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COUPLINGS FOR LOCALLY BRANCHING EPIDEMIC PROCESSES

By A. D. BARBOUR

Abstract

The asymptotic behaviour of many locally branching epidemic models can, at least to
first order, be deduced from the limit theory of two branching processes. The first is
Whittle’s (1955) branching approximation to the early stages of the epidemic, the phase
in which approximately exponential growth takes place. The second is the susceptibility
approximation; the backward branching process that approximates the history of the
contacts that would lead to an individual becoming infected. The simplest coupling
arguments for demonstrating the closeness of these branching process approximations
do not keep the processes identical for quite long enough. Thus, arguments showing that
the differences are unimportant are also needed. In this paper we show that, for some
models, couplings can be constructed that are sufficiently accurate for this extra step to
be dispensed with.

Keywords: Coupling; epidemic process; branching process approximation; deterministic
approximation

2010 Mathematics Subject Classification: Primary 92H30; 60K35; 60J85

1. Introduction

Stochastic epidemic modelling is one of the classical fields of applied probability. Originally,
papers on the subject appeared in a wide variety of journals. McKendrick’s 1926 paper in the
Proceedings of the Edinburgh Mathematical Society and Greenwood’s 1931 paper in the Journal
of Hygiene were early instances, and the seminal papers of Bartlett (1949) and Bailey (1953)
appeared in the Journal of the Royal Statistical Society Series B and Biometrika, respectively.
However, since the Journal of Applied Probability was founded in 1964, such articles have had
a natural home. Two notable examples are Sellke’s (1983) paper, in which an ingenious new
construction of the Markovian SIR epidemic model was introduced, and Ball’s (1983) coupling,
in which a sequence of epidemic processes and a branching process are constructed together
on the same probability space, in such a way that their paths are all identical during their early
development.

The topic of this paper is directly concerned with two classical results that have strongly
influenced the development of epidemic modelling. One is Whittle’s (1955) birth-and-death
approximation to the early stages of the Markovian SIR epidemic model, the precursor to Ball’s
coupling idea, and the second is Kendall’s (1956) recognition of the solution to Kermack and
McKendrick’s (1927) differential equations as an approximation to the paths of the Markovian
SIR epidemic, once the initial phase has come to an end. In a recent paper, Chatterjee
and Durrett (2011) studied the Aldous (2013) gossip process, which can be interpreted as
a Markovian SI epidemic that spreads deterministically locally in space, but also allows for
occasional random long-range contacts. They showed that the development of the proportion
of space infected can be described in an entirely similar way, with an initial branching phase
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followed by an almost deterministic progression. Barbour and Reinert (2013a) used an approach
that they had developed for the analysis of certain small-world stochastic networks to extend this
result to much more general gossip processes. Their method involves only branching process
approximations and asymptotics, and they were able to identify the (otherwise mysterious)
expression for the deterministic curve in terms of the Laplace transform of the distribution of the
limiting random variable W for a branching process backwards in time—in this case, having the
same distribution as that used for approximating the initial stages of the process. In a subsequent
paper, Barbour and Reinert (2013b), they extended their approach to quite general SIR models,
with no Markovian assumption; here, the backward and forward branching processes may have
different distributions, but the mean measures of the offspring point processes are the same for
both. Analogous results for the mean path have recently been independently obtained for the
somewhat simpler first passage percolation model by Bhamidi et al. (2012).

Suppose that an epidemic spreads from an initial infective in a population of large size N.
The idea of the method is roughly as follows. A given individual K has been infected by
time 2¢ + s only if it was infected within time ¢ + s by some individual that was infected by the
initial infective within time 7. The number of individuals that are infected by the initial infective
within time ¢t = #y can be well approximated using a branching process, if ¢y is not too large,
and the same is true of the number of individuals who would infect K within time ¢y + s, for the
same choice of ty, though the branching processes may be different. The probability that these
two sets of individuals share a common member is then given by a hypergeometric probability,
if all individuals are equivalent with respect to the contact probability (homogeneous mixing),
and, if ¢y is correctly specified, this probability is asymptotically nontrivial. As it happens,
tn should be chosen in such a way that the mean number of individuals in (either) branching
process at time #y is about \/N ; if A is the Malthusian parameter (it is the same for both
branching processes), take ty = (1/21)log N. For this choice, there are about cf Wf\/ﬁ
individuals currently infected at time ¢, and the set of individuals who would infect K within
a further time ¢y + s has size about CbWb\/ﬁ e*: here, Wy and Wy, are limiting random
variables for the forward and backward branching processes, respectively, and ¢ and Cy are
the constants appropriate for the asymptotics of the number currently alive in the forward
branching process and the number that have so far been born in the backward branching process,
respectively. Conditional on Wy and Wy, the hypergeometric probability is then close to 1 —
exp(—cgCp Wg Wpe*’). Hence, the expectation of the proportion IT(2¢y + s) of individuals that
have not been infected by time 2¢y + s, given the initial development up to time 7y, which is
the same as the conditional probability that a randomly chosen K is not infected, is close to

