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Abstract

We study covering numbers of subsets of the symmetric group S, that exhibit closure under conjugation, known
as normal sets. We show that for any € > 0, there exists ng such that if n > ng and A is a normal subset of the
symmetric group S, of density > e’"2/575, then A2 O Aj,. This improves upon a seminal result of Larsen and
Shalev (Inventiones Math., 2008), with our 2/5 in the double exponent replacing their 1/4.

Our proof strategy combines two types of techniques. The first is ‘traditional’ techniques rooted in character
bounds and asymptotics for the Witten zeta function, drawing from the foundational works of Liebeck—Shaleyv,
Larsen—Shalev, and more recently, Larsen—Tiep. The second is a sharp hypercontractivity theorem in the symmetric
group, which was recently obtained by Keevash and Lifshitz. This synthesis of algebraic and analytic methodologies
not only allows us to attain our improved bounds but also provides new insights into the behavior of general
independent sets in normal Cayley graphs over symmetric groups.

1. Introduction

This paper employs tools from analysis of Boolean functions to address problems studied independently
by group theorists and combinatorialists. The problems we study are those which can be reformulated
as investigations about independent sets in Cayley graphs over symmetric groups.

1.1. Covering numbers of subsets of symmetric groups

The covering number of a generating set A in a group G is the minimal £ such that A’ = G. The problem
of determining the covering numbers of conjugacy classes and their unions is fundamental in group
theory, with highlights including the breakthroughs of Guralnick, Larsen, Liebeck, Shalev and Tiep
[12, 24, 26, 30].

A particular question that has been studied extensively is characterizing sets A such that A> = G. A
well-known open problem in this area is Thompson’s conjecture which asserts that every finite simple
group G contains a conjugacy class whose square is G.

Much of the research on characterizing sets whose square is the entire group has focused on the
symmetric group, where this study goes back to Gleason, who showed in 1962 that for any n-cycle
o € S, the conjugacy class o5~ satisfies (0-57)% = A,, (see [13, Proposition 4]). For many years, results
of this kind were achieved only for very restricted families of conjugacy classes, like the case where o
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consists of two cycles (see, for example, [1, 2, 32]). In a breakthrough paper from 2007, Larsen and
Shalev [24] showed that for a sufficiently large n, if o € §,, has at most nl/128 cycles, then (0'5")2 =A,.
As arandom permutation o € S,, has O (log 1) cycles a.a.s., this shows that asymptotically, (o57)% = A,
holds for almost all permutations. In another breakthrough which followed shortly after, Larsen and
Shalev [23] proved the same assertion for any o € §,, that has at most nl/A-e cycles. Namely, they
showed the following:

Theorem 1.1 [23, Theorem 1.10]. For any € > 0, there exists an integer ng, such that for any n > ng
and for any o € Sy, that has at most n'/*=€ cycles, we have (o57)% = A,,.

The number of cycles of a permutation is closely related to the density of its conjugacy class.
(Throughout the paper, for finite sets A, B, the density of A inside B is ug(A) = %, and when B is
clear from the context, we shorten the notation to (A)). Theorem 1.1 can be easily seen to be equivalent

to the following:

Theorem 1.2 [23, Theorem 1.20]. For any € > 0, there exists an integer ng, such that for any n > ng
and for any normal subset A C S, with u(A) > e‘”m_e, we have A> D A,,.

Determining the minimal density a(n) such that for any normal subset of S, with density > a(n)
we have A% D A,,, remains a very challenging open problem, and the results of [23] remained the ‘state
of the art’ in the last 15 years (see, for example, [31]).

1.1.1. Our results
We show that the assertions of Theorems 1.1 and 1.2 hold under a significantly weaker assumption on
the set A.

Theorem 1.3. For any € > 0, there exists an integer ng, such that for any n > ngy and for any o € S,
that has at most n*°>=€ cycles, we have (0-5%)% = A,,.

Theorem 1.4. For any € > 0, there exists an integer ng, such that for any n > ng and for any normal
. _n2/5-€
subset A C S, with u(A) > e °, we have A> 2 A,,.

We also prove a similar strengthening of the corresponding result for subsets of A,, that was recently
proved by Larsen and Tiep [25].

Theorem 1.5. For any € > 0, there exists an integer ng, such that for any n > ng and for any normal
subset A C A, with 1(A) > e we have A2 2 A, \ {1}.

Theorem 1.5 significantly improves over a recent result of Lifshitz and Marmor [28, Corollary 2.11],
which achieves the weaker conclusion A3 = A,, under the stronger assumption u(A) > e

In terms of techniques, Larsen and Shalev [23, 24] obtained their results by establishing upper bounds
for the values of irreducible characters. Those character bounds have grown out to be fundamental to
the study of covering numbers and have found various applications in other areas of mathematics. Our
new results demonstrate the surprising role of a very different new tool — the recent result of Keevash
and Lifshitz [16] on hypercontractivity for global functions over symmetric groups.

Regarding tightness of our results, we believe that the minimal density of A which guarantees
A? 2 A, is significantly smaller than ¢ In this context, it is worth noting that Garonzi and Mardéti
[10] conjectured that there exists an absolute constant ¢ > 0, such that if A, B, C are normal subsets
of an alternating group G = A, of density > |G|™¢, then ABC = G. They achieved an essentially best
possible result for four sets by showing that for any € > 0, there exists ng = ng(€), such that if n > ng
and A, B, C, D are normal sets of density > |G|~'/?*€, then ABCD = G. Lifshitz and Marmor [28]
speculated that a far-reaching generalization of Theorem 1.4 holds: If A is a normal subset of S,, of
density > (n!)™¢, then A> D A,,.
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1.2. Independent sets in normal Cayley graphs

Theorem 1.2 can be restated in a graph theoretic terminology. Recall that a subset of the vertices of a
graph is independent if it does not contain any edges. The largest size of an independent set in a graph is
called its independence number. A Cayley graph Cay(G, A) is said to be normal if the set A is normal.
Foraset I C S, and for 7 € S, it is easy to see that T ¢ "' if and only if I is an independent set in
the Cayley graph Cay(S,, 75"). Since for a normal set I C S,,, we have =11 = I?, it is clear that the
following theorem is a restatement of Theorem 1.2.

