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Abstract

We consider Markov processes that alternate continuous motions and jumps in a general
locally compact Polish space. Starting from a mechanistic construction, a first contri-
bution of this article is to provide conditions on the dynamics so that the associated
transition kernel forms a Feller semigroup, and to deduce the corresponding infinites-
imal generator. As a second contribution, we investigate the ergodic properties in the
special case where the jumps consist of births and deaths, a situation observed in several
applications including epidemiology, ecology, and microbiology. Based on a coupling
argument, we obtain conditions for convergence to a stationary measure with a geomet-
ric rate of convergence. Throughout the article, we illustrate our results using general
examples of systems of interacting particles in R? with births and deaths. We show that
in some cases the stationary measure can be made explicit and corresponds to a Gibbs
measure on a compact subset of R?. Our examples include in particular Gibbs measures
associated to repulsive Lennard-Jones potentials and to Riesz potentials.
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1. Introduction

In the spirit of jump-diffusion models, we consider Markov stochastic processes that alter-
nate continuous motions and jumps in some locally compact Polish space E. We call these
general processes jump—move processes. In this paper, the state space E is typically not a finite-
dimensional Euclidean space, in contrast to standard jump-diffusion models. Many examples
of such dynamics have been considered in the literature, including piecewise deterministic pro-
cesses [6], branching particle systems [1, 27], spatially structured population models [2], and
some variations of these [4, 15], to cite a few. A particular case that will be of special interest to
us is when E = U,,>oE, for some disjoint spaces E,, Ep consisting of a single element, and the
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jumps can only occur from E, to E, (like a birth) or from E, to E,_ (like a death). We call
the latter dynamics a birth—death—-move process [14, 22]. We will provide several illustrations
in the particular case of interacting particles in R, with births and deaths. These processes are
observed in a wide range of applications, including microbiology [14], epidemiology [17], and
ecology [21, 24]. The main motivation for this contribution is to provide some foundations for
the statistical inference of such processes, especially by studying their ergodic properties.

In Section 2 we start from a mechanistic general definition of jump—move processes, in the
sense that we explicitly construct the process iteratively over time, which equivalently provides
a simulation algorithm. This defines a Markov process (X;);>0 whose jump intensity function
reads «(X;), for some continuous function «, and that between its jumps follows a continuous
Markov motion on E. We then derive, in Section 3, conditions ensuring that the transition
kernel of (X;);>0 forms a Feller semigroup on C(E) or on Co(E), where Cp(E) denotes the
set of continuous and bounded functions on E and Cy(E) is the set of continuous functions
that vanish at infinity. We obtain the natural result that if o is bounded, then a jump-move
process is Feller (on Cp(E) or on Cp(E)) whenever the transition kernel of the jumps and the
transition kernel of the inter-jump motion (i.e. the move part) are. Similarly, the infinitesimal
generator is just the sum of the generator of the jumps and the generator of the move, the
domain corresponding under mild conditions to the domain of the generator of the move.

In Section 4, we focus on birth—death—-move processes. We obtain simple conditions on the
birth and death intensity functions ensuring their ergodicity with a geometric rate of conver-
gence, in line with standard results for simple birth—death processes on N [13] and for spatial
birth—death processes (the case without move) established by [18] and [22]. This study con-
stitutes our main contribution for statistical applications. It generalizes the results obtained in
[14], where ergodicity was established under the assumption that the number of individuals n
in the population is bounded. Following [22], the main ingredient to establish our more general
result is a coupling with a simple birth—death process on N, which provides conditions imply-
ing that the single element of Ey is an ergodic state for the process. However, the inclusion of
inter-jump motions makes this coupling more delicate to justify than for the pure spatial birth—
death processes of [22]. We manage to realize the coupling under the assumption that the birth—
death—move process is Feller on Cy(E), which necessitates the properties discussed above.

We emphasize that the above results are very general, in the sense that we specify neither
E, nor the exact jump transition kernel, nor the form of the inter-jump continuous Markov
motion. Our only real working assumption is the boundedness of the intensity function «.
Notably, unlike [14], we do not assume that « is lower-bounded from zero. However, we
provide many illustrations in the case where (X;);>0 represents the dynamics of a system of
particles in R?, introduced in Section 2.4. In this situation, we consider continuous inter-jump
motions driven by deterministic growth-interacting dynamics, as already exploited in ecology
[10, 24], or driven by interacting systems of stochastic differential equations (SDEs), in partic-
ular overdamped Langevin dynamics, the Feller properties of which translate straightforwardly
to the move part of (X;);>0. As to the jumps, they are continuous Feller in general, but not nec-
essarily Feller on Cy(E). The picture becomes more intelligible, however, when they consist
only of births and deaths. We present in Section 3.3 general birth transition kernels that imply
the Feller properties under mild assumptions. On the other hand, a simple uniform death kernel
cannot be Feller on Cy(E) in this setting unless the particles are restricted to a compact subset
of RY. We finally show in Section 5 that for a system of interacting particles in R? with births
and deaths, we may obtain an explicit Gibbs distribution for the invariant probability measure.
This happens when the inter-jump motion is driven by a Langevin dynamics based on some
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potential function V, and the jump characteristics depend in a suitable way on the same poten-
tial V. Our assumptions on V include in particular Riesz potentials, repulsive Lennard-Jones
potentials, soft-core potentials, and (regularized) Strauss potentials, which are standard models
used in spatial statistics and statistical mechanics.

We have gathered in the appendix the proofs of the intermediate results used for the cou-
pling described in Section 4. Other proofs, along with additional results, are postponed to
supplementary material.

2. Jump-move processes

2.1. Iterative construction

Let E be a Polish space equipped with the Borel o-algebra £ and a distance d. Let (2, F)
be a measurable space and (Py).cg a family of probability measures on (€2, F). In order to
define a jump—move process (X;);>0 on E, we need three ingredients:

(1) An intensity function « : E — R that governs the inter-jump waiting times.
(ii) A transition kernel K for the jumps, defined on E x £.

(iii) A continuous homogeneous Markov process ((Y;)r>0, (Px)xcg) on E, the distribution of
which will drive the inter-jump motion of (X;);>o.

Throughout this paper, we will work under the assumption that « : E — R is continuous
and bounded by o* > 0, i.e., forall x € E,

0<oa(kx) <a* 2.1)
We denote by (QtY )r>0 the transition kernel of (¥;);>0, given by
OY(x,A)=P,(Y;€A), x€cE, A€E.

The following iterative construction provides clear intuition for the dynamics of the pro-
cess (X;)r>0. It follows closely the presentation in the supplementary material of [14], where
an algorithm of simulation on a finite time interval is also derived. However, since « is not
lower-bounded from zero, unlike in the previous reference, it is possible that eventually there
are no more jumps, a situation taken into account by Equation (2.2) below. The algorithm of
simulation adapts straightforwardly to this case.

Let (Yt(’ )) >0 Jj =0, be a sequence of processes on E identically distributed as (¥;);>0. Set
To =0 and let xp € E. Then (X;);>¢ can be constructed as follows. For j > 0, iteratively do the
following:

(i) Given Xszxj, generate (Y,(i)

(QtY(xj» -))tzo-

(ii) Given X7, =x; and (¥,
R4 U {+o0}:

) ~0 conditional on Y(()i) =x; according to the kernel

1>+ generate Tjy according to the following distribution on

Pt <n=1- exp(— fota (Y,Y)) du) forallte Ry,

P(tj1) = +00) = exp(_ I (ng>) du) . (2.2)
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(iii) Given X7, =x;, (), and zj41.

if 7j41 = oo then set X; = Yz(];)Tj for all ¢ > T; (and stop the iterative construction),
else generate x;1 | according to the transition kernel K(Y gil ) o)
(iv) Set Ty =Tj+ 741, X; = YQTJ, for 1 € [Ty, Tj1), and X7,,, =xj1.

We denote by (F )= the natural filtration of (Y;);>0, i.e. F; = o(Yy, u < 1), and by (F;)i=0
the natural filtration of (X;);>0. We make these filtrations complete (see [3, Section 20.1])
and abusively use the same notation. The jump—move process ((X;);>0, (Px)xcr) constructed
above is a homogeneous Markov process with respect to (F;);~0. The trajectories of (X;)r>0
are continuous except at the jump times (7});>1, where they are right-continuous. The specific
form (2.2) implies that the intensity of jumps is «(X;). Denote by N; = Z'zo lT_/.S, the number

j
of jumps before ¢ > 0. Under the assumption (2.1), for any n > 0 and ¢ > 0 we have

P(N; > n) <P(N; > n), (2.3)

where N;* follows a Poisson distribution with rate «*z. This in particular implies that (Ny);>0
is a non-explosive counting process. All of the aforementioned properties of (X;);>0o are either
immediate or verified in [14].

Note that the above construction only implies the weak Markov property of (X;);>¢ in gen-
eral, at least because the process (Y;);>0 is only assumed to be a (weak) Markov process. A
more abstract construction obtained by ‘piecing out’ strong Markov processes is introduced in
[11], leading to a strong Markov jump—move process. The strong Markov property can also be
obtained in our case by strengthening the assumptions; see Section 3.1.

The transition kernel of (X;);>0 will be denoted, for any t >0, x € E, and A € £, by

0:i(x, A) =P(X; € A|Xo =x) =P (X; € A).

Also, for f € My(E), where Mj(E) is the set of real-valued bounded and measurable functions
on E, we will write Q,f(x) =E,[f(X))] = fE O(x, dy)f (y). Similarly we will write QtY fx)=
EY(f(Y,)).

2.2. Special case of the birth—-death—-move process

A birth—death—-move process is the particular case of a jump—move process in which E
takes the form E = U;’;O E,, with (E,),>0 a sequence of disjoint Polish spaces, and in which
the jumps are only births and deaths. We assume that each E, is equipped with the Borel o -
algebra &,, so that E is associated with the o-field £ = o (U?;io Sn). We further assume that £
consists of a single element, denoted by @. In this setting, the Markov process (¥;);>¢ driving
the motions of (X;);>0 is supposed to satisfy

Pe((Y)iz0 C Ep) = lyeg,, VXx€E, Vn=0.

We introduce a birth intensity function 8 : E — R and a death intensity function § : E —
R4, both assumed to be continuous on E and satisfying « = 8 4+ §. We prevent a death in Ey
by assuming that §(@) = 0. The probability transition kernel K for the jumps then reads, for
anyxe Eand A €€,

px) (x)

K(x,A)= m[(g(x, A)+ @Kg(x, A), (2.4)
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where Kg : E x £ — [0, 1] is a probability transition kernel for a birth and K5 : E x £ — [0, 1]
is a probability transition kernel for a death. They satisfy, for x € E and n > 0,

Kﬂ(xs En1) = ler,, and Ks(x, E,) = 1yeg

n+1°*

Notice that a simple birth—death process is the particular case in which E =N, E, = {n} and
the intensity functions 8 and § are sequences. More general examples of the inter-jump process
Y, of the intensity functions 8 and §, and of the kernels Kg and K are presented in Sections 2.4
and 5; see also [14].