Ele OV | W) = g (2N = (5 427 [log(erCo) + log WD),

where Yp(v) 1= Ele *"o] and sp(u) := ¥p (e*). By a similar argument, the expectation
of [T1(2ty + s5)]? is the same as the probability that two independently and uniformly chosen
individuals K and K’ are uninfected at time 2¢y -+ s, and this in turn can be shown to be close to
[sg(s +Ar~! [log(csCy) + log Wf])]2, because the numbers of individuals who would infect K
and K’ within time 7y + s are close to being independent. But this implies that the conditional
variance of I1(2¢y + s) is small, and, hence, that IT(2¢y + s) is asymptotically close to its
conditional expectation, given the development up to time #). Note that the determination of
the constant cfCy, appearing in the approximation actually requires a more careful argument
than has been presented in this sketch.

One of the technical difficulties in carrying through this argument precisely is that the
branching process coupling, using Ball’s (1983) method, may well fail before time 7. Then it
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is necessary to control the effects of ‘ghosts’, individuals that are present in the branching
process, but not in the epidemic. There are not many of them, but showing that their influence
is small typically requires a disproportionate effort. Here, we use the fact that, for some
epidemic models at least, there is a way of coupling the branching and epidemic processes that
has asymptotically small failure probability for times even longer than the choice of ¢y above.
This greatly reduces the detailed estimates required in the proof. The couplings that we shall
use are those introduced in Barbour and Utev (2004) and Barbour (2010).

2. The Reed-Frost epidemic process

The Reed-Frost epidemic process is a chain binomial model, defined by the following
stochastic recursion. For given Sy and Iy, the numbers of susceptibles S,, and infectives I, at
time n satisfy

LTns1 | Sy In) = bin(S,, 1 —¢™), Snt1 = Sn = Iny1. (2.1)

Here, g := 1 — p, with p representing the probability that a contact occurs between a given
pair of individuals during a single time unit. If /, = O for some n then S,4 ; = S, forall j > 0;
the epidemic has terminated. Note also that S, = So — Zle I;, so the path of the process is
determined by the values of {7, n > 0}. We shall be interested in situations in which the total
population N = Sy + Iy is large, and we suppose for definiteness that p = py = m/(N — 1)
for some fixed m, the mean number of contacts that an individual makes in one time unit.

Our main theorem, stated precisely in Theorem 2.1 below, shows that, with high probability
when N is large, the proportion of susceptibles N 'S r(N)+r for all r € Z stays close to the
points s (uy + Vy +r) on a fixed continuous, decreasing curve s. Here, R(N) ~ log N/logm,
the values u  are uniformly bounded, and Vjy is arandom variable that depends only on the early
evolution of the epidemic process, and converges in distribution as N — oo to a nontrivial
limit V. The distribution of V and the function s can both be deduced from the branching
process Z = {Z,, n > 0} with offspring distribution Poi(m). Thus, the ‘epidemic curve’
described by the proportion of susceptibles is fixed, but it is traversed in discrete time steps,
and with a random time shift.

Our proof of the theorem makes use of the following coupling inequality that is central to
the argument. We show that the Reed—Frost epidemic process can be coupled to Z, if we take
Zy = Ip, in such a way that

1 =P{Z, = I, for0 < n < n(N)} = ON"'1;°m¥ M%) = 0NN EZ,))?). (2.2)

We use (2.2), with n(N) chosen such that m™™) < N7/12 to justify using the branching process
for calculations about the epidemic process up to the time when (if ever) about N7/!2 individuals
have been infected. Because we can do this accurately for so long, we never have to cope with
the ‘ghosts’ alluded to in the introduction.

We begin with a Poisson approximation lemma.