Theorem 1.6 (Theorem 1.2 restated). For any € > 0, there exists an integer ny, such that for any n > ng
and for any T € A, \ {1}, the largest normal independent set in the Cayley graph Cay(A,,, v5") has size

_al/4-€
at most e™"

The size of the largest normal independent set in Cay(A,,, 75) is clearly bounded by the independence
number of Cay(A,,, 757). A subfield of extremal combinatorics known as Erd6s—Ko—Rado type theorems
(see the book [11] and the thesis [7]) is mostly devoted to the study of the independence numbers of
graphs that that have a large group of symmetries. One breakthrough in this direction is the work of
Ellis, Friedgut and Pilpel [4] concerning the independence number of the Cayley graph Cay(S,, A),
where A is the set of permutations with at most ¢ — 1 fixed points. Independent sets / in Cay(A,,, A) are
called r-intersecting, as in such a set I, any two permutations agree on at least # coordinates.

Ellis, Friedgut and Pilpel showed that for any n > ng(t), the largest z-intersecting sets in S,, are the
t-umvirates, which are cosets of the subgroup of all permutations that fix a given set of size z. The
minimal possible value of ny(#) was improved by Ellis and Lifshitz [6], then by Kupavskii and Zakharov
[22], and finally by Keller, Lifshitz, Minzer and Sheinfeld [20] who showed that ny(z) can be taken to
be linear in ¢. Furthermore, the authors of [6, 22] showed that the results of Ellis, Friedgut and Pilpel
extend to the sparser Cayley graph Cay(G, A’), where A’ consists only of the permutations that have
exactly 7 — 1 fixed points (though, starting at a larger value of ny(¢)). The latter setting is known as the
‘forbidding one intersection’ problem; see [5].

When removing edges from a Cayley graph, its family of independent sets widens, making it
increasingly challenging to establish effective upper bounds on the independence number. We prove the
following result regarding the independence number of significantly sparser Cayley graphs, in which
the generating set is a single conjugacy class.! In order to avoid sign issues, we restrict our attention to
the alternating group A,,.

Theorem 1.7. For any € > 0, there exist 6, ng, such that the following holds for any t € N and n > ng+t.
Let o € A, be a permutation with t fixed points. Then the largest independent set in the Cayley graph
Cay(A,,,o5") has density of at most max(e’("”)]/H, (n—1)~%h.

Fort < n'/3~€ Theorem 1.7 implies that the independence number of the Cayley graph Cay(A,,, c-5%)
isn~®  agin this range, the assertion matches the trivial lower bound implied by the r-umvirates. Thus,
the theorem shows that in terms of the order of magnitude, the results of [0, 22] for the ‘forbidding
one intersection’ problem extend to the much sparser setting where only intersection inside a single
conjugacy class is forbidden.

For larger values of ¢, our bound improves upon the bound of Larsen and Shalev in two ways. First,
our bound holds for all independent sets, while their bound applies only to normal independent sets.
Moreover, even in the broader context of arbitrary independent sets in normal Cayley graphs, we improve
the 1/4 in the double exponent to 1/3.

Our main tool, which is interesting for its own sake, is the following stability result which says that
a mild lower bound on the density of an independent set suffices to imply that it is heavily correlated
with a r-umvirate. Given a set A, we write u4 for the uniform measure on A.

1We note that in the specific case of the Cayley graph Cay(G, B), where B consists of all permutations that have a single
cycle of length > 1 and arbitrarily many fixed points (which is a union of n — 1 conjugacy classes), significantly stronger bounds
on the independence number were obtained in [3, 15]. These results, which have important applications to coding theory, are
incomparable with our results.
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Theorem 1.8. For any € > 0, there exist §, ng, such that the following holds for any t € Nandn > ny+t.
Let o € A, be a permutation with t fixed points. Suppose that I is an independent set in the Cayley

12— logy, t e

n 2

graph Cay(A,,, 757 of density > e~ . Then there exists £ > 0 and an €-umvirate U, such that

o (1) = n® pa, (D).

1.3. Our methods: Hypercontractivity and bounds for the isotypic projections

Our proof combines character bounds with a recent tool known as ‘sharp hypercontractivity in the
symmetric group’ due to Keevash and Lifshitz [16], which improves upon the earlier work of Filmus,
Kindler, Lifshitz and Minzer [8].

The covering results of Larsen and Shalev are based upon character bounds. These can be used to show
that conjugacy classes behave (in some senses) like random sets of the same density. Hypercontractivity
serves a similar role to the character bounds for functions that are not necessarily class functions. We
make use of this by applying it to study the restrictions of the conjugacy classes to the {-umvirates (for
various values of €). These restrictions satisfy the following spreadness notion (see [22]), which is also
known as globalness or quasiregularity in the literature (see [17, 18]).

Let 6 > 0. We say that aset A C S, is 0-spread if for each £ > 1 and for each {-umvirate U,

pu (A) < n®us, (A).

In words, this means that no restriction to an {-umvirate increases the density of A significantly.

Theorem 1.8 can be restated as an upper bound on the size of §-spread independent sets in normal
Cayley graphs. It lies in the heart of the paper, and the rest of our theorems are reduced to it by
combinatorial arguments.

Sketch of proof for Theorem 1.8
For functions f, g on a finite group G, we write

f#8(y) =Exg[f(x)g(x"y)],

where x ~ A denotes that x is chosen uniformly out of A. Denote by G the set of irreducible characters
on G. For y € G, we write f=% = y(1)f * y. It is well known that f can be orthogonally decomposed
as f =3 e f7X. We denote the space of functions of the form f=¥ by W, .

1 n . . .
Fix o € A, and write f = #‘;3") It was known already to Frobenius that since f is a class
function, for any y € G, the space W, is an eigenspace of the convolution operator g — f * g, which
x(o)

corresponds to the eigenvalue O

Letg = ﬁ be the normalized indicator of an independent set  in the Cayley graph Cay(A,,, c57).
Then one can decompose

() —vi2
0=(f*g.8)= y |2, (L1
o x(1)

The ‘main term’ of the above sum comes from the trivial representation y = 1, which contributes
(g, 1) =E[g] =1 to the sum. We proceed by showing that if o~ has ¢ fixed points and 7 is ‘large’ (as a
function of 7) and J-spread, then the other terms are negligible compared to the main term, leading to a

contradiction.
Our proof is divided into two parts — upper bounding the terms )% and upper bounding the
terms ||g™¥ ||§, forall y € Z; \ {1}. To upper bound the terms ‘%‘, we use the character bounds of
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Larsen—Shalev [23] and Larsen—Tiep [25] that take the form y (o) < y(1)#, where 8 depends only on
o and not on y. The main novel tool that we introduce in this paper is the following proposition which
allows upper bounding the terms ||g=¥ ||§.

Proposition 1.9. For any € > 0, there exist §,no > 0, such that the following holds for all n > ng. Let

a < l—eandlet A C S, be ad-spread set of density > e™* . Write g = Ml&). Then ||g:X||§ < y(1)**e

forany x € G.

We prove Proposition 1.9 by appealing to the hypercontractivity theorem of Keevash and Lifshitz [ 16].

