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Abstract

Let a be an ideal of a Noetherian ring R. Let s be a nonnegative integer and let M and N be two R-modules
such that Extf2 (M/aM, Hfl(N)) is finite for all i < s and all j > 0. We show that Homg (R/a, H} (M, N))
is finite provided Exty (M /aM, N) is a finite R-module. In addition, for finite R-modules M and N, we
prove that if Hfl(M, N) is minimax for all i <s, then Homg(R/a, Hy(M, N)) is finite. These are two
generalizations of the result of Brodmann and Lashgari [ ‘A finiteness result for associated primes of local
cohomology modules’, Proc. Amer. Math. Soc. 128 (2000), 2851-2853] and a recent result due to
Chu [‘Cofiniteness and finiteness of generalized local cohomology modules’, Bull. Aust. Math. Soc. 80
(2009), 244-250]. We also introduce a generalization of the concept of cofiniteness and recover some
results for it.
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1. Introduction

Throughout this paper R is a commutative Noetherian ring, a is an ideal and M
and N are two R-modules. Let Hfl(M ) be the ith local cohomology module
of M with respect to a. In [10] Grothendieck conjectured that ‘for any finite
R-module M, Homg(R/a, HQ(M )) is finite for all i’. Although Hartshorne disproved
Grothendieck’s conjecture (see [11]), there are some partial positive answers to it. For
example, in [3, Theorem 4.1] the authors showed that for a nonnegative integer s if M
is a finite R-module such that chl (M) is finite for all i < s, then Homg (R/a, H}(M))
is finite. Recall that an R-module M is called a-cofinite if Supp(M) C V(a) and
Ext"R(R /a, M) is a finite R-module for each i. In [9, Theorem 2.1] the authors
improved [3, Theorem 4.1] by showing that for a nonnegative integer s, if M is a
finite R-module such that H, (M) is a-cofinite for all j < s, then Homg (R /a, H;(M))
is finite.
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Let M and N be two R-modules. The generalized local cohomology module

H (M, N) = h_r)nExtiR(M/a"M, N)
n
was introduced by Herzog in [12] and studied further in [17, 18]. Note that
H{ (R, N) =H}(N). Now it is natural to think about Grothendieck’s conjecture for
the generalized local cohomology modules.

QUESTION 1.1. Let M and N be two finite R-modules. When is

Homg(R/a, H, (M, N))
finite?

In [2, Theorem 1.2] it is shown that, for a nonnegative integer s, if M and N
are two finite R-modules such that HQ(M , N) is finite for all i < s, then Homg (R/a,
H} (M, N)) is finite. Recently, in [8] Chu has shown that for a nonnegative integer s, if
M and N are two finite R-modules such that HQ(M , N) is Artinian for all i < s, then
Hompg(R/a, H} (M, N)) is finite.

Let M and N be two R-modules. Then we say that N is (a, M)-cofinite if
Supp(N) € V(a) and EXtiR (M/aM, N) is a finite R-module for all i. Note that (a, R)-
cofinite is the classical a-cofinite.

In this paper we give some answers to Question 1.1 which improve on some
previous results. Our first main result shows that for two R-modules M and N such
that Hfl(N) is (a, M)-cofinite for all i < s, the R-module Homg (R/a, H) (M, N)) is
finite provided Exty, (M /aM, N) is finite.

Recall that an R-module M is called minimax if there is a finite submodule N
of M such that M /N is Artinian; see [19]. The class of minimax modules includes
all finite and all Artinian modules. We show that for finite R-modules M and N
if HQ(M , N) is a minimax module for all i < s, then for all finite R-submodules L
of H{(M, N), Homg(R/a, H;(M, N)/L) is finite and in particular, H} (M, N) has
finitely many associated primes. This result improves on some previous ones, for
example [6, Theorem 2.2], [3, Theorem 4.1], [9, Theorem 2.1], [13, Theorem 2.1],
[2, Theorem 1.2] and [8, Theorem 2.5]. We use the terminology and notation of [7].

