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In this paper, we derive new differential Harnack estimates of Li—Yau type for
positive smooth solutions to a class of nonlinear parabolic equations in the form

L] = a(z,t) — Ay | w(z, t) =Y (t, z,w(x,t)), t>0,

o
ot
on smooth metric measure spaces where the metric and potential are time dependent
and evolve under a (k, m)-super Perelman—Ricci flow. A number of consequences,
most notably, a parabolic Harnack inequality, a class of Hamilton type global
curvature-free estimates and a general Liouville type theorem together with some

consequences are established. Some special cases are presented to illustrate the
strength of the results.
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1. Introduction

In this paper, we study gradient estimates for positive smooth solutions to a class
of nonlinear parabolic equations on smooth metric measure spaces with evolving
geometry. Whilst gradient estimates have been studied over the years for linear and
nonlinear equations on static manifolds or for equations of mainly Schrédinger and
heat types on evolving manifolds, the investigation of nonlinear parabolic equations
on smooth metric measure spaces with evolving metrics and potentials is relatively
new and recent. These problems pose interesting challenges and technicalities whilst
having huge scope for applications as already known and further discussed below.

To this end let (M, g) be a complete (smooth) Riemannian manifold of dimen-
sion n > 2 with Riemannain volume measure dv, and let do = wdv, be a positive
weighted measure on M with weight function w > 0 and potential ¢ = — logw. The
triple (M, g, do) is called a smooth metric measure space or a weighted manifold
or a manifold with density (see [8, 21] for background and § 3).
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688 A. Taheri and V. Vahidifar

Our aim here is to prove differential Harnack estimates for positive smooth solu-
tions w = w(x, t) to the following nonlinear parabolic equation on (M, g, do) where
the metric tensor g and potential ¢ evolve under a (k, m)-super Perelman—Ricci
flow:

Lwl(z,t) = 9 a(z,t) — Ay | w(z, t) =9 (t, z, w(z,t)), t>0,

ot
1
5%(95,& + Ricy (9)(w,t) > —kg(w,1), m > n,k >0, (1.1)
v ®V
Bicl)(g) 1) = Riclg) (2.1) + V0 V(e t) - 200 E Va0

To describe the above system in more detail we first note that the differential
operator Ay in (1.1) is the ¢-Laplacian associated with the triple (M, g, do) (also
known as the weighted or drifting or Witten Laplacian). It is a natural extension
of the Riemannian Laplacian to the smooth metric measure space setting whose
action on v € €%(M) can be described by

Ayv = Av — (Vo, V) = e?div(e V). (1.2)

Here, A, div and V are the usual Laplace—Beltrami, divergence and gradient oper-
ators associated with the metric tensor g respectively. Naturally, when the metric
tensor g and potential ¢ are time dependent this (spatial) differential operator
is time dependent too (in that its coefficients depend explicitly on the time vari-
able). Continuing further and referring again to the first equation in (1.1), the time
evolution operators

0

jaf——a(m,t)—Aqﬁ $¢:$¢?:&

— Ny L=y —a, (1.3)

are the a-weighted (and weighted) heat operators with a = a(x, t) a sufficiently
smooth function of the space-time variables (x, t). The nonlinearity 4 = 9 (¢, =, w)
on the right-hand side here is a sufficiently smooth function depending on both the
space—time variables and the dependent variable w. We shall present later on, vari-
ous examples of such nonlinearities from different contexts ranging from conformal
geometry, relativity and mathematical physics to applications of mathematics in
materials and biological sciences, each representing a different phenomenon whilst
depicting a corresponding singular or regular behaviour on its domain.

The differential inequality and equation on the second and third lines in system
(1.1) respectively describe the evolution of the geometry of the triple (M, g, do).
Indeed the inequality in the second line in (1.1) describes the evolution of the
generalized Ricci curvature tensor that in turn should be interpreted in the sense of
symmetric (2, 0) tensors whilst the equation on the third line gives the formulation
of this generalized Ricci tensor that in turn involves the usual Ricci curvature tensor
associated with g, the Hessian of ¢ and a rank-one symmetric tensor involving the
gradient of ¢ (see § 3 for more on notation and background). Here m > n is a
constant (not necessarily an integer) having the role of a dimension and k > 0 is a
fixed constant.
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It is evident that the static case, that is, the case with time-independent metrics
and potentials, constitutes a special case of system (1.1). In this event, the differ-
ential inequality on the second line in the system reduces to a spatial lower bound
on the (time independent) generalized Ricci tensor (see § 3 for more), that is,

Voa Vs _

m—n

Ficy'(g) = Ric(g) +VV¢ — kg. (1.4)
Here gradient estimates for positive solutions to linear and nonlinear heat type
equations have been studied extensively starting from the seminal paper of Li and
Yau [29] (see also [28]). In the nonlinear setting perhaps the first equation to be
considered is the one with a logarithmic type nonlinearity (see e.g., [27, 33, 52])

Zylw] = % —a(z,t) — Ay | w = A(z, t)wlogw. (1.5)

The interest in such problems originates partly from its natural links with gradi-
ent Ricci solitons and partly from links with geometric and functional inequalities
on manifolds, notably, the logarithmic Sobolev and energy-entropy inequalities
[7, 8, 22, 49]. Recall that a Riemannian manifold (M, g) is said to be a gradi-
ent Ricci soliton if there exists a smooth function ¢ on M and a constant A € R
such that (cf. [13, 16, 32])

RHicy(g) = Ric(g) + VVP = Ag. (1.6)

The notion is a generalization of an Einstein manifold and has a fundamental role
in the analysis of singularities of the Ricci flow [24, 55].

Another prominent class of nonlinear equations rooted in conformal geometry
and studied extensively are the Yamabe type equations (see [9, 20, 26, 34]). In the
context of smooth metric measure spaces these equations can be broadly studied
as (see e.g., [17, 40, 41, 54))

Lylw] = — — Agw = A(z, t)w” + B(z, t)w. (1.7)

Incidentally, the case A= —1, B=1, p=3 [4(w) = w — w?] is the Allen-Cahn
equation and the case A= —¢, B=¢, p=2 [¢9(w) = cw(l — w) with ¢ > 0] is the
Fisher-KKP equation (cf. [2, 18, 25]). Both these equations have been studied
extensively in recent years due to the significance of the phenomenon they model
and their huge applications in physics and other sciences (for various geometric
estimates and their consequences, see [5, 14, 44| and the references therein). A
far reaching generalization of (1.7) with a superposition of power-like nonlinearities
consist of equations in the form

d d
0
Lplw] = a—t: —Apw = ZAj(m,t)ij + Z Bj(z, t)w®. (1.8)

Jj=1 Jj=1

Here A;, B; (with 1 < j < d) are sufficiently smooth space-time dependent coeffi-
cients and p; > 0, ¢; < 0 real exponents (see [42, 43]). Other classes of equations
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generalizing the above and close to (1.5) come in the form (see e.g., [1, 10, 19, 42,
43, 48, 53))

Zolw] = — Ay | w = Az, t)wP®(log w) + B(zx, t)w?, (1.9)

0
a - a(x,t)

with p, ¢ real exponents, A, B sufficiently smooth coefficients and ® € €*(R, R).
Some cases of interest for & = ®(s) include power function, e.g., s* (integer o > 1),
|s|* or |s|*"ls (real o >1) with different sign-changing, growth and singular
behaviour as logw — +00 or a superposition of such nonlinearities [43]. Further-

more, the case of iterated logarithms as introduced in [10] with d, k1, --- , kg € N
andﬁlv 7ﬁd€R7
o0l (logw) = | logy, w]® [ logy, w|™ ... |log,, w]*, (1.10)

where log;, w = loglog,_, w for k > 2 and log, w = logw can also be considered
but only with due care, e.g., subject to the assumption of w being sufficiently
large, specifically, with respect to iterated exponentials of ki, ..., kg (as other-
wise the repeated logarithm is meaningless due to the possibility of log;,_; w being
non-positive hence making log, w undefined).! Naturally, one can also consider
variations of the same theme, e.g., by replacing log, with either

log! |

wzlog”logkflwfork> , log”w: | log w, (1.11)
k=2

log)” w = log™ log}" | w for , loglw =1+ [logw],. (1.12)
However, one needs to observe that the function ® thus obtained is only €' outside
a discrete set (the zero sets of the functions log;,_; w) and hence does not lie in
¢ (R, R) as required.