Combining the Larsen—Shalev and Larsen—Tiep bounds with ours, while choosing @ appropriately,
we obtain that |[(f x g, g) — 1| < Z)( A x (1)7* for an absolute constant s > 0. At this point, we apply
the Witten zeta function estimates of Liebeck and Shalev. For a finite group G, the Witten zeta function
is given by {G(s) = Z)(eé x(1)7°. Liebeck and Shalev [27] showed that {4, (s) = 1+0(1) for any fixed
s > 0, as n tends to infinity. This estimate yields |(f * g,g) — 1| = o(1) in contradiction to Equation
(1.1), thus completing the proof.?

We deduce Theorems 1.3, 1.4 and 1.5 from Proposition 1.9 by proving that certain restricted conjugacy
classes are ¢-spread for an absolute constant 6 > 0, and then following a similar route to the above sketch.

Structure of the paper

In Section 2, we present results from works of Larsen—Shalev [23], Larsen-Tiep [25] and Liebeck—
Shalev [27] that will be used in the sequel.

In Section 3, we prove Proposition 1.9. In Section 4, we prove a key theorem (Theorem 4.2) and
deduce from it Theorems 1.7 and 1.8. In Section 5, we prove that certain restricted conjugacy classes
admit some form of spreadness. In Section 6, we prove Theorems 1.3, 1.4 and 1.5.

2. Preliminaries from the Works of Larsen—Shalev, Larsen-Tiep, and Liebeck-Shalev
2.1. Character bounds using the parameter E (o)

Recall that given a finite group G, we write G for the set of its irreducible complex characters. Larsen
and Shalev [23] introduced the parameter E (o), defined as follows.

Definition 2.1. For o € S, let f, (i) be the number of i-cycles in its cycle decomposition. Define the
orbit growth sequence ey, ea, . . ., e, via the equality

log(2ky i+ for ()
e| + -+ ey ;= max ,01,
logn

for each 1 < k < n. The function E (o) is defined by

E(o):= ) —.
i1 !
The main result of Larsen and Shalev [23] is the following character bound.

Theorem 2.2 [23, Theorem 1.1]. For any € > 0, there exists no € N, such that the following holds. Let
n > ng, let y be an irreducible character of Sy, and let o € S,,. Then

()] < x(DF (e,
We also make use of the following character bound of Larsen and Tiep [25].

2We note that the Witten zeta function originates in the representation theory of compact Lie groups, where {sy(z) is the
Riemann zeta function. We define it here only for finite groups for simplicity.
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Theorem 2.3 [25, Theorem 2]. For any € > 0, there exists ng € N such that the following holds. Let
n > ng and suppose that o € A, satisfies o4 # 5. Then for every character x of A, we have

(o) < x (€.
These bounds combine to yield the following variant of Theorem 2.2 for A,,.

Theorem 2.4. For any € > 0, there exists ny € N, such that the following holds. Let n > ng, let y be an
irreducible character of Ay, and let o € A,,. Then

()] < x(DF*e,

Proof. Recall from the representation theory of S, and A, that every irreducible character y of S, is
either irreducible when restricted to A, or is the sum of two irreducible characters yi, y2, such that
x2(0) = x1((12)0(12)) for all o € A,,. Moreover, any irreducible character of A,, can be obtained
from an irreducible character of S,, in one of these two ways.

It follows that whenever o4 = 5, we have yi(0) = x2(0) = x(0)/2, and the assertion
follows from Theorem 2.2. Otherwise, by Theorem 2.3, we have |y (o)| < x(1)€, which implies the
assertion. O

2.2. Upper bounds for E (o)

We now give several simple estimates for E (o). First, we treat the case where o has 7 fixed points.

Lemma 2.5. For any € > 0, there exists ny € N such that the following holds for all n > ny. Suppose

that o € S, has t fixed points. Then E(0) < HIOTg”t.

Proof. Let e; be as in the definition of E (o). We have

z i€ l—-e; l4e; l+log,t

Z . Z" . 2
E(O')z.lei/l=61+.zei/1361+—2 e+ > = 5 = 3
= =

We now treat the case where o~ has n°(" j-cycles for each ‘small’ i.

Lemma 2.6. For any € > 0 and any m € N, there exist 6 > 0 and ny € N such that the following holds.
Let n > ng and suppose that o € S,, has at most n® i-cycles for eachi < m. Then E(c) < 1/m + €.

Proof. We have

i

n m—1 n m-1 6§ 4 Togn Z(lf e
E(0)=) eifi= ) eifi+) eifi< )y S S
i=1 i=1 i=m i=1
<6 -2log(m)+m/logn+1/m < 1/m+e. m]

Another estimate for E (o) that we need is the following.

Lemma 2.7. For any € > 0, there exists ng € N, such that the following holds for all n > ng. Let
0 < a < 1. Suppose that o € S, has no fixed points and has at most n® cycles of length at most [2/€].

log (2
Then E(0) < a/2+¢€/2+ Olié(fj).
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Proof. We have

n [2/€] n ZI_Z/EJ e; Zn_ e
E@)=Yefi= ) eifit p. efi < =Sy ZEO
i=1 i=2 i=[2/e |+1 /€
_, loe/e) e
2 log(n) 2
where the last inequality holds since ex + ...+ e|2/¢) < @ + l(icgé;%;) : ]

A similar argument yields the following lemma:

Lemma 2.8. For any € > 0, there exists ng € N, such that the following holds for all n > ng. Let a > 0.
Suppose that o € S,, has at most n® cycles. Then E(0) < a + €.

Proof. We have

Ln</2]

n n
E(U):Zei/iﬁ Z e; + Z ei/n?<a+e2+4n P’ <a+e O

i=1 i=1 i=|nel?+1

2.3. Squares of conjugacy classes

We use several results on squares of conjugacy classes in A, and in S,,, of Larsen and Shalev [23] and
of Larsen and Tiep [25].

Theorem 2.9 [25, Theorem 3]. There exists ng € N, such that the following holds for all n > ny.
Suppose that o € A, satisfies o # o5, Then

(") 2 A, \ {1}.
Theorem 2.10 [23, Theorem 5.1]. For any € > 0, there exists ny € N such that the following holds for
all n > ny. Suppose that for some o € S,,, T € A,, we have 2E(0) + E(t) < 1 — €. Then t € (057)2.

Theorem 2.11 [23, Theorem 1.10]. For any € > 0, there exists ng € N such that the following holds
for all n > ng. Suppose that o € S,, has no fixed points, at most n'~€ 2-cycles and at most (1/4 — €)n
cycles overall. Then (O'S")2 =A,.