For later purposes, when E = U;’;O E, as in the present section, we define the function
n(.): E— N by n(x) = k when x € E, so that x € E,y) is always satisfied.

2.3. Kolmogorov backward equation

The goal of this section is to present the Kolmogorov backward equation for the transition
kernel of the general jump—move process (X;);>0 of Section 2.1, providing a more probabilistic
viewpoint on its dynamics, and to show that the solution exists and is unique. To obtain these
results we use methods similar to those used in [9] for pure jump processes; see also [22]. The
key assumption is the boundedness (2.1) of the intensity «, which prevents the explosion of
the process. The proofs are postponed to Section S-1 of the supplementary material.

Theorem 1. For all x e E and all A €&, the function t+> Qi(x, A), for t >0, satisfies the
following Kolmogorov backward equation:

Q[(x1 A) = Ef I:erGA e ./‘ot a(Yy) du]
t S
+/ / 01—y, A)E}: [K (Y5, dy) a(Ys)e™ Jo @Y. du] ds. (2.5)
0 JE

In the case of the birth—death-move process of Section 2.2, the above equation reads, for
xekE,,

Qi(x, A)=E) [ly,eA i a(Yu)du]

' s
+ / Qr—s(y. AEY [ﬂ (Y,) Kg (Y. dy) e o a(mm] ds
0 E)H»l
t S
+ / / Oi—s(v, A EY [8 (Y,) K5 (Yy, dy) e Do a(Yu)du] ds. (2.6)
0 Eq—

To show the existence of a unique solution to (2.5), let Q; ,(x, A) := Px(X; €A, T), > 1) be
the transition probability from state x to A in time ¢ with less than p jumps. Notice that we
can define Q; oo = lim QO ,, because O; , < Oy p+1 < 1. In the following proposition we use a

p—>o0

minimality argument as in [9] to prove that Q;  is the unique solution to (2.5).

Proposition 1. We have that Q; ~ is the unique sub-stochastic solution of (2.5), i.e. it is
the unique solution satisfying Q;(x, E) <1 for all x € E. Moreover, Qo is stochastic, i.e.
Or.0o(x, Ey=1forall x€ E.

To conclude this section, we present an interpretation of Q; o for the birth—death—-move pro-
cess of Section 2.2, which is much in the spirit of [22]. We write Oy (,)(x, A) for the transition
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probability from x to A in time # without having entered U,fip 1 Ei; that is,
O1p(x, A)=Pr (X €A, Vs€[0,1], n(Xs) <p).

We can also define Oy, (00)(X, A) :pl_i)rr@'.lo O1,(»)(x, A) < 1 by monotonicity.

Proposition 2. For all x e E and all A € €, Oy (00)(X, A) = Q1,00 (x, A).

2.4. Systems of interacting particles in R¢

In this section, we focus on the dynamics of a system of interacting particles in R?. We
provide general examples of birth kernels, death kernels, and inter-jump motions in this setting,
which in our opinion constitute realistic models for applications and are actually already used
in some domains. Some of them, moreover, lead to an explicit Gibbs stationary measure of the
dynamics, as we will show in Section 5. These running examples will serve in the rest of the
paper to illustrate the theoretical results and make explicit our assumptions.

Let W C R be a closed set where the particles live, equipped with a o-field B. A collection
of n particles in W is a point configuration for which the ordering does not matter. For this
reason, for n > 1, we will identify two elements (x1, ..., x,) and (y1, ..., y,) of W if there
exists a permutation o of {1, ..., n} such that x; = y,; for any 1 <i < n. Following [15], [22],
and others, we thus define E,, as the space obtained by this identification. Specifically, denot-
ing by m, : (x1, ..., x,) € W' {x1, ..., x,} the associated projection, for n > 1 the space E,,
corresponds to E, = m,(W") equipped with the o-field &, = 7,(B®"), while Ey = {@} con-
sists of just the empty configuration. The general state space of a system of particles is then
E = Uy=0E, equipped with the o-field £ = o (Up=0&y,) . This formalism allows us to go back
and forth quite straightforwardly between the space E, and the space W”, the latter being in
particular more usual for defining the inter-jump motion of n particles, as detailed below. Note
that an alternative formalism consists in viewing a configuration of particles as a finite point
measure in W, in which case E becomes the set of finite point measures in W; see for instance
[12]. We choose in this paper to adopt the former point of view. We denote by ||.| the Euclidean

norm on R, If x = {x1,...,x,} € E, and & € W, then x U & stands for {x1, ..., x,, £} € E,41,
and if 1 <i <n, we write x \ x; for {x1, ..., Xj—1, Xi+1, - - -, Xn} € Ep_1.

As long as we are concerned with continuous inter-jump motions, we need to equip E with
a distance. Following [26], we consider the distance d; defined for x = {xi, ..., xu)} and

y={¥1, ..., Y} in E such that n(x) < n(y) by

n(x)

1
di(x,y)=— i i — Yol A1)+ - , 2.7
1@ y)= o | min ; (lxi = Yol A 1) + () — n(x)) @.7)
with dy(x, @) = 1 and where S, denotes the set of permutations of {1, ..., n}. The paper [26]

and Section S-4 in the supplementary material detail some topological properties of (E, d1). For
the purposes of this section, let us quote in particular that n(.) : (E, d;) — (N, [.|) is continuous
and that 7, is continuous. Note that distances other than d; could also be chosen, provided
these two last properties (at least) are preserved. Incidentally, the Hausdorff distance, which is
a common choice of distance between random sets, does not satisfy these properties (see the
supplementary material) and is not appropriate in our setting.

We now show how we can easily construct a continuous Markov process (¥;);>0 on E
from continuous Markov processes on W” for any n > 1. We focus on the case where, for

https://doi.org/10.1017/apr.2024.20 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.20

Feller and ergodic properties of jump—move processes 71

any x € Eand n> 0, P,((Y)=0 C E,) = 1icE, , as we required for birth—death—-move processes
in Section 2.2. It is then enough to define a process Y on each E,. To do so, consider a
continuous Markov process (Z,ln),zo on W" whose distribution is permutation-equivariant with

respect to its initial value ZO‘". This means that for any permutation o € S, the law of Zt‘" =

(Zt['ll, e, Zt!',z,) given ZO‘" =(2Z5(1) - - - » Zo(n)) 18 the same as the law of (ZZ[Z(U, e, Zt{’;(n))
given Zoln =(z1,...,2n) Letx={x1, ..., x5} € E, and take the process Z,‘" with initial state
ZO‘" =(x1, ..., x,). Note that, from the previous permutation-equivariance property, the choice

of ordering for the coordinates of this initial state does not matter, as will become clear below.
We finally define the process Y, ,‘n on E, starting from x as

=, (z") =z} ... 2] 2.8)

Note that the continuity of t — Ytln (with respect to dp) follows from the continuity of t — Z,ln
and the continuity of . The continuity of t — Y; is then implied by the continuity of n(.).
With this construction, the transition kernel of Y reads, for any f € My(E),

0/f@ =Y E[f") 1Y) =x| Lies,
n>0
=Y E(fu@"™ 1 2" = (1.5 Lies,,

n>0

so that, denoting by Q,Z " the transition kernel of Z " in W", we have

|n
Orf0)=>"0F " (fom)((x1. . ... xa) ek, - (2.9)
n>0
Note that if we had chosen another ordering for the initial state, i.e. ZO‘" =Xo(1)s - -+ > Xo(n))

for some o € S;, then the transition kernel of ¥ would have remained the same, since by
permutation-equivariance

E(fraZI" 120" = Gty -+ o)) =E(fma@ sy 2D 1 20 = (a1,
(2.10)
which is E <f(rrn(Zt|")) 1 Z) =, x,,)).

We are now in a position to present general examples of jump transition kernels and inter-
jump motions for a system of particles in W. The first example introduces a death transition
kernel where an existing particle dies with a probability that may depend on the distance to
the other particles. The next two examples focus on birth transition kernels, driven either by a
mixture of densities around each particle or by a Gibbs potential. The last two examples apply
the above construction of (Y;);>0 on E to introduce inter-jump Langevin diffusions and growth
interaction processes.

Example 1 (death kernel): Let g : Ry — R* be a continuous function. For x = {x1, ..., x,} €
E,, setw(x;,x)=1ifn=1,andifn>2,foranyie {1, ..., n} set

1
Wi, ) = - k;,-g (e = x:1)
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withz() =31 koki g(|lxx — x;|])- A general example of a death transition kernel is

n(x)
Ks(x, A):Zw(xiax)l{x\xieA}a xeE, Aet.

i=1

The probability w(x;, x) that x; disappears then depends on the distance between x; and the other
particles in x through g. Uniform deaths correspond to the particular case w(x;, x) = 1/n(x).

Example 2 (birth kernel as a mixture): Let ¢ be a density function on W, and let ¢; : W —
R and ¢ :Ry — R be two continuous functions. For x={x1, ..., xyx)} € E\ Ep we set
v(x;, x) = exp <¢1(x,~) + Zk# ¢2 (lxx — xi||)>, and we consider the birth kernel defined for

ACWandxeE\Eyby Kg(@, A) = [, ¢(§)d§ and

n(x)

KoGe. AUx)— ! §-% ) 4
pex ”‘@Zz(x,-,n/ﬂ(v(xi,x)) 5

i=1

where A Ux={{u}Ux, ue A} and z(x;, x) = fW o ((§ — x;)/v(x;, x)) d&. Note that z(x;, x) =
v(x;, x)? if W =R Tt is easily checked that Kg(x, E,+1) = Kg(x, W Ux) = 1 for x € E,, and in
particular this kernel is a genuine birth kernel in the sense that the transition from Ej, to E, | is
due only to the addition of a new particle, the existing ones remaining unchanged. Moreover,
the new particle is generated as a mixture of distributions driven by ¢, each of them centred at
the existing particles. The term v(x;, x) quantifies the dispersion of births around the particle x;,
and it depends on the distance between x; and the other particles through ¢,. A natural example
is a mixture of isotropic Gaussian distributions on R? (restricted to W), respectively centred at
x; with standard deviation v(x;, x).

Example 3 (birth kernel based on a Gibbs potential): We introduce a measurable function
V:E — R, called a potential, satisfying z(x) := fw exp(—(V(xU &) — V(x))) d§ < oo for all
x € E, and we consider the birth kernel defined for A C W and x € E by

Ks(x, A Ux) = —— / o~ (VEUE-VEO) e
z(x) Ja

Note that Kg(x, W Ux) =1 for x € E. With this kernel, given a configuration x, a new particle
is more likely to appear in the vicinity of points £ € W that make V(x U &) — V(x) minimal.
This kind of kernel Kz was introduced in [22] for spatial birth—death processes, the case
of a birth—death-move process with no move. Their importance is due to the fact that the
invariant measure of a spatial birth—death process associated to Kg, with uniform deaths and
specific birth and death intensities, has been explicitly obtained in [22] and corresponds to
the Gibbs measure with potential V. This result is the basis of perfect simulation of spatial
Gibbs point process models; see [19]. We will similarly show in Section 5 that the same Gibbs
measure is also invariant for a birth—death—move process associated to the same characteristics
for the jumps and a well chosen inter-jump move process (¥;);>0 constructed as in the next
example.