2. (a, M)-cofiniteness

DEFINITION 2.1. Let M and N be two R-modules. We say that N is (a, M)-cofinite
if Supp(N) € V(a) and Extly(M/aM, N) is a finite R-module for all i.

Note that (a, R)-cofinite is the classical a-cofinite. In the following we establish
some results on (a, M)-cofinite modules. The proofs of the following two results are
classical.

LEMMA 2.2. In a short exact sequence, if two modules in the sequence are (a, N)-
cofinite, then so is the third.

COROLLARY 2.3. If f: H — K is a homomorphism of (a, N)-cofinite modules and
one of ker f, im f and coker f is (a, N)-cofinite, then all three are (a, N)-cofinite.
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THEOREM 2.4. Let (R, m, k) be a local ring. If M is (m, N)-cofinite, then
Hompg (N, M) is Artinian.

PROOF. The result follows clearly if Homg(N, M) =0. It is well known that a
nonzero module M is Artinian if and only if Suppg(M) = {m} and Hom(k, M) is
finite. Note that

Homgz(N/mN, M) =Z=Homg(R/m ®r N, M) =Hom(R/m, Homg (N, M)).

Since Hom(N /mN, M) is finite, Homg (R /m, Homg (N, M)) is finite too. Further
Suppr(Homg (N, M)) € Suppp{M} € {m} and Hompg (k, Homg (N, M)) is finite. O

LEMMA 2.5. Let M be a minimax module and N be a-cofinite. Then
Extl, (N/aN, M) is minimax for all i.

PROOF. Itis well known that in an exact sequence A — B — C of R-modules and R-
homomorphisms, if A and C are minimax, then B is minimax too; see [4, Lemma 2.1].
Then one can deduce that Homg (M, N) is minimax whenever M is finite and N
is minimax. Hence for such M and N we have that Ext"R (M, N) is minimax, as it
can be seen using a projective resolution for M. Now let a = (x1, ..., x,). Then
N/aN ZH"(xy, ..., xn, N). As N is a-cofinite, all its Koszul cohomology modules
are finite. In particular, N /aN is finite. Now apply the argument for the finite case. O

One can replace ‘minimax’ with ‘finite’ in Lemma 2.5 to deduce the following.

COROLLARY 2.6. Let M be a finite module and let N be a-cofinite.  Then
Extx(N/aN, M) is finite for all i. In particular, if Suppgr(M) C V(a), then M is
(a, N)-cofinite.

THEOREM 2.7. Let M be a (a, N)-cofinite R-module. Then Assg(Hompg (N, M)) is
finite.

PROOF. Set P :=Homg(N, M). Then Homg(N/aN, M) =Homg(R/a, P)=0:p
a is finite. The essence of [14, Proposition 1.3] is that O : p a is an essential submodule
of P. For thislet0 # x € P. Since Suppy (P) € V(a), there is a natural number n such
that a”x = 0 but a”~'x %£ 0. Thus 0 # a”"~'x € Ax N 0 :p a. Hence each submodule
of P has a nonzero intersection with O :p a. That is, 0 :p a is an essential submodule
of P. In other words, P has finite Goldie dimension. Hence Assg(P) is finite. O

The following result is the counterpart for the change of rings principle for (a, P)-
cofinite modules, where P is a finite flat module; see [14, Proposition 1.5].

THEOREM 2.8. Let f : A — B be a homomorphism of Noetherian rings. Let a be an
ideal of A, M an A-module and P a finite flat A-module.

(@) If f is flat, then M ®4 B is (aB, P ® B)-cofinite whenever M is (a, P)-
cofinite.
(b) If f is faithfully flat, the converse of (a) holds as well.
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PROOF. Note that Ext, (P/aP, M) ®4 B = Exty(P ®4 B/aB, M ®4 B); see [16,
Proposition 7.39]. Since P is a flat A-module, P ®4 B/aB=P @4 B/P ®4 aB =
(P®4 B)/a(P ®4 B). Hence, Extfq(P/aP, M)®a B %Ext’é((P ®4 B)/a(P ®4
B), M ®4 B). O

3. Cofiniteness and minimaxness

There are several papers devoted to partially answering Question 1.1 in more
general situations, for example [3, 6, 8, 9, 13]. The following theorem is the first
main result of this paper is in this vein.