Lemma21. For M > sandiinZy andforO0 <p=1—q <1,
dry (bin(s, 1 —¢'), Poi(Mip)) < ip + (Mip)~'*[(M — s)ip + 35i(i — 1)p?].
Ifalso M — s > i then

dry(bin(s, 1 — g'), Poi(Mip)) < %(M - S)\/%B + 2Mp).
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Proof. Since, by Taylor’s theorem, (1 — ¢') < ipand0 < ip — 1+ ¢’ < %i(i —p? it
follows from Barbour et al. (1992, Chapter 1, Equation (1.23) and Theorem 1.C(i)) that
dry (bin(s, 1 —¢"), Poi(s(1 — ¢'))) < ip
and that
dry(Poi(s(1 — ¢')), Poi(Mip)) < (Mip)~"?[(M — s)ip + Lsi(i — )p?].

For the final simplification, note that the result is trivial for i = 0, and that, for i > 1 and

M—-s>i,
Mip Mp 1
< < JMp < =(1+ Mp),
M—s “Nu—s = VMP =30+ Mp

ands(i —1)p/(M —s) < sp < Mp, from which the last part follows.

We now couple a branching process Z with offspring distribution Poi(Mp) to the process
of infectious individuals / in the Reed—Frost epidemic, where M > Sy. Lemma 2.1 is used to
compare the stochastic recursion (2.1) to the recursion

L(Znt1 | Zn) = Poi(MpZy) (2.3)
for the branching process.

Lemma2.2. If M > Sy then the Reed—Frost process of (2.1) with So + Ip = N and the
branching process Z with offspring distribution Poi(M p), both starting with Zo = Iy, can be
coupled so that Z,, = I,, 0 < n < ng, with probability of failure at most
3/2 4 —
c(Mp) Iy M~  (Mp)™/*[(M — Sp) + (Mp)"),

where x~c(x) is bounded in any interval x > 1+ 8 for § > 0. In particular, if m > 1 and
a > Oare fixed, p=m/(N — 1), no < alog N/logm, and M — Sy < N, then, as N — 00,
the probability of failure equals O(N~'13%/2) and, hence, is small for any o < %for any
fixed Iy.

Proof. Let B; := le:O Z; denote the number of individuals ever alive in the branching
process up to time /. Then, if [; = Z; for 0 <[ < n, it follows that S, = N — B, > So — B,
and that I, = Z,,. Comparing recursions (2.1) and (2.3), noting that M — §,, > [, and using
Lemma 2.1, it follows that Z,, 1 and I,,11 can be coupled in such a way that

Zyp
34+ 2Mp).
o (3+2Mp)

Write m := Mp, and note that, for the martingale {W,,} := {m " Z,} with limit W,

1
P{Zy1#Li | 1 =2,,0<1<n} < E(M—So-i-Bn)

—n

I I2m
o and ]EW,% < 0.
m—1 m—1

It thus follows that E[/Z, | < m"/2/T; and that

E[Byy/Za) =) m ™ "PEIW, E[YW, | Z]]
r=0

E[(Wyir — Wa)?] < (2.4)

n
< Z mr+n/2{EWr2}3/4
r=0

m 7/4 1
< < ) m3n/210/ )
m—1
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Hence, Z,, and I,, can be coupled exactly for 1 < n < ng with failure probability at most
eI > M~ A2 [(M — So) + ™)
for c(x) := (3 + x) max{l, x**(x — 1)~7/4} and with 71 := Mp.

Observe that Lemma 2.2 establishes (2.2).
Now let Iy be fixed, and take So = N — Ip; let p = py = m/(N — 1) as before. For
O<a< %, let ng (N, Ip) be the integer such that

Oy (N) Igm"« W10 = N%  where m~! < 6,(N) < 1. (2.5)

Define n¢(N) := n7/12(N, ly) and np(N) := ns;12(N, 1), and correspondingly 6;(N) and
0, (N). Note that ny,(N) is the time for which we couple the susceptibility process for a single
individual to the backward branching process, so that the initial number here is always 1. Then,
by Lemma 2.2, the branching process Z with Zy = Iy and offspring distribution Poi(m) can
be coupled exactly to the process {I,,} of infectives for ny(N) steps with failure probability at
most equal to O(N~1/%).

For the main theorem of this section, we condition on {Z,: n =0, 1, ..., ny(N)}, denoting
this information by #y. We establish the almost deterministic development from time n(N)
onwards only on an event in ¥y of asymptotically high probability. Let Cx denote the event
that the coupling up to time n¢ (V) is successful, and set A%) = {ByN) < N2/3} and Aﬁ) =
{llog Wyevyl < 2—14 log N}, where, as before, W, := m™"Z, and W := lim,—, W,,. Then
set A, = Cy N AE\P N Aﬁ). The probability of A}, is close to the probability 1 — g’ of
nonextinction of the branching process Z, starting with [y individuals. The probability of a
small epidemic, when the proportion of susceptibles always stays near 1, is close to ¢%.