Example 4 (Langevin diffusions as inter-jump motions): Let g:RY — R? be a globally
Lipschitz continuous function, 8 >0, and {B;;}1<i<s, n > 1, a collection of n independent
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Brownian motions on R?. We start from the following system of SDEs, usually called
overdamped Langevin equations:

Azt == ez —z"dr+ /2" dB,;. 1<i<n.
i#i

Forz=(z1, ..., zx) € (RY)", denoting by ®, : (RY)" — (R?)" the function defined by ®,(z) =
(Pn1(2), ..., Pna(z) with @, ;(z) = Zj;&i 8(z; — zj), this system of SDEs reads

dz)" = —,(z/" dr + /2~ dB/", @2.11)
where B,ln =(Bi1, ..., Biy). Since &, is a permutation-equivariant function, that is, for any

ces,,
Du(Z6(1)s - - Zom) = (Pno)(@)s - - - s Puyo)(2)),

and since Btln is exchangeable, we can verify by writing (2.11) in integral form that the law
of Z,ln is permutation-equivariant with respect to its initial state. So when W =R¢, we can
define each inter-jump process Y in E, from Z!" as in (2.8), yielding (¥;);=0 on E. The
same construction can be generalized if W C R by considering a Langevin equation with
reflecting boundary conditions [8]. This inter-jump dynamics, associated with the birth kernel
of Example 3 and a drift function g related to the potential V, converges to a Gibbs measure on
W with potential V (see Section 5).

Example 5 (growth interaction processes): This example is motivated by models used in ecol-
ogy [5, 10, 23, 24]. Each particle consists of a plant located in S C R? and associated with
a positive mark, which typically represents the size of the plant, so that W =S x R* here.
Births and deaths of plants occur according to a spatial birth-and-death process, while a deter-
ministic growth applies to their mark. Specifically, when a plant appears, its mark is set to
zero or generated according to a uniform distribution on [0, €] for some ¢ > 0 [24]. Then the
mark increases over time, in interaction with the other marks. In order to formally define this
inter-jump dynamics, let us denote by (U;(¢), m;(t));>0, fori=1, . . ., n, the components of the
process (Z,ln),zo, where U;(¢) € S and m;(t) > 0, so that Ztln € W". We introduce the system

|n

dZt _ |n |n
= (0. FLa(Z"). o 0 Fun@) 2.12)
where, for all 1 <i<n, F;, is a function from W" into R,. We thus have U;(t) = U;(0) for
all i, and the evolution of the marks (m(?), .. ., m,(?)) is driven by a deterministic differential
equation depending on (U1(0), ..., U,(0)) as expected. To define Yyl by (2.8), we finally
assume permutation-equivariance, namely that Fy ) (21, - . ., 2n) = Fi n(Zo(1), - - - » Zo(n)) for

all i and all o € S;;, which is satisfied in all of the examples in the aforementioned references.
3. Feller properties and infinitesimal generator

3.1. Feller properties

We assume henceforth that E is a locally compact Polish space. Let Cp,(E) be the set of
continuous and bounded functions on E, and let Co(E) be the set of continuous functions that
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vanish at infinity in the sense that for all € > 0, there exists a compact set B € E such that
x¢B=|f(x)] <e.

Following [7] and [20], we say that the jump—move process (X;);>0 on E with transition
kernel Q; is Feller continuous (or Feller on Cp(E)) if Q;Cp(E) C Cp(E), and we say that it is
Feller (or Feller on Cy(E)) if both lim;_, o ||Q:f — f|lco = 0 for any f € Co(E) (strong continuity)
and Q;Co(E) C Co(E).

The following proposition, proved in Section S-2 of the supplementary material, provides
information on the continuity property of Q; when ¢ goes to 0.

Proposition 3. We have the following:

(i) Foranyf € Cp(E) and any x € E, 1irr(1) O (x) =f(x).
t—

(ii) Letf € Mp(E). Then 1in(1) 1O — flloo =0 if and only if lin(l) ||Q,Yf —flloo =0.
t— t—

By the second item above, the strong continuity of Q; is implied by the strong continuity of
Qty , which in turn holds automatically if Qty Co(E) C Co(E) by continuity of Y;. We thus obtain
the following natural conditions for the jump—move process on E to be Feller continuous or
Feller. The proof is given in Section S-2 of the supplementary material.

Theorem 2. Let (X;);>0 be a general jump—move process on E.

(i) IthY Cu(E) C Cp(E) and K Cp(E) C Cp(E), then (X;)1>0 is a Feller continuous process.
(ii) IthY Co(E) C Co(E) and K Co(E) C Co(E), then (X;)i>0 is a Feller process.

We deduce in particular from this theorem that if Qty Cp(E) C Cp(E) and K Cp(E) C Cp(E)
(or alternatively with Co(E) instead of Cp(E)), then (X;);>0 is a strong Markov process for the
filtration (F;);=0, a property implied by the Feller continuous and Feller properties; see [3].
The Feller property will also be useful to us in Section 4 to construct a coupling between a
birth—death-move process and a simple birth—death process on N, with a view to establishing
ergodic properties.

In Section 3.3 we investigate the conditions of Theorem 2 for the examples of dynamics
of systems of interacting particles in R? introduced in Section 2.4. For these examples, the
conditions turn out to be generally satisfied under mild assumptions.

3.2. Infinitesimal generator

In this section we compute the infinitesimal generator associated to the jump—move process
(X1)i=0. We first introduce some notation and recall the definition of the generator; see for
instance [7]. In connection with this, recall that the family (Q;);>0 of transition operators is
a semigroup on (Mp(E), ||.|lco). If moreover the process (X;);>o is Feller continuous (resp.
Feller), then (Q;)/>¢ is a semigroup on (Cp(E), ||.|lco) (resp. (Co(E), ||-|loc))-

Let L C My(E) and (U;)s=0 be a semigroup on (L, |||l ). We set

Uf —
Loz{feL: lirr(l) ||Ug‘—f||oo=0} andDAz{feL: lirr(l) f fexistsin(L, ||.||oo)}.
t— t—

For f € D 4, define Af =limp o (Uif —f)/t. The operator A: D 4 — L is called the infinites-
imal generator associated to the semigroup (U;);>0 and D4 is called the domain of the
generator A.
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In the following we denote by Lg (resp. Lg ) and A (resp. AY) the set and the infinitesimal
operator associated to (Q;)r=0 (resp. (Q} );=0). Note that Ly = L{ by Proposition 3.

Theorem 3. Let (X;);>0 be a general jump—move process on a Polish space E. Suppose that if
feLl thena xfeLg andKfeLg. Then D g =D 4v, and for any f € D 4v,

Af =A'f+a x Kf —a x f.

This result, proved in Section S-3 of the supplementary material, shows that the generator
A of the jump-move process (X;);>0 is simply the sum of the generator of the move A" and
the generator of the jump, specifically of a pure jump Markov process with intensity « and
transition kernel K, i.e. o x (K — Id) (see [9]).

Note that for a pure jump process, QtY =1Id for any t > 0, Lg =D v =My(E), and AV =0,
so that all assumptions of Theorem 3 are trivially true in this setting. More generally, consider
a jump-move process with a Feller inter-jump process, i.e. QF Co(E) C Co(E), and a Feller
jump transition, i.e. K Co(E) C Co(E), so that (X;);>0 is Feller by Theorem 2. Then we can take
Lg = Cp(E), and again the assumptions of Theorem 3 are satisfied since « is bounded.

3.3. Application to systems of interacting particles in R¢

We go back to the setting of Section 2.4, namely, systems of interacting particles in W C R?,
in order to investigate whether the examples of dynamics presented therein are (continuous)
Feller or not. To do so and be able to check the conditions of Theorem 2, we need to first
clarify what the sets Cp(E) and Cy(E) are in this framework. Remember that in this setting
E =U,>0E,, where E, = m,(W") corresponds to the set of unordered n-tuples of W, and we
have equipped E with the distance d; defined by (2.7). As a first result, it can be verified
that (E, dy) is a locally compact Polish space; see [26, Proposition 2.2] and Section S-4 in
the supplementary material. To characterize the elements of Cy(E), we shall use the following
proposition, proved in the supplementary material.

Proposition 4. Let x € E and let (xv’))pzl be a sequence converging to x, i.e. dj(x”), x) — 0
as p — 00. Then there exists po > 1 such that for all p > po, n(x?)) = n(x) and, when n(x) > 1,

there exists a sequence (0)p=p, 0f Spwx) such that for any i e {1, ..., n(x)},
® )
Iy =il =, 0. (3.1

To deal with Cy(E), we provide a characterization of the compact sets of each E,,, forn > 1,
and an important property of the compact sets of E.

Proposition 5. Suppose that W is a closed set of R%.

(1) Let n>1 and let A be a closed subset of (E,, d1). Then A is compact if and only if the
following property holds:

YweW, I3R>0, s.t.Vx={xy, ..., x,} €A, max {|lxx —w|} <R.
1<k<n

(ii) Let A be a compact set of E. Then there exists ng > 0 such that A C UZO:o E,.
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The previous two propositions are the main tools we need to investigate the continuous
Feller and Feller properties of the jump kernel K of a jump—move process. Concerning the
inter-jump move process (Y;);>0, recall that we can easily define it on each E, from a con-
tinuous process (Z,In)tzo on W" through the projection (2.8). In general, properties on E
are not simply derived from properties on E,; for instance, we deduce from Proposition 5
that Y, fulEg, for f, € Co(E,) is not necessarily in Co(E) (take W compact and f,,(x) = n(x)).
Nonetheless, the formula (2.9) implies that the Feller properties of (¥;)>0 on (E, di) are
inherited from those of (Z,ln),zo on W",

Proposition 6. Let (Y;)>0 be defined on E by (2.8). If (Z,ln),zo is a Feller continuous (resp.
Feller) process on W" for every n > 1, then (Y;);>0 is a Feller continuous (resp. Feller) process
on E.

By this result, standard inter-jump motions are Feller continuous and Feller, as is the
case under mild assumptions for our examples 4 and 5, detailed below. Concerning the
jump kernels, the global picture is as follows. They are generally Feller continuous, but not
necessarily Feller even if the underlying space W is compact, as shown in the following exam-
ple. However, if we restrict ourselves to birth kernels, then they are generally Feller (see
Examples 2 and 3 below). On the other hand, if we restrict ourselves to death kernels, then
they are Feller if W is compact, but not otherwise; see Example 1 below. Notice that a birth-
and-death jump kernel as in (2.4) is (continuous) Feller when the birth kernel Kg and the
death kernel K are. So it is generally continuous Feller, and if W is compact, it is generally
Feller.

