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A TEST FUNCTION THEOREM AND APPROXIMATION
BY PSEUDOPOLYNOMIALS

C. Babea, 1. Babea anp H.H. Gonska

We prove a Korovkin-type theorem on approximation of bivariate
functions in the space of B-continuous functions (introduced by
K. B8gel in 1934). BAs consequences, some sequences of uniformly

approximating pseudopolynomials are obtained.

1. Introduction

We first recall some notations and definitions. Following B&gel [6,7,
§1, we say that a real-valued function f on the square I2 = [0,1]1 x [0,1]

. . . R 2
is Au ,-continuous (B-continuous) if for every (x,y) € I we have

lim Au'vf(x,y) =0,
U

ac’]
where A vf(x,y) = flz,y) - flz,v) - fluy) + flu,v) .

Let B(I2) denote the space of all B-continuous and real-valued
functions on 12 and, as usual, C(Iz) the space of continuous and real-

valued functions on I2 .

A B-continuous function is not necessarily continuous (in the usual
sense) , but the converse is true. Moreover, there is an unbounded B-
continuous function, which follows from the fact that for any function of

the type fl(x,y) = g(x) + h(y) one has 8, vf(x,y) =0 .
’
We shall call Marchaud pseudopolynomials the functions introduced in
Marchaud's fundamental papers (15,7161, that is functions of the type
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m
p 12 3 (x,y) H—.Z

i n
x Ai(y) + -Z
i =

B.(x)yJ €R,
0 j=0 ¢

where Ai and Bj are bounded real-valued functions on I = [0,1] and

m and n are non-negative integers. Pseudopolynomials are functions of

the above form, where Ai and Bj are arbitrary univariate functions on

I = [0,1] . We note that a bounded pseudopolynomial is a Marchaud
pseudopolynomial (see Popoviciu [/9]). Note also that this definition
differs slightly from the one used in the recent paper by Gonska and
Jetter [13].

There are various methods of constructing pseudopolynomial approximants
defined on I2 . A very effective approach is to use the Boolean sum of
the parametric extensions of two univariate polynomial operators. See the
papers of Brudnyl [9), Delvos and Schempp [{10], and of Gonska and Jetter
[713], where various aspects of this technique are discussed (see also the
references cited in these articles). If the method is applied to two
copies Bm and Bn of the well-known Bernstein operators, then the
operators

m n

By o(fi2y) = 1 1 (Fleg/m + f@/my) - fi/mi/mip, ;@-p, @),
' =0 j=0 ! !

S SN SR il 4 <5<
pr,g(z) = (C)z (1-2) ,0<z<pr,0 2 1,

are generated. This particular instance was studied by Badea [1] and

by Gordon and Riesenfeld [14], among others. Stancu [21] investigated the
corresponding bivariate operator based upon a certain generalization of
the classical Bernstein operators (see Section 4 of this paper). Clearly,
if the function f in the above representation is bounded, then

Hm n(f;-,*) will be a Marchaud pseudopolynomial.
r

Another method was introduced by I. Badea [Z). His method, as applied

to Bernstein operators, yields the pseudopolynomials

n
p,(fizy) =4 ] (Flz,i/m + fE/my) - fG/n,i/m) -, (@ +p, ),
=0 ‘ ‘
Further contributions to the approximation by this special sequence are due

to Badea and Oprea [5], and to Gonska [12]. There are other general methods
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of constructing meaningful pseudopolynomial approximants which we shall

not discuss here.

If one is interested only in the uniform approximation of functions
in C(Iz) by pseudopolynomials, then there is no problem at all. This

follows from the fact that the space of bivariate polynomials is dense in

C(IZ) with respect to the uniform norm, and that any bivariate polynomial
may be written as a Marchaud pseudopolynomial. However, an urnbounded B-
continuous function cannot be uniformly approximated by Marchaud

pseudopolynomials.