For integers n, m such that m|n, we denote by (m"/™) the conjugacy class of all o € S, that consist
of n/m m-cycles.

Theorem 2.12 [23, Theorem 1.12]. There exists ny € N such that for any n > ngy and for any m > 4
that divides n, we have (m"/™)? = A,,.

We also make use of the following result due to Vishne [32].

Theorem 2.13 [32, Theorem 3.2]. For any even n € N, the set (2""/?)? consists of the permutations that
have an even number of i-cycles for each i.

2.4. The Witten zeta function

As was described in the introduction, we apply a result of Liebeck and Shalev [27] concerning the
Witten zeta function.
Recall that the Witten zeta function for a finite group G is defined by

() = La(s) = ), x()7™.

veG
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Theorem 2.14 [27, Theorem 1.1, Corollary 2.7]. For any €,s > O, there exists ny such that for any
n > ngy, we have

2-€< Z)((l)_sﬁ2+e, and l-€e< Z)((l)_3§1+e.

X€§; X€EA,

3. From hypercontractivity to bounds for the finer isotypic decomposition
In this section, we prove Proposition 1.9. Let us recall its statement.

Proposition 1.9. For any € > 0, there exist §,n9 > 0, such that the following holds for all n > ng. Let
@< l-eandlet A C S, be a 5-spread set of density > e, Write g = ﬁ. Then ||g:)(||§ < x(1)a*e

for any y € S,,.
In the proof, we use a hypercontractive inequality of Keevash and Lifshitz for global functions over
symmetric groups, as well as standard estimates for the dimensions of the characters.

3.1. The level-d inequality of Keevash and Lifshitz

Level-d inequalities bound the L, norm of certain ‘chunks’ of the orthogonal decomposition of a func-
tion, using hypercontractivity. The first level-d inequality was obtained in 1988 by Kahn, Kalai and
Linial [14], for Boolean functions over the discrete cube {—1, 1}" endowed with the uniform measure.
It asserts that for any f : {-1,1}" — {0, 1} with E[f] = a and for any d < 21In(1/a), the coeffi-
cients of the Fourier-Walsh expansion of f (namely, f = X gc [, F(S)xs) satisfy || 2|S|=d f(S))(Sllg <
(2e/d)%a* In(1/a)? (see [29, Chapter 9]). Level-d inequalities turned out to be very useful, and have
diverse applications.

In [17], Keevash, Lifshitz, Long and Minzer (see also Khot, Minzer and Safra [21]) showed that
level-d inequalities can be obtained in much more general settings under the additional assumption
that the function is ‘global’ (or ‘spread’) — i.e., that no restriction of O(1) coordinates can increase its
Ly-norm significantly. Filmus, Kindler, Lifshitz and Minzer [8] were the first to use the technique of
Keevash et al. to obtain a level-d inequality for global functions over symmetric groups. Here, we use a
sharp level-d inequality which was recently proved by Keevash and Lifshitz [16], building upon a sharp
version of the inequality of Keevash et al. that was obtained by Keller, Lifshitz and Marcus [19].

In order to state the level-d inequality due to Keevash and Lifshitz [ 16], we need a few more notations.
The terminology we use follows [4] in providing a degree decomposition for the symmetric group, which
corresponds to the decomposition of the Fourier-Walsh expansion over the discrete cube into ‘degree
levels’ =9 = 2|S|=d £(S)xs that appears in the original level-d inequality.

A dictator U, is the set of permutations that send i to j. The intersection of d distinct dictators is
called a d-umvirate if it is nonempty. The d-umvirates correspond to pairs of d-tuples 7, J and we denote
by Ur_,; the set of permutations sending the tuple / to the tuple J. The restriction of a function f to a
d-umvirate Uy _,; is denoted by f;_,; and is called a d-restriction. We write || f7— ||, for the L,-norm
of f with respect to the uniform measure on the d-umvirate Uy_, ;.

A function f is said to be r-global if || f—sl2 < r'!!|| £l for all d-restrictions f;_,;, for all values of
d. A set A is r-global if its indicator function is r-global. Note that a set A is §-spread if and only if it is
n®-global.?

For a partition A = (11,42, ...,4;) + n, the strict level of a representation V) that corresponds to A is
n — A1. The level of V, is the minimum between the strict levels of V,; and V-, where A’ is the conjugate
partition of n. The space of matrix coefficients of an irreducible representation V is the space spanned

3For the sake of compliance with the notations of [16], we use the term ‘global’ below and in Section 5 where the results of
[16] are applied. In the rest of the paper, we use the term ‘spread’.
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by the functions f, ,: G — Cindexed by v € V, ¢ € V* that are given by

fr.o(8) = pg(v).

We write W, for the sum of the spaces of matrix coefficients for all representations of level d, and denote
by £~ the projection of f onto W,.
Keevash and Lifshitz proved the following:

Theorem 3.1 [16, Theorem 4.1]. There exists C > 0, such that for any n € N and for any r > 1, if
A C S, isr-global and d < min(% log(1/u(A)), 1073n), then

d

115712 < (4% (Crid" tog(1/u(A)) .

3.2. Proof of Proposition 1.9

Recall that any irreducible character y is the trace of a unique irreducible representation p, and that
we have y (1) = dim(p). We say that the level of an irreducible character y is the level of the unique
irreducible representation that corresponds to it.

In the proof, we use the following lower bounds on the dimensions of low level irreducible represen-
tations.

Lemma 3.2 [4, Claim 1 and Theorem 19]. There exists ny € N, such that the following holds for all
n > ng. Let d < n/200 and let y be an irreducible character of S,, of level > d. Then y(1) > (ﬁ)d.
Proof of Proposition 1.9. Let A C S, be a 6-spread set of density > ¢, let g = ﬁ, and let y be a
character of level 4. We may assume w.l.0.g. that u(A) = ™. We consider two cases:

a

1. d > min(10~°n, %n"). In this case, we may upper bound |[gX ||, < ||g] = " < e”H, while by

. . n\d (200 n/200 .. .
Lemma 3.2, for a sufficiently large n, we have y (1) > min( (Q) , (7) ). This implies that the

statement of the proposition holds provided that ng is sufficiently large.
2. d < min(107n, %n"). In this case, we may apply Theorem 3.1 to obtain

d d
lg™13 < n(AY(Cnoa tog(1/u(A)) " < (catn+),
and by Lemma 3.2, the right-hand side is smaller than y (1)®*€, provided that ¢ is sufficiently small
and ny is sufficiently large.

This completes the proof. O

3.3. Bounds for the finer isotypic decomposition over A,
We shall make use also of the following variant of Proposition 1.9 for A,,.