Another related and yet more general form of Yamabe type equations is the
Einstein-scalar field Lichnerowicz equation (see Choquet-Bruhat [15], Chow [16]
and Zhang [55]). In the context of smooth metric measure spaces a generaliza-
tion of the Einstein-scalar field Lichnerowicz equation with space-time dependent
coefficients can be described as:

Lylw] = ?,;’ Agw = Az, t)w? + B(z, t)w? + C(z, t)wlogw, (1.13)
ZLiw] = gt a(z,t) — Ay | w = Az, t)e*™ + B(z,t)e > + C(x,t).  (1.14)

For gradient estimates, Harnack inequalities, Liouville type theorems and other
related results in this direction see [17, 31, 42, 43, 54| and the references therein.

Moving on to the evolving case the time dependence of the metric-potential pair
adds further complications and technical details as far as gradient estimates are
concerned. Here the case of the weighted heat equation under the Perelman—Ricci

I This point does not seem to have been taken into account before.
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flow, generalizing in turn, the heat equation under the Ricci flow to the setting to
smooth metric measure spaces, given by the system

0
R, x, = |— —a(z, - A w\zx, =Y,
122 o.t) = |3 —2(@0) = B[ wln,t) =0 (1.15)
5 2 0,0) + icyg)a,1) = 0,

has been considered by many authors (see, e.g., [4, 12, 16, 23, 30, 35, 36, 39, 47,
50, 55]).

System (1.1) can be seen as a generalization of (1.15) in two important ways.
Firstly, the weighted linear heat equation is replaced by its nonlinear counterpart
where the nonlinearity takes a considerably general formulation. Secondly, the Perel-
man—Ricci flow (with equality) is replaced by the (k, m)-super Perelman—Ricci flow
(with inequality) which is equally a substantial and far reaching generalization (see
[37, 38, 42, 43, 47]).

Let us end this introduction by describing the plan of the paper. In § 2 we fix
notation and introduce some key quantities and bounds that will be used through-
out the paper. In § 3 we gather some background on smooth metric measure spaces
and prove some preliminary results on the evolution of geometric quantities of inter-
est for time-dependent metrics and potentials. Section 4 which is the heart of the
paper is devoted to the proof of the differential Harnack estimate in theorem 4.1 and
its global version in theorem 4.5. Here as a consequence, we also prove a parabolic
Harnack inequality for system (1.1). In § 5, we turn into the static case and present
the counterparts of the Li—Yau estimates in the static context. We also prove a
Liouville type constancy result and present some consequences of it. Finally, in § 6
we prove a Hamilton-type curvature free estimate and bounds using a different set
of ideas. In this section, we assume the manifold is closed.

2. Local and global «v-quantities associated with the nonlinearity ¢

To a given nonlinearity 4 = ¢(¢, x, w), we associate certain y-quantities as defined
below that will appear in different stages of the analysis and serve as bounds in
various estimates. In order to describe these, for ¢ of class €2 and constant p we

set,
AL (t 2, w) = [—pwGpw (t, 2, w) + Gy (t, 2, w) —w ™ G (t, z,w)]4, (2.1)
B (¢, ,w) = |Gy (t, 2, w) — w ' G, (t, 2, 0)|, (2.2)
Cy(t,z,w) = [Gy(t,z,w) —w 'L (t, z,w)];, (2.3)
Dy (t, z,w) = [~w ' AyG* (t, ,w)]4. (2.4)
Here and below z = z; + z_ with z; = max(z, 0) and z_ = min(z, 0). The sub-

scripts in ¢ stand for the partial derivatives in the respective arguments and
G*  x— Y(t, x, w) denotes the function obtained by freezing the variables ¢, w
and viewing ¢ as a function of = only. (Thus in particular, we speak of V¥* and

AyD®.)
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Fixing a reference point x¢p € M, we denote by d = d(x, xq, t) the Riemannian
distance between x and xy with respect to the evolving metric g = g(t). We write
r =r(x, xo, t) for the geodesic radial variable measuring the distance between x
and zg at time ¢t > 0. For R > 0, T > 0, we define Qg r(z0) = {(z, t) : d(z, x0, t) <
R,OLKt<T}C M x[0,T] and for 0 <¢ < T, we denote by HB,(xg) C M the
geodesic ball of radius r > 0 centred at xzg. When the choice of the point zq is
clear from the context, we often abbreviate and write d(x, t), r(z, t) or %, Qr,r
respectively.

Having the above notation in place, we now define the four pairs of local and
global y-quantities associated with a given ¢ = 4 (¢, z, w) and w = w(x, t) (x € M,
0 <t <T) by writing for fixed zo € M, R > 0 and T > 0:

WM (R) = sup Al (t,z,w), A" = sup Af(tz,w), (2.5)
ORr,T M x[0,T]
ng’“(R) = sup Bl (t,z,w), VBg’“ = sup BL(t,z,w), (2.6)
@R,T MX[O,T]
Y (R) = sup Cy(t,z,w), v = sup Cy(t,z,w), (2.7)
ORr,T M x[0,T)
Y (R) = sup Dy (t,z,w), ~5 = sup Dgl(t,z,w). (2.8)
GR,T MX[O,T]

Here Opr = {(t, z, w) : (x, t) € Qrr, w <w < W} C [0, T] x M x (0, 0o0) where
w, w denote the maximum and minimum of w on the compact space-time cylinder
Qr,r. Note that in the particular case (¢, x, w) = a(z, t)w with a of class €?, we
have:

AL (t,z,w) =0, BYE (t,x,w)=|(p—1)Va(z,t), (2.9)
Caw(t,z,w) =0, Day(z,t,w) =[-Aga(x, )], , (2.10)
and subsequently
v M(R) = |p— 1 sup [Va(z,t)] ™" =|p—1] sup [Va(z,t),  (2.11)
QR,T M x[0,T]
75" (R) = sup [—A¢a(x,t)]+, B’ = sup [—A¢a(x,t)]+7 (2.12)

QR,T M x[0,T]

with all the remaining y-quantities being zero.

3. Bakry—Emery tensors and weighted Bochner—Weitzenbock formula

By a smooth metric measure space, we understand a triple (M, g, do) in which
(M, g) is a complete Riemannian manifold, do = e~ ?dv, is a weighted measure
associated with the potential ¢, and dv, is the standard Riemannian volume mea-
sure. Both the metric tensor g and the potential ¢ are assumed to be of class €2.
The ¢-Laplacian (1.2) is a symmetric Markov diffusion operator with respect to the
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invariant measure do and

. . Vo @ Vo
RHicy' (g) =R VWVW¢ — ————, 3.1
ie}(g) = Pie(g) + TV~ ~22T (3.1)
is the Bakrnyrnery generalized Ricci curvature of the triple (M, g, do). Here
Zic(g) denotes the Riemannain Ricci curvature of g, VV¢ = Hess(¢) is the Hes-
sian of ¢, and m > n is a constant (see [6-8]). For the sake of clarity, we point out
that when m = n, by convention, ¢ is only allowed to be a constant, thus giving
Zicy(g) = Hic(g), whereas, by formally passing to the limit m — oo in (3.1) we
can also set,

Ficy (9) = Ric(g) + VV¢ 1= Ricy(g). (3.2)

The following identity generalizing the classical Bochner—Weitzenbock formula
in the Riemannian context to the smooth metric measure space context plays an
important role throughout the paper (see [3, 28, 45, 46, 51]).

LEMMA 3.1 Weighted Bochner-Weitzenbock formula. With Ay and Zicy(g) as
above, for any function h € €3(M) we have,

1
5A¢|Vh|2 = |VVh|2 + (Vh,VAgsh) + Rics(Vh, Vh). (3.3)

Next, making note of (Ah)? < n|VVh|? and recalling Agh = Ah — (V¢, Vh) it
is easily seen that

h)? Ah)? h)? Ah — h))? Ayh)?
wun o (TOT? (AR (V6. VW (Ah=(Vo.TR) _ (Ash)®
m—n n m—n m m
(3.4)
Therefore, from (3.1) and (3.3) it follows that
1 1
§A¢|Vh|2 > E(Ad,h)z + (Vh,VA4h) + Zicy (Vh, Vh). (3.5)

Let us now present two useful identities on evolutionary metric-potential pairs
that will be utilized later. For notational convenience we hereafter denote the metric
time derivative tensor, i.e., the speed, as,

g
E@S’t) =25(x,1), (x,t) € M x (0,T), (3.6)

(the factor 2 is only for notational convenience). In the following lemmas, we assume
that the evolutionary metric g and potential ¢ are of class €2 in the space-time
variables (z, t).

