji(z, w)) = (’*({,"") ,_(g'w) ) Then the
action of G on 9 is given by

4.11) (8, v, )(z, w) = (g(2), v + (2, wWYw)
forall (g,v,t) € G and (z,w) € 2.

PrROOF. Consider the elemsnts (g,v, 1) € G and (z,w) € @, and assume that
(g, v,0)(z, w) = (Z,w) € 2 as in (4.7). Since expg(z) = (gexpz); by (3.2),
from (4.9) we obtain expz’ = exp g(z) and J, = (gexpz)_. Hence it follows that

https://doi.org/10.1017/51446788700003256 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700003256

212 Min Ho Lee [12)

7 = g(2), and J1((g, v, 1), (z, w)) = J(g, z), where J is the canonical automorphy
factor for the group G given in (3.1). Now we consider the matrix representations

A B 0
p(expz)=((1, ’(f)), p(g>=(c D), p<11)=(10+ J_)

for z € p_ relative to the decomposition V = V, @ V_. Applying p to both sides of
the relation (4.9), we obtain

(€26 )6 )G D)

for some matrix M. Thus we have

A At@@Q+B\ _ (Ji+t(@)VIM ()
C Ct@y+D) J_M J_ '

Hence we see that

4.12) J,=A—-1()C, J_=Ct(2)+ D,
1(z') = (At(2) + B)(Ct(z) + D).

On the other hand, the matrix form of the relation (4.10) is given by

()@ 2)()-()+6 )@ D))

which implies that v, + Aw = w' + 1(Z)J_w_ and v_ + Cw = J_w_. Therefore

we obtain
w = vy + Aw) — 1(Z)(v- + Cw)
=W~ )+ A -1@)Ow =v, + JLw;
hence we have (z', w') = (g(2), vy, + Jow). O

COROLLARY 4.3. Let J$ be the restriction of the canonical automorphy Jactor for
Sp(V, B) to V, given in Corollary 3.2. Then, for (g,v,1) € G and (z, w) € @ we
have

(4.13) T, D w) = (g(), v + J; +(p(8), T(@))w).
In particular, if p(g) = (c D,,) € Sp(V, B), then we have

(4.14) (8. v, D)z, w) = (82, vy + '(G,7(2) + D,) "' w).
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PROOF. From (3.1), for g € G and z € 2, we have
p(J1) = p(Ji(g, 2)) = p((gexpz)o) = (p(g) exp T(2))o.

Thus we see that p(J;)(g, z) = J5(p(g), T(z)), where J? is the canonical automorphy
factor for the symplectic group Sp(V, B) given in (3.4). Therefore, if J, is as in
Proposition 4.2, we have

(4.15) J+(8,2) = J3(p(g), T(2)).

Using this and Proposition 4.2, we obtain (4.13). Then (4.14)is obtained by using (3.5).
]

From the multiplication operation on G given in (4.1) we see that the induced
operation on G x V by the natural projection G — G x V is exactly the one on
G KX, V considered in Section 2. On the other hand, we considered an operation of
G X, Von 2 x V, in (2.4) to construct a Kuga fiber variety. This operation is in fact
compatible with the operation of G given in (4.11) as can be seen in the next lemma.

LEMMA 4.4. The operationof GX, V on 2 x V, given in (2.4) can be written in the
form (g, v)(z, w) = (gz, vy, +J,w) forall(g,v) € GX,Vand(z,w) € D=DxV,.

PROOF. Let (g,v) € G X, Vand (z, w) € 2 x V,. From (2.4), we have

(g, v)(z, w) = (gz,§(gz, p(g)u) + v,.),

where u is an element of (V, I,;) such that w = &(z, u). Using (2.1) and p(g) =
(45), we have

E(gz, p(Qu) = (p(Ru)g, = (( ) (ui))
8z

= (Au;, + Bu_) — 1(gz)(Cu, + Du_)
=(A —1(g0)Quy + (B — t(gz)D)u_.

Ho_wcver, we have
- ‘D -'B
1(2) = p(&)7'7(g2) = (_,C ‘A )r(gZ)
= ('Dt(gz) — 'B)(—'Ct(gz) +'A)7".
Using this and the fact that 7(gz) is symmetric, we obtain

B —1(gz)D = —(A — 1(g2) O)1(2).
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Hence we see that
§(gz, p()u) = (A —1(g)O)(uy — T(Ju_) = (A — 1(gn) Ow.
Since A — 1(gz)C = J, by (4.12), we obtain the desired formula. O

COROLLARY 4.5. Let C,, D, and J f be as in Corollary 4.3. Then the operation of
G X, Von 2 x V, given in (2.4) can be written in the form

(8, V)(z, w) = (g2, Vg, + S (p(8), T(2))w)
= (g2, Vg + (C,T (@) + D,)"'w).

PROOF. This follows from (3.5), (4.15) and Lemma 4.4. d
LEMMA 4.6. If (g, v, )(z, w) = (2, '), then we have
B, p(g)w) — B(vy, Cw) = B(v, Jiw),
where the matrix C is the (2, 1) block of p(g) as in the proof of Lemma 4.2.
PROOF. Using v, = v, — 7(2')v_ and the matrix representation of p(g), we have
B, p(g)w) — B(vy, Cw) = B, Aw + Cw) — B ((} &) v+ v_, Cw).

Since Cw € V_ and Blv_xv. = 0, using the fact that 8 is invariant under p(G), we
obtain

B, p(gw) — B(vy, Cw) = B(v, Aw) + B(v, Cw) — B (U» ((1) ’(f/)) Cw)
= B(v, Aw) + B(v, Cw) — B(v, Cw + () Cw)
= B(v, Aw — 1()Cw).