Proposition 3.3. For any € > 0, there exist 6,nyg > 0, such that the following holds for all n > ny.
Leta < 1 —€eandlet A C A, be a §-spread set of density s, (A) = e™". Write g = Ml—‘}A). Then

g™ 113 < x(1)°*€ for any x € A,.

Proof. For a partition A, let us write A’ for the conjugate partition obtained by replacing the roles
of the rows and the columns in its Young diagram. Recall that the corresponding characters satisfy
XA = X - sign.

It is well known that all irreducible characters of A,, are obtained from characters of §,,, in one of
two possible ways:
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1. Characters that correspond to partitions A with 4 # A’: In this case, the characters y, and y y restrict
to the same irreducible character of A,,.

2. Characters that correspond to partitions A with A = A’. In this case, the restriction of y, to A,, splits to
the sum of two irreducible characters, which we denote by y,, and x,,, that have the same dimension.

To handle the characters of the second type, we note that for any such 4, the level of y, is necessarily
> n/2 — 1. Therefore, by Lemma 3.2, we have

xa, (1) = xa,(1) 2 3

’

1 (200)”/200

which implies that
lg™115 < liglly < ™ < x (1)<,

provided that #n is sufficiently large with respect to €.

We now handle the characters of the first type. Let / be the extension of g to S, whose value on the
odd permutations is 0. Write & = 3 ,,,, h™%*. Let 4 # A’ and let y be the restriction of y, to A,. Then
g7 = xy(1)g * y. We would like to write this convolution in terms of convolutions over S, to which we
will be able to apply Proposition 1.9.

Let ¥ = xa+ xur. Then we have y(0) =2y (o) forall o € A, and y(o) =0forall o € S, \ A,,.
Therefore, the functions g * y and s * y agree on A, (note that the first convolution takes place in A,
and the second takes place in S},). Hence,

g X =x(g*x =x(N)(hxxa+h*xa)la, = (KX +hXV) |4 .

The desired upper bound on g™ now follows from the triangle inequality, when applying Proposition 1.9
to h. ]

4. Upper bounding spread independent sets in normal Cayley graphs

In this section, we prove Theorem 1.8, as well as several related results. We begin with a proposition that
explains how to combine character bounds with hypercontractivity to upper bound the size of spread
independent sets.

Recall that any class function # : A, — C can be uniquely represented as a linear combination of
irreducible characters: 4 = Z){ A h x . The coefficient of y in this expansion is denoted by h(x). Note
that if A = o5» for some o € A,, and h = 1, then for any y € A, we have h(y) = Ha, (A)x (o).

Proposition 4.1. For any € > 0, there exist no € N and 6 > 0 such that the following holds for
alln > ng and all 0 < @ < 1 — €. Suppose that 1,1’ C G are §-spread subsets of A,, such that

ua, (D), pa, (I > e~ """, Suppose additionally that A C A, is a normal set with

Talx)
Ha, (A)

Jor every irreducible character y of A,. Then the sets 1,1’ span at least one edge in the Cayley graph
Cay(A,, A).

<x(*

Proof. Write h = ﬁ. Let T4 be the operator associated with the Cayley graph generated by A (i.e.,
Tag = h*g). Let W, := span{gx}seca, (Where gy is defined as 1, * y) be the isotypic component
of y. Each W, consists of the union of all the irreducible representations p, that correspond to y
in L*(A,). Hence, it follows from the Peter-Weyl theorem that each W), is an irreducible A, X A,
representation appearing in L>(A,,) exactly once. The operator T4 commutes with the action of A,, X A,,,
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and thus, it follows from Schur’s lemma that the restriction of T4 to W, is multiplication by a scalar. To
compute the scalar it is sufficient to compute 74 y. By Frobenius, we therefore obtain that the eigenvalue

corresponding to W, is given by % Write f = ﬁ and g = % We have
hOO [ ey -
(Tafo8) = ), oy (757 @.1)

X
By Proposition 3.3, applied with €/2 in place of €, and Theorem 2.14, we therefore have
KTaf =11 > (O hle™ s D) x(1) 2 =0(D).
X €A, \{iriv} xeA\{triv}

Hence, we have (T4 f, g) # 0, provided that n is sufficiently large, which implies that there exists an
edge between I and I’. O

The following theorem follows by combining Proposition 4.1 with the results of Larsen—Shalev [23]
and Larsen—Tiep [25] presented in Section 2.

Theorem 4.2. For any € > 0, there exist ng € N and § > 0, such that the following holds for all
n > ng. Let o € A, and write E(0) = a. Then every §-spread independent set in the Cayley graph
Cay(Ap, 57 has density < e

Proof. Let A = 5. As E(0) = @, we may apply Theorem 2.4 to deduce that for any character y of A,,,

A o) < xR

The assertion now follows from Proposition 4.1, when substituting @ + €/2 in place of @ and €/2 in
place of €. =

Now we are ready to present the proofs of Theorems 1.7 and 1.8.

Proof of Theorem 1.8. The theorem follows immediately by combining Theorem 4.2 with
Lemma 2.5. o

Proof of Theorem 1.7. Let € > 0, let §,n (depending on €) be determined below, and let / be an
independent set in Cay(A,,o5"), where n > ng +t and o € A, is a permutation with ¢ fixed points.
Assume on the contrary that us, (1) > max(e_("")l/3_5, (n — 1)~%"). We obtain a contradiction in a
three-step argument.

Step 1: Reducing to the case t < n'/3. We use the following observation. Let 1 < ¢ < ¢ and let o’

be obtained from o by deleting ¢ of its fixed points. For each {-umvirate U, with U the subgroup of
all permutations that fix a given set of size ¢, the set I’ = 7711 N U is independent in the Cayley graph
Cay(U, (0")V) which is isomorphic to Cay(A,,_¢, (o7")5"-¢).

Ifr > n'/3, we may reduce the number of fixed points by applying this process with £ = [t—(n—1)'/3],

choosing an f-umvirate TU such that & (i(nl;)U ) > ta, (I). The resulting set I’ is independent in the

Cayley graph Cay(A,, (o/)4"") with n’ = n — £, where the number ' = [ (n — t)'/3| of fixed points of
o’ satisfies (n’)!/37€/2 <’ < (n’)'/3, provided that ny is sufficiently large as a function of e.