LEMMA 3.2. With notation (3.6) in place, for any pair of space—time functions
U=U(xz,t) and V = V(xz, t) of class €*, we have

0(VU,VV) = =27(VU,VV) + (Vo.U,VV) + (VU,Vo,V). (3.7)
In particular 8;|VU|* = —2.7(VU, VU) + 2(VU, Vo,U).
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Proof. This follows by first writing (VU, VV) = ¢"/V,UV,V and then taking 0,
making note of 0,9" = —2¢"* g7,y = —2.7%. The second identity follows from
the first one by setting V = U. O

LEMMA 3.3. With notation (3.6) in place, for any space—time function U = U(x, t)
of class €2, we have
O(AgU) = Ay(0,U) — (27, VVU) — 2div — V(Tr,.”), VU)
—(Vorp,VU) + 2.7 (Vo,VU). (3.8)

Proof. Let us first consider the case where the potential ¢ is a constant (thus
Ay = A). Indeed here we have the identity

QAU = AJ,U — (2.7, VVU) — (2div.? — V(Tr,.7), VU). (3.9)

Now to justify (3.8) we proceed by directly calculating 0;AyU = 0:(AU —
(V¢, VU)) whilst making note of (3.7) and (3.9). Hence we can write
AU = A(OU) — (27, VVU) — (2div.y — V(Tr,.¥), VU)
— Voo, VU) — (Vo,VOLU) + 27 (Vp,VU)
=Ay(0,U) — (27, VVU) — 2div/ — V(Tr,.), VU)
—(Vop, VU) + 2.7 (Vp,VU), (3.10)

which is the required conclusion. The proof is thus complete. O

4. A differential Harnack estimate for system (1.1) under (k, m)-super
Perelman—Ricci flow

In this section, we formulate and prove a differential Harnack estimate for posi-
tive smooth solutions to the nonlinear parabolic equation (0, —a(z, t) — Ag)w =
4 (t, x, w) where the metric and potential evolves under a (k, m)-super Perel-
man—Ricci flow. This means that the pair (g, ¢) forms a complete smooth solution
to the flow inequality (4.1) [with n < m < o0, (z, t) € M x [0, T] and the choice of
constant k = k., = (m — 1)k + kL (see (4.2) and (4.3) below)]

S99 ) + i (9) 1) > kgl ),
\Y \Y
i) (0)(2.0) = Riclg) @.1) + Vo) V(o 0) - 00O Va0 )

(4.1)

For future reference we also make note of the following bounds relating to the

metric-potential pair (g, ¢) [recall (3.6)]. For suitable constants k%, kU, kY >0,
Ly, le = 0:

—klg <7 <kYyg, V.| < kY, (4.2)

[Vo| < 44, [VOrg| < L. (4.3)
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THEOREM 4.1. Let (M, g, do) be a smooth metric measure space with do = e’d’dvg
and time dependent metric-potential pair (g, ¢) of class €*. Assume Zicy (g) >
—(m —1)kg in Qagr,r for somem > n, k >0 and R, T > 0 and bounds (4.2)—(4.3)
hold in Qopr. If w=w(z, t) is a positive solution to (1.1), then for every pn > 1,
e € (0, 1) and for all (z, t) in Qrr with t > 0 we have the gradient estimate

Vol dw %z,
[Vl —t—w—kw—i—a(%t)é%—ququ—i—L—kmuvcg(ZR)—ka.

Jaw? w w
(4.4)
The quantities appearing on the right-hand side of bound (4.4) are given respectively
by
L= T [ e+ RVE) + 262 (4.5)
2l DYy 2 1 1 :
and
MY = v/m § np? (k" + kY)? + 200kY + pg (2R) + 10 (2R)
. Amp2[(m — Dk + (u— DEY + kY +~7*(2R) /2)2
= o)1)
Y 173y /2
L3 | mulnle + 20kt 4 295 (2R) + 203" (2R)]) (4.6)
4 de(p —1)? '

The v-quantities in (4.4) and (4.6) are as in (2.5)—(2.8) and (2.11)—(2.12) (with 2R
replacing R) and the constants ¢1, co > 0 in (4.5) are as in (4.19) in lemma 4.4.

As the proof of the theorem is quite involved and requires several intermediate
steps, for the sake of reader’s convenience we present this in several stages. The first
task is to introduce a Harnack quantity built out of the solution w and consider its
evolution under the weighted heat operator.

LEMMA 4.2. Let w be a positive solution to the equation Z3[w] = (0 — a(x, t) —
Ap)w =9(t, v, w) and let FY = FZ(z, t) be defined by

FY (2,6) = t][Vf]? = udof + pa(a,t) + pe Gtz eh)], t20,  (47)
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where f=logw and pu > 1 is a fized constant. Suppose that the metric-potential
pair (g, ¢) is time dependent and of class €*. Then Fa% satisfies

(Ay — 0)[FY] = 20|VV > = 2V [, VF?) + 2tRic} (Vf,V f)
—2t(p = 1)F (VI V) + 26V, V f)?/(m —n) — F/ /t
— 2ut[(.7, VV2f) + (div.# — (1/2)V(Try.%), V [)]
— ut[{Vor, V) =27 (Vo, V[
+2t(p — 1)(Vf,Va(z,t)) + ptAgla(z, t)]
+2t(u — IV, Ve TG (t,x,e))) + utAyle 79 (t,x,el)]. (4.8)

Proof. Referring to the equation for w an easy calculation shows that f satisfies
the equation

Lylf] = (0: — Ap)f = |VfI? +e /9t x,el) +a(x,t). (4.9)

Moreover, using (4.7) and (4.9) it is a straightforward matter to see that the
following relation holds between F and Ay f:

Npf == [ VP =0 +ale,t) +e G (tael)] = (1= VP
=—F)/(ut) = (1= p HIVF?,  t>0. (4.10)

We next calculate the different ingredients needed in the application of the
weighted heat operator £y = 9, — Ay to the Harnack quantity in (4.7). To this
end we first note that

ApF = t(Ag|Vf1? = ug(0ef) + plgalz, t) + ulgle 19 (8,2, e))).  (4.11)

Recalling the weighted Bocnher—Weitzenbock formula in lemma 3.1 as applied to
f and making use of (3.8) in lemma 3.3 we then have

AFY =t [2IVV 2+ 2(VF, VA f) + 2%ic) (VN f,V ) +2(Ve, V) /(m —n)]
— 1t (Agf) — 2ut [, VV ) + (div. — (1/2)V(Tr,.), V)] (4.12)
— pt[(V0y, V f) — 2.7 (Vp, V )] + ptAgla(a, t)] + ptAgle TG (t, 2, el)].

Now referring to the sum on the right, the contributions of the second and fifth
terms modulo a factor ¢ can be simplified and rewritten upon using (4.9) and (4.10)
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as,

2V, VAsf) — no(Ayf)

=2V VAL + 2 — V)V, VAL + VP +e /G (t,x,el) +a(x, 1))
+ (tF = FY) /82 = 2(u = 1) (V [,V )

=2V, V[=F [/t = (u = D|VP]) + 2 = (VL VIV + (0 F — FY)/t?
+2(u — 1)(Vf, Va(z,t)) + 2(u — 1)V F, Ve 79 (t,z,e)))
=2(n-1)Z(Vf, V)

=2(u = DUVS, Va(x,t)) + (Vf,V[e G (t,2,e))]) - Z(V [,V [)]
+ (t0, FZ — F2)Jt? — 2(Vf,VEZ) /1. (4.13)

Therefore, substituting this expression back into (4.12) and rearranging terms lead
to

(Ay — 0)[F)] = 26| VV fI* + 2t(n — 1)[(V f, Va)
+ (VL Ve Ytz el)]) = S (VY]]
—FY )t —2(Vf,VF?)
+ 2t Ricy (V [,V f) +26(V ¢,V [)?/(m — n)
—2ut(.S, VYV f) — pt(2div.” — V(Tr,.%), V f) — ut(V,p, V )
+2ut.S (N, V) + utAga + utAgle 74 (t, x,ef)] (4.14)

which is the desired conclusion. O

LEMMA 4.3. Let w be a positive solution to Z3[f] = (0 —a(z, t) — Ay)w =
G(t, z, w) and let F be as in (4.7). Assume the metric-potential pair (g, ¢) is time
dependent and of class €*. Moreover assume the bounds Zicy (g) > —(m — 1)kg
and

—kLg

< <kYg, VS| < kY, (4.15)
for suitable k, kY KV and kY > 0.