Now the lemma follows from the fact that Jjw = J,w = Aw — 1(z')Cw. O
PROPOSITION 4.7. The canonical automorphy factor J Jor Gis given by
(4.10) J((g, v, 1), (z, w)) = (/i((g, v), @ w)), 0, S2((g, v, 1), (z, W)))

forall (g, v,t) € G and (z, w) € é where J| is the canonical automorphy factor for
the group G and

(g, v, ), (2, w)) =t + (v, v) /2 + B(v, yw) + B(p(gw, Jiw)/2.
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PROOF. If C is as in Lemma 4.6, then we have (v + p(g)w)_ = v_ + Cw. Using
this and the fact that By, .y, = 0, we see that

Sy =1t+ B, p(g)w)/2 — B, p((exp2)J)w_)/2
=1+ B, p(gw)/2 — B(W,v + p(glw — w')/2
=1+ B, p(ew)/2 — B(vy + Jyw, v + p(g)w)/2
=1+ B, p(Qw)/2 — B(vy, v)/2 — B(vy, p(8)w)/2 — B(Jyw, v_ + Cw)/2
=1+ B, p(@w)/2 — B(vy, v)/2 — B(vy, p(glw)/2
- B w,v.)/2 ~ B(Jyw, Cw)/2.

Using Lemma 4.6, we thus obtain

Sr=t+ W, hw)/2 = B(vy, v)/2 = B(Jyw,v)/2 = B(J,w, Cw)/2
=t+ B, hw) — B(v, v)/2 - B(Jrw, Cw)/2.

Since p(g)w = Aw + Cw with Aw € V,, we have
B(Jsw, Cw) = B(J,w, p(glw) = BN 1w, p(glw) = —B(p(gw, Jw).
Hence the proposition follows using this and B(v,, v) = B(v,,, v) = —B(v,v,,). O
Now we define the complex valued function ¢ : Gx%9—C by

4.17) _Z{g v, 1), (z,w)) =e[h((g, v, 1), (z,w))]
=e[t+ B, v,)/2+ B, hw)+B(p(gw, Jyw)/2]

forall (g, v, 1) € G, where e [-] = €™,

PROPOSITION 4.8. The function Z is an automorphy factor, that is, it satisfies the
relation

S EE. D= _2¢8D.2@E2
forg=(g,v,1,8 =(EVv,r)eGand?=(z,w) € D.

PROOF. Let g, g’ € G and 7 € 9. Since the map J= V1,0, Jy) : Gx9— Kc
is an automorphy factor, using the multiplication rule (4.1) in G, we obtain

(J1(88".2),0, J2(88', 2)) = (J1(8, 8'2), 0, J2(8, gD (11(&', D), 0, J2(&". D))
= (i(§, §DN (&, 2,0, 2§, §2) + J2(§, 2))-

Thus we have /,(gg', Z) = J2(8, £'Z) + J2(&’, Z), and hence _# = e[J/,] satisfies the
desired relation. : d
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5. Twisted torus bundles and Jacobi forms

In this section, we construct twisted torus bundles over locally symmetric spaces, o1
circle bundles over Kuga fiber varieties, associated to generalized Jacobi groups. We
then define Jacobi forms associated to an equivariant pair, which generalize the usual
Jacobi forms (see [24]), and discuss connections between such generalized Jacobi
forms and twisted torus bundles. Similar Jacobi forms were also considered in [17]
and [18]

LetG=Gx VxR be as in Section 4. Thus we have G/K 9 = 9 x Vi,
and there are embeddings 7 pr=p, OV, <> Gc / KcP_. On the other hand,
since the elements of exp C and the elements of 13; commute, the exponential map
determines the natural embeddingp, ®C =p,® V, ®#C — Ge /K ¢ P_ that induces
the embedding p, <> Gc/KcP-. Thus we obtain a commutative diagram

2 x V, xC —— Gc/KcP-

l l

D x V+ _ 5(/Eci;_

! l

9 —_— Gc/Kcﬁ_,

where the horizontal arrows are the natural embeddings and the vertical arrows are
the natural projection maps. Now we can define an action of G on Z x V, x Cby
requiring that (g, v, 1)(z, w, u) = (2, w’, «) if and only if

(g, v, ) exp(z, w, u) € exp(z, w’, W)KcP_
More specifically, we define the action by
(g, v, 1) exp(z, w, u) = exp(Z, w', W)Jip_

for all (g,v,?) € G and (z,w,u) € 2 x V., x C, where J; € K¢ is the canonical
automorphy factor for the group G and p_ is an element of P_. By considering the
natural projection 2 x V, x C > 2 x V,, we obtain

(g, v, ) exp(z, w) = exp(Z, w')exp(u' — u)Jyp_,

which implies that ((g, v, 1) exp(z, w))y = exp(u’ —u)J, = (W' —u, 0, J;). However,
using (4.2) and (4.16), we see that

(g, v, ) exp(z, w)) = (2,0, /).
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Therefore we obtain ¥’ = u + J,, hence it follows that

(5.1) (g, v, )(z, w, u) = (g2, Vg, + Jow,u+ Jy),
Sy =1+ B, 1) /2 + Bv, Jiw) + Blp(gw, S1w)/2.

Now we restrict the holomorphic action of Gon 2 x V, x C to the real analytic
action of G on 2 x V, x R. Let the arithmetic subgroup I' C G and the lattice
L C V, be as in Section 2, and consider the quotient 7 =T x L x Z\?2 x V, x R
of 2 x V, x Rbythe actionof ' x L x Z C G given in (5.1). We shall identify 7
with the quotient I’ x L\Z x V, x (R/Z) by using the map

Z,w,u) = (z,w,e[u]), 2x V., xR—> 2 x V, x (R/2),

where we identify R/Z with the unit circle {z € C | |{z| = 1} in C. Then the action of
I'x Lon% x V, x (R/Z) is given by

(5.2) v, D w,A) = vz, b + Jyw, Z((v,1,0), (z, w)A)

forall(y,!) e ' x L and (z, w, A) € 2 x V, x (R/Z), and the natural projection map
D x V. x(R/Z) - 2 x V, equips Z with the structure of a fiberbundle n’ : 7 — Y
over the Kuga fiber variety ¥ = I"' x L\ 2 x V, whose fiber is isomorphic to the circle
R/Z. By composing with 7 : ¥ — X we can also consider 7 as a twisted torus
bundle over the arithmetic variety X = I'\ ¥ in the sense of [15].