To see that p4,, (1) > max (e~ (n’ =)=}, note that for any €, § > 0, for any sufficiently
1/3-€ —(n-1)'3-¢€ >

large ng (depending on €, ¢), and for any n, ¢ such thatt > n andn—t > ngp, we have e
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(n —1)~%. Hence,

pay (1) > pa, (1) > max(e” 0" (= 1)701) = =07 < gm(w=r)

— max(e_(n'—t/)l/j_e’ (}’ll _ [/)—51’)’

where the last equality holds since #' > (n’)'/3~€/2. Therefore, I’ satisfies the ‘contrary assumption’ for
(n’, ") in place of (n,t). This shows that we may assume w.l.0.g. that r < n'/3,

Step 2: Reducing to the case where I is 6-spread. Similarly to the first step, we may also assume that
I is 5-spread, as otherwise we may iteratively find £-umvirates in which the density of A is > u(A)n%¢
until we are stuck. The set I’ we obtain at the end of this process is an independent §-spread set in the
Cayley graph Cay(A,, (c”)4n"), where o’ has ¢ fixed points and n”’ = n — (¢t — t”’). Its measure
satisfies pa,, (1) > max(e_<"/’_’ﬂ)1/3_€, (n” —t"")=%""), as in the transition from (n, 1) to (n”,1"’), the
left term remains unchanged and the increase of the right term is less than the density increase by a factor
of n®¢ which we obtain in each £-restriction. This shows that we may assume w.l.0.g. that I is §-spread.

Step 3: Applying Theorem 1.8. Assuming that 1 < n'/3 and that I is 6-spread, we can apply Theo-
rem 1.8, with the same value of €, to deduce that

n > € _nl/3—5

u(l) <e” <e )
which contradicts the assumption pa, (1) > max(e‘("")m_s, (n — £)7°"). This completes the proof
(with ¢ being the same as in Theorem 1.8 and ng being sufficiently large). O

5. The spreadness of conjugacy classes and their restrictions

In this section, we prove that ‘large’ conjugacy classes of permutations with not-too-many short cycles
are spread and that the same holds for their restrictions inside f-umvirates (under certain additional
conditions). In order to state our goal more precisely, we introduce some more terminology.

A d-restriction of a function is its restriction to a d-umvirate U;_,; with |I| = d. A k-chain is
a restriction of the form iy — i, — ... — ixy (.., iy = i2,ip — i3,...,ig — irs1), Where
i1,...Irs are all different. In other words, a k-chain is the restriction to the k-umvirate U;_,;, where
I = (i1,...,ik), and J = (ia,...,ik41). We say that a kj-chain (i; — i, — ... = ig+1) and kp-
chain (j; — jo — ... = Ji+1) are disjoint if all the coordinates iy, ..., 7% +1,j1,-- ., Jky+1 are
different. We say that the length of a ki-chain is k;. A k-restriction is a k-cycle if it takes the form
iy = ip = ... — i — i1. BEvery d-restriction can be decomposed to disjoint cycles and k-chains that
we call the parts of the restriction.

We prove the following lemma, as well as a variant of it (Lemma 5.3 below) that will be used in the
sequel. For the sake of convenience, we use the term ‘globalness’ throughout this section. Recall that a
set is &-spread if and only if it is n°-global.

Lemma 5.1. There exists ng > 0 such that the following holds for all n > ng. Let r > 25, and let
A C S, be a conjugacy class of density at least e™", such that all the permutations in A have at most
(r/2)¢ t-cycles for each €. Then A is r-global.

In order to prove the lemma, we first prove the following claim which calculates the measure of
restrictions without cycles.

Claim 5.2. Let A be a normal set. Let d > 0 and let Aj_,j be a d-restriction that consists of t chains.
Denote the chain lengths of Aj—y by iy — 1,...,i; — 1. Let P be the probability that for a random
permutation T ~ A, and for all 1 < € < t, the length of the cycle containing € in T is at least i¢. Then

u(Ar-y) = u(A)-P- [(1 ‘%)(1 - nil)(l _n+lt— |1|)]_]'
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Proof. Decompose the d-restriction A;_,; into its chain parts

ap —ap — ... = Al
azl — ... aj,,
ar] — ... ™ 4y,

Consider the family of d-umvirates U (1) o (1) = 0Uj g o1, forall permutations o~ € S, that fix each
ofayy,...,a, . Itis clear that any two non-equal d-umvirates of this form are pairwise disjoint (as sets of
permutations). Moreover, since A is normal, the measure of A inside each such d-umvirate is the same.

Without loss of generality, we may assume a;; = 1,...,a;; = t. Observe that A N

the length of the cycle that contains ¢ is > i;. Hence, we have

H(A)VP = p(Ar s )pUrs ) #HUo (o)t 0 €U, 0)—1,...0 )

Therefore, in order to prove the claim, all that remains is computing the orbit of U;_,; with respect to
the action of the group Uy, .. ;)—(1,...,r) On S, by conjugation. By the orbit stabilizer theorem, its size is

(n—=1)!

(n—ii—ir—...— i)’

Asu(Ui_y)=[n(n=1)-...- (n—iy —ip—...—i; +t+1)]7!, the claim follows by rearranging. O

Proof of Lemma 5.1. Given a restriction A;_,; of A, we view it as a composition of two restrictions,
denoted by I} — Jj and I, — J;, where the restriction /1 — J; consists of all the cycle parts of I — J,
and the restriction I, — J, consists of the chain parts. Let us consider each restriction separately.

Density increase in a restriction consisting of cycles. By the orbit stabilizer theorem, if o has f (i)
cycles of length i for each i, then the density of its conjugacy class o5 in S, is 1/[](i/=® - f,(i)!).
Therefore, when removing a cycle of size ¢ from o, the measure of the corresponding conjugacy class
increases by a factor of £ - f-(£). By assumption, we have f,-(£) < (r/2)¢, and hence, when deleting an
¢-cycle from o, the density of the corresponding conjugacy class increases by a factor of < (£/¢r/2)¢.
Set A’ = Ay, and write k = |I],n" = n — k. We obtain that /J(A}l_)]l) < rku(A), by sequentially
removing cycles from o and taking into account the measure increment at each step.

Density increase in a restriction consisting of chains. Denote the lengths of the chains in the restriction
byi; —1,ip—1,...,i; — 1. Note that we may assume that (i; — 1) + ...+ (i, — 1) < n/3, for otherwise,

the lemma holds trivially. Hence, we have 1 — #—\Il > 1/2, and consequently,

-850 =)=

Therefore, the upper bound p(A;_;) = (A, _ ) <2121y (A”) < r1u(A) follows immediately from

12—)./2

Claim 5.2, applied with A’ in place of A. O

Lemma 5.3. There exist ng € N and C > 0, such that the following holds for all n > ng and all r > 20.
Let o € S,, be a permutation that has at most r [20 fixed points and 2-cycles, and at most (r/20)73 ¢-

cycles for each € > 3. Suppose in addition that A = o5 has density > e V"€ Let d < ;/—g and suppose
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that Aj_,j is a d-restriction of A whose parts consist only of 1-chains and 2-chains. Then Aj_,j is
r-global.