<
> 0. Then
(Ag = 0)FY] = t(Apf)?/m — Ef [t =2V f,VE)
= 2t[(m — Dk + (u = DEV) [V f]?
— Pnt(k* + kY)? — 3uty/nkV |V ]
— pt{Vo o, V) + 21t (Vo, V f)
+2(p— DV f,Va(z,t)) + ptAya(z, t)]

+2(p — DUV, Ve TGt 2, el)]) + utAgle ™G (t, x, ).
(4.16)

https://doi.org/10.1017/prm.2023.103 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.103

698 A. Taheri and V. Vahidifar

Proof. From the upper and lower bounds on .% in the sense of symmetric 2-tensors

in (3.6)-(4.15) it follows that |.7|? < (k¥ + kY)?|g|? = n(k* + kY)? and hence
20, YV S IVVFP + i 7 < [VV 24 np® (k5 4 k72, (4.17)

v

Moreover by virtue of the assumption |V.| < k¥ we have

12div. — V(Trg.?)| = |29 VL5 — ¢V 0.755] = |97 (2VT50 — Vo F35)]|
< 3lg||V.7| < 3v/nkY. (4.18)
Now the conclusion follows at once by referring (4.8) in lemma 4.2, making note
of the bound [VVf|* +(Ve, Vf)?/(m—n) > (Af)?/n+ (Ve Vf)?/(m —n) >

(Agf)?/m, and the Bakry-Emery curvature lower bound Zic;' > —(m — 1)kg in
the lemma. g

For the purpose of localization we shall make use of standard spatial cut-off
functions. To this end we note the following lemma gathering together some of the
main properties of a profile function defined on the half-line s > 0 as needed later
(see [4, 11, 28, 29, 54]).

LEMMA 4.4. There exists a function 1 : [0, 0o) — R satisfying the following prop-
erties:

(i) 1 is of class €2[0, 00).
(ii) 0

(iii) ' <0 and so 1) is non-increasing and for suitable constants cy, co >0 we
have the global bounds

<P(8) <1 for0<s<ooandp =1 on|0,1] and ) =0 on [2, c0).

— a2 <Y <0, and P = —co. (4.19)

Now, we pick a reference point zo € M, fix R, T'> 0 and 0 <7 < T and then
with r(z, t) denoting the geodesic radial variable with respect to xy at time ¢, set

P(x,t) = Y(r(z,t)/R), xre MOLt<LT. (4.20)

It is evident that the resulting function 1) satisfies ) = 1 for when 0 < r(x, t) < R
and ¢ = 0 for when r(x, ) > 2R. Additionally from (4.20) we have Vi = (¢'/R)Vr
and Ay = ¢'|Vr|?/R? + ' Ar/R and so Ayyp = Ay — (Ve, Vb =" |Vr|2/R? +
Y/ Ayr/R. In particular Vb, Ay vanish outside the space-time set R < r(z, t)
< 2R.

Proof of theorem 4.1. Consider the localized function ¢ F:Y where FY is the Har-
nack quantity in (4.7). Let (z1, t;) denote the point where this function attains
its maximum over the compact cylinder {r(z,t) <2R,0<t<7}. We assume
[WFZ](x1, t1) > 0 as otherwise the estimate follows from F{¥ < 0. So in particu-
lar t7 > 0 and r(z1, t1) < 2R and therefore, at the maximum point (z1, ¢1), we
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have the relations

(4.21)

Utilizing the product identity for the ¢-Laplacian as applied to the localized
function Y F¥ we can write

Ay(YFZ) = FLAgip + 2(Vp, VFZ) + A4F (4.22)

and so making note of relations (4.21) at the maximum point (z1, ¢1) we can further
deduce

0> FZAp) +2(V), VE?) 4 A FZ
> FI A+ (2/0)(Vip, VO FY)) = 2(VY | /) FY + A FY

FYAgp —2( VY /) FY + Ay FY. (4.23)

a

WV

Let us now proceed by bounding the sum on the right-hand side of (4.23) from
below. To this end starting with the first term we have

—%[CQ +(m—1)ci(1+ R\/E)], (4.24)

Ayp 2
where ¢y, ¢z > 0 are as in lemma 4.4. In fact, since Zicy'(g) > —(m — 1)kg it fol-
lows from the Wei-Wylie weighted Laplacian comparison theorem, the ¢-Laplacian
relation Ay = ¢/'|Vr|>/R? + ' Aygr/R and the bounds in lemma 4.4 that,

Aptp > %i' + %@'\/ﬁcoth(\/ﬁr} > %zﬁ’ + L];I)&’\/Ecoth(\/g}%)

1 - 1 _
s

- 1)%1 (]1% + \/IE) o (4.25)

by virtue of Agr < (m — 1)vkcoth(vVEr) and Azt = 0 outside R < 7 < 2R. Note
that here we have used the monotonicity of s+ coths and scoths < (14 s) for

s> 0. Onto the second term on the right in (4.23), again by (4.20) and lemma 4.4
we have,

= < 7

_ _ 2
\V4 2 /2v 2 / \V4 2
;m :w¢ v _<%Rr> _ 4 (426)
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Now making use of (4.16), (4.24) and (4.26) and substituting in (4.23) it follows
that at the maximum point (21, t1) we have the inequality

0> FY App — 2| VY /) FY + Ay FY
> —[co + (m—1)e1 (1 4+ RVE)FY JR* — 2(c3)R?)FY + 9, F?
+ Y[t /m)(Ag f)? = B [t = 2(V £, V) = 2[(m — Dk + (p — DEY ] [V f?
— pPnty (kY + kY)Y = 3v/nkY pty |V f| — ut1(V0,0, V) + 2ut1.7 (Vo, V)
+2(p — D [(VF,Va) + (VF, V(e TGN + ut1[Aga + Ay(e 79)]]. (4.27)

For the sake of convenience in writing here and below we abbreviate the argu-
ments of a = a(x, t) and & = 4(t, z, e). The aim is now to bound each of the
individual terms in the last inequality. Starting from the third term on the second
line ¥0; F¥, upon recalling (4.20), we have,

H(WFY) =0 FY + FZ o = )(r/R)OFY + 4/ (r/R)FY 0/ R. (4.28)

Now as at the maximum point (1, t1) we have 9;(¢F) > 0, by restricting to this
point, utilizing lemma 4.4 [the left inequality in (4.19)] and the bound 9,r(z, t) >
—kLr(z, t) [see (4.30)], we can write

YOF? > —F20,p = —'(r/R)FZ0r/R
> rkPFZy' (r/R)/R > —cirk\/d(r/R)FEZ JR > —c kP FY . (4.29)

The justification for the lower bound on 9;r(z1, 1) used above can be given as
follows. Fix « and ¢ such that d(z, z¢, t) < 2R. Let X (x0, ) be the set of all min-
imal geodesics ¢ = ((s) : [0, 1] — M with respect to g(¢) connecting the reference
point zg = ¢(0) to z = (1) and let I'(zg, x) be the set of all € curves connecting
xo to x. Using the lower bound 0,9 = 2. > —2k%g in Q2r, 7 as given by (4.2) with
kY > 0 and Lemma B.40 p. 531 in [16] we can write:

0
(e, 50;)