DEFINITION 5.1. A holomorphic function f : 2 x V, — Cis a Jacobi form of
weight u and index v for (T, p, t) if it satisfies the relation

53) - f(yzl,, + Jyw) =det(C,7(z) + D,)*e"[B(, 1,.)/2
+ B, J1w) + Blp(Y)w, 1w)/21f (z, w)

forall (z, w) € 2 x V, and (y,1]) € ' x L with

A, B
5.4 ={"° ”) Sp(V, B),
(5.4) o) (C,, D, € Sp(V, B)

where e’ [x] = e [v(x)] = ¥"™,
Let & be the line bundle on ¥ =TI x L\Z x V, defined by
L =IxL\Z x V., xC,
where the quotient is taken with respect to the action of I' x L on Z x V, x C given by

(3.5) . Dz, w, &) =(yz, . + Jow,det(Cyt(2) + D,)E)
forall (z, w,¢) € 2 x V., x Cand (y,!) € I' x L with p(g) as in Definition 5.1.
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THEOREM 5.2. The space of Jacobi forms of weight y and index v for (T, p, t) is
isomorphic to the space To(Y, L®* @ T®°) of sections of the bundle L%* @ T
over the Kuga fiber variety Y =T x L\Z x V,.

PROOF. From (5.2) and (5.5) it follows that the line bundle ¥®* ® Z®' can be
regarded as the quotient ¥®* ® 7® =T x L\2 x V, x C with respect to the action
of ' x L on 2 x V, x C given by

D@ w, &) =z, b, + Jyw, det(Cor(2) + D)* £ (v, 1,0), (z, w)'¢).

lets : Y — L®% @ % be an element of [y(Y, .£% ® Z°"). Then for
(z, w) € Z x V, we have s([(z, w)]) = [(z, w, { )] for some & ., € R/Z, where
[(-)] denotes the appropriate coset corresponding to the element (-). We define the
function f; : 2 x V, — Cby f,(z, w) = &, forall (z, w) € 2 x V,. For each
(v, D) € I' x L, using the actions of ' x L given in (5.2) and (5.5), we have

s(Uz, i) = s(Wyz, L + J,w)))
=[(rz, by + 4w, Sty towy)]
= D7 0z by + J4w, Sgagts)]
= [(z, w,det(C,t(z) + D)™ 2 (v, 1, 0), (z, W) " Eyztye+s,0))]s
where C, and D, are as in (5.4) and, as in (4.17),

(56) Z((y.1,0), (z, w)) =e[L((y,1,0), (z, w))]
=e[pd, L;)/2+ BU, Jyw) + Blp(¥)w, Jw)/2].

Therefore we obtain
fs(z, w) =det(C,r(z) + D)™ 2 ((y,1,0), (z, w) " fs(yz, l,, + Jyw).

Hence f; satisfies the transformation formula (5.3) for a Jacobi form of weight
and index v for (T, p, 7). On the other hand, suppose that f : 2 x V, —» Cisa
holomorphic function satisfying the condition (5.3). We define the map s, : ¥ —

L®# ® y®u by

(5.7 sr [z, w)]) = [z, w, f (z, w))]

for (z, w) € @ x V.. Then this map is well-defined because, foreach (y, ) e I x L,
we have

sp [y, Dz, w)])
=s([(vz, L, + Jyw)]) = [(vz. L. + Jow, f (vz, 1, + Jow))]
=[(yz, L, + Jow, det(C,7(2) + D,)* £ ((, 1, 0), (z, w))'f (z, w)
= [(y, Dz, w, f (z, w))] = [(z, w, f (z, w))],
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which is equal to s ([(z, w)]) in (5.7). Thus s; is a section of ¥® ® Z®', and the
proof of the theorem is complete. O

EXAMPLE 5.3. Let W be a real vector space of dimension v > 2 defined over Q,
and let S be a nondegenerate symmetric bilinear form of signature (2, v — 2). Then
it is known (see [22]) that the associated spin group G = Spin(W, S) is a semisimple
Lie group of Hermitian type. Let %t be the even part of the Clifford algebra ¥
of (W, S), and let a € €* be an element with ' = —a, where ¢ is the canonical
involution of ¥. Then the bilinear form A on ¥+ with A(x, y) = tr(ax'y) is nonde-
generate and alternating, and for each x € G the map x > gx determines an element
of Sp(¢*, A). By identifying Sp(¢*, A) with Sp(2*, R) we obtain a homomor-
phism p : Spin(W, §) — Sp(2¥, R), which induces an equivariant holomorphic map
T : 9 — 3%, of the symmetric domain 2 associated to G into the Siegel upperhalf
space #%,. Thus we obtain Jacobi form on the symmetric domain associated to spin
groups of type (2, n), and such Jacobi forms were studied recently in connection with
a number of topics (see for example [4] and [7]).

6. Fock representations

Let G = G x V x R be as in Section 4. Then the multiplication operation (4.1)
restricted to the subgroup {1} x VxR = V x R of G is the usual multiplication
operation on the Heisenberg group V x R. Classically a Fock representation of such
a Heisenberg group is a representation in a Hilbert space of certain functions on V¢
associated to a point in the corresponding Siegel upper half space (see [21]). In this
section we construct similar representations of such a Heisenberg group in Hilbert
spaces associated to points in the Hermitian symmetric domain 2 and prove that such
representations are unitary and irreducible.