THEOREM 3.1. Let s be a nonnegative integer. Let M and N be two R-modules such
that Hy(N) is (a, M)-cofinite for all i < s. If Extiy(M/aM, N) is a finite (respectively
minimax) R-module, then Hompg (R/a, H (M, N)) is finite (respectively minimax).

PROOF. We proceed by induction on s. If s = 0, then Hg(M, N) ZT'q(Hom(M, N))
and Homg(R/a, I'y(Homg(M, N))) is equal to the finite (respectively minimax)
R-module

Hompg(R/a, Homg(M, N)) = Homg(M/aM, N).

Suppose that s > 0 and that the case s — 1 is settled. We have that Ext;e (M/aM,
I'q(N)) is finite (respectively minimax) for all j > 0. Using the exact sequence
0— I'a(N) = N — N/Tq(N) — 0, we get that Ext(M/aM, N/T'q(N)) is finite
(respectively minimax). On the other hand, HB(M , N/Tq(N))=0 and for all i >0
and all j >0,

Ext} (M /aM. Hy(N/T'o(N))) = Extl(M/aM, Hi(N)).

Thus we may assume that I';(N) = 0. Let E be an injective hull of N and put T =
E/N.ThenT'4(E)=0and Homg(M/aM, E)=0. Consequently, Extyy (M /aM,T) =
Exty ' (M/aM, N) and Hi(M, T) =H.*' (M, N) foralli > 0. Now the induction
hypothesis yields that Homg (R/a, Hg_l (M, T)) is finite (respectively minimax) and
hence Homg (R /a, Hy (M, N)) is finite (respectively minimax). d

COROLLARY 3.2. Let s be a nonnegative integer. Let a be an ideal of R and
let M and N be two R-modules. Let L be a submodule of H}(M, N) such that
Ext},e (R/a, L) is a finite (respectively minimax) R-module. If Extpy(M/aM, N) is a
finite (respectively minimax) R-module and HQ(N) is (a, M)-cofinite foralli < s, then
the module Hompg (R /a, Hi (M, N)/L) is finite (respectively minimax). In particular,
H} (M, N)/L has finitely many associated primes.

PROOF. Let L be a submodule of H(M, N) such that Ext}e(R/a, L) is a finite
(respectively minimax) R-module. The short exact sequence 0 — L — Hj (M, N) —
H} (M, N)/L — 0 induces the exact sequence

Homg (R/a, HS(M, N)) — Homg(R/a, HS(M, N)/L) — Extk(R/a, L).
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Since by Theorem 3.1 the left-hand term and by hypothesis the right-hand term
are finite (respectively minimax), we have that Homg (R/a, Hi (M, N)/L) is finite
(respectively minimax). For the last statement note that

Supp(Hy(M, N)/L) € Supp(Hy(M, N)) € V(a).

Therefore Ass(Homg(R/a, H(M, N)/L)) = Ass(H; (M, N)/L) is a finite set. O
The following corollary is the main result of Brodmann and Lashgari [6].

COROLLARY 3.3. Let M be a finite R-module. Let s be a nonnegative integer such
that H, (M) is finite for each i < s. Then for any finite submodule N of H} (M), the set
Ass(H} (M) /N) has finitely many elements.

One can define the term (a, M)-coartinian by replacing ‘Artinian’ with ‘finite’ in
our definition of (a, M)-cofinite. Then a similar proof as for Theorem 3.1 implies the
following.

THEOREM 3.4. Let s be a nonnegative integer. Let M and N be two R-modules
such that Hy(N) is (a, M)-coartinian for alli < s. If Extx(M/aM, N) is an Artinian
R-module, then Hompg (R/a, H (M, N)) is Artinian.

Using [1, Theorem 2.9], we are able to express this result in several equivalent
situations. Note that by [1, Example 2.4(b)] the class of Artinian R-modules is closed
under taking submodules, quotients, extensions and injective hulls. Hence it satisfies
condition C, in the notation of [1, Theorem 2.9].