- {fverl&fo,x)/ 1 (s g(t)ds}
Tt {weri&fo,@ / NIOICIOREO) ds}

_ ! [3tg]( ()74“’(8)) e i EAGORSCIFS
CEX(9£07$)/ ) 4 _cexwfo,x)/ 4

Opr(z,t) =

o 2¢/[gD]({ (), ¢ () 1€ ()lgc)
=r(x,t)
——~
1 B I 1
> inf —kH|¢ ds= inf |-k / : d
it [ k@l ds = itk [ @)l s
> —kbr(x,t) > —k'R, (4.30)

https://doi.org/10.1017/prm.2023.103 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.103

Differential Harnack estimates for a weighted nonlinear parabolic equation 701

which is the desired bound. (We note that this can also be derived using the evolu-
tion formula of the geodesic length under geometric flow due to R. Hamilton [24].)
Next, in view of V(¥ F¥) = 0 at (21, t;) we can write,

WV, VEY) = —F(Vf V) < FYIVFIVY| < eo(VY/R)FY|VF|.  (4.31)

Likewise, we have .7 (V¢, Vf) < kE|V¢||Vf| and (VO,¢, V) < |VI,¢||V f| along
with 3kY/nu|Vf| < 2nkY u? + 25V |V £|?. Hence substituting all the above back
in (4.27) it follows that
0> —[ea + (m—1)er (1 + RVE) + 23 FY /R?
— ak"FY =201 (VY /R)F |V [l + th (b /m)(As f)?
— OB/t = 20h[(m — Dk + (u— DE ]|V f]?
—t1p[pPn(kr + EY)? + 2nkY i + 2KV |V f)?]
— ut2kE V|V F| + VO8]V /]
+2t19(p = DV, Va) + (Vf, V(e 19))]
+tpu[Aga + Ay(e 79)). (4.32)
Next multiplying (4.32) through by the factor ¢1¢(x1) = ¢14, making note of
(4.9) and rearranging terms gives
0> ~t1F (Jea + (m — Der (1 + RVE)] + 2¢3)/R? — *FY
— ek B + 8@ m) (V2 + e +a—auf)
— 21 (VY/R)FY |V f| = 267 [(m — Dk + (u — DEY + kY] ¢?|V f|?
— npP 72 [(kY + kY)? + 26V — ptT)? |V 0,9 |V f| — 2ut k" [V o[V f]
+ 8 2(p = VUV, Va) + (V1 V(e /D)) + uldgsa+ Agle D)} (4.33)
Let us now pause briefly to go through some calculations relating to ¥ =
G(t, r, w) with w = ef and f = f(z, t) needed below. Note that the arguments

of the functions involved will be abbreviated for the sake of convenience in writing.
Firstly,

VY =4, +e! G,V b= (Y, ) (4.34)

Upon introducing the notation 4% : © — ¥ (t, x, w) (i.e., viewing ¢ as a function
of & whilst freezing the variable w) we can write

AYG = AG” + eI (G, + T |V I?Gy, V )
+ G, V) + |V f|*Gs + e/ G A f
=AD" + 27 (G, V) + & V12 (G + €7 G) + e/ G, A (4.35)
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Subsequently calculating the ¢-Laplacian, by utilizing the above fragments we have,

AyYG = NG — (N, VY) = NG — (N, (G, + el G,V f))
=AY — (V. %) — /9, (V), V) (4.36)
= ANsG7 + 267 (G, V) + T |V FI2( Gy + € G) + €7 Gy Ay f.

For the sake of future reference we also note that
Age ™ = Ae ™/ —(Vg, Ve )
= —div(e 'Vf) + e Ve, V)
= —e TAf+ eIV +e (V) Vf) = —e T (Apf = |VFI).  (437)

Returning to inequality (4.33) and picking up the estimate from where we left,
for the last two terms about ¢, we can write

2(u = IV, V(e D) + pAs(eY)
=2(u—1)[-e YV +e (VS VD)
+ule T AG + GAye ) — 207 T (Vf, VD))
= —=2(u— e G|V f]? + 2pe” 1 (Vf,VY)
=2V, (G0 + GV 1)) + pe™ (DG + 267 (4,0, V )
+ e (V2 (G + e/ Gw) + TG0 Ay f)
+uGe  (—Apf + |VfI?) = 2ue I (Vf, VD). (4.38)

As according to (4.10) we have

(1S — nGe Ao f = [=F [ (utr) = (u = DIV I /] [11(G — G )]
= —(F 1) G —Fe™) = (u = DIV (G —Ge ),
(4.39)
upon substitution back in (4.38) this gives

2(n— 1)V, V(e 9) + uly(e'9)
= 2~ Ve |V~ 27V .9,) — 24, |V f?
+ eI DG + 201G, V) + 1V [P + plV 126 G
+uGe VP = (F /1) (G —Ge™ ) = (u = DIV (@ —Ge)
= |\VfP[=2(p— 1)e G — 29, + 1%, + pe’ Gy
+IVPpe G — (n— 1% + (n—1)%e ]
— 2V (e G — 1Gew)) + (FY J11) (G — G ) — pe™ A, 97,
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Therefore, by taking into account the relevant cancellations, after simplifying
terms and using basic inequalities, we can write

2n =1V, V(e D) + pAy(e ' 9)
> V2 e Y — Gy + pef b)) — (FZ /11) (G — e 79)
—2Vflle ™Yy — 1 G| + pe I AyG”. (4.40)

As a result, making use of relations (4.34)—(4.37) and inequality (4.40), and sub-
stituting all back into (4.33) whilst making note of [(Vf, Va)| < |V f||Va| and the
bound 0 < ¢ < 1 we obtain:

0> —FZ([ca + (m — Der(1 4+ RVE) + 23]t /R? + 1 + 1k 1)
— 1P F) (G — eI + 3 /m) VP + e G +a— 0, f]
— 2e:t9° |V f|FY /R
=200V fP[(m = Dk + (u = DEY + &Y — (7Y — Gy + pe! 9,0,) /2]
— VY f|2le™ Gy — 1G] + 1| VO8] + 2uk" V| + 2(1 — 1)|Val)
+ i (e T AyG” + Aya — pn[(K* + EY)% 4 2kV]). (4.41)

In order to derive the final bounds out of this inequality it is helpful to label by
y, z and Y, Z the quantities defined by (4.42) as appearing on the right-hand side
of (4.41) and identify the latter in terms of the y-quantities introduced earlier:

y =YV,
2 =90 f —a—e 1Y),
y —pz=YFy [t1 >0,
Y =2[(m -1k + (n— 1)kY +&V]
+sup{[—e G + G, — pe! Gyly 1 (t,x,w) € Qarr} (4.42)
=2[(m — Dk + (u— DEY + kV] + 77" (2R),
Z = ply + 2uk™ly + 2sup{le Y, — G| : (t,2,w) € Qar.1}
+2(— 1)sup{IVal : (2,1) € Qanr}
= by + 2uk=0) + 292" (2R) + 243" (2R).

By substituting these back into (4.41) it follows from basic considerations that,

0> —FZ([ca + (m — 1)er(1 4+ RVE) + 263t /R? + 1+ erkty)
+ (83 /m)[(y — 2)? — (2me1 /R)Vy(y — pz) — mYy — mZ\/y] (4.43)
— 10 FZ Gy — e TGt (e T AT + Ayal -
— pti 2 (un (k" + kY)? + 2unk V).
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Moreover, by an application of the Cauchy—Schwartz and Young’s inequalities, it
is seen that for any ¢ € (0, 1), we have

(y — 2)2 — (2mer/R)Vyly — pz) —mYy — mZ\/y
> (y — p2)?/p? = m* G (y — pz)/[2(p — 1)R?)
m? Y2 /(41— e)(n — 1)%] — (3/4)(m*p*Z* /[4e(u — 1)°))/3. (4.44)
Hence by taking advantage of (4.44) it follows from (4.43) that
0> —¢F ([ea 4 (m — 1)er(1+ RVE) 4+ 23t /R? + 1 + 1k )
+ (8 /m) (W FY ) (8 17) = mP G (WEY) ) (2(n — 1) R?t)]
— BRI — &) (i — 1] — by FY (G — e
— [(3)/(4m))(m* i*Z* [4e(u — 1)*)'/?
+ ut%(/ﬂ[e*fA(z,%x + Agal- — pt2? [pun (kY + kY)? + 2unkY). (4.45)

Subsequently and more shortly we can deduce and write the above inequality as a
quadratic inequality