Thus, the following natural problem arose: Does the Weierstrass
approximation theorem still hold for B-continuous functions and
pseudopolynomials? This problem was posed by Nicolescu [17]., Partial
contributions to this problem were given by Nicolescu [!8] himself, Vaida
[22), and by Dobrescu and Matei []]] (see the discussion in [3]).
Nicolescu's problem was solved by Badea [/] in 1973 using the Boolean sum

approach mentioned and the above operators Hm - We note further that
’

the result is, indeed, one in terms of Marchaud's product-type modulus

(see Marchaud's paper [16] for details).

The purpose of this article is to prove a Korovkin-type theorem for
convergence in the space B(Iz), and thus to provide the reader with a
variety of approximation processes which may be used to approximate B-
continuous functions uniformly and arbitrarily well (for a Korovkin-type

theorem in the smaller space C(Iz) , see for example Volkov [23]).

The method of constructing these operators is to start off with
suitable positive linear mappings defined on RIZ and to transform them
into é sequence of operators on B(Iz) which does the job. Our technique
is similar to that of replacing the tensor product of two operators by
their Boolean sum. As applications, further solutions for Nicolescu's

problem are given, among others.
2. A Lemma
We shall need the following auxiliary result.

LEMMA. Let f€ B(I%) be arbitrarily chosen. For every positive
number € there are two positive nuwmbers A(e) = A(e,f) and B(e) = Ble,f)
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such that for every (x,y),(s,t) € 2 we have

IAS Ttf(ac,y)l < g/3 + A(e) (z-8)2 + B(e) (y—t)2 .

Proof. Because f is B-continuous on 12 , the function f is also
wniformly B-continuous ({8 , Satz 7]), that is for each € > 0 there is

a d6(e) > 0 such that for every (xl,yl),(xz,yz) € I2 with lxl-x2| < §(g)

and Iyl-yzl < §(e) we have:

(2.1) ]sz’yzf(xl,yl)l <e/3 .
let € be a given positive real number and (x,y),(s,t) € I2 . We
shall investigate the following four situations:
(i) |z-s| < 8(e), |y-t| < 8(e);
(ii) |xz-s| < 8(e), |y-t| > &(e);
§(e);
(iv) |z-s} > 8(e), |y-t| > &(e).

AN

(iii) J|ax-s| > 8(e), |y-t|

In case (i), using (2.1) we have
< .
(2.2) |Asltf(x,y) | <es3

Now we consider case (ii). Because f 1is B-continuous, there is (see {1

Iemal]) a positive number M such that
<
(2.3) |As’tf(x,y)| M.

From (2.3) and the second inequality of (ii) it follows that

(2.4) la, flyp| < My-56©17

In case (iii) we obtain in a similar manner

2.5) la, S| < Mz-s)216)1 72

From the two inequalities in (iv) and from (2.3) we get
(2.6) la, Flzy | < Mo’ g™ .

Consequently, employing (2.2), (2.4), (2.5) and (2.6), we have the

following inequality
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- 2 -2
2.7 IAS tf(x,y)l < e/3 + M(x—s)2[6(e)] 2 + My-t) (8 (e)]
+ M(x-s)2(y-t)z[é(s)]—4

2
Because y,t € [0,1] , it follows that (y-t)° < 1. Hence from (2.7) we

conclude that the following inequality

-2 -2 2 =2 2
(2.8) b, flz)| < e/3 + MS(e)] {1 + (8(e)) “}@-8)" + MiS(e)] " (y-t)
holds, and the lemma is proved. o

3. A Korovkin-Type Theorem for Approximation in B(Iz)

We are now ready to prove the main result of this paper. ILet us

consider the following real-valued functions on I2 :
e(s,t) =1, ¢(s,t) =s, Y(s,t) =t .

THEOREM. Let {Lm n}’ (m,n) € N2 » be a sequence of positive linear

IZ

operators transforming functions of R into functions of R such
that for all (x,y) € 1° ome has
() Lm’n(e;x,y) =1,
(i1) Lm’n(d:;x,y) =X+ um,n(x,y) '
(111) Lm,n(\p;x,y) =y + Um,n(x'y) ;
. 22 2 2
(Zv) Lm,n(¢ +Y sxL,y) =X+ Yy o+ wmin(x,y) '
where um'n(x,y) , vm’n(x,y) and wm'n(x,y) converge to zero wniformly on

2 as mm  approach infinity in any maner whatsoever. If
f(',*)GB(Iz) and (ac,y)GI2 we put
. = . £y — (. .
Umln(f,x.y) Lm'n(f( )+ flx,*) - £, %) x,y)
Under these conditions, for every f € B(12) , the sequence {Um n(f')}
converges uniformly to f on .