Let us make these informal claims more precise through some examples. The first example
presents a jump kernel on a set W, possibly compact, that is continuous Feller but not Feller.
The other ones correspond to the examples introduced in Section 2.4.

Example Consider the jump kernel K defined by Kf(x) = Z:ixl) f({xi})/n(x) for f e My(E)
and x={x1, ..., Xy} €E, so that K(x, E1)=1 for any x € E. Let x? be a sequence con-
verging to x, from which we define py and (o),),>p, as in Proposition 4. Let f € Cp(E).
Then Kf(x?)) = /% f(x(;’p)(i)) /n(x) tends to 31 f(x;)/n(x) = Kf (x) as p — oo, which shows
the continuous Feller property of K, i.e. K Cp(E) C Cp(E). Let us now show that K is
not Feller. Assume without loss of generality that 0 € W. Consider the function f(x)=
max (1 — |||, 0)1,n=1, where we abusively write ||x|| := [lx{|| when x = {x1}, x; € W. Note
that f € Co(E). Let B be a compact subset of E. From Theorem 5, there exists ny > 0 such
that BC U® (E,. Choose y={0,...,0} € E,11. Then y¢ B but Kf(y)=1, proving that
Kf ¢ Co(E).

Example 1 (continued) (death kernel): For the death kernel K of this example, we have the
following:

(1) K5Cp(E) C Cp(E), and
(i) KsCo(E) C Co(E) if W is compact, but not necessarily otherwise.

To prove the first property, take x € E, a sequence (x(l’))pzo converging to x, and po and
(0p)p=p, from Proposition 4. Then it is not difficult to verify that lim,_, w(xg;)(i), Py =
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w(x;, x) by continuity of g. Moreover, d; (x(”) \xg’)(l.), x\xi) < ZJ-# ||xg;)(/-) —x;ll/(n— 1),
which shows that x?) \x[r o) 5 X \ x;. Therefore, for any f € Cp(E),

n(x)
lim Kgf(x(p)) = lim Z w(xl@p), x(p))f<x(p) \xgp)>

n(x)
()
plino‘oz w(v )1 (4 \00)

n(x)
= Z wi(x;, X)f (x\ x;)
i=1

= Ksf(x).

Let us now consider the second claim, (ii). Take f € Co(E) and ¢ > 0. We fix a compact set
A of (E, dy) such that |[f(x)| < for x ¢ A. By Proposition 5, A C | %, E, for some ng. As a
straightforward consequence of Proposition 5 (see the supplementary material), the set B :=
U"O+l E, is a compact set when W is compact and it satisfies Ks(x, A) =0 for x ¢ B. This
implies that for x ¢ B,

Ksf 0] < fA FOIKs(x, dy)| + /A T, dy)‘
< 1 lloKs(x, A) + & Ka(x, AS) < 6, (3.2)

and so Ksf € Co(E). Let us finally show that this result is no longer valid if W is not compact.
Assume without loss of generality that 0 € W, and consider as in the previous example the
function f € Co(E) defined by f(x) = max (1 — |lx||, 0)1,»=1. Let B be any compact subset
of E. Then B, = BN E, is compact because Ej is closed and, by Proposition 5, for any x =
{x1, x2} € By, there exists R > 0 such that max{||x;|[, |x2]|} <R. Take y={0, y»} in E> such
that ||y2|| > R + 1, which is possible since W is not compact. Then y ¢ B but Ksf(y) = w(yz, ¥),
proving that Kf ¢ Co(E).

Example 2 (continued) (birth kernel as a mixture): For this example, we shall prove that if
|14 # @ and if the dispersion function v is continuous, then KgCp(E) C Cp(E) and KgCo(E) C
Co(E). Take f € Cp(E), x € E, and a sequence (x(f’))pzo converging to x, from which we define
po and (0p)p>p, from Proposition 4. We have, for p > po,

n(x) — 2 .
Kpf () = L > o f FG&P U Ehe 0
@) = o (),x@) v, 5

| fea Lo ey GO ULl + vl xO)Ep(§)ds

n) &

(2]
)+V(x<7p(i) s

a(t

! Joa l{xf,‘l’j(,-)+v(x§f;(i),x<p>)gew}<ﬂ(§ )d&

https://doi.org/10.1017/apr.2024.20 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.20

78 F. LAVANCIER ET AL

By continuity of v, the indicator functions involved tend to 14y, xsew) for any x; +
v(xi, x)€ € W. On the other hand, for any i € {1, ..., n(x)} and any &,

dy (X2 U 2L vl P XU (i + v, 0 8))
n(x)

1
= n(x) +1 Z ”xg » () x]” + ”xg NG + V(.xa, (i) (17))%- —Xj — V(xia _x) E”
()
! \ )
S o+l Z 2%y =5l 162 = xill + 1€ D, <) = v, 0 |

which tends to 0 as p — oo. So by continuity of f, f(x(") U {xJ () + v()c(I (D) x("))f;‘}) tends to
S U {x; + v(xi, x)€). We conclude by the dominated convergence theorem since f is bounded
and g is a density, that Kgf (xP) converges to Kgf (x) as p — 0o, which proves that K3 C(E) C
Cp(E).

Let us now prove that KgCo(E) C Co(E). Let f € Cop(E) and ¢ > 0. We fix a compact set
A CE such that x géA = |f(x)| < e. By Proposition 5, A C Un o En for some ng. Letting
A, =ANE, forn=0,...,ng, we observe that A, is a compact set because E,, is closed. By
Proposition 5, there exists R, > 0 such that for every a ={ay, . . ., ay} € Ap, maxi<i<p llak|| <
Ry,.NowletB, ={x€E,, Y ;_; lxl|l/n <R,} and B= U"O ! B,,. We can verify (see the proof
of Proposition 5) that B,, is compact and so is B. We clalm that if x ¢ B, then Kg(x, A) =
Indeed, if Kg(x, A) > 0, then Kg(x, A,) > 0 for some n € {0, ..., no}, but since Kg(x, Ag) 5
Kg(x, {@}) =0, it cannot be n=0. Now, for n=1, ..., ng, Kg(x, A,) > 0 implies that x €
E,—1 and A, C{zUx, z€ W} since Kg(x, WUXx)=1. So maxi<i<n—1 l|xx|l <Ry, whereby
x € B,_1. This shows that if Kg(x, A) > 0 then x € B, as we claimed. We deduce that for any
x ¢ B, |Kgf(x)] <€ asin (3.2).

Example 3 (continued) (birth kernel based on a Gibbs potential): This birth kernel Kg is both
Feller continuous and Feller, whenever the potential V is continuous and locally stable. By the
latter, we mean that there exists ¢ € L'(W) such that for anyx € E, exp(—(V(xU§) — V(x))) <
¥ (&); see for instance [19]. Under these conditions, we can prove similarly as in Example 2 that
KgCp(E) C Cp(E) by use of the dominated convergence theorem and that KgCo(E) C Co(E).
Note that the examples of potentials considered in Section 5, leading to an invariant Gibbs
measure, are continuous and locally stable.

Example 4 (continued) (Langevin diffusions as inter-jump motions): The inter-jump process
(Y1)r>0, defined through the SDE (2.11), is a Feller continuous and Feller process on E. This
is due to the fact that, g being globally Lipschitz, the function ®, in (2.11) is also globally
Lipschitz for any n > 1, and so the solution (Zt‘"),zo of (2.11) is Feller continuous and Feller
(see [25]). The conclusion then follows from Proposition 6.

Example 5 (continued) (growth interaction processes): In this example, the inter-jump motion
is driven by (2.12). If the functions Fy 4, ..., F, , are Lipschitz continuous, then (¥;);>0 is
Feller continuous and Feller. Indeed, the solution of (2.12) is continuous in the initial condition
Z(l)" under this assumption (see [16]), implying the Feller continuity of (¥;);>0 by Proposition
6. Moreover, since the marks m;(t) in (Z,ln)tzo are all increasing functions, we have that
I1Z"| = 1Z)']l. Let f € Co(W"), € >0, and R > 0 be such that [lx|| > R=> [f(x)| < e. Then, if
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||Z(|)” | > R, we have [|Z"|| > R and so f(Z") < €, proving that Z" is Feller and so is (¥;);=0 by
Proposition 6.

4. Ergodic properties of birth-death—-move processes

In this section we focus on birth—death—-move processes as described in Section 2.2.
Accordingly, the state space is E =, E, where (E,),>1 is a sequence of disjoint locally
compact Polish spaces with Ey = {@}, and the jump kernel K reads as in (2.4). Remember that
in this setting the jump intensity function is « = 8 + §, where B and § are the birth and death
intensity functions. We introduce the following notation:

Bn=supB(x), &= xienbf d(x), and o, =B+, 4.1)

xeE,

Inspired by [22], we construct in Section 4.1 a coupling between (X;);>0 and a simple birth—
death process (1;)>0 on N with birth rates 8, and death rates §,. This coupling allows us to
state conditions on the sequences (8,) and (§,) ensuring the convergence of the birth—death—
move process towards a unique invariant probability measure. This is presented in Section
4.2. A geometric rate of convergence is then derived in Section 4.3, and we characterize some
invariant measures in Section 4.4.

4.1. Coupling of birth-death-move processes

Let (X;)r>0 be a birth—-death—-move process, as defined in Section 2.2, and let (1;)>0 be a
simple birth—death process on N with birth rate 8, and death rate §,, given by (4.1). Note that
(n1)s=0 can be viewed as a birth—death-move process on N having a constant move process
yr = Yo, for all £ > 0. We denote by (#);>1 the jump times of (1,);>0 and by n, := ijl l,jft
the number of jumps before > 0. We also denote by g, the transition kernel of (1,);>0, i.e.
qi(n, S) =P(n; € Sino =n) forany n € Nand S € P(N).

We define the coupled process C= (X/ ') as a jump-move process on the state space
E=ExN equipped with the o -algebra E= 5 ® P(N). Denoting by d the distance on E, we
also equlp E with the distance d((x k); (y,n)) = dx,y)+ |n—k|/(n A k)lnk;é() To fully char-
acterize C, we now specify its jump intensity function &, its jump kernel K, and its inter- -jump
move process Y.

The intensity function & : E x N — R is given by

. B+ X))+ B+, ifxeE,, m#n,
(. n) = {ﬂn +8(x) if x € E,.

One can easily check that ¢ is a continuous function on E, bounded by 2a*.
The transition kernel K : E x £ — [0, 1] takes the same specific form as in [22]:

() IfxekE,, m#n:

K((x, n); A x {n}) = va(x) K(x, A);
a(x, n)

K((x, ) 2} x fn+ 1) = &(fnn);

K((x,n); fx} x fn— 1) = &(xnn)‘
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(i) IfxeE,:
B(x)
a(x, n)
Bn — B

K((x, s ) x fn+ 1)) = =——— e

K((x, n);A x {n+ 1)) = Kp(x, A);

K((x, n);Ax {n—1}) =

5 .
&(x, D Ks(x, A);
K((x, n); A x {n}) = i()x D ~Ks(x, A).