0> (WF)?/(mp®) = (WE! ) X1 — 13X, (4.46)
where we have set
Xy = [ea + (m — 1)1 (1 + RVE) + 23t /R? + 1
+ ekt + mticp? /[2(n - )R] + 617 (2R), (4.47)
and
Xo = mu?Y?/[4(1 - &) (i — 1)?)
+ (3/4) [mpZ* ) (de(p — 1)%)]/?
+pPn(k" + k) + 2% nkY + p(78 (2R) + 18" (2R)), (4.48)

whilst making note of (2.7), (2.8) and (2.10) (with 2R replacing R). As a result it
follows from (4.46) that

O < (i 12) (X4 4+ (a8 o)

< (mp?/2) <2X1 + 4/ (4t%X2)/(mu2)) = mp?Xy 4t/ mXo. (4.49)

Since ¢ =1 for r(z, 7) < R and (z1, t;) is the point where ¥ FY attains its
maximum on {r(z, t) < 2R, 0 < ¢ < 7} we have from (4.49) the bound

F2(x,7) = [WFZ)(x,7) < [WFZ](21,t1) < mpXy + t1puy/mXs. (4.50)

Therefore, recalling (4.7), substituting for X; and Xs from (4.47) and (4.48) respec-
tively and making note of ¢; <7, we can write after dividing both sides by
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ut >0,

UVFE = 0uf +a(zt) +e TG < (mp/T)X1 + /mXs
< (mp)lez + (m — Der (1 + RVE) + 2¢7]/R?

+ (mp/7) + (mp) (V¢ (2R) + e k"
+meip?/[2(n — 1)R?))
+vVm{mp?Y?/[4(1 - &) (u — 1)?]
+ (3/4)[mu”Z*  (4e(p — 1)*)]V/? (4.51)
gl (Y + kY2 + 2np2kY
+ 1(vZ (2R) + 13" (2R)}/2.

Finally using the arbitrariness of 0 < 7 < T it follows after reverting back to w
upon noting the relation f = logw and rearranging terms that

[Vw]? w9 @
. w o a(z,t) < (mu)[1/t + ¢ (2R) + c1k"]

+ (mp)[meip® /[2(p — 1)) + e

+ (m — D)er (1 + RVE) + 2¢3]/ R?
+v/m{mp?Y? J[A(1 = &) (n — 1)?]

+ (3/4)[mpZ* /(de(p — 1)%)]/?

+np? (kY + kY2 + 2npkY

+ 18 (2R) +3* (2R} (4.52)

A reference to (4.42) and substituting for Y, Z leads at once to the desired estimate
as formulated in theorem 4.1. O

The global version of the above estimate can now be obtained by imposing
suitable global bounds and then passing to the limit R — oo on the right-hand
side.

THEOREM 4.5. Let (M, g, do) be a smooth metric measure space with do = e~ %du,
and assume that the metric-potential pair (g, ¢) is time dependent and of class €.
Assume Ricy'(g) = —(m — 1)kg and (4.2)-(4.3) hold globally in M x [0, T]. Let
w = w(x, t) be a positive solution to (1.1). Then for every p > 1, € € (0, 1) and for
allx € M, 0 <t <T we have the global gradient estimate

[Vwl®  dw n G (t,z,w)
paw? w w

1
Faet) mp [Lo ekt of | oMl W)
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where & is as in (2.7) and

MY = \/ﬁ{n/f(kL +EY)? + 20p2kY + i + i

mp2[(m — Dk + (u— DEV + kY + 42+ /22

(1—e)(u—1)?
1/3) 1/2
3 [my2luts + 2uk= 00 + 2987 4 25307 / .
! de(p —1)7 .

With the aid of the differential Harnack estimate established in theorem 4.1 we
can now prove a parabolic Harnack inequality for positive solutions to the system
(1.1).

THEOREM 4.6. Under the assumptions of theorem 4.1 for all (x1, t1), (2, t2) in
Qr,r with ty > t1 and p > 1 we have

w(xa,t2) = w(xy,t1) (ij) o exp I:z(tg —t) — m . (4.55)

Here L(xy, x2) = inf|| |é(t)|§(t)||L1(O,1;dt) where the infimum is over all ¢ €
€1([0, 1]; M) lying in Qg with ((0) = 1, ((1) = z2 and the constant > depends
only on the bounds in theorem 4.1 [see (4.57)—(4.58)]. If the bounds as in theorem
4.5 are global then the estimate is global.

Proof. Here we shall focus only on the local Harnack inequality as the global one
is very similar. The idea is to integrate estimate (4.4) along suitable space—time
curves in Qrr C M x [0, T]. To this end let us first rewrite the latter inequality
(4.4) as

o 2
RS |vw2| L) (4.56)
w pnw t

Here ¥ is a constant containing all the terms (bounds) on the right-hand side of
(4.4) except the first, and the terms a, ¢ resulting from the expression on the left,

specifically,
Y =9 +a— (mpcrk® + L+ mpyg (2R) + MY), (4.57)
a= inf a, ¢ = inf 9(t,z,w)/w. (4.58)
Q2r,T O2r,T

Suppose ¢ € €1 ([t1, ta]; M) is an arbitrary curve lying entirely in Qg r with
((t1) = x1 and ((t2) = x2. Using the above inequality and writing ¢ = d¢/dt it
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is seen that

d/dtflog w(C(t), 1)] = (Vw/w,((t)) + dpw/w
> (Vw/w, {(1)) + [Vwl?/(pw?) = (mp)/t + S
= 1 [Vw/w + pC()/217 = pl ()2 /4 = (mp) /t + %
> —plC(P /4= (mu) [t + %, (4.59)

where the inner products are with respect to the metric g(¢). Integrating the above
inequality thus gives

’LU(.’EQ, t2)

lo
& w(xl, tl)

ta to
~logu(C(®)0| = [ f1osw(Ce). 0

t1

to . to to
>/ —f|§(t)|2dt—/ @dw/ S dt
t1 4 t1 t t1

— _mplog(ta/t1) — (u/4) / CEOR A+ (= t)E. (4.60)

ty1

=

Reparametrizing the curve ¢ and exponentiating both sides gives at once (4.55). O

5. The case of time-independent metrics and potentials

In this section we discuss gradient estimates and the implications of what has been
developed earlier in the so-called static case, that is, when the metric and poten-
tial are time independent (0;g = 0 and 9;¢ = 0). The local and global differential
Harnack estimates for positive smooth solutions to the equation

Liw] = (0r — a(z,t) — Ag)w =9 (t, z,w), (5.1)

can be formulated as below. Note that in this context Qrr = %Br x [0, T] with
R, T >0 and the explicit bounds (4.2)—(4.3) are no longer needed (see the proof
below).

THEOREM 5.1. Let (M, g, do) be a smooth metric measure space with do = e~?dv,
and let Zicy' (g) = —(m — 1)kg in PBar for somem >n, k>0 and R> 0. Ifw =
w(z, t) is a positive solution to (5.1), then for every u > 1, ¢ € (0, 1) and for all
(x, t) in Br x [0, T| with t > 0 we have the gradient estimate

|Vw|? _ Ow n G(t,z,w)
paw? w w

Ya(z,t) < # FLtmn? 2R)+ MY, (5.2)

The quantities appearing on the right-hand side of the bound (5.2) are given
respectively by

2,2
mi mceip
L= ﬁ 2(#71—1) +co + (m - 1)01(1 + R\/E) + 20% (53)
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and

mp?[(m — 1)k +1% " (2R) /2)°
L—o)(u—17

1/3Y 1/2

MY = Vm {u[vg(%ﬁ) +75°(2R)] +

(5.4)

3 [4mu2 be " (2R) + 75" 2R))!
4

e(u—1)2

Proof. Referring to theorem 4.1 and bounds (4.2)(4.3) we can set k% = 0, k¥ =0,
kY =0 and fy = 0. Substituting these values in (4.5)—(4.6) leads to (5.3)—(5.4).
Note that here in the formulation of M, we have observed that in (4.42) in the
expression for Y we have (1 — 1)kY + kY = 0 and in the expression for Z we have
plo + 21kt ¢y = 0. The resulting cancellations lead to (5.4). O

THEOREM 5.2. Let (M, g, do) be a smooth metric measure space with do = e‘¢dvg
and Zicy (g) = —(m —1)kg in M for some m >n and k> 0. If w=w(z, t) is
a positive solution to (5.1), then for every u>1, € € (0, 1) and for all (x,t) in
M x [0, T] with t > 0 we have the global gradient estimate

|Vwl|? O n G(t,z,w)

mp 9 9
uwg w w +a(33,t) < T +muyc + Ma ) (55)

where

mp2[(m — Dk + 43" /2
(I—e)(p—1)°

173 1/2

MY = vim {u(v? +98°) +

(5.6)

9, aw,
3| 4mp’g " + "M
17 e

and the v-quantities used are as in (2.5)—(2.8).