Proof. 1f (x,y) € 12 is fixed, then the B-continuity of f implies
that of the function

F(o,* = fle,y) + flx,*) - f(-,%

This is a consequence of the fact that, for all (u,v),(s,t) € 12 , one has
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Au,vF(s't) = - Au,vf(s,t) , independent of (x,y) € I2 .

Hence Um n is a well-defined linear operator on B(Iz)
’

Now let f € B(Iz) be arbitrarily chosen, and let (x,y) € 12 and
€ > 0 be given. Because Lm n is a linear operator reproducing constant
’

functions we have

- . = . Xy .
(3.1) flx,y) Um'n(f,x,y) Lm,n(Ax'yf( ) x,y)

Furthermore,

(3.2) |Lm,n(g;ac,y)| = max {Lm n(g_:x,y), Lm,n (-g;x,y)}

£l

for every function g € B(Iz).
Applying this eguality to g(s,t) = b, y f(s,t) and, further using
>
the monotonicity of Lm , and the lemma, we find (with C(e) = max{4(e),

B(e)}) the inequality

3.3 f@y - U, Fmy| <L (/3 + 0@ @) + Ce) =57,y
After some manipulation of (3.3) we arrive at the inequality
(3.4) |fx,y - Um,n(f';x,y)| <e/3+ C(e)Lm'n(daz + 92z -

- 2C(e) [ Lm'n(tb,-x,y) +y Lm’n(w;x,y)] +

2 2
+ Cle) (x7+y )Lm,n(e;x,y)

Using the relations (i) through (iv) from the statement of the theorem we

can write

(3.5) [fl@y) -0 (fiz.y) ]

<e/3 + Cle)- [wm n(x,y) - 2x-um n(x,y) - 2y-vm n(x,y)]

letting m and 7n tend to infinity yields the desired result. o

REMARK. If equality (i) of the theorem does not hold, then equation

(3.1) is not true. If one replaces (i) by

(i") L, ,Fizy)=1+a (x,9) ,
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then it can be shown that the following holds:

|fe,y) - Um’n(f;x,y)l < If(x.y)l'lam,n(x,y)l +e/30 o (@)

2 2
+ C(e)-[wm'n(x,y) - 2x-um'n(x,y) - 2y-vm'n(x,y) + (7 4y )am’n(x,y)] .

Clearly, for - n(x,y) = 0 , this reduces to inequality (3.5). However,
r

as mentioned earlier, there are examples of unbounded B-continuous

functions. Hence the term {f(x,y)[-lam n(x,y)] is indeed a critical one,
4

and the above inequality allows only the conclusion that we have pointwise

convergence to f(x,y) for all (x,y) € I2 , if o, n(x,y) converges
r

uniformly to zero as m,n tend to infinity. o

4. Applications

In this section we shall show how the Korovkin-type theorem from
the above section can be used to obtain pseudopolynomials which

approximate B-continuous functions uniformly.
4.1 Boolean Sums of Bernstein-Stancu Operators
In his paper [2] , Theorem 4.1] Stancu studied the operators

(4.1) H [0-18]

mmn (fizoy) =

[al) (8]

m n
[ I Gwdgmefimyp-rimimiv, @, 5@

1=0 j=0 T
where
k-1 p-k-1
(il_n (t+vy) s [ (1-t+vy)
[yl _ ¥=0 v=0
(4.2) v,k (t) = o1
IT (1+vy)
v=0

These linear operators are obtained via our approach if in the definition

of Um n the tensor product operators
’

la,8] TR (o] i8]
L ! iL, = ) 7 i * . . .
_— (fix,y) izo jzo F(Z/m,G/m) Uy g @, )

0,0 .
are used. Clearly, Hm n[ /0] is the above transformation Hm n - Because
r 1
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{v] [c,B]

w
p.k
pseudopolynomial. The following corollary shows that Hm "

’

f is a

(a,B]

is a polynomial, it is easily seen that Hm n
’

provides

us with a variety of solutions of Nicolescu's problem, including the one

of Badea mentioned earlier.