The inter-jump move process Y is finally obtamed by an independent coupling of (¥;);>0
and (yy)s>0; specifically, its transition kernel Qt is given, for any (x, p) € EandA x Seé, by

Y, p)iA x S) =P, € A x §|¥p = (x, p))
=P(Y; € AlYo = )lpes = OF (x, A)lpes.  (4.2)

This means that ¥, = (Y7, y;) = (Y}, yb) for any 7 > 0, where (¥7);>0 and (y/);>0 are independent
and follow the same distribution as (¥;)>0 and (y;)r>0, respectively. Since Y is a continuous
Markov process for the distance d, we can choose a version of Y’ such that Y is also continuous
for d. Observe moreover that (IVG);Z() satisfies

P((Y)=0 C En x {k} | Yo = (x, p)) = Lyek, lizp, VX €E, ¥n>0.

Given &, K, and ¥ as above, the j jump-move process C is well defined and can be con-
structed as in Section 2.1. We denote by O, its transition kernel, by (T )j=1 its Jump times, and
by Ny = ij 1 lrj _, the number of jumps before 7> 0. We also set 7; = T< Tj_1. The fact

that C defines a genuine coupling of X with 7 is the object of the following theorem.

Theorem 4. Let (X;)i>0 be a birth—death—move process on E with transition kernel Q;, asso-
ciated to the continuous Markov process Y on E and with jump kernel K, as defined in Section
2.2. Let (n1)r=0 be a simple birth—death process on N with transition kernel q;, having a birth
rate sequence (B,) and a death rate sequence (8,) given by (4.1). Suppose that (Y;)>0 is a
Feller process and that KCy(E) C Co(E). Then the transition kernel Qt of the jump—move pro-
cess C on E x N constructed above satisfies the following, foranyt >0, (x,n) e Ex N, A € £,
and S € P(N):

(i) Qi(x, n);E x S)=q,(n, S), and
(i) Qi((x, n); A x N) = Qi(x, A).

If the move (Y;)>0 is constant, which is the setting in [22], then the proof is easy under
(2.1) by use of the derivative form of the Kolmogorov backward equation. In the general
case of a birth—death—move process, this strategy no longer works, and the statement becomes
more challenging to prove. We manage to prove it by exploiting the generator of (X;);>0; see
Theorem 3, which explains the Feller conditions in Theorem 4.

Proof of Theorem 4. To prove the first part of the theorem, we use the following lemmas
and corollary, proved in the appendix. Fix (x, n) € E x N and p > 0, and let

Uyt €Ry > Ou(x, 1), E X {p)).
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Lemma 1. For any (x, n) € E x Nand p > 0, \, is a continuous function.

Lemma 2. For any (x, n) € E x Nand p > 0, v, is right-differentiable and satisfies

d
8—jwp(r) = —0p V(D) + Bp—1 Yp—1(0) + 8pi1 Yp1 (D).

Corollary 1. For any (x,n) € E x Nand p > 0,

t
(D) = Ly + /0 (=t Yp(5) + Byt Yip1(5) + Spi1 Vps1(s)) ds:

in particular, p is differentiable.

Now let wg(x, n) = Qt_s(lE x gs(1p}))(x, n) for s € [0, t]. Then, using Corollary 1, we have
the following lemma.

Lemma 3. Forany (x, n) € E x Nandp > 0, s — wy is differentiable on [0, t] and dwg/ds = 0.

Since wy(x, n) = Q,((x, n); E x {p}) and w(x, n) = q;(n, {p}), Lemma 3 implies that these
two quantities are equal. The first part of Theorem 4 then follows from the decomposition

a(n, $)=>_"qi(n, ph =Y 0i((x, n); E x {p}) = O((x, n); E x S).
pes pesS

We turn to the proof of the second part of Theorem 4. Like the first part, it is based on three
results that are proved in the appendix. For (x, n) € E x N and f € Co(E), we set

Yr it € Ry = Ouf x IN)(x, n).

Lemma 4. Suppose that (Y;)i>0 is a Feller process. Then for any (x,n) € E X N and any f €
Co(E), Yy is a continuous function.

Lemma 5. Suppose that (Y;)>0 is a Feller process and that KCo(E) C Co(E). Then for any
(x,n) € E x Nand any f € D 4v, the function vy is right-differentiable and satisfies

Oy
ET//f(l) =Y Ar(D), (4.3)

where A is the infinitesimal generator of X given by Theorem 3.

Corollary 2. Suppose that (Y;);>0 is a Feller process and that KCo(E) C Co(E). Then for any
(x,n)e ExNandanyf €Dy,

t
V() =f(x) + /0 V.Ar(s) ds; (4.4)

in particular, the function Vy is differentiable with derivative corresponding to (4.3).

_ By the Dynkin theorem, the second part of Theorem 4 is implied by the equality
0:((x, n); U x N) = Q4(x, U) for any open set U C E, or equivalently

0i(g x In)(x, n) = Oy(8)(x) (4.5)

for g =1y. We prove (4.5) first for g € D 4r and then for g € Cy(E), before getting the result
forg=1y.
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Let g €D 4v, and for s € [0, t] define vs(x, n) =Yg (t —5) = Qt_s (Qsg x 1N) (x, n). We
shall prove that s+ v, is differentiable with v¢ =0. For any h € R, write (veyp(x, n) —
vs(x, n))/h=A1 + Az + Az with

1
Av= 5 (V0= 5= ) = Yo,e(t = = ) = Yaguglt =~
A2 =Y A0, et —5—h) — VA0, —5),

1
Az = 7 (Yot —s —h) — Yo,(t — 9)) + V40,6t — 9).

We know by Theorem 3, with LY = Co(E), that D4 = D 4r, and since QsD g CD 4 (see [7,
Chapter 1, Section 2]), we deduce from Corollary 2 that A3 tends to —0yg ¢(t —s)/0t +
VY A0,¢(t —5)=0 as h— 0. Regarding A3, note that Q;¢ € D4 implies that AQ;g € Co(E)
(again see [7]), so that Lemma 4 applies and A» — 0 as & — 0. Regarding A1, using the linearity
of Y¢(¢) in f, we can write

AL = Y0 1—00g/h-A0,g(t = s = | = (Qsn — O)8/h — AQsgll 00

which also tends to 0 as 7 — 0. We therefore obtain that v =0 and so vy(x, n) = (Qrg X
In)(x, n) = 04(g x In)(x, n) = vo(x, n), proving (4.5) when g € D 4.

Now let g € Co(E). By our assumptions and Theorem 2, (X;)>0 is Feller, which implies
that Cy(E) =m (see [7]). So there exists a sequence of functions (g, )m=0 in D 4r such
that ||gm — gllco = 0 as m — oco. The two linear operators f € Mp(E) — Q,(f x 1y) and f €
Mp(E) — Q:(f) being bounded, we can take the limit in (4.5) when applied to g;,, to get the
same relation for g € Co(E).

Finally take U C E an open subset. Then, for any m > 0, define the function

d(x, E\U)

Omix B O ) + dx Uy

where U, ={y €E, d(y, E\U)> 1/m}. Then ¢,, € Co(E) for any m >0, and for any x € E
we have ¢,,(x) > 1y(x) as m — oco. Taking the limit, we obtain by the dominated conver-
gence theorem the relation (4.5) for g = 1y, which concludes the proof of the second part of
Theorem 4.

4.2. Convergence to an invariant measure

The main interest of the coupling constructed in the previous section is the following
specific property.

Proposition 7. Under the same setting as in Theorem 4, if x € E with n(x) < n, then
Qt((x, n);'Y=0 where T ={(y,m)eE x N;n(y)>mj}.

Proof. Lvet xeE and neN be such that n(x) <n. We show by induction on k>0
that P(x,n)(CTk el’, Ty <+00)=0. If k=0, then P(x,")(cfo eI, Ty < +00) =1 ner =0.
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Suppose next that there exists k > 0 such that ]P’(x,n)(éh erl, Tk < 400) =0. Then

P(x,n)(éfkﬂ €T, Tiy1 < +00)

_ [ . (o) y .
=B | Boun <1CT er CTk’ (Yt >t>0 ’ Tk-H) 1Tk+1<+00i|

k+1

_r. [k (7o . )
=B [K (P 7) Loy ool |

v vk . v
=Eun | K (Y;kil, 1") li,glll erlfk+1<+0<>lfk<+00i| (by definition of K)

[ (w0 2 5 (k)
=Eun | K (wa , F) léikerlfk+1<+<>01h<+oo:| (for any 1 > 0, ka el's Y, el

<En léfkerlfk<+ooj| =Pen [CTk €l T < +°°] =0,

which proves the induction step. To conclude, recall that P(x,n)(lvt < o0) =1, and notice that
because of the form of I" one has {é‘, el'}= {éﬁ e I'} for any # > 0. Then
Nt

o o
Oi(x, m); ) =Y "Pew(Cy, €T, Ni=k) <Y P n(Cy, €T, Ty < +00) =0.
k=0 k=0

We deduce from Proposition 7 that for any x € E,, with m <n,

Pixny ((és)szo C Fc) -1

In association with Theorem 4, this means that the simple process (17;);>0 that is coupled with
(X¢)r>0 converges more slowly to the state 0 than (X;),;>0 converges to the state . We can thus
build upon renewal theory (see [9]) to prove that @ is an ergodic state for (X;);>0 whenever 0
is an ergodic state for (1;);>0. Conditions ensuring the latter are either (4.6) or (4.7) below, as
established in [13], so that we obtain the following, as verified in the supplementary material.

Theorem 5. Suppose that (Y;)>0 is a Feller process and that KCyo(E) C Co(E). Suppose that
8n > 0 for all n > 1 and one of the following condition holds:

(i) there exists ng > 0 such that 8, =0 for any n > ng, or 4.6)
o0 o
. B 81...6
i) o> Oforalln=1, Y % <00, and Y =0 (A7)
= 1...0p n:lﬁl"'ﬂ”

Then p(A):= limy_ Qi(x, A) exists for all xe E and A €&, and is independent of x.
Moreover, u is a probability measure on (E, £), and it is the unique invariant probability
measure for the process, i.e. such that ((A) = f £ Qi(x, A) u(dx) for any A € € and t > 0.

4.3. Rate of convergence

Based on the coupling constructed in Section 4.1, and under the assumptions of Theorem 5,
the rate of convergence of Q; towards the invariant measure p follows from the rate of con-
vergence of the simple birth—death process n towards its invariant distribution. This is proven
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and exploited in [18] in the case of spatial birth—death processes (without move), based upon
the coupling of [22]. Since Theorem 4 and Proposition 7 extend this coupling, we deduce in
the following theorem the same rates of convergence as in [18]. The proof is the same, and we
omit the details.