Let (-, -) be the canonical kernel function for the group G=Gx VxR
given in (4.5). Thus we have k((z, w), (’, w')) = T((exp @, w))~", (z, w))~! for
(z,w), (Z,w) € D =9 x V.. Since J = (Ji,0, J,) € I?c, by restricting ¥ to
2 x 2 we have :

K((z, w), (Z', w))
[ _ —_— -1
= (J, ((exp @, w))7", (z, w)) ‘o, L(exp @, w) 7, (@, w)))
= (Jl (texp (@, w))™, (z, w)™', 0, —Ja((exp (Z, W), (z, w))) .

Using (4.4), we obtain ((exp (z', w'))™! = (expZ,w’,0)"! = ((expZ)~!, —w’, 0),
and hence we see that

Ji(exp @ w)™ @ w) ™ = J(exp) ™ 2) " =z, 2),
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where J and « are the canonical automorphy factor and the canonical kernel function
for the group G given in (3.1) and (3.3), respectively. Thus we obtain

k((z,w), (7, w)) = (k(z,2), 0, k2((z, w), (', w))),

where
(6.1) 2z w), @, w')) = —h(lexp (@, w)) 7, (z, w))
' = B, p(x1(z, 2)) 't (') /2
+ B, plki(z, 2)) " w)
+ BE@)w, pli(z, 7)) w)/2.
We set
(6.2) Rz, w), (2, w")) = e[ka((z, w), (', w))]

for (z, w), (', w') € 2.

PROPOSITION 6.1. Let # = e[J.] be as in (4.17). Then we have

6.3) R((Z, W), (z, w)) = R((z, w), (z, w')),
64) R@EGE w),gE, w))=_g@&, (z.w)R({(z, w), @, w)) g, @, w))

forall (z, w), (Z, w') € 2 and g € G.

PROOF. Let (z, w), (', w') € 2 and g€ G. Then by Lemma 4.1 the canonical
kernel function & (-, -) satisfies the relations

(7, w), 2, w) =k ((z, w), @, w)™

= (K(z, )70, —k2((z, w), (7, w’))) ,

#(E(z, w), g, W) =T @, (2, W)k ((z, w), &, WNI &, @, w))™"
= (J(g,2),0, J2(g, (z, w))(k(z,2), 0, k2((z, w), (z, w)))
x (J(g, )™, 0, - @, @, w)))
= (k;, 0, &3),

where
K =J (g D ) (g, 2) 7",

'Ké = JZ(gv (zv w)) + KZ((Zv LU), (Z” w/)) - JZ(gv (Z’v w/))

In particular, we obtain

KZ((th w,)v (Z, w)) = _KZ((zv 'l.U), (Zlv w/)),
K2(g(z, w), §(2', W) = L(&, (z, w)) + K2((z, w), (', W) — K(g, @, w)).
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Thus it follows that

R((@, w), (z, w)) = e[k ((z, w), (Z, w))] = K((z, ), (7, w)),
K@z w), g, w)) =elh(E,  w)lelk(z w), &, w)le[~LE &, w))]
= 28, (z, w)A((z, w), (Z, w)) £ @&, (Z, w));

hence the proof of the proposition is complete. O

LEMMA 6.2. Let £((z, w), (7, w')) be a C-valued function on 9 x 9 that is holo-
morphic in (z, w) and satisfies (6.3) and (6.4). Then £ is a constant multiple of K.

PROOF. For 7 = (z, w),7 = (Z,w) € P we set nz, ") = £z, 7)R(E, Z’)‘
Then, using (6.4), we obtain n(gz, gz2') = n(z,7) forall g € G. Thus,ifZ € 9 is
a base point, then we have 7(g%o, Zo) = n(Z, §~'%) for all € G. Since n(z, 7) is
holomorphlc in Z, by (6.3) it is antiholomorphic in Z'. Therefore, using the fact that G
acts on 2 transitively, we see that n(§Zo, Zo) = (%, §~ 170) = 77(20 7o) forallg € G.
Thus, if 7,7 € 2 with 7 = = g'Z, we obtain n(Z,Z") = n((g)7'z, 20) = 1, Zo);
hence it follows that &(Z, ') = CL(Z, #') with C = (%, Zo)- O

Given elements z € 2 and w, w’ € V,, we set

(6.5) R (w, w') = 8((z, w), (z, w")).
For each z € 2 we denote by Z, the space of holomorphic functions ¢ on V, such
that
©6) 1812 = [ 18R, dw < 00,
Ve

where d,w = det(Im t(z))"'dw. Thus &, together with the inner product
(6.7) @.¥). = | ¢P WKW, w)" dw
A

is a Hilbert space. N
For g = (g,v, 1) € Gand ¢ € F,,, we set
(T*E )W) = £ &, (z, w))~ ¢ (pr,((Z(z, w)))

forall (z, w) € 2 x V,, wherepr, : 2 x V, — V, is the natural projection map onto
V,; hence we have

prz((g(z, w))) = pry(gz, Ve + Ji(p(8), T(2))w)
= vy + I3 (p(g), T@)w.
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LEMMA 6.3. For § = (g,v,1) € G and ¢ € F,,, we have T#(3 )¢ € &, and
178 (2l = Iplly. forall z € 2.