COROLLARY 1. If FEB(IZ) ,0<a=a(m >0 when m+> and

[a,B]

0<B=2R8(n »0 for n-+=, then Hm " f converges to f
’

uniformly on .

Proof. The proof is a consequence of the facts that, for a,B = 0 ,

(a,8]
the operator Lm,n

is positive and satisfies the conditions (i)
through (iv) of our above theorem if a(m) and B(n) converge to zero

(see Stancu [20 , Theorem 2]. o

Keeping in mind the result of Popoviciu mentioned in the first

section of this paper, from Corollary 1 we obtain

COROLLARY 2. If f € B(I®) <is bounded and if o = a(m and
B = B(n) tend to zero, then the sequence of Marchaud pseudopolynomials
{Q’B]f converges to f uniformly on .

4.2 Boolean Sums of Positive Linear Operators of Discrete Type

The example considered in 4.1 is a special instance of the more

general case in which the operator Lm n in the above theorem is the
r

product of the parametric extensions of two univariate positive linear

operators Lm and Z% , both mapping C(I) into itself, say, and given

by
m
= Nep . . € (x) = <i< ;
L (f,x) izof(x") Py, i@, @ €I, p, (#) >0 for 0<i<mand all z € T ;
L (g.y) jzog(yi)-qn'j(y) »¥;€1,q, y) >0 for 0<j<n and all y € I .

We also assume that

m

n
) pm,i(x) = .Z

. a4, -(y) =1 for all mm , and all x,y €I .
1=0 J oJ

0
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If we denote the extensions by me and yL (here me acts on the

bivariate functions f(x,y) as if y is a fixed parameter, and yLn is

defined similarly), then

m n
L,,,’n(f;x,y) = (gl o L) Fizy) = !l f(xi'yj)'pm,i(x) 'qn,j(y)

yn i=0 j=0

is a positive linear operator defined for any f € RI2 , and for functions

in B(I2) in particular. Moreover, for the operator Um n we have
r

U =L ® I = L + L - L o.L ,
mmn xm yn xm yn xrm Yy n
that is U is the Boolean sum of L and L . If for the
m,n xm y
. . L . c . 7
univariate positive linear operators Lm the conditions (here ei(x) =X,

T20)

Lm(el;x) x + um(x) .

2
Lm(ez;x) =X + wm(x) R

are satisfied, and if similar conditions hold for fé with um(x) and
wm(x) replaced by vn(y) and tn(y) , respectively, then it follows for

L that
m,n

Lm,n(e;x:y) =1 ’

]
"

Lm'n(«b;x,y) T+ U (x) =x+ um,n(x,y) ’

1}
]

Lm’n(tp,-x,y) y + vn(y) y + vm’n(x,y) R

2, 2 .2 2 .2 2
Lm,n(¢ +Y i,y =x +y + wm(x) + tn(y) =x +y + wm'n(x,y).

Proper assumptions on U, 'vn ,wm and tn guarantee that the functions

U ) d w n ze
mmn ' Ymn an mn converge to ro uniformly as m and »n tend to
infinity.

This discussion leads to the statement of

COROLLARY 3. If the sequences (L) -\ » (fn) qen oF positive linear
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operators are given as above, and if Le. re. ., Lnei re, uniformly for

i = 1,2 , then the operators U n constructed on the basis of

’

Lm,n = ofm ° yLn

have the property that u, nf converges untformly to
f for each B-continuous function §f defined on I , a8 mm tend to
infinity.

5. Concluding Remark

Further material on the subject discussed here, namely the uniform
approximation of B-continuous functions (in a more general setting), is
contained in the thesis of Badea [4). It should also be noted that the
questions investigated here may be discussed from a quantitative point

of view., This will be the topic of a forthcoming paper.
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