Theorem 6. Suppose that (Y;);>0 is a Feller process and that KCo(E) C Co(E). Let y1 and y»
be two probability measures on (E, £), such that one of the two following conditions holds:

ny
(i) (4.6) holds true, and for k=1, 2, ¥ (U E) =1; (4.8)
n=0
g > 81 ...5
(it) (4.7) holds true, and for k=1, 2, Z vi(Ep) W < 0. 4.9)
1w Pn-1
n=2

Then there exist real constants ¢ > 0 and 0 < r < 1 such that for any t > 0,

sup <ecr.

Aet

/E 0:(x. Ay (dx) — fE 0:(y. A)ya(dy)

Moreover, when the condition (4.8) holds, the constants ¢ and r can be chosen independently
of y1 and y,.

This result is presented in several particular cases in [18, Corollary 3.1] that are also valid
in our setting. In particular, when y; corresponds to the invariant measure p obtained in
Theorem 5, and y» is a point measure, the assumptions (4.8) and (4.9) simplify and we get
the following corollary.

Corollary 3. Suppose that (Y;)i>0 is a Feller process and that KCo(E) C Co(E). Assume either
(4.6) or (4.7), along with the following:

> %ﬂo and  3IN>0st.Yn=N, By <dpt1. (4.10)
1...0p
n=2

Denote by  the invariant measure given by Theorem 5. Then for any y € E, there exist c(y) > 0
and 0 < r < 1 (independent of y) such that

sug [1(A) = Oy, Al < c) 1. 4.11)
Ae

Moreover, the function c(.) satisfies
/ c(y) dp(y) < +oo.
E

4.4. Characterization of some invariant measures

In general the invariant measure u of a birth—death—-move process (X;);>0, provided it exists,
can be a very complicated distribution that mixes the distribution in E due to births and deaths
of points, including the probability of being in E, for each n, with the average distribution on
each E, due to the move process Y. In particular, note that according to Theorem 5, Y does not
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need to be a stationary process for (X;)>0 to converge to an invariant measure. Heuristically,
this is because the move process is always eventually ‘killed’ by a return to @ of (X;);>0 under
the hypotheses of Theorem 5.

The situation becomes more intelligible when Y admits an invariant measure that is
compatible with the jumps of (X;);>0, as formalized in the next proposition.

Proposition 8. Suppose that (Y;)i>0 is a Feller process and that KCyo(E) C Co(E). Assume
moreover that there exists a finite measure  on E such that for any f € D 4v,

/ AYF(x) dpg, () =0, Vn>0, (4.12)
E,

and /‘; (@()Kf(x) — a(x)f (x)) du(x)=0. 4.13)

Then for any f € D 4y, / Af(x) duu(x) =0.
E

Proof. By Theorem 3, for any f € D 4v,

/E Af () dpu(x) = /E (@(O)Kf(x) — a()f (x)) du(x) + /E ATF(x) dpa(x)

-y /E AYF(x) dptji, () =0,

n>0

This proposition will be useful for characterizing the invariant measure of the birth—death—
move processes considered in Section 5. Indeed, suppose that the hypotheses of Theorem 5
are satisfied. Then (X;);>0 converges to a unique invariant measure v. Suppose moreover that
the pure jump Markov process with intensity o and transition kernel K admits some invariant
measure 4, and that for any n > 0, g, is also invariant for the move process Y on E,. Then
by Proposition 8 and the uniqueness of v, we have that v = p.

5. Application to pairwise interaction processes on R¢

We present in this section examples of birth—death—-move processes, defined through a pair-
wise potential function V on a compact set W C R?, that converge to the Gibbs probability
measure associated to V. The specificity is that we make compatible the jump dynamics with
the inter-jump diffusion, so that Proposition 8 applies and allows us to characterize this Gibbs
measure as the invariant measure.

When there is no inter-jump motion, this type of convergence is proved in [22] and is a
prerequisite for perfect simulation of spatial Gibbs point process models (see [19, Chapter 11]).
However, the weakness of this approach is that for rigid interactions (as for instance induced by
a Lennard-Jones or a Riesz potential; see the examples below), the dynamics based on spatial
births and deaths may mix poorly, so that the convergence to the associated Gibbs measure may
be very slow. Adding inter-jump motions that do not affect the stationary measure, as done in
this section, may alleviate this issue.
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Let W:= I x --- x I where, fori e {1, ..., d}, I; is acompact interval of R. Define W, =
{(x1, ..., x0) €(W)', i #j=>xi #x}. As in Section 2.4, we let Ey = {@)}, E, = m,(W,) for
n>1,and E=J,2 Ep.

We consider a pairwise potential function V: E — R U {oo}, in the sense that there exist
a>0and ¢:R?— R U {oo} satisfying ¢(£) = ¢( — &) for all £ € R? such that for any x =
{x1,...,x,} €EE,,

V(x) =an(x)+ Z d(xi — x7)

I<i#j<n

when n > 2, while V({3}) =0and V({§}) = afor& € W. Let ¢ : (0, 00) — R be a decreasing
function with ¢o(r) — oo as r — 0. We will assume the following conditions on ¢:

(A) The potential is locally stable, i.e. there exists ¢ : W — R integrable such that

Vn>1, VxeE, YE€W, exp(—z¢(x,-—§)> =¥ ().

i=1
(B) Either ¢ is bounded, or there exists r; > 0 such that ¢(§) > ¢o(||€]]) for all ||E] < ry.

(C) The function ¢ is weakly differentiable on R\{0}, exp(—¢) is weakly differentiable on
R, and for any p > d we have e *V¢ € IV

loc*

Let us present some examples of pairwise potentials ¢ that satisfy these assumptions. These
are standard instances used in spatial statistics and statistical mechanics.

Example (repulsive Lennard-Jones potential): For & e R?, ¢(&) = c¢||&]|~'? with ¢ > 0. This
potential satisfies the condition (A) with ¢ =1 and the condition (B). It is moreover dif-
ferentiable on R?\{0}, and for any & € R4\{0}, V() = —12c£/||€||'*. We deduce that the
function e~¢ V¢ can be extended to a continuous function on R4 by setting (e=® V¢)(0)=0.
As a consequence, the condition (C) is satisfied.

Example (Riesz potential): It is defined on R?\ {0} by ¢(£) = ¢[|&[|* ¢ forc > 0and 0 < « < d.
As in the previous example, we obtain that ¢ satisfies the conditions (A), (B) and (C).

Example (soft-core potential): ¢(€) = —In (1 — exp(—cl|€]|*)) for ¢ > 0. Again this poten-
tial satisfies the condition (A) with ¥ =1 and the condition (B). Moreover, for & € R\ {0}
we compute Vp(§) = —(2ceIEI)(1 —e~“IEF) £, As [V(©) | ~ 1/(cl€]) as [IE]| — 0, we
also obtain that the function e=®V¢ can be extended to a continuous function on R?, and the
condition (C) follows.

Example (regularized Strauss potential): For R > 0 and y > 0, the standard Strauss potential
corresponds to ¢(&§) = y 1 <r. We consider a regularized version by introducing a parameter
O<e<R,sothat &)=y if ]| <R—¢, ¢(£)=01if ||£]| > R+ ¢, and ¢ is interpolated
between R — ¢ and R + ¢ in such a way that it is differentiable. With this regularized version,
¢ satisfies the condition (A) with ¢ = 1 and the conditions (B) and (C).

Based on a potential V as above, we construct a birth—death-move process (X;);>0 with the
following characteristics. The birth transition kernel is given as in Example 3 by

Kp(x, AUD = —— / e~ (VGUE-VE0) e
2x) Ja
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for any x € E and A C W, where z(x) = fW exp(—(V(xU &) — V(x))) d§. Note that by the local
stability assumption (A), z(x) < oo for any x € E. The death transition kernel is just the uniform
kernel, a particular case of Example 1, i.e.
n(x)
Ksf()=—= ) flx\xp)
mmg ‘

for any f € My,(E) and x = {x1, . .., Xux)} € E. For the birth and death intensity functions, we
take )
pro= g and 500 = L1,
for any x € E. Finally, for the move process, we start with the following Langevin diffusion
on W,,:
Az, == Ve - 2"y dt+v2dB,;, 1<i<n,
JF#L
with reflecting boundary conditions (see [8]), and we deduce the move process Y on E as in
Example 4.

Proposition 9. The birth—death—move process (X;);>0 defined above is a Feller process and
converges towards the invariant Gibbs probability measure on W with potential V, i.e. the
measure having a density proportional to exp(—V(x)) with respect to the unit-rate Poisson
point process on W.

Proof. First note that by the local stability assumption (A), B(x) <e “||¥|1/(nx) Vv 1),
where ||Y/]1 = fW Y (€)d§, so that « = B + § is uniformly bounded as required by (2.1).

Under the assumptions (B) and (C), [8] proved that the process (Z,ln),zo is a well-defined
Markov process on W, and is a Feller process. By Proposition 6, Y is then a Feller process on
E. On the other hand, the jump transition kernel K given by (2.4) satisfies KCo(E) C Co(E), as
verified in Examples 1 and 3 in Section 3.3, since W is compact. We thus obtain by Theorem 2
that (X;);>0 is a Feller process. Moreover, by (A) we have that for alln > 1, 8, < e “||¥|1/n,
so that (4.7) is verified. All assumptions of Theorem 5 are satisfied, which implies that (X;);>0
converges to a unique invariant probability measure as t — oo.

It remains to characterize this invariant measure. The choices of B8, §, Kg, and K; satisfy the
conditions of [22, Theorem 8.1] (see also [19, Chapter 11]), which implies that the invariant
measure y for the birth—death process (without move) having the previous characteristics is the
one claimed in the proposition. We deduce that (4.13) holds true. On the other hand, [8] proved
under B and C that (Z,ln)tzo converges towards the invariant measure on W, with a density (with
respect to the Lebesgue measure) proportional to exp(—zlsi £j<n P(Xi — ;). After projection
on E,, this means that (4.12) follows, with the same measure u as before. Proposition 8 then
applies, and u is the invariant measure of (X;);>o. O

Appendix. Proofs of lemmas related to Theorem 4

A.l. Proof of Lemma 1
First note that for any x € E, n > 0, and & > 0 one has

v h v % h
Plany(T1 < h) =Eyn) (1 e~ Jo a(Yu)du) <Egn (/
0

&(¥,) du) <2a*h.
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Next take & > 0. Then

I//p(t +h - I/fp(t) - E(x’n) |:1Xr/-¢—11€E1’)tl-¢—lz:P - lX;€E1n2=I’]

=3 Egum [ Ou(CXG, K3 E x (p) = Lisplnf =K | Peam@i =K). (A1)
k>0

Forany k>0andy€E,

Oy, 10, E x (pD) = Timp| = [Bivpy (12, 1) + B (1715, 21) — iy

<Eq.p ‘(1,7;1 - 1k=p)1T15h) +E.p ‘(1,,;,:,, - 1k=P)1T1>h‘

< IEJj()c,n)(Tl <h)+ IE:(y,k) ‘(lk:p - lk:P)1T1 >h

<2u0*h,
whereby

[Wp(t+ 1) — Yp(D] <D 20 h Py y(nf = k) = 20*h =0
k=0

On the other hand, with the same calculations for 4 € [0, t] we obtain
V(O = Uplt = By = 3 B[ Oh(X' 1, 003 E X (pD) = gl = k|| O, m): E x (k)

k>0

<2a*h— 0.
N0

Therefore the function # € Ry +— ,(?) is continuous.