Proof. Let A be a conjugacy class that satisfies the assumptions of the lemma, and let A;_,; be a
d-restriction of A. Let Ay ;- be an f-restriction of A;_,;. Our goal is to show that u(Ap ;) <
rlu(Arsy).

Similarly to the proof of Lemma 5.1, we view the restriction I’ — J’ as a composition of two
restrictions, denoted by I} — J; and I, — J,, where the restriction /; — J; consists of all the cycle
parts, and the restriction I, — J; consists of the chain parts. We will show that

u(Apsy)  p(Ansy) u(Ap ) (A=) <l

- : —_ 9 (5'1)
u(Arsy)  u(Aann—unn) (A1) p(AGa) =)

by considering each restriction separately.

Density increase in the restriction I} — Jy consisting of cycles. Here, we have to bound the density
u(AL—gy)
H(A L) > 00y))
instead. To see that this is sufficient, note that by Claim 5.2, we have

increase . It will be more convenient for us to bound the density increase (1 (Ay,—7,) /1 (A)

H(A(1an)—ng)) = 1H(A)/2.

Indeed, denoting the lengths of the chains in the restriction (A(;nr)—ns)) by it —1,i2—=1,...,is—1,
the claim implies that (A (;nr)—ns,)) = #(A) - P, where P is the probability that for a randomly
chosent ~ A, forall j =1,...,s, the length of the cycle containing j in 7 is at least i ;. By assumption,
ij < 2 for all j, the permutations in A have at most 3r/20 elements in cycles of length < 2, and we have
s<d< ”C.Hence,

r

3r\* 3y \ Ve
pe (i) (-2
provided that C is sufficiently large.

In order to bound p(Ay, - ,)/1(A), we observe that as the ‘old’ restriction / — J consists only of 1-
chains and 2-chains, each cycle of length [ > 3 in I; — J; contains at least //3 elements from the ‘new’
restriction /1 \ I — J; \ J. Similarly, each cycle of length 1 or 2 in I; — J; contains at least one element
from the restriction 7; \ I — J; \ J. As was shown in the proof of Lemma 5.1, the density increase when
removing a single cycle of length [ from the conjugacy class of o € S, is at most /- f- (/). By assumption,
we have f,-(I) < (r/20)/3 for all [ > 3, and also f,-(I) < (r/20)"/% for [ = 2 and f-(I) < (r/20)* for
[ = 1. It follows that the density increase when removing a cycle that contains [’ ‘new’ coordinates is
at most 31" - (r/20)"" < (r/8)". Since the number of ‘new’ coordinates is |I; \ /| < ¢, by sequentially
removing cycles from o and taking into account the measure increment at each step, we obtain

/J(AII_’JI) <. /J(AI]—V])

- <2r/8)° <r/4. 5.2
H(A (AL —ng)) u(A) <2(r/8) <rt/ 5.2)

Density increase in the restriction I, — J, consisting of chains. Here, we have to bound the ratio between
the density increases of the restrictions A7, .7, — Apun—su, and Anr)—ng) — Ar-g. As these
restrictions consist only of chains, we can estimate and compare their density increases using Claim 5.2.
As the restriction / — J consists only of 1 chains and 2 chains, the value P that corresponds to it in
Claim 5.2 is at least 1/2. Therefore, we may assume that £ = |I’ \ I| < 4+/n/C, as otherwise, we have
w(Ap—y) <1 <43 u(A) < 4°pu(A ). We also have |1] < 4+/n/C by hypothesis.
Denote the chain lengths of the restrictions I — J, and (I N ;) — (J N J,) by ii -1,...,i, -1

S
and i{' = 1,...,i, — 1, respectively, where i;. > i;.’ forany 1 < j < s” and s > s”. Note that
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s” <IN < ‘%zandthats’—s” < |L\Il <¢< %.Letn'zn—ﬂll >n-—d-{and
n=n—-|INhL|>n-d.

As the corresponding value of P for the restriction I NI, — J N J; is also > %, we may apply Claim

5.2 to obtain that
(=)0 ) {1~ )
(A=) (AL g) 7 n=1 WEI-TOR])

Arl A - - ’ 5’ 5’ -
H(A ) (A an)—nn)) (1-)(1 - = )(1_#_'112')

provided that C is sufficiently large. Combining this with (5.1) and (5.2) completes the proof of the
lemma. m]

6. Proof of Theorems 1.3, 1.4 and 1.5

In this section, we prove Theorem 1.3, which states that for a sufficiently large n, for any o € §,, with
less than n?/5-€ cycles, we have (-57)? = A,,. Then, we deduce from it Theorems 1.4 and 1.5.

The proof of Theorem 1.3 proceeds in two stages. First, we show that we may strengthen the
hypothesis of the theorem by adding the assumption that o~ has only a few short cycles, and at the same
time weaken the assertion to claiming that (o-57)? contains any fixed-point free 7 € A,,. Afterward, we
prove the ‘reduced’ statement.

Formally, in Sections 6.1 and 6.2, we show that it is sufficient to prove the following lemma.

Lemma 6.1. For any € > 0, there exists nyg € N such that the following holds for alln > ng. Let T € A,
be a permutation with no fixed points. Suppose that o € S,, has at most n*>~€ cycles overall and less

than 10 cycles of length € for each 2 < £ < logn. Then T € (0'5")2.

The proof of Lemma 6.1 is presented in Section 6.3. The proofs of Theorems 1.4 and 1.5 is presented
in Section 6.4.

6.1. Explicit computations

For o € S, and T € S,,_,,, we write o @ 7 for the element in S,, obtained by letting o act on the first m
elements and 7 act on the last n — m elements. For a conjugacy class C; of S, and a conjugacy class C;
of S,—m, we write Cy & C; for the conjugacy class obtained by concatenating their cycle decompositions.

Lemma 6.2. Let C1,C{,C|" be conjugacy classes of S,, with C{" € Ci - Cj, and let C5,C;,C}’ be
conjugacy classes of Sy—m with C}/ C C; - C;. Then the set (C; & C3) - (C| & C3) contains C{' & CJ'.

Proof. Letm € C{' and write 71 = o1 for 0'1’ € Ci,1 € C{. Let mp € Cz" and let 0», 7 be defined
similarly. We have (o] ® 07) (1] & 12) = (1] & 7m2). O

Lemma 6.3. There exists ng € N such that the following holds for any n > ng. Let r,m be integers
dividing n, with r > 1 and n/m even. Then (r"/")> 2 (m™'™).