PROOF. Letz € 2,g=(g,v, 1) € G and ¢ € #,,. Then we have
I ng(é_l)d’“i = f |ng(§_l)¢(w)|2ﬁz(w, w) 'dw
Vi
= l/(g’, (z, w))_l‘p(vgz + Jf_(p(g), T(Z))w)|2f\‘z(w, w) ' dw.
Ve

However, by Proposition 6.1, we have
Rge (g + T2 (0(8), T(@))W, vy, + JE(0(8), T(2))w)
= 2@ (@ w)R (w,w) 2 (& (z, w)) = | £ (& (2, w) K (w, w).
Furthermore, we have

dy: (Vg + I (0(8), T())w)
= det(Im ©(g2))™'d(vy, + JJ (0(8), T(2))w)
= |J4(p(8), T (@) det(m (2))™'d(vg: + T (0(8), T(D)w),

where J| is the restriction of the canonical automorphy factor of Sp(V, g) given
in (3.5) to V.. However, we have d(v,, + J3(p(g), T(@))w) = |J5(p(g), T(2))I7%,
which implies that d,, (v, + Jf(p(g), t(z))w) = d,w. Hence we have

ITEE DO = | 19 + T (0(8), T(@)w)]

Vi
X Rgr (Vg + 3 (0(8), T(2)w, e + I3 (0(8), T(2)w) ™"
X dg, (Vg + J3(0(8), T(2))w)

= / |¢(w)|2ﬁgz(wv w)dgzw = ”d)”!z;zy
Vi

and therefore the lemma follows. O

By Lemma 6.3 we see that T#:(g™') is an isometry of &, into %,, and therefore
it follows that T%(g) is an isometry of %, into #,,, and for ¢ € &, we have

(6.8) (T*(@)P)(w) = (T* @) (w) = £ (Z", (gz, w)) "' P (pr, (2 (g2, w)))
forallze ZQandw e V,.
PROPOSITION 6.4. For g = (g, v,t), g = (g, V,l) € G and ¢ € 93(1), we have

T (g) o T(g') = T*(38') forallz € 2.
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PROOF. Let § = (g,v,1),§ = (g,v,¥) € G, (. w) € P = D x V, and
¢ € Z,- Then from (6.8) we obtain
(T*@)p)(w) = £(F7, (g'z, w) ' d(pr, (g~ (g'z, w))).
Applying (6.8) once again, we see that
(T¥*(8) o T*(')(#))(w)
= 2@ " gz, w) ™' L@ (g2, pry(87 (g8 z, w)) !
X ¢ (pry (g~ (g'z, pry(g ' (g8 z, wW)))).
On the other hand, we have
(T* @& @NHw) = £ (g8)™, (g8'z, w)P (pry((gg) ' (88'z, w)))
= £ 87 g8z w) L (&' (88'z, w))
x ¢ (pry((28) " (gg'z, w))).
Since we have
g7 (gg'z, w) = (g7'g8'z, pry(g7' (gg'z, w))) = (g'z, pry (g~ (g8'z, w))),
P87 (g'z, pry (87" (88’7, w)))) = pr, (8 '8 7' (g8'z, w))
= pr,((§8) ' (gg'z, w)),

it follows that (T#%(g) o T*(8")(¢))(w) = (T*(gg')($))(w), and therefore the propo-
sition follows. O

Now we consider the subgroup {1} x V, xR of G. We shall identify this subgroup
with V = V, x R. Then Vi is in fact a Heisenberg  group because the restriction of the
multiplication operation on G given by (4.1) to v glves us the usual multiplication
operation on a Heisenberg group. For & = (u,t) € VcGandw e V, we set
uw = pr,((i#(z, w)). Then, using (4.13), we obtain

(6.9) aw = pr,(((1, u, 1)(z, w)) = wy, + Jf_(p(l), T(Q)w =u, + w.
Thus for g = u the formula (6.8) reduces to
(6.10) (T* (@) (w) = £ (&, (z, w))™' ¢ (aw)

forgp € £,z € Zandw € V,,and T*(&"!) is an isometry of %, into itself.

LEMMA 6.5. For fixed 7 € 9D the function K,(w, w') is holomorphic in w, and we

have
(6.11) £ (W, w) = K (w, w),
(6.12) R (aw, aw') = £ (4, (z, )R, (w, w') _£ (4, (z, w'))

forall w,w € V, and u € V.
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PROOF. Using (6.1), (6.2) and (6.5), we have
K (w, w') = K((z, w), (z, w')) = e[Kk2((z, w), (z, w'))].
for w, w' € V,, where

K2 ((z, w), (z, w')) = B, plic\(z, 2)) "' T@W)/2 + B, p(ki(z, 2)) "' w)
+ BE@w, pki(z,2) " w)/2.

Thus «, is holomorphic in w, and therefore £ (w, w’) is holomorphic in w. Now
(6.11) and (6.12) follows from the corresponding relations in Proposition 6.1. O

LEMMA 6.6. Let W{(w, w’) is a function on V, x V, that is holomorphic in w
satisfying the conditions

(6.13) Y(w, w) = ¥V(w, w),
(6.14) V(aw, aw') = # (@, (z, w))¥(w, w)_# (&, (z, w'))

Jorallw,w € V., and u € V. Then VV is a constant multiple of R,

PROOF. This follows from Lemma 6.2. O

For fixed z € 2 the map ¢ > ¢(w), £, — Cis a continuous linear functional
on &, and therefore there exists an element £ € Z, such that

(6.15) o) = [ BB )R W\ w) o
for all ¢ € &,.
LEMMA 6.7. Given z € 9, there is a nonzero constant C such that
Ew) = CR(w, w)
Jorallw,w' € V,.
PROOF. For z € & and w, w’ € V, we have
o) = | B0 0K )" d,

which implies that

EL(w) = [ EL(VEL (WK (v, V) d v = §(w).
v
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Letii = (u,1) € VC Gand ¢ € F,, so that we have
(T* @ He)(w) = 2 (&, (z, w)) ™' ¢ (aw).