A.2. Proof of Lemma 2
Take i > 0. Recall from (A.1) that

1 v Y
(Wt + 1) = YD) = 5 D gy [ QX1 0 E x {p)) = Licplni = k] Qu(Cx, m): E x (k).

k>0

=1 -

(A.2)
For any y € E and k > 0,
OW( 1. E X (p) = Timp =Bty (1, = Limp) = A1) + A + As(),  (A3)
where
A =Eq (1, =Ty, ,)
M) =gy (1, = Tcp)l,_, ) and
A =Eq (1, ~ s, )

Let us treat each term separately.
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First, we clearly have A{(h) = 0. Second, A3 (h) reads

Eq.x) <(1n2=p - 1k=p)1%1§h1f2>h—%1)

— (M7 4 (YD) du
=Eqn (ln’flzp—lk:p)lflfhe Jo a( ) ‘]

— =g (v0) a
ZE(y,k) lflfh(ln%:p_lk:p)E(y,k) |:e 0 Ol( ) u

= E(v,k) 1 ’ - 1k=p)1{1§hP(y,k) (‘Lv’z >h—1 ‘.7?{1 s ?(l)>:|
W=7

Ui
dl
v - I &(¥y) du
= E(y,k) I:I%'Sh(lﬂ/fl=l7 — lk:p)Eéf] [e 0 ( ) jli|
)4 - fOIHTl &(f/u) du
=Eq.x lflfh(ln;] - lk:p)Eéfl [ =1 [+ Eypn 1;1 Sh(ln;] > 1i—p) |
For the first term above,

! )% g Yy ) du
7 ’E(y,k) [l%lfh(ln/fl —— 1k=p)]1"36%1 [e 0 ( ) - 1:|:|

- < 4a*Ey 113, <p) < 8(a*)?h.

For the second term, we have
E(y,k) |:1%15h(177/“ - 1k=p):| = E(y,k) [lflghE(y,k) |:an . 1k=p ‘f(o)7 71 i|:|
7 |
=B [1oa (KO0 0 Ex o) - 1usy) | (A

Following the definition of K in Section 4.1, this formula takes one of two forms, depending
on whether y ¢ E; ory € Ey. If y ¢ E, then
/(0)
o (Y%I )
-1

& (r.4)
7

Bk Sk
+Eypn | 1yy<h——— | i=p—1 Y Eop | 1y<n——— | Tk=p+1;
" (Y’(O) k) 1=k (Y/<0>’ k)

)

L) [lfl =y, = lk:,,)} =B | 1a<n Le=p

7 7

that is,
Egh [lfl =y )~ 1k=p):|

1
=Eqpn | 1z <n- ( (—atklizp + Bilkmp—1 + Sclizps1) . (A5)

o Y/(O) k)
i
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Since
lEQ, o | 1; h—l = lEZ’ o |:/h (e—fg&(Y;uk)du _ 1) ds:| <2a*h
, 1< = , = )
S A I
we then conclude that
Aa(h)
—— +ali=p — Brli=p—1 — Sidi=p+1| — 0. (A.6)
k=0,y¢E N\O
If instead y € Ey, we obtain from (A.4)
E(y,k) |:1f| fh(lnle =p - lk:p)}
0 0
Eop |1 PO Liep1 +Eqp | 1 P PO
=Loo | Iy <n 05— | lk=p-1 o | y<n——5—— | Ik=p-1
O < ot(Y;(IO), k) 4 O 1= a(Y;(lO), k) P
5 (i) — &
+Eon | 15 <n- Li—pt1 +Egpy | 15 <n Li—p,

o:(YglO), k) &(Y;(IO), k)

which is the same expression as (A.5). The convergence (A.6) then remains true when the
supremum is taken over y € E, and so over y € E, i.e.

(h)

2
—— + & li=p — Bili=p-1 — Sk li=p+1

— 0.
k>0,ycE BN

Third, for A3(h) in (A.3), using (2.3) and defining 1(/;; ~ PQRa*h), we have
D s < Lp (N >2) < IJP(N*>2) =202 h+ o (b
p = ek (T =2 ) = 3 = =) = 21 o
Combining the results for A1 (h), A2(h), and Az(h) in (A.3), we get

sup
(v,k)eE

|
3 (Q1(0 03 E 1)) = Tip) + Vgt = Biliop1 = Biicpt| 522 0.
Finally, coming back to (A.2), we obtain by uniform convergence, for any x € E,

(Wp(t + h) — Yp(0)) h—>\0 Z {—alizp + Bili—p—1 + Sili—p+1} Oi((x, n); E x {k}),
k=0

==

where the limit reads —a, ¥, (?) + Bp—1 Yp—1(8) + Spr1 Yp41(), using B_; =0.
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A.3. Proof of Corollary 1
For ¢ > 0, define

t
G(t) =yp(1) — ln:p - /(‘) (_Olp Yp($) + Bp—1 ¥p—1(5) + Sp+1 '(pp-‘rl(s)) ds.

Then G is continuous and right-differentiable on R4 by Lemma 2, and 9,1 G(#)/9t = 0. So G is
constant. But G(0) = 0 because s — ,(s) is bounded on R for any p > 0. As a consequence
we obtain

t

DO =Tyt [ (= U+ By Y1 0) 1 Vi) .
0
In particular the integrand is continuous by Lemma 1, so v, is differentiable.

A.4. Proof of Lemma 3
Let us expand g,(1¢p)) as

as(Lp) =Y _ a5k, (PH =Y Prlns =p)lyy. (A7)
k>0 k>0

Take r > p. Then for s <, using (2.3) by setting n}’ ~ P(a*t), we have

o0 o0 o0 o0
Do Bs=p) <) Pulns=k—p) <)y P zk—p)= ) P@f=j) — 0,
k=r k=r k=r j=r-p

because E(nf) < co. Coming back to (A.7), we thus have that for any ¢ > 0, there exists 7 > 0
such that any d > r satisfies

d

as(p) — Y a5k, (PH1y

k=0

<e. (A.8)

o0

SUPse[0,7]

Since Q; is a continuous linear operator on My(E x N), we have

ws = 01 x g5(15)))
=0 <1E x lim > qulk, {p})l{k}>
k=0
= lim 0r_ <1E x> astk. {p})l{k}>
k=0

= lim 3 gs(k. (p)Qi—s (17 x 1))
k=0

=" qstk. (PHOi—s (1 x 1) . (A.9)
k=0
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Let ¢r(s) = gs(k, {p})Q,_S (IE X l{k}). From the Kolmogorov backward equation (2.6), we

deduce that dgs(k, {p})/ds = —aiqs(k, {p}) + Brgs(k + 1, {p}) + dkqs(k — 1, {p}). Using in
addition Corollary 1, we deduce that ¢y is differentiable and

¢'k(s) = [—ogs(k, (P}) + Brgs(k + 1, {p}) + Skqsk — 1, {p)] Or—s (1 x 111y)
+gs(k, {p}) [akéz—s (1g x Lig) = Bre1Qi—s (L X Le—1y) — k41015 (L ¥ 1{k+1})] .

Since 5
supyeio | Ors (16 x 1) <1
and
supyeqo.q ||k Qi—s (1e X L) — Br—1Qr—s (1g X Lik—1)) — 8k1Qr—s (1g X L)) Hoo <3a*,

we can show similarly as for (A.8) that

SUP;c(0.1] Zq)’k(s) H—<>>00.

>
k>r 0

Since by (A.9) wy = Zkzo ¢r(s), we deduce that wy is differentiable on [0, #] and

a o0
S = > k()

=0

k
=3 [Braste+ 1. D0 (e x 1y) = Be-1s(k ()i (1e X 1)
k

0

+ 3 [Bkastk = 1 DO (e x 1) = S5tk (PDis (Le X Tyen) |

k=0

where B_1 = §p = 0. The first of these two telescoping series vanishes because 1 =0 and
| Braste+ 1, 1pD0i-s (16 % 1) | e+ 1, (o) <o Pl = k+1-p) > 0,
The second series vanishes by similar arguments and we have dw;/ds = 0.

A.5. Proof of Lemma 4
Let & > 0; then

Y+ 1) = Y70 = B (FOGmLy, ) = Bon (FOD1, )
=Een | Onf X 10K, 1) = FOD |- (A.10)
For any y € E and k € N one has
On(f x 1), k) = fO) ke | = Bty (FXR)) — )|
< 20f loePoir(Ti =)+ [Eouiy (F05 ) =013, )|
< 4a*|[flloch + | Qhf =] oo
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where we have used (4.2) in the second-to-last step. Coming back to (A.10), we deduce that

[p(t 4+ h) — Yy (O] < de*flloch + | QLS — f] o, -

As a Feller process, (Y;);>0 is strongly continuous at 0, so that ¥¢(t + h) — ¥¢(2) as h ™\ 0.
On the other hand, for & € [0, f], we can prove similarly that

[Wrp(t) = Yt — )| < de*flloch + | QLS — £ o -
and Yre(t — h) — Yp(r) as A\ 0.

A.6. Proof of Lemma 5
Let 2 > 0. For any ¢ > 0,

t+h) — Yt 5 (& e, ) = J 01
M — Y| = |0 (Qh(f i N)(xhn) FE Ao 1n€N>
< sup O x ING: B = /OMeen _ Af(y) X 1gen| -
(y,k)eE h
The proof thus consists in showing that
sup Qh(f X IN)()}, k) _f(y)lkGN _ Af(y) X 1peny| — 0.
0.k)ek h "

Forany h >0,y € E, and k>0,

1/,
(00 X 100 ) =) e

[f(Xil) —f(y)}
O

=

(]E(y,k) [f(XZ)lf] >h] + Egy,x) [f(XIQ)lg,h:l] +Ey.x) [f(XZ)1f2<h] —f()’)) .