Theorem 2.1. For the Reed—Frost epidemic process defined above and any ¢ > 0, as N — 00,

1 log W,
P{Sup ogcy + log nf(N)>
reZ logm

> €

N_ISnf(N)-i-nb(N)-i-r - s<r + FoN A?\/} — 0,

where s(u) := ¥ ("1°2™), Y (v) := E[e W], and limy_, o P(A%) = P{W > 0}.

Proof. As outlined in the introduction, for K a uniformly distributed element of [N] :=
{L,2,...,N}

E[N ' Su; vy +mpvy+r | Fo N Cy]
=P{K € 8u;(N)+nyN)+r | FoNCn}
=P{K ¢ B )=} P{Un,(ny+r N Zpevy =9 | FoNCyn N{K ¢ B vy—1}), (2.6)

where B,,;(n)—1 denotes the set of indices randomly assigned to the B,;(y)—1 individuals in-
fected before time n¢ (N), Z,(n) those assigned to the Z,,; () infected individuals at time n¢ (NV),
4, those assigned to individuals uninfected at time /, and ﬂnb< N)+r those assigned to individuals
who would contact K within an elapsed time of ny,(N) +r. If K € 8,,(n)-1, K cannot belong
t0 Sy (N)+np(N)+r» Since it has already been infected before time n¢(N). If not then no member
of Uy, (n)+r can belong to B, (v)—1 unless there is also a member of U, ()4, that belongs
t0 Z,(n), because all indiviguals directly iB contact with 8,;(n)—1 belong to B, (v)—1UZpe (N,

by construction. Thus, for Uy, (vy+r := | Uny(n)+r |, We have
P{Unyvy+r N Znevy = D | FoNCn NH{K ¢ Brvy—1} Unyny+r}
= P(N — Buy(N)=15 Zne(Ny» Unp(W)+r) (2.7)
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where P(n,mj, my) denotes the hypergeometric probability that two independently chosen
uniform random subsets of [n] of sizes m; and m;, do not intersect. Now the U;, [ > 0,
again arise as a Reed—Frost epidemic, this time on the set [N] \ B,;(v)—1 and with the same
p as before; hence, we can use Lemma 2.2 once more to show that they can be generated by
a branching process (Z;, [ > 0) with Zy = 1 and with offspring distribution Poi(m), with
exact coupling failing to hold up to time ny(N) + r with probablhty of order O(N~V/ 12)

on the set A( ) , if r is such that m" < Nl/lz, we write Bl to denote Z i—0 Z and W
lim,, oo m™ Zn. Noting also that P{K € B, (n)—-1} < N~13 on AS), it follows from (2.6),
and by taking the expectation with respect to Uy, (v)+, in (2.7), that
EIN ™" Sueymnr | FoNCyNAY]
=E[P(N — Buv)—1. Zngv) Bupvy4r) | Fo NGy NAYT+OWNT12). (2.8)

Furthermore,

mim3

0 < eXP(— )— P(n,my,ma) < n”'(my +my),

by Barbour et al. (1992, Theorem 6A), and, for0 <x <mand0 <y <n/2,

0 < e~ m=0l/n _ g=mi/n _ i 0 < em/n _e=ml/n=y) < 4m—lzye_ml/"-
n n
Hence,
S Zns ) B
‘E[—"“N)xb(’v)*’ Foney N Aﬂ - E[exp(——”f(m N""””’) Fo N GN]
< C/(N7VB £ N7T/12 L N—1/12y (2.9)

for a constant C’.
Now, from (2.4) with Iy replaced by 1, if r is such that m” > N_1/12,

Elm =N Z, iy = W1 = OV,

Similarly, also using (2.4) with Iy = 1,

(R (R )

n—1
2rmr ety T N2 m
§(n+1)<§)m E[(W, — Wy) ]+—(m_1)3>
< om” m(n—i—l)’
(m —1)3

so that, in the same range of r,

]E‘ —(nb<N)+r>[Bn - %]‘ — O(N"YSlog N).
m—1
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Thus, we conclude that, for |r logm| < 1]—2 log N,

Znn) B rHLW, W
‘E[exp(_w>_exp(_ m W) )‘%HGN]

N (m — 1) 1p6s (N)Op(N)
= O(N"V1%), (2.10)
since also, from (2.5), N = Iof; (NG (N )m 1M+ (N) - Combining (2.9) and (2.10), it follows
that S
E[ nf(N)JIr\r;b(NHr Fo ey mAﬁv”] — Y(ew Wgnm') + O(N-1/12),

where cy := m/[(m — 1) Ip0; (N)Op(N)], uniformly in |r log m|< 1]—2 log N, and W, () can be
replaced by W using (2.4) once more, without change to the order of the error.