Then we see that

£2(v) (4, (z, v))"'¢ (av) K (v, v)"'dv
v
=/, EL)(T* (@ V) (WK, (v, v) ' d,v
= F @, (z,w)" | &, WA (v,v) ' dv
v

= Z(@, @ w) | & (av)¢ @)k (v, iv)~'d,v.
Thus we have )
S (@, (2, v)) ' E0) R (v, v)
= 7 (&, (z, w)) &, (av) R (v, uv)™
= 2 (@, (z, w)""E, @v) £ (&, (z, v)™' £ (@, =, v)) ' K (v, v) ™!
for v € V,. Hence, replacing v with w’, we see that
g, @) = (i, z, w)EEW) 2 (&, (z, w)).

Now the lemma follows by applying Lemma 6.6 to the function (w, w’) +— &Z(w').
O

Given an element v of the Heisenberg group V=VxR, by (6.10) we obtain the
isometry 7%() of %, into itself given by

(6.16) (T* @) (w) = L7, (z, w) ' ¢ 'w)

for all w € V,. We now consider an operator on .#, associated to a function on V.
Let Z(V) be the space of C-valued continuous functions on V with compact support.
For F € £ (V), we denote by T?(F) the operator on &, defined by

T (F)¢ = / F@)(T(5)$)dv
12
forall ¢ € Z,.

LEMMA 6.8. For F € £ (V) and ¢ € &, we have
TEHW) = [ K, w)pW)E 0 w) d,
Vs

where k,(w, w') = C [; F(#) £ (i, (z, w))"' &, (w, aw') dii for all w, w' € V,.
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PROOF. Using (6.15) and Lemma 6.7, we have
(T*(F)¢$)(w) = ) R.(w, w)(THF)$)(W)K, (', w) ™" dw'
for F € #(V), w € V, and some constant C. On the other hand, for i € V we have
(T*(w)¢)(w) = C ., R (w, v)(T* (@) (WK, (v, v) ' dyv
=C ., R(w,v) L@, (z,0) ¢ v)R (v, v)" dyv
=C ., R (w, aw') 2 @, iz, w)) "¢ ()&, (@', aw')"'dw'.

Thus, using the relations

Ko, aw) ™ = 7 (@, (2 w) " KW', aw) ! £ (@, @ w))
L@ iz, w)) L @, (2 w) = f @Rz w) =1,

we obtain

(T'@$)w) = | K.(w, aw) 2 (@, (z, w)) 'K W', w) ') dw'.

Ve

Hence we see that

(T*(F)¢)(w) =/ (/~ F(u) # (u, (z, W) 'R, (w, ﬁw')dﬁ)
Vs 1
x ¢ (W) R (w', w') 'dw,
and therefore the lemma follows. ad

THEOREM 6.9. Let z be an element of the Hermitian symmetric domain 9 and let
V C Gbethe Heisenberg group associated to the real vector space V described above.
Then the map v — T*(V) given by (6.16) is an irreducible unitary representation of
V on the space Z,.

PROOEF. B); Proposition 6.4, for v = (v, 1), ¥ = (V', t)) € V, we have
TY(0) o T* (V) = T*(¥1")

for all z € D. Furthermore, using Lemma 6.3, we see that || T(v)¢|, = ||¢], for
allz € 2, v € V and ¢ € £#,. Therefore the map v > T?(¥) determines a unitary
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representation of V on the space £,. It remains to show that 7% is irreducible. Using
Lemma 6.8, we see that the image of %, under T? is dense in the ring of Hilbert-
Schmidt operators on the space .£*(V,) of square-integrable functions on V, with
respect to the measure

du = R,(w, w) 'dw = K, (w, w) ! det(Im t(2))"'dw

forw € V.. This implies that the centralizer in Aut (Z2(V,)) of the image group of
V under T is the set Cf of complex numbers of modulus 1. Indeed, each element
A of the centralizer commutes with every T*(iz) for & € V, and therefore with every
T*(¢) for ¢ € £,. By continuity A commutes with every element of the Hilbert
space of Hilbert-Schmidt operators on Z*(V,). Let ¥, ¥, € £*(V,), and let E be
the Hilbert-Schmidt operator with kernel k(w, w') = ¥ (w)y,(w’). Then we have
Exy = ABY forall ¢ e L2(V,), which implies (¥, ¥2)Ay = (A, ¥2) Y. Since
V¥, ¥y, ¥, are arbitrary, it follows that A is a scalar; therefore the unitarity of A shows
the claim that A € C}. Now let #/ be a V invariant subspace of #, under T*. Since
T* is unitary, there is an invariant subspace #? such that &, = £} & F}. If A is
the scalr multiplication by A; € C}‘ on &} and A, € C{ on &} with A; # 1, then A
belongs to the centralizer of the image group of V under T*. Hence we have Fl=0,
and therefor T is irreducible. a

REMARK 6.10. If the Hermitian symmetric domain is the Siegel upper half space
J%, and if p and t are identity maps, the representation 7° given in Theorem 6.9
reduces to the usual Fock representation of the Heisenberg group V described in [21].

7. Theta functions

Let (p, ) is the equivariant pair consisting of the homomorphism p : G —
Sp(V, B) and the holomophic map 7 : 2 — J#, used for the construction of Kuga
fiber varieties in Section 2. In this section we consider generalized theta functions
on the Hermitian symmetric domain 2 which should reduce to usual theta functions
on the Siegel upper half space ¢, when p and t are identity maps. We obtain a
transformation formula for such a theta function, and show that certain types of such
theta functions genenate some eigenspaces associated to the Fock representations
described in Section 6.

We shall use the same notations as in the previous sections. Thus V is a real vector
space of dimension 2n whose complexification is of the form Ve = V, + V_, and the
underlying real vector space of each of V, and V_ is isomorphic to the real vector
space V. Then there are n-dimensional subspaces V| and V; of V and an element
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a € Sp(V,B)csuchthat V=V, & V,,a(V)) = V, and a(V;) = V_. Let Ly be a
lattice in V with L = a(Ly) C V¢ such that

a.n B(L,LycZ, L=LNV,+LNV,

WesetL, =LNV,,L_=LNV_and V, = a(V) C V.. Thuseachelementm € V;
can be written in the formm =m, +m_ € Vywithm, = VNV, andm_ = V,NV_.