S =

But
% (E(y,k) I:f(X//’l)ITI>h:| _f(y))
= % (E(y,k) [f(Y;z(O))ITph] —f(y))
= % (E(v,k) [f ¥ Me J &ri® k) d"] —/O) )

— 2 v vl h
=K} [M} + %]EY,,,() |:f(Yi,) (e—fé”"(ka)d“—H/O &(Yy, k) du>:|

1 oo
- EEé,k) |:/0 F¥aYy, k) du} .
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Using this result and the expression for .Af(y) from Theorem 3, we can write

1/,

(00 X 100 —FO) ke ) = AFO)

1/
=+ (01 X 100 ) =) en ) = ATFO) + () ) — 2 WIKFO)
= A1)+ Ao () + As(h) + Ag(h) + As(h),

where

Y —
£ h)h f(y)} 4,

m@:ﬂ[
1 % h
Aoy =y, KFO) — 2L fo SR Ky duc | |
[ o h
A3(h)=lE(’;k) F(Yh) <efoha<yu»k)du—1+/ &(Y,;,k)du):|,
h 0

1 -
As) = 2B [FO0015, -, | = a0IKFO) + (@() — &0 k)0,

1 -
As) = Eq.n [FO0)17, ;|-

The end of the proof consists in proving that each of these five terms tends uniformly to 0

as h N\ 0.
For the first one, note that

B [f(m —f(y)} _ QfO) —fO)
Yy h h ’

and since f € Df:l, by the definition of AY, SUP(, ek |A1(h)| tends to 0 as h — O.
To show that SUP(y, p)e ;lA2(h)| h—>\0 0, we consider two cases: y ¢ E; and y € Ej. First

suppose that y ¢ Ex. Then a(y, k) = a(y) + oy and
1 h
Az(h) = 7 /0 Elp [0, Of 0) = f(YR)&(Ys, k)] du
1 h
=By [fO) =] + 5 fo EY [« () —f(Yna(Y,)] du,

where the switch from EY o O EY is a consequence of (4.2), specifically the bivariate
generalization of it. Therefore,
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1 h
Ash) = (F0) = O1f0)) + 5 fo EY [E] [00)0) —Fpa¥,) 1Y, ]| de
=an (1) - O ) + 5 /0 EY [«()f ) — O}/ (Ye(¥,)] du
1 h
= o ()~ Q) + /O E! [a0)f0) — f(Y)a(¥,)] du

1 h
v /0 EY [f(Yoa(Y,) — O f(Ya(Y,)] du

1
= (fO) — OLf ) +/0 (f x = O)(f x @) (») dv

+ /01 E)};/ [a(th) (f_ Q;{(lfv)f) (th):l dv

So when y ¢ Ej,

1 1
(42080 < 1O} o + [ IO x @) = s v+ /0 10Y 1 f — Floo v,
0
(A.11)
which does not depend on (y, k) € E, and which converges to zero as h goes to 0 by the
dominated convergence theorem because f € Df:l C Co(E). When y € Ej, we have a(y, k) =

Bx + 8(y), and using the same computations we obtain the same inequality (A.11), leading to
the same convergence. So SUP(y, e plA2(h)] KB 0.

Regarding A3 (h), its uniform convergence towards 0 is easily obtained from

2
o0 " oo (20 h)? i}
sl < Leegf ( /0 a(Y;,lodu) < Wloe B b oot

Let us now prove that SUP(y, pye ;lAq(h)| h—)\() 0. We compute

1 1
EEU o [FOL | = 5 Eow OO e

=—]E(yk) [f( rl<hP(} k) (‘L’2>h—‘L’1 ‘]:r s yd ))]

h
1 B h—1t1 Yl(ll) d .
= pEon | tasiBop [f(Y/() oo () au fflﬂ
1 I Y / h g d
=;l]E(y,k) lflsh]}zgf1 fY s e ( ) ”i|i|
1 i ¥ ,
=1 Eob [1a By [ z)]
L 7
1 i v I _hty d
+ 1B 1yl [0 (78],
L 7 [
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The second term converges uniformly to 0 because its norm is bounded by

1; oo,
E(y’k)[nfmvnoom /0 S du

A Py jo(F1 < h) < 4h(@™)[|f lloc-

*
_ 2he* flos
- h

Let us prove that the first term converges uniformly to a(V)Kf(y) — (a(y) — &(y, K))f (),
proving that SUDy, j)e plA4(h)] h—)\() 0. We have

1 ; 1 ; Lo -
5 B [1f1<h]Eé [y /h—%l)]}=ZE(y,k> [1f1<hE(y,k> [Eg (i) ’Y (O)’flﬂ
71 1

1 . .
= +Eon | Lo / . Y Bl F )] K ((Yé(]o)v k) dzy x {q})
U g=0

We separate as before the cases y ¢ Ex and y € Ey. If y ¢ E, we obtain

1 v
Z]E(y,k) [151 §h]Eé I =3] }
3l

1(0)
“( i ) y 10)

= EE(yyk) 13 <n— ) /I;E(yzl,k) Yz K(Y2, dzr)

(Vi k ‘
1 Br v
+ 2 Eob | La<n mﬂ‘z@l@,k 1) )]
L # ]
! 8 v :
+ 2 Eou lflghmﬂi(y@ ) )] |- (A.12)
v, 71
- 71 -

Let us show that the first term in (A.12) converges to a(y)Kf(y):

! @ (v:") y /)
5B | L (70) /E Byt FV h-e)] KV, dz1) | = aGIKF()
o .,
71

1(0)
1 o ~ v
= B0 lflsh% O, (f x 1)1 DK(Y,, dzy) | — aKF()
o (Y , k) E

71

1

v 1 Vv ol
=B [ /0 o (i) fE OF 1 f @)K (Vi dz)e™ o 60 d“dv} — a(VKF()
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. 1
=5l | [ o) [ O ek daa | - a0r0)
0 E

YV 1 hv v )
+E( 1 |:/ a (%) / Ohi1—wf @K (¥, dz1) (ff Jo" a¥ukydu _ 1) dV] :
0 E

But for the last term,

N, 1 hy v v/
\Eé,m[ fo o (Yi) fE Ol @)K (Wi, dzy) (&7 0" SVubr 1) dv]‘
. 1 hv
< IfllooEL fo fo &Yy k) dudv | < 20" |flloo.

and from (the bivariate version of) (4.2), we can replace ]E(); 0 by E;/ in the other term to get

1
o4 [ /0 (Vi) /E QZ(l_V)f(Zl)K(th,d21)dV:| — aKF)

1
< /0 ‘IE;V [a(th)KQZ(I_V)f(th)—a(th)Kf(th)]‘ dv
1
+ /0 ‘E;V [oz(th)Kf(th)—oz(y)Kf()’)]‘ dv
1 1
Sa*/o ||KQZ(1—v>f—Kf||ood"+/o |Qiler X KN = (@ x KNHO)| dv

1 1
Stx*fo ||QZ<1—v>f—f||oodV+/0 1Qj (e X Kf) = (& X Kf)lloo dv,

which converges to 0 as & goes to 0 by the dominated convergence theorem, using the fact
that f € Df:‘ C Co(E) and KCy(E) C Co(E). This proves the convergence to «(y)Kf(y) of the
first term in (A.12). As for the second and third terms in (A.12), their sum converges to (8 +

S f () = (&(y, k) — a())f (y). Indeed, for any g,

1
= Eob | La<n

LS ) 4 ] =
; () o Ve | 0
1 h syl
=7 /o L []EIYV/ [F(¥h]e o a(Y”’k)d”] ds —f(»)

=<

: Y hy v v,/
- u k) d
[ o] (0000 1))

+

1
/o EY [EY,, [f(YVra-n)]] dv —f(y)'
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1 . hv
5/0 Flloo B,y H/O a(Yy, k) du

1
<a*[flloch + /O 10L70) — ()| dv
< a*|[flloch + 1QLF = flloos

] dv+ fo & [l f )] £

which converges to 0 as & goes to 0 by the dominated convergence theorem because f € Dj:l C
Co(E). This completes the proof of the claimed convergence of A4(h) when y ¢ Ej.
Suppose now that y € Ej. The expansion carried out in (A.12) becomes in this case

1 y
EEU,k)[lﬁshEév Vg )]]
#

1 pai® o
Y 7(0)
=2Eon | Lasno—m— 0 b Bk -] K (Yﬁ ’dm)
B (0)
1 B —B(Y:)
—Eop | 15 <fp———2—E7, Y )z
+h (v,k) T1<h &(Y;(lo)’k) (Y%(]O),k—l—l) [f( h 'L’l)]

1 Sk ¥ , 1(0)
+ EE(y,k) lﬁfhm /EE(Y;lO),k—l) [f(Y h—% )] Ks (Y{l ,dZ])

1 S(Y’(O)) .
— Lo (0)
+ hE(y,k) l‘flf (Y,(()) k) /EE(Y/(O) 5 [f(Yh 7] )] Ks ( dZ )

(A.13)

The first, third, and fourth terms above can be treated exactly like the first term in (A.12)

to prove that they converge uniformly towards B(y)Kgf(y), 8iKsf(y), and (8(y) — Si)Ksf(y),
respectively, the sum of which is «(y)Kf(y). For the second term, we compute

/(0)
1 BT 4 )
EE(}’JC) 1T1<h ( ,(0) k)E(Y;(IO)’k+1) f(Yhf'El) _ﬂ()’)f()’)

hy v

[
/0 Etp [/B(YLV)IE;;W [f(Yh(l_V))]< o GVl du_ 1>] d

=

+ /(; EY [BYm)EY, [f(Yna-w)]] dv—ﬂ(y)f(y)|

1 phy
Sa*llflloo/O/O EY [&(Yy. k+ 1)) dudy

1
+ /0 E;/ I:ﬂ(YhV)Q})l/(l—V)f(YhV)] dv — ﬁ(Y)f(y)'
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1
<@ I|flloch + /0 Ey [ﬁ(th)Q,{(l,v)f(th)—ﬁ(Yh»f(th)] dv

+

1
/0 EY [BYn)f (Yny)] dv — ﬂ(y)f(y)|

1 1
<@ PWflloch + a* fo 10L 1 of —Flloc dv+ /0 1OL(B X 1) — (B X Plloo dv.

which converges to 0 as & goes to 0 by the dominated convergence theorem because f € DE‘ C
Co(E). Given this result and the convergence already proven for the second term in (A.12),
we deduce that the second term in (A.13) converges uniformly in (y, k) to (B — B))f () =

(@(y, k) = a)f ).

The arguments for y ¢ Ey and y € Ej yield the same convergence results, so in conclusion

sup [0 (FXD,_, ) + (@) = 600 K 0) — aKF0)| ;= 0.

(7, k)€ExN
that is, sup(y’k)eE|A4(h)| h—)\() 0.
To finish the proof, it remains to handle As(k) using (2.3) where N;," ~PQRa*h):

1As(h)| < %P@ " (Nh > 2) < %P (Nh > z) 2Ulf lloo (@) h+ W20

which converges uniformly to 0 as & goes to 0.

A.7. Proof of Corollary 2
Let

t
GO =vyr@®) —f(x) — /O Yar(s) ds.

This function is continuous and right-differentiable on Ry from Lemmas 4 and 5, and
04+ G(#)/3t =0. So G is constant. But G(0) = 0 because s > 0+ 1 4¢(s) is bounded. As a con-
sequence we obtain (4.3). Moreover, Af € Cyo(E), so by Lemma 4 the function s > 0 — Af(s)
is continuous. By (4.3) we deduce that v is differentiable.
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