COROLLARY 3.5. Let a be an ideal of a Noetherian ring R. Let s be a

nonnegative integer. Let M and N be two R-modules such that M/aM is

finite and Extp(M/aM, N) is Artinian. Then in any of the following cases,

Homg(R/a, HY (M, N)) is Artinian:

(a) HQ(N) is Artinian for all i < s;

(b) Ext’k (R/a, N) is Artinian for all i < s;

(©) EXt’k(T, N) is Artinian for all i <s and each finite module T such that
Suppr(T) € V(a); .

(d) there is a finite R-module T with Suppg(T) = V(a) such that Exty (T, N) is
Artinian for all i < s;

(e) H! (x1, ..., xp, N) is Artinian for all i < s where x1, ..., x, generate a;

® HQ(T, N) is Artinian for each finite R-module T and for all i < s.

The following theorem is the second main result of this paper.

THEOREM 3.6. Let M and N be finite R-modules. IfH’él(M, N) is a minimax module
foralli <s, then Homg (R/a, Hi (M, N)) is finite.

PROOF. First we prove the theorem under the additional assumption that Hfl(M ,N)
is a-cofinite module for all i < s. If s =0, then Hg(M, N)Z=T,(Homg(M, N)) is a
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finite R-module. Now suppose that s > 0. The short exact sequence 0 — I'q(N) —
N — N/T'q(N) — 0 induces the exact sequence

H, (M, N) - H,(M, N/Tq(N)) — HQH(M, [a(N)).

For t < s the R-module H;(M , N) is a-cofinite and minimax and by [13, Lemma 1.1]
the R-module Hfl“(M , [q(N)) is finite. Thus by [15, Corollary 4.4] we have that
HL(M, N/Tq(N)) is an a-cofinite and minimax R-module. Thus without loss of
generality we can assume that ['4(N) = 0. Choosing an arbitrary N-regular element
x in a and using an argument similar to the proof of [4, Lemma 2.2], we obtain that
Homg(R/a, HY (M, N)) is finite.

Next suppose that HQ(M , N) is minimax module for all i < s. In view of the first
part of the proof, it is enough to show that H: (M, N) is a-cofinite for alli < s. We pro-
ceed by induction on i. The case i = 0 is obvious as Hg (M, N) is finite. Thusleti > 0,
and assume the result has been proved for smaller values of i. By the inductive hypoth-
esis, HJ (M, N) is a-cofinite for j < i. Thus by the first part, Homg(R/a, H’ (M, N))
is finite. Therefore by [15, Proposition 4.3], Hi w(M, N) is a-cofinite. Hence H’ w(M, N)
is a-cofinite minimax for all i < s. Now the assertion follows from the first part. O

By an argument similar to the proof of Corollary 3.2 we have the following
corollary.

COROLLARY 3.7. Let s be a nonnegative integer. Let a be an ideal of R and let M
and N be two finite R-modules. Let L be a submodule of Hy(M, N) such that
Ext}e (R/a, L) is a finite R-module. Ifol(M, N) is minimax for all i < s, then the
module Homg (R /a, Hy(M, N)/L) is finite. In particular, H,(M, N)/L has finitely
many associated primes.

Applying Theorem 3.6, we have the following result; see [5, Theorem 2.2].

COROLLARY 3.8. Let a be an ideal of R and let s be a nonnegative integer. Let N be
an R-module such that Extp(R/a, N) is a finite R-module. IfHﬁl(N) is minimax for
alli < s then Homg (R/a, H{(N)) is a minimax module. Furthermore, if L is a finite
R-module such that Supp(L) € V(a), then Homg (L, H} (N)) is a minimax module.

In the same way we can apply Theorem 3.6 to deduce the following result; see [4,
Theorem 2.3].

COROLLARY 3.9. Let R be a Noetherian ring, M a nonzero finite R-module and a an
ideal of R. Let s be a nonnegative integer such that HlCl (M) is minimax for all i < s.
Then the R-module Hompg(R/a, H}(M)) is finite. In particular, Assg(H}(M)) is
finite.