It remains to examine var(N’1 Sue(Ny+ny(N)+r | FoNCN N AS)). For two points K and K’
chosen independently and uniformly from [N], we can write, as above,

S A\
E[( P00 > ‘ ?OQGNHAS\})}

= PUK, K"} N BNy tmyvyr = D | FoNCy N AY) 2.11)

Again, only the event £, o = {{K, K’} N By, (v)—1 = @} isimportant because the complemen-
tary probability is of order O(N 173y on A(l) Then, the corresponding sets ‘unb (Ny4r L= =1,2,
can be constructed by using 1ndependent branching processes Z Z®, with an error of order
O(N~12)_ Note that the probablllty of the event (E y (2))c that UV and U® intersect,

@) np(N)+r. np(N)+r
conditional on their sizes Un (N)+r being known, is the hypergeometric probability

77
1= PN = Buyvy-1, O, U, ny(N)+r nb(N)+r)

ny (N)+r > iy (N)+r

on AE\}). Taking expectations, it follows that
PUES) | Fonexnn AP nEP) = o112,
But then, given the sizes U ' )( N)tr and that the two sets do not intersect, we have

PUK, K"} 0 Snp () tnp(N)4r = D | 570 neynAY neY nEY; 09

0+ £ =1:2)

) P(N — Buevy—1 — U

5
= P(N = Buw—1. Zusvy» Uy, (V)0 ZneN)s Ui vy )

nb(N)+r

(1) 77 (D
and, on Ay” andif also U, ‘., <

< N2/3 this is equal to
r7 (D
P(N — Bpy(Ny—1, Zne(Ny» Unb(N)+r) P(N = Bue(N)—15 Zng(N)» Unb(N)+r)
=277 (D) 772
+ ON"“(WU,, (nyr Un 8y 1 Zne(N)s

since |P(N,r,s) — P(N —K,r,s)| <rsK/[N(N — K)]. Replacmg Unb)(N)Jrr

and taking expectations, and noting the independence of BD and BD, this gives

{0}
by Bnb(N)+r

1 1
PUK, K} N Suvysmvyr = @ | FoNCy NAY NEY)

= (EIP(N = Bugv)—1. Zug vy Bl iayy) | Fo N2+ O(N~112),
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which in turn implies the same estimate for the probablhty without conditioning on Ey .
In view of (2.11) and (2.8), this shows that var(N ™~ Snf(N)Jrnb(N)H | FoNECyN A ) is of
order O (N ~'/12) for any fixed r.

The extension to the supremum over r is almost immediate, because both functions in the
approximation are bounded and decreasing. The function s(u) decreases smoothly from 1 to
the extinction probability ¢ of the branching process Z, so that, for any ¢ > 0, there are values
as < be such that s(ag) = 1 — &/2 and s(bs) = /2. Hence, given the value of W, (), there
are no more than (b, — a.) + 3 values of r such that

n log(cn) + log Wy

€ (az —1,bs +1).
logm

We have proved ¢/2-approximation with high probability at each of these points, for large
enough N, provided always that, for each of them [r|logm < log N, and this is also the
case, for large enough N, if |log W, (v)| < 24 log N. The &- approx1mat10n for values of r
outside this range then follows by monotonicity.

The statement of the theorem is complicated by the fact that the process is significantly
discrete in the range in which an important change in the proportion of susceptibles takes place.
The underlying function s is the same for each N, but it is observed only at arguments lying on
a lattice of span 1. The position of this lattice on the line is random, depending on the value
taken by the limiting branching random variable W relevant to the early development of the
process. There is also a deterministic offset log ¢y / log m, which varies with N, and is again a
feature of the discrete generation structure in the process.

To interpret the function s, note that writing s, := N~'S, in (2.1) gives the large N
approximation
m N(sp—1—5n)
Sp— Spgl N sn(l — <1 — N) ) ~ sy (1 — e M1y (2.12)

On the other hand, the Laplace transform v of the branching process limiting random variable W
satisfies ¥ (v) = f (¥ (v/m)) with f(z) = e 172 so that, for any ¢ € R,

sn+1+c¢) = w(mn+l+c) — (=Y m") _ e~ m=s(+o)
and this gives
s(m+c)—sm+1+c) = s(n+c)(l —e MEn=IFO=smta)y
which, with s(r 4 ¢) replaced by s, recovers (2.12) with equality.