DEFINITION 7.1. The theta function associated to m € V, and the equivariant pair
(p, T) is the function 6, : @ x V, — C given by

(7.2) Oml(z, w) = Z e[BU-+m_,t(U- +m_))/2+ B +m_,w+m,)]

I_eL_

forall (z,w) e 2 x V,.

EXAMPLE 7.2. Let S be an r x r real symmetric positive definite matrix, and let
T : G — I, be the Eichler embedding (see for example [6, Section I1.4]) given by
1(Z) = S® Z for all Z € I, where J# is regarded as the set of &k x k& complex
symmetric matrices with positive definite imaginary part. Let p : Sp(k,R) —
Sp(kr, R) be the homomorphism given by

A B E®A S®B A B
"(c D) = (s-‘®c E®D)’ (c D) € Spk. R),
where E is the r x r identity matrix. Then (p, 7) is an equivariant pair, and therefore
(7.2) determines the associated theta function on J% x C*".

EXAMPLE 7.3. Let J#* be the product of k copies of the Poincaré upper half plane
J¥. We define the holomorphic map 7, : J#* — % and the homomorphism

oo : Sp(1, R)* — Sp(k, R) as follows. Let g = (g;,..., &) be an element of
Sp(1, R)* with g; = (& %) € Sp(1, R) for1 <i < k,andletz = (z;, ... , z) € H#*.
Then we set

R _fa b
(@) =z, po(g) = (C. d,,),
where z* = diag (z), ... , z;) is the k x k diagonal matrix and a* = diag (qa,, ... , a;),
etc. Let E be an element of Sp(k, R)*, and set
1(2) = Ero(z), p(g) = Epp(g)E™"

forz € J#* and g € Sp(k, R)*. Then (p, 1) is an equivariant pair, and (7.2) determines
the associated theta function on J#*. Such a function can be shown to be a Hilbert
modular form under certain conditions if the results in [9] is used.

https://doi.org/10.1017/51446788700003256 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700003256

[29] Theta functions on symmetric domains 229

LEMMA 7.4. Letr = r, + r_be an elementof L withr, € L, andr_ € L_. Then
we have

On(z,w+ry +t(@Qr) =e[-B(r_, t(D)r.)/2 — B(ro, w + m)10p,, (2, W)
forall (z,w) € 2 x V,.
PROOF. Given (z, w) € £ x V,, we have

B +m_, DU +m )2+ B +m_,w+r, +t(Dr_ +my)
=B +m_+r_, 1@ +m_+r.))/2
=B, t@U-+m_))/2 = B(r_, v (Dr_)/2 - Bl +m_, T(2)r-)/2
+BU_+m_+r,wtr,+m)+ B +m_, t()r)
- B(r_,w+r, +my).

Since the matrix representation of 7(z) : V¢ — V¢ is of the form (2 5) relative to the
decomposition V¢ = V, @& V_, we have t(z)~! = —'1(z) = —1(2); hence we obtain

BU_+m_,t@)r) =BE@7U-+m_),r.) = —B@U- +m_), r.).
Thus we see that

BU_+m_, 1)U +m)2+BU_+m_,w+r.t(@)r_ +my)
=B +m_+r,t@QU_-+m_+r )2+l +m_+r_,w+r,+my)
- ﬁ(r—’ t(z)r_)/2— ﬂ(r—v w + r+ +m+)’

and therefore the lemma follows. O

Givenanelement/ =1, +1_e€ L withl, e L, andl. € L_, we set
(7.3) Vm() = e[y, 10)/2+ B, my) + B(m_, L)}
Then ¥, is a quasi-character of L in the sense that the map
I'> Ym(DelB,1-)/2)
is a characterof L. We alsosetl, =1, — t(z)I_ € V, for z € 2 as in Section 2.

THEOREM 7.5. Let # : G x 9 — C be the automorphy factor given by (4.17).
Then the theta function 6,, satisfies the relation

(7.4) On(z, w + L) = ¥m(D) F((1,1,0), (z, w)bn (z, w)

forall(z,w) e 2 =D X V,andl e L C V.
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PROOF. ApplyingLemma7.4for(z,w) e Zx V,andr =1, —1_withr, =1, €
L,andr_ = —I_e€ L_, we have

em(z’ w + lz) =e [—ﬂ(l—’ T.'(Z)l_)/z + ﬂ(l—’ w + m+)]0m+r(zs U))
However, form +r = (my + 1) + (m_ — I_), we have

Omir@ w) = Y e[Blk_+m_—1_, Tk +m_—1.))/2

k_elL_
+Bk-.+m_—1l_,w+m,+1,)]

= Z e[Bk_ +m_, t()(k_ +m_))/2

k-eL_
+Bk_+m_,w+m, +1,)]

= Z e[k +m_,t(z)(k. +m_))/2

k_el_
+ ﬂ(k- + m_,w + m+) + ﬁ(k—? l+) + ﬂ(m—-v l+)]
=e [ﬂ(m—! l+)]9m(z, IU),

where we used the condition B(L, L) C Z. Thus we obtain
On(z, w + 1) =e[-B(_, t(x)l.)/2+ B, w +m,) + B(m_, 1,)]0,(z, w).
Since 8=0o0n V, x V, and V_ x V_, we have

F(1,1,0),(z,w)) =e[BUL)/2+ B w)]=e[B(U,1)/2+ B, w)]
=e[pd-,1)/2 - B, 1()I_)/2+ B(_, w)].