References

[1] M. Aghapournahr and L. Melkerson, ‘Local cohomology and Serre subcategories’, J. Algebra 320
(2008), 1275-1287.

[2] J. Asadollahi, K. Khashyarmanesh and Sh. Salarian, ‘On the finiteness properties of the
generalized local cohomology modules’, Comm. Algebra 30 (2002), 859-867.

https://doi.org/10.1017/5S0004972711002073 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711002073

(3]
(4]
(51
(6]
(71

(8]
[9]
[10]

[11]
[12]

[13]
[14]
[15]
[16]
(17]

(18]
[19]

K. Borna, P. Sahandi and S. Yassemi [7]

J. Asadollahi, K. Khashyarmanesh and Sh. Salarian, ‘A generalization of the cofiniteness problem
in local cohomology modules’, J. Aust. Math. Soc. 75 (2003), 313-324.

K. Bahmanpour and R. Naghipour, ‘On the cofiniteness of local cohomology modules’, Proc.
Amer. Math. Soc. 136(7) (2008), 2359-2363.

K. Borna, P. Sahandi and S. Yassemi, ‘Artinian local cohomology modules’, Canad. Bull. Math.
50(4) (2007), 598-602.

M. P. Brodmann and A. Lashgari, ‘A finiteness result for associated primes of local cohomology
modules’, Proc. Amer. Math. Soc. 128 (2000), 2851-2853.

M. P. Brodmann and R. Y. Sharp, Local Cohomology: an Algebraic Introduction with Geometric
Applications, Cambridge Studies in Advanced Mathematics, 60 (Cambridge University Press,
Cambridge, 1998).

L. Chu, ‘Cofiniteness and finiteness of generalized local cohomology modules’, Bull. Aust. Math.
Soc. 80 (2009), 244-250.

M. T. Dibaei and S. Yassemi, ‘Associated primes and cofiniteness of local cohomology modules’,
Manuscripta Math. 117 (2005), 199-205.

A. Grothendieck, Cohomologie locale des faisceaux cohérents et théoremes de Lefschetz locaux et
globaux (SGA 2), Advanced Studies in Pure Mathematics, 2 (North-Holland, Amsterdam, 1968).

R. Hartshorne, ‘Affine duality and cofiniteness’, Invent. Math. 9 (1970), 145-164.

J. Herzog, ‘Komplexe, Auflosungen und Dualitét in der lokalen Algebra’, Preprint, University of
Regensburg, 1974.

L. Khatami, T. Sharif and S. Yassemi, ‘Associated primes of generalized local cohomology
modules’, Comm. Algebra 30 (2002), 327-330.

L. Melkersson, ‘Properties of cofinite modules and applications to local cohomology’, Math. Proc.
Cambridge Philos. Soc. 125 (1999), 417-423.

L. Melkersson, ‘Modules cofinite with respect to an ideal’, J. Algebra 285 (2005), 649-668.

J. Rotman, Introduction to Homological Algebra (Academic Press, New York, 1979).

N. Suzuki, ‘On the generalized local cohomology and its duality’, J. Math. Kyoto Univ. 18 (1978),
71-85.

S. Yassemi, ‘Generalized section functor’, J. Pure Appl. Algebra 95 (1994), 103-119.

H. Zo6schinger, ‘Minimax-Moduln’, J. Algebra 102 (1986), 1-32.

KEIVAN BORNA, Faculty of Mathematical Sciences and Computer,
Tarbiat Moallem University, Tehran, Iran

and

School of Mathematics, Institute for Research in Fundamental Sciences (IPM),
Tehran, Iran
e-mail: borna@ipm.ir

PARVIZ SAHANDI, Department of Mathematics, University of Tabriz, Tabriz, Iran

and

School of Mathematics, Institute for Research in Fundamental Sciences (IPM),
Tehran, Iran
e-mail: sahandi@ipm.ir

SIAMAK YASSEMI, Department of Mathematics, University of Tehran, Tehran, Iran

and

School of Mathematics, Institute for Research in Fundamental Sciences (IPM),
Tehran, Iran
e-mail: yassemi@ipm.ir

https://doi.org/10.1017/5S0004972711002073 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711002073