3. The Markovian SIR epidemic process

The second example is the Markovian SIR epidemic process, formulated by Bartlett (1949).
The process is a continuous-time pure jump Markov process {(Sy (¢), In(?)), t > 0} on (Z+)2,
starting with (Sy(0), Ixy(0)) = (N, Iy), and having transition rates, for (S, I) € (Z+)2,

S, I)—> (S—1,I1+1) atrateal(S/N), (S,1)—> (S, I —1) atrate ul,

where « is the per capita contact rate of an infective, and u is the recovery rate. We shall think
of N as being large, and take I to be fixed; we shall also assume that « > u, so that the chance
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of a significant epidemic is not small. Then it has long been understood that (S, /) can be
approximated by an initial birth-and-death phase, the Whittle (1955) approximation, until the
random time ty := r,{’, at which the number of infectives has reached some chosen power NY
of N for some suitable 0 < y < 1. After this, the development of N~!(Sy(?), In (1)) is well
described by the solution of the differential equations

ds . di . 3.1
Pl as(0)i(t), T (as(t) — w)i(r) (3.1)
int > 1y, with s(ty) = N 'Sy(zy) and i(ty) = N1, We now illustrate how our
approach can be used to justify these approximations, with y = %; the formal statement is
given in Theorem 3.2 below. As in the previous section, a key ingredient in the proof is the
accurate coupling of the epidemic and branching processes until the first time (if ever) that
there are N7 infectives, where % <y < % A more detailed description of the final phase,
when Iy (¢) falls below N7 again, can also be undertaken if, for instance, the distribution of
the time until the epidemic finally dies out is of interest; see Barbour (1975).

The initial branching approximation is made using the process (S%,, I*) having N indepen-
dent transition rates

S, I)—>(S—1,I+1) atrateal, (S,1)— (S, I —1) atrate ul,

for (S, 1) € Z x Z4, with (§3,(0), I*(0)) = (N, Ip). Note that the distribution of the second
component /* is indeed the same for all N, as is that of B* := N — S}, and that the paths
of B* can be deduced from those of I*. Here I* itself is a linear birth-and-death process with
constant per capita birth and death rates o and .

Theorem 3.1. Let r])\/, = inf{r > 0: Iny(t) > NV}, with r])\/, = o0 if there is no such t. Then
the epidemic process (Sy, Iy) can be coupled to a process (S5, I*) as defined above, in such
a way that

PG = PUSN @), In(0) = (Si(0), I*(1)) forall 0 <t < t}} = 1 — O(N~'T37/2),

In particular, limpy _; pf,(y) =1ify < %

Proof. The proof can be carried out along exactly the same lines as the Radon—Nikodym
argument in Theorem 3.1 of Barbour (2010), though much more simply, to arrive at the statement

P{(Sn (1), I (1)) = (S (1), I*(1)) forall0 <t < T,,} > 1 — CN~'m3/?

for any m € Z,, where T,, denotes the time of the mth jump, and C is a constant. However,
because the jump chain of I* is a simple random walk, its position after m jumps can be
written as Iy + 2Z,, — m, where Z,, ~ bin(m, p) and p := /(e + p) > % Hence, taking
m=m(N)=[2NV/(2p—1)],wehave P{ly+2Z,, —m < NV} = o(N~") forany r > 0, by
the Chernoff inequality for the binomial distribution, which entails P{ r}\/, > Ty} =0o(N77)
also. This completes the proof.

The backward (susceptibility) process is more delicate. Denote the set of individuals born
up to time 'L’I}\/, in the epidemic by By, for the fixed value y = yp := 17—2, and write By := |By|,
which is also equal to B*(t}\’,o) when the coupling is successful. Consider the susceptibility
process for an individual Ko ¢ By . Then the probability that it would be infected by any other
individual K’ ¢ By, if thatindividual were ever infected, is o/ (N 4. This is the probability
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that a contact would take place before the end of K’s infectious period, when the contact rate
is o/ N and the infectious period has the Exp() distribution. Conditional on this unlikely event,
the distribution of the time to infection is Exp(u + o/ N). Thus, the ‘offspring’ point process
of Ky in its susceptibility process is a sum of N — By — 1 independent point processes, each
of which has no point with probability Nu/(Nu + «), and a single point with position having
the Exp(u + «/N) distribution on the complementary event. By the Poisson approximation
to the binomial, this process differs from a Poisson process with intensity pyo e~ +e/Nu gt
u € R only on an event of probability of order O(N~1; here, on =1—(By+1)/N.
Now consider the offspring of the (n + 1)th individual K,, of the susceptibility process, in
order of ‘birth’ time. There are n individuals, including Ky, that have already been considered,
and they have had U, offspring, say. The probability of any one of these contacting K,, is of
order (n+U,)/N. The remaining individuals in [N]\ 8y are such that their Exp(u)-distributed
infectious periods were shorter than the independent and Exp(«/ N )-distributed times to the first
points in the infection processes along the links from them to individuals Ko, K1, ..., K,—1.
As a result, the probability of such a K’ infecting K, is now «/(N u + (n + 1)), and, should
it do so, the distribution of the time until infection is Exp(u + (n + 1)a¢/N). Hence, except on
an event of probability of order O (N “lm 4+ U,)), the offspring point process for K,, has the
distribution of a Poisson process with intensity pyo e~ #+H@+De/Nu on R We now show
that a Poisson process with this intensity can be replaced by one with intensity pyo e ™", with
only a small error probability, and then that the branching process with this distribution for the
offspring point processes differs from that with intensity « e #** du only on an event of small
probability, over a suitable length of time. Since we only need to follow the processes until
about N°/12 births have occurred, the cumulative probabilities can be shown to be small.