Hence we see that

v (1, L0), @ w)) =e[—BU, 1())/2+ B, w)
+ ﬂ(l—’ m+) + ﬂ(m—v l+)]’

and therefore the proof of the theorem is complete. a

REMARK 7.6. If we set it = (1,1,0) € G and 7 = (z, w) € 9, then (7.4) can be
written in the form

Om(z) = 2y (, 2)6n(2),
where £, : (' x L x {0}) x (2 x V,) = Cis the automorphy factor given by
v ((r.1,0), (z, w)) =¥ (D) £ ((y.1,0), z, w))
foraly eN,le Land (z,w) €e 2 x V,.
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Given an element z € 2 and a quasi-character ¥ of L, we denote by V; the
complex vector space consisting of all functions f : V, — C satisfying the relation
TH((1,1,0))f = ¢()7'f foralll € L.

PROPOSITION 7.7. Let z € 9, and let f be an element of V; for some quasi-
character r of L. Then T, , o f is an element of V;" forall y € G.

PROOF. Letl € L,y € G and z € . Then we have
1,y,0(,0,0) = (,0,001,,,0) = (y,7,0) e G = G x ¥ x R.
Hence, using Proposition 6.4, we obtain
T"*((y,0,0)) o T*((1,1,0)) = T*((y,0,0)) o T*((1, 1, 0)).
Thus for f € V, we have

T7((y, 0, O)(T*((1,1,00)f ) = T*((y, 0, X (T*((1, 1, 0))f )
=y O)™(T* (v, 0,0)f),

and therefore we see that T*((1,[,0))f € V;*. O
Given z € 2 and m € V, we define the function 6% : V, — Cby
0; (w) = O, (z, w)
forallw € V.

PROPOSITION 7.8. Let z € 9, and set1 = (1,1,0) € G forl € L. Let T*(]) be
the associated operator on ¥, given by (6.16), and let V,, be the quasi-character
associated to m € Vp in (7.3). Then the function 6, is an element of V; .

PROOF. Givenz € Z,m € VO,T= 1,1,0) e G and w € V, we have
(T HENw) = LT @ w) (0 @ w)-
However, we have
Tz, w) = (1, =1, 0)(z, w) = (z, w ~ L);
hence we obtain (’l\'l (z, w)), = w — I,. Thus we see that

(r*HEL)Yw) = LT, @w) 6w — L)
= 2@, (2, w) W=D 2 T, (z, w)6: (w)
= Ym(—DO () = Y(D)'6% (w).

Thus the proposition follows. O
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Let L} be the dual lattice of L, relative to B, that is,
Ly ={ve V| BLs.v) CI)

Then by (7.1), we have L_ C L. Now we state the main theorem in this section
which extends a result of Satake [21, Section 3] to the case of Hermitian symmetric
domains.

THEOREM 7.9. Let Q2 be the complete set of representatives L, modulo L_. Then,
forz € D andm € Vy, the set {6}, | r € Q) forms a basis of the complex vector
space V; .

PROOF. Since the set {6, | r € Q} is obviously linearly independent over C, it
suffices to show that it spans the complex vector space V; . Letz € 9, w € V and
m=m,+m_withm,_ € V., andm_ € V_. Thenforl, € L, we have

A(1,14L,0),zw) =1 v)=e[Bm_ 1))
Thus, for f € V; , the relation Tinof = V(L)' f (w) reduces to
fw-—1)=e[-p(m_,1)]f (w).
Hence the function f.(w) = f (w)e [—B(m_, w)] satisfies the relation

few—L)=f(w-L)e[-p(m_,w)+ B(m_,1,)]
=f(w)el[-B(m_,1)]e[-B(m_, w)le[B(m_, )] = f.(w).

Therefore we obtain a Fourier expansion of f.(w) of the form

fe(w) = f (we[—Blm_, w)] = Y a(r)e[B(r, w)],

rell

which implies that f (w) = Zreu a(r)e[B(r + m_, w)]. On the other hand, for
I_ e L_,wehave

fw—t@L) =e[-BU.,1(2)l-)/2 + B, w) + B, m))f (w).

By comparing the coefficients of e [8(r + m_, w)] in the Fourier series of both sides
of the above equation, we see that

a(r)e[B(r+m_,t(Q)I)] =a(r = )e[-B(_, t(2)I_)/2 + BU_, m,)];
hence we have

a(r—1)=a(elf(r+m_, 1(2)l_) + B, 1(2)I_)/2 — B(L_, m,)]

https://doi.org/10.1017/51446788700003256 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700003256

[33] Theta functions on symmetric domains 233

for each r € L}. Using this relation, we obtain

fy=Y > atr—1)e[Br+m—1_, w)]

reQ l_eL_

=D D alelBlr +m, 7(DL) +BU-, T())/)2

reQ l_el_
—BU_,m )+ B(r+m_—1_,w)].

However, we have

plr+m_,t(z)l_)y+ B, T(2)l_)/2
=p(r+m_,t()_)/2+ B, t(@)(r+m_))/2+ B, T(2)])/2
=B(r+m_,v(I)/2+BU_,t(D)(r+m_+1.))/2
=Br+m_+1,1@Q(r+m_+1.))/2—Br+m_, 1) (r+m.))/2,
Bl m )+ B(r+m_,w)y=Br+m_—1l_,w+m)+ B(r+m_,m,).

Thus we see that

fw) = Za(r)e Br+m_—1,1@F+m_))/2—-B(r+m_,m,)]

reQ

XD e[Blr+m +1, t@(r+m_+1.))/2+B(r+m_~1, w+m,)]

i_el_

= c(r, 28, W),

reQ

where ¢(r, z) = a(r)e[B(r + m_, t(2)(r + m_))/2 — B(r + m_, m)} is a constant
independent of w; hence the theorem follows. a
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