Proof. Starting from (5.2) and the terms on the right, an inspection of (5.3) shows
that L — 0 as R — co. A similar consideration for expression (5.6) shows that it
suffices to replace the local constants fyf’“(QR), ’yg’“(QR), 7€ (2R), v (2R) and
Y2V (2R), 75" *(2R) with their global counterparts. The conclusion now follows by
passing to the limit R — oo in (5.2) and taking the above into account. O

In the static case and for the elliptic counterpart of (5.1) (O,g =0, O =0,
Oyw =0, d;a = 0) we can deduce from the above global estimate by passing to the
limit ¢ — oo the following global elliptic estimate

Vuwl?  Y(z,w
'uwl + (w ) 4 a(e) < mpn + M. (5.7)

As a consequence of the global elliptic estimate (5.7) we can now prove the follow-
ing Liouville type result for positive solutions to the equation Agw + ¢ (w) = 0 [i.e.,
a=0and ¥ = ¥(w)]. We later present some applications to specific nonlinearities.

https://doi.org/10.1017/prm.2023.103 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.103

Differential Harnack estimates for a weighted nonlinear parabolic equation 709

THEOREM 5.3. Let (M, g, do) be a smooth metric measure space with do = e’d’dvg
and Ricy'(g) > 0 everywhere in M. Let w be a positive solution to Ayw+ 4 (w) = 0.
Then for every p > 1, ¢ € (0, 1) and all x € M we have the global gradient estimate

[Vw?  G(w) _ muya "

paw? w o 2Au—1)V1—¢

In particular, if along the solution w, we have the following

+ murg . (5.8)

e G(w) >0,

e J(w)—w¥' (w) 20,

e G(w) —w¥' (w) + pw4" (w) > 0 for some p > 1,
everywhere on M, then w is constant and as a result 4(w) = 0.

Proof. Since 4 = % (w) and a = 0 we obtain from (2.4), (2.8) the identities v = 0,

y3w =0 and from (2.2), (2.6) the identities 7" = 0, 43" * = 0. Hence substitut-
ing these together with £ =0 in (5.7) we arrive at once at (5.8). Next, from the
prescribed inequalities satisfied by & we have

N = sup Ak (w) = sup {1[%(11)) +w¥' (w) — uwzg”(w)h} =0 (5.9)
M M (w

and in a similar way

1
7¢ = sup Cy(w) = sup {[wg'(w) - g(w)]Jr} =0. (5.10)
M M (w
Thus substituting back into (5.8) it follows that
Vwl? _ [Vw|* | 9(w)
< +
pw? paw? w

=0 (5.11)

and so |Vw| = 0. Therefore, u is a constant and so a further reference to the equation
Apw + Y (w) =0 gives ¥ (w) = 0. O

In order to illustrate the strength of the Liouville result in theorem 5.3 let us turn
to considering some specific cases. As a first application consider the nonlinearity

d
G (w) = ZAijj, (5.12)

with real coefficients A; and real exponents p; (1 <j <d). Then by a direct
calculation ¢ —w¥’' =Y A;(1 —p;)wPi and 4 — w9 + pw9’ =3 [A;(p; — 1)
(up; — DJwPi. If A; > 0 we have ¢(w) > 0 whilst if p; <1 we have 4 —w¥’ >0
and s0 ¥ — w9’ + pw?@" > 0 (by choosing p > 1 suitably). Hence theorem 5.3 now
leads to the following conclusion extending earlier results on Yamabe type problems
to more general nonlinearities.
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THEOREM 5.4. Let (M, g, do) be a complete smooth metric measure space with
do = e~ %dvy and Zicy (g) = 0. Let w be a positive smooth solution to the equation

d
Agw+ Y AjuwPi = 0. (5.13)

j=1

If A; 2 0 and p; <1 for 1 < j < d then w is a constant.
As another application relating to the discussions in § 1 consider a nonlinearity
¥ = 9 (w) in the form of a superposition of logarithmic and power-like nonlinear-

ities, with real coefficients A, B, real exponents p, ¢, and a function ® € €?(R),
specifically, in the form

Y (w) = AwPP(log w) + Bw?. (5.14)

A straightforward calculation pertaining to the quantities formulated in theorem
5.3 now leads to

G — w9 = AwP[(1 —p)® — '] + B(1 — q)w?, (5.15)
and subsequently

G — w9 + pw?d’ = Al —p)(1 — up)wP® + Alu(2p — 1) — 1wPd’
+ ApwP® + B(q — 1) (ug — 1)w?, (5.16)

where the argument s = logw of ® and its derivatives have been abbreviated. Next
let us formally fix an upper and a lower bound on the solutions w, say, 0 < w <
w < w and put a = logw, B = logw. Then evidently s = logw € [, 8] C (0, c0).
Furthermore, suppose ® > 0 and let ¢, ¢V denote the infimum and supremum of
®’'/® and d the infimum of "/ over [, 3] respectively. Then it is clear that we
have the inequalities

</ <Y, /P >d. (5.17)

Next, regarding the condition 4 — w%’ > 0 in theorem 5.3, we have upon not-
ing (5.15) the implications ¥ —w¥’' >0 < (1-p)2 > P <— 1—-p> /P
which then holds when

1—-p>dY. (5.18)

Likewise regarding the condition ¥ — w¥’ 4+ pw?%’ > 0 in theorem 5.3 we have
upon referring to (5.16) the relation (1 —p)(1— pup)+ [p(2p—1)—1]9'/® +
u®”/® > 0 which by taking advantage of (5.17) holds when

, (5.19)
(5.20)

(1=p)(1 = pp) + [(2p = 1) = 1]¢" + pd
(1=p)(1 = pp) + [(2p = 1) = 1] + pd

The following theorem now directly results from theorem 5.3.
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THEOREM 5.5. Let (M, g, do) be a complete smooth metric measure space with
do = e~ %dv, and Zicy'(g) = 0. Let w be a positive smooth solution to the equation

Ayw + AwP®(logw) + Bw? = 0. (5.21)

where ® € €%(R) is as described above. Assume A, B >0, ¢ <1 and p € R satisfies
(5.18) and (5.19)-(5.20) for some p>1 (with 1 < p < 1/q when B #0 and 0 <
q <1). Then w is a constant. Moreover AwP®(logw) + Bw? = 0.

It is interesting to note that in the case p = 1 the above follows from ® > 0, ®’ <0
and pu®” + (u—1)®" > 0forsome p>1(or 1 <p<1/qif B£0and 0 < g <1).

6. Further global bounds under super Perelman—Ricci flow

In this section we establish a different type of gradient estimate for positive smooth
solutions to system (1.1). In fact, here, we establish the estimate under a weaker
form of the flow inequality (i.e., corresponding to the case m = o) by assuming
that the metric and potential evolve under a k-super Perelman—Ricci flow:

19g
x,t) + Zic x,t) = —kg(x, 1), k>0,
29 & 1) s(9)(@, ) (2,1) (6.1)

%ZC(b(g) (.23, t) = ‘@Zc(g) (l‘, t) + Vg(t)vg(t)(é('ra t)

To this end suppose that w = w(x, t) is a positive smooth solution to the equation
Li(w) = [0 —a(x, t) — Aplw =9 (t, 7, w). For p > 2, ¢ € R a pair of exponents
and ¢ = ((t) a non-negative, smooth but otherwise arbitrary function set

o Vwl
w9

+D(w), (6.2)

where I' = I'(w) with w > 0 is some given function of class €.