Lemma 3.1. Forfixed a, u > 0, let T1 and E be Poisson processes with intensities o e ~** and
a e respectively. Then, uniformly in v > L,

dry(P, Q) = 0(‘1—%D,

where P := L(I1) and Q := L(E).

Proof. The processes Il and E each have almost surely only finitely many points. The
likelihood of a realization of IT with k points attimes 1| <, < --- < fx < 0018

k . ,
o e Mk _ a(e -1 — g™
exp(— > l_[ {a e M exp(— ( )>} = e W/Hgkem Ik,
wo )i

"
where sy :=t] + - -+ + ; and ty := 0 in the product. Hence,

dQ (e _

— o~ (n—v)[a/(uv)—si]
Nyooosly) =€ .
lP(l %)

Now, letting T; < oo denote the time of the jth point of a random realization under I1, and
S:=221: 1,<00) Tiv

Ep[e?S] = exp(cx [OO e M e — 1) du) — exp<L>
0 p(u —0)

for any 6 < p. This implies, taking 6 = —2(v — ), that

d 2 2 — 2 _ 2
(880720 o) i)
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It is then immediate that varp{dQ/d P} = O((1 — i/v)?), uniformly in v > u, and the lemma
follows because, if P and Q are two probability measures on the same space, and X ~ P, then
dQ
2dtv (P, =E—(X) —1].
(P, Q) ’ ip (X) )
Lemma 3.2. Let Z, denote a Crump—Mode—Jagers branching process with Z,(0) = 1, whose
offspring point processes are distributed as Poisson processes P, with intensities ae™"" at
u € Ry. Then, fora; < ar < 3w1/2 and anym > 1,

(1 @ 9me
drv(L{Ze, (5), 0 <5 <7, 1D, LU{Zay(s),0<s <7, D) < <

o]
11— =
o2

s

where r,(,,l) denotes the birth time of the mth individual in Z,.

Proof. Forx > O and f an integrable nonnegative function on R with F(¢) := fot f(u)du,
consider the probability measure Q, with density xf(u)e™F® at u € Ry, and with mass
e~ *F (%) on +00. Then, fora, b > 0,

d0q ? _ (@a—b)> —Qa—b)F(c0) (a — b)?
=z (@) | = b= by

Now the likelihood dZ,, /dZ,, evaluated at a path with its first k jumps at times #{ < --- <
tr < oo takes the form of a product Wy := ]_[’;-;(1) V;, where V; is aratio (dQy, /dQq, ) (tj+1)
as above, for which

1 J
fi) =AU w0 and Aji=—) e T,
n
1=0

Hence, E[W;1; | F;] = W; and

Eoi[(Wjt1 — W) | Fj1 < [(W] = 1) + 1]e,

_ @—a) 9 )
1oy —ay;) — 8 o)

for o) < g < 31 /2. From this, it follows for any j > 1 that

where

varg, Wiy < varg, Wij(14+e)+¢e < jeel®,

and, hence, vary, W, < mee when me < 1. The lemma is now immediate, since the bound
exceeds 1 if me > 1.

Asaresultof Lemmas 3.1 and 3.2, and because EU, < ra/u, it follows that the susceptibility
process fromany K’, chosen uniformly at random from [N]\ 8, can be replaced by a branching
process Z with the distribution of Z, as in Lemma 3.2, until the birth of the (m + 1)th individual,
except on an event of probability

0<MN—1(BN +D+Y N1+ IEUr)> = O(mN "By +1) +m*N~,
r=0

and,if By < N 2/3 this is asymptotically small whenever m = my = o(N I 2). Now, since Z,,
has Malthusian parameter A := o — u > 0 and E[( fooo e M P, (du))?] < oo, it follows that
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C := sup, E[Z,(t)e~ @~ M] < 0o. Hence, defining
1 5 log N
t = —— —logN = N2/%8, = —
N) = 12108 +u, my : UN = e — )
it follows by Markov’s 1nequality that

P{Za(tn(un)) > my} < CN™V/4,

Thus, on {By < N?/3}, the susceptibility process from K’ can be coupled to Z, up to time
tn (u ) with failure probability of order O (N —1/48) " This enables us to prove the following
theorem. The theorem cannot be deduced from the results of Barbour and Reinert (2013b),
because the exponential distribution of an individual’s infectious period does not satisfy their
Assumption 2; see their Remark 2.1.

Theorem 3.2. For the Markovian SIR epidemic process as defined above, and any € > 0,

hm ]P’{sup INTIS@X + iy () — s)| > e | Fo N {t)}) < 00} N{By < N2/3}} =0,
N—oo ueR

where yy 1= 12, Fo:=F o, s(u) = W(e("‘ Y A (v) 1= E[e_”W] and W denotes the limit-
ing random variable lim,_, o, e =@~ Z (t) for the backward branchzng process. Furthermore,
limy— o P{{t} < 00}N{By > N*3}} = 0andlimy_,« P{t}} < 00} = P{W* > 0}, where
W* = limy_, 00 W* (1) and W*(t) := e~ @I [*(p),

Proof The proofis similar in spirit to that of Theorem 2.1. Attimet = tN @) =170 =

= [N"] and Sy (¢) = S% v (t) with probability at least 1 — O(N ™ 178y from Theorem 3.1.

From the argument preceding the statement of the theorem, the backward process Z can be

taken to be distributed as Z, up to time Iy (u), W1th error probability of order O (N~ 1/48y for
any u < uy, and at time ¢ = t («) it has Zt = W N5/12e("‘ M individuals.

Let the jth of the Ny, individuals 8By, of Iy at time rN have C; direct offsprlng born at
times {7j;, 1 <[ < C;}. Then a random point K € [N] is such that K ¢ /S(‘L’ + ty (u)) if
K ¢ 8y, and

Ny C; ZN(u) -

Vn@) =YY" > 1Lj =Ll < A =0,

j=1i=1 r=1
where {L;;, 1 <1 < C;, 1 < j < Ny} denote the distinct labels assigned to the direct
offspring of the individuals 31 By,, and {Zr, 1 <r < ZN(L,)} those corresponding to Nthe
individuals in the version of Z corresponding to K; A, is the age of the rth individual of Z at
time ¢y (1). The probability of the latter event is approximated by e EVN @) with error at most
of order O(N =5/ 12) by Barbour et al. (1992, Theorem 4.A), where

E[Vy )] = Wiy@e® " + 0N/,
because P{A, > v} = W,N(u)_ve’(""“)”/VT/,N(u) = e~ @MWV (] 4 O(N7/?*)), and

Cj
o[Sewnn] -1

Thus, s(u) approximates N~ lI[E[S(r +ty@m) | FoN {r <oo}N{By < N2/3}], and the
rest of the proof is then much as for Theorem 2.1. That

lim P{{r}} < 0o} N{By > N**}} =0
N—o00
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follows because, on W* > 0, B*(¢)/I*(t) — «/(a — 1) almost surely, and, hence, By N-7/12
is bounded in probability.
Note that the function s in Theorem 3.2 satisfies (3.1), with
o0 t
ity = — / s'(t —u)e M du = — / s'(v)e IV gy, (3.2)
0 —00

This is because the Laplace transform 1 of the limiting branching random variable W satisfies
the equation

logy(v) = —/Oo ae ™M (1 = yr(ve™")) du,
0

and substituting s(r) = ¥ (e #") and differentiating gives s'(¢)/s(t) = —ai(t). Then,
differentiating the final expression in (3.2) gives i'(tf) = —s'(¢) — wi(¢), and the previous
equation for s'(f) completes (3.1). However, the explicit expression ¥ (e =) also implies
the initial condition—for instance, setting ¢ = 0 gives values for s(0) and i(0) expressed
in terms of E[e~"] and E[We~"]. Alternatively, for an initial condition at —oo, we have
s(—o0) =1 and

lim e~ @ Mg () = (& — ) im W (@) = (@ — WEW.

u——0o
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