LEMMA 6.1. For p>2, g€ R, (=((t) as above and £} as in (1.3), X7[w]
satisfies the evolution identity

. Vw|? Vw|P~2 1 ,
$¢ (X?q[wb — </| wq| —p(l wlq [28tg +¢@zc4 (Vw, Vw)

|Vw|p § 2 24

+p T a|lVuwl|® + w(Vw, Va) + 4, |Vw|* + (Vw,9,)

[Vw|? [VwP p ¢ 2
— ¢Claw+ 9] o (VIVWlTE VVwP)

Yw|P—2 w|Pt2
i]vv [Vw@Vw] —q[q+1—pq}§|w%

—al(w) + (aw + 9’ (w) — T (w)|Vwl|?. (6.3)
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In particular if the metric-potential pair evolves under the super Perelman—Ricci
flow inequality (6.1) then

2302 wl) < T ¢ p(t o+ 4) — (a4 1062 — ac
p—1 +2
4 (Talw +141) — ala + 1~ palc
—al'(w) + (aw + DI (w) — T”(w)|Vw|>. (6.4)

Proof. The application of the operator .£7 = 0; — a(z, t) — Ay on (6.2) is easily
seen to split into the sum

L5(Xw]) = IVwl? /w? + (L5 (IVw? fw?) + Z5(T(w)). (6.5)
Starting from the last term on the right-hand side it is not difficult to see that
Z3(D(w)) =T (w).Z5 (w) — a[l(w) — wl¥(w)] — T (w)|Vwl?. (6.6)

Moving onto the second term which is the more involved one we proceed by
calculating the first order space-time derivatives of [Vwl|P /w? as

{%} Vop _ [Vup? {at] Tl \V;i\l {V] . 67

w4 2w1

Now an application of the divergence operator to the second line gives

p p—2
AV PN A 4 L (vIvwl 2, v vul?)

w9 w9
[Vw|P—? [Vw|? [Vw|[P+?
— = (VIVl’, V) — g = Aw +g(g+ 1) ——5—, (68)

and thus after using the relation Ay (|Vw|? /w?) = A(|Vw|P /w?) — (Vo, |Vw|P /wI)
it follows that

Vwl|P p Vw P2 a p -
£ (' | )ZQH%(W?)—WWIW LVIVul?)  (6.9)

w9
[Vw|P—2 2 IV?UI
+PQW<V|V1U| , Vw) — qu 25 (w)
1 |Vw|? [Vw|P+?
+top+2¢-2)— "= —alg+1)— 05

Next by making note of the weighted Bochner—Weitzenbock formula in lemma 3.1
and the differentiation identity in lemma 3.2 it is seen that

04
|Vw|? =2
Ay

Therefore, (0 — Ay)|Vw]? = =0, + 2(Vw, VOw) — 2[Ricy(g) + [VVw|?
+ (Vw, VAyw)] and so together with the equation dyw = Ayw + a(z, t)w +

(Vw, Vow) — (1/2)[0rg](Vw, Vw)

6.10
[VVw|? + (Vw, VAyw) + Zicy(g) (6.10)
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Y (t, x, w) this gives

$¢|Vw\2 (0r —a— Ay)|Vw? = —[0rg + 2Ricy(g)] + a|Vwl?
+ 2w(Vw, Va) + 2(Vw, V¥) — 2|VVuw|?. (6.11)

Therefore, upon substitution back in (6.9) it follows that

Vuw|? p |Vw|P~? V|~
$¢(| | >: 2%[3%2@%] %W%V%
Vuw[P—2
+ %[(p — 1)|Vw|*a + pw(Vw, Va)]

w9

p—2 4
- (1wl - L@, va) + 2+ )

w
p p—2 2y |Vw|?
— VP, VIV - g

[aw + 9]. (6.12)

Now for the term inside the brackets on the third line of the right note that

IVwI4

VYl — VIV, V) + g+ 1)

\V4 4
= ‘va - E[Vw ® Vw]‘ + {q(q +1)— QQ} | 112)| , (6.13)
w P w

and therefore substituting back results in the formulation

2

Vw2
+ —
w4

P p—2 p—2
K7 ('Vw| ) pm[agw%%] pi<Vw %
w4 w4
[(p — 1)|[Vw|*a + pw(Vw, Va)]

Vw
L (9|VwP2, v|Vw]?) — | q+|1 [aw + 9]

T ow
|Vw|P—2
_p T

w4

|Vw|p+2

wat2

‘VVw - %[w ® vw]f

—qlg+1—pq]

Now returning to (6.5) and making note of the above fragments and the basic
identity V¥ (¢, z, w) = 9, (t, x, w) + %, (t, z, w)Vw it follows that

Vul? v
L3 (X2 w]) = |ww| +¢ ¢,(| i )+$¢( (w))
Vuw|? Vw[P~2 [1 i
=<’|;§| s ZZL {zat“%%]‘qd Tl + 9]
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|Vw|P—2 2 2
CT p|Vw|*Y, + p(Vw,94,) + p|Vw|“a + pw(Vw, Va)

p+2
2”2 (VT2 V| Vul?) — gl +1 - palc ek
M ’VVw =[Vuw® Vw]’2 - [ [Veol? + I‘(w)] a
w49
+ F’(w)[aw + 9] —T"(w)|Vw|? (6.14)

which is the desired conclusion. The final assertion follows by using the flow inequal-
ity 019 +2%icy(g) = —2kg and (V|Vw|P~2, V|Vw|?) > 0 when p > 2. The last
inequality follows by writing W = |Vw|? and setting a = (p — 2)/2 and noting that
the expression is (VW®, VW) = aW*~1|VIW|? > 0. O

We now give two consequences of this evolution identity to global gradient
estimates. Here w is taken a positive smooth solution to Zy[w] = (9 — Ay)w =
G (t, z, w) [i.e., with a(z, t) = 0] whilst the pair (g, ¢) is assumed to evolve under
a k-super Perelman—Ricci flow. Furthermore, as we will be applying the maximum
principle for the sake of convenience M is taken to be closed.

COROLLARY 6.2. Under the assumptions of lemma 6.1, if ¢lqg+1—pq] =0,
I'(w) =20, I'(w)¥4(w) <0 and ¢¢(w)/(pw) — 4" (w) = a along w then for x € M
and 0 <t < T

IW;I”( 1) < bl a)t{mﬁxpvﬂerr(w)] (x,O)—F(w)(x,t)} (6.15)

w
Proof. Utilizing (6.4), T"(w) > 0, I'M(w)49(w) < 0 and p¥'(w) — ¢4 (w)/w < —ap
for some a we can write?

VwlP

2,x0w]) < 2

[c’ POk + P () — ch(“ﬂ

w
| |p—"-2 / 1 2
g+ 1 il A D ()~ 1 )V
+2
< NP0 s pc—ale —alg +1-pald S (616)

The function ((t) = Xe P&=@* is non-negative, smooth and satisfies ¢’ +
p(k —a)¢ =0 (for t > 0 and fixed X > 0). Thus by substituting in (6.16) and noting
q(g+1—pg) = 0 we have L (X [w]) < 0. The assertion is now a consequence of
the weak maximum principle giving

X2 [w)(z, t) < max X2 [w]|io. (6.17)

The proof is thus complete. O

2Note that since p > 2 the condition g[g + 1 — pq] > 0 is equivalent to 0 < ¢ < 1/(p — 1).
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COROLLARY 6.3. Under the assumptions of lemma 6.1 if 4, %4" <0 along w and
(4.1) holds with k = 0 then forx € M and 0 <t < T

< 14 2kt

Va0 <

m]\%xw2(m7 0) — w2(x,t)} . (6.18)

Proof. Setting p=2, ¢=0 and T'(w)=w?/2 in (6.2) gives X = Xg’o[w] =
¢|Vw|?* + w?/2 and so from (6.4) it follows that

Zy(X[w]) = Zp(¢|Vw|* + w?/2)
< ¢+ 2k¢ 4 2¢94" (w)]|[Vw|? + w¥ (w) — |[Vw|?
< (¢ + 2k¢ — 1)|Vw|? 4 2¢4' (w)|Vw|? + w¥ (w). (6.19)

Now when k > 0 by taking ((t) =t/(1 + 2kt) we have (¢’ +2k{ —1) <0 and so
subject to ¢, 9’ <0 we have Z(X[w]) < 0. The conclusion now follows by an
application of the weak maximum principle. O
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