Proof. Let B = (r). For r > 4, by Theorem 2.12, we have B> = A,. For r = 2, we may apply
Theorem 2.13 which says that B> contains all the permutations that have an even number of cycles of
each length. As n/m is even by hypothesis, this proves the claim.

It now remains to treat the case r = 3. For all m > 4, we may apply Theorem 2.10 to prove our
assertion, as E(m"/™) = 1/m by definition. The case m = 3 is straightforward, as when squaring a
permutation of cycle type (3"/3), we obtain a permutation of the same cycle type. Finally, when m = 2
and r = 3, we use the fact that in S5, we have

(2,7,5)(3,8,6)(1,9,4)(12,11,10) - (1,2,3)(7,4,11)(8,5,12)(9,6, 10) =
=(1,7)(2,8)(3,9)(4,10)(5, 11)(6, 12).
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We now write (3*3) = C; & --- & Cn/12, where each C; is the conjugacy class of
(1,2,3)(4,5,6)(7,8,9)(10, 11, 12), and write (2"/2) =D ®---® Dy/12, where each D; is the conju-
gacy class of (1,2)(3,4)(5,6)(7,8), (9, 10), (11, 12). (Note that in this case, n is indeed divisible by 12
since by assumption, = 3 divides n and n/m = n/2 is even). Lemma 6.2 now completes the proof. O

6.2. Reducing to Lemma 6.1
In this subsection, we reduce the statement of Theorem 1.3 to the statement of Lemma 6.1.

Proof of Theorem 1.3, assuming Lemma 6.1. Our goal is to show that for a sufficiently large n, for any
o € S, with at most n?/5=€ cycles, the conjugacy class I = o5 satisfies I = A,,. Equivalently, we have
to show that 12 N 757 # @ for each T € A,,. Fix such a 7 and write A = 757, We split the proof into two
cases:

o Case 1: The number of fixed points of o is at most the number of fixed points of 7.
o Case 2: The number of fixed points of ¢ is larger than the number of fixed points of 7.

Case 1: o has no more fixed points than t. Write ¢ for the number of fixed points in o. We may restrict
both 7 and A to the t-umvirate U = U[;],] to obtain the conjugacy classes I, A’ obtained by removing
t fixed points from o, 7. It is clearly sufficient to show that (I/)> 2 A’. We may therefore assume that o
is fixed points free. As o has less than n%/> cycles overall, the assertion now follows from Theorem 2.11.

Case 2: o has more fixed points than 7. By the same argument as in Case 1, we may assume without
loss of generality that 7 has no fixed points. By Lemma 2.8 (applied with €/3 in place of €), we have
E(0) <2/5—-2¢/3. Theorem 2.10 now completes the proof if E(7) < 1/5. Suppose on the contrary
that E(7) > 1/5. By Lemma 2.6, applied with m = 6 and € = 1/60, this implies that for some i < 5, 7
has at least n% i-cycles, for some explicit § > 0. (Actually, this holds for all n > ng, but we may absorb
this into our assumption that n is sufficiently large).

Suppose that o has at least 10 £-cycles for some 2 < ¢ < logn, as otherwise, we are done by
Lemma 6.1. We may write o = oy ® 0| and 7 = 7 @ 7/, where 7| consists of 2¢ i-cycles and 07| consists
of 2i {-cycles. (Note thatasi < 5, o contains at least 10 > 2i {-cycles, and as ¢ < log n, T contains at least
n® > 2£ i-cycles, assuming n is sufficiently large. Hence, the decomposition is possible). By Lemma 6.3,
we have ((a'l’)S")2 2 (TI’)S". Hence, by Lemma 6.2, it is sufficient to show that (a'lS”)2 2 Tls”.

We can repeat the deletion process to obtain a sequence of restrictions o7,...,0; and 1q,..., 7},
until either E(7;) < 1/5 or o7 has less than 10 {-cycles for all 2 < ¢ < logn. (Note that as o~ contains
at most n%/> cycles, the process terminates when o, 7; are permutations on at least n — 10n*/> logn
coordinates, and thus, for all 1 < [ < j, we have E(oy) < 2/5 — €/2, provided that n is sufficiently
large). In the former case, we are done by Theorem 2.10. In the latter case, we are done by Lemma 6.1.
This completes the proof. O

6.3. Proving Lemma 6.1

Proof of Lemma 6.1. The proof consists of four steps.

Step 1: Reducing to the case where T has many short cycles. If T has at most n>/5=€/3 cycles of length

less than %, then by Lemma 2.7, we have E(7) < 1/5 — €/12 (provided that = is sufficiently large). As
E(0) <2/5-€/2 by Lemma 2.8, Theorem 2.10 implies that € (0'5")2, completing the proof.

Hence, we may assume that 7 has at least n>/5~€/3 cycles of length less than %. In particular, there
exists m < %, such that 7 has at least %n2/5‘5/3 > n?3=€/2 m-cycles. We fix such an m and proceed
with it.

We note that this step, which allows us to assume that T has more short cycles of a fixed length than
the total number of fixed points of ¢, is the only step where we crucially use the bound n*/°~€ on the
number of cycles in 0. The other steps can be adapted to work with up to n'/2=€ cycles in .
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Step 2: Removing almost all fixed points of o by restrictions. We perform a sequence of 2m-
restrictions intended for removing almost all fixed points of o, in exchange for removing m-cycles of 7.
The restrictions are of the form Is 7/, Is—,w-, and Ar:_,w-, for appropriately chosen sets S’, 7, W’.
The way in which these restrictions are used is explained at the next step.

Assume for simplicity that m is even. Each 2m-restriction involves 4m coordinates denoted by

’ ’ ’ ’
x19x23"'3xm,y19"'9ym9-xls"',xmsyl3"'9ym3

where x; = y; and x; = yl’. for all odd 7, and except for this, all the coordinates are pairwise distinct. We
define the restrictions by setting

’ ’ ’ ’ ’ ’ ’ ’
S = (xlax2’~~-9xm’x1v-x2,-~-’xm)’ T = (yl7y2’~~-3ym’ym’y]’~- -9ym_])’

W' = ()’m,)’h-.-,Ym—l,yi,yé,.--,y;n)-

As a result, each of the restrictions Ig—7/, Is»—w- consists of m/2 1-cycles, m/2 1-chains and
m/2 2-chains, while the restriction A7-_w- consists of the two m-cycles (yi,y2,...,Vm,y1) and
(G SPRS /A I

We perform s = I_%J such 2m-restrictions, where f, is the number of fixed points of o. As a
result, all fixed points of o, except for at most m/2 — 1, are removed. (Note that we do not ‘get stuck’
on the side of A since the number of m-cycles in 7 is much larger than the number of fixed points of o,
bounded by n2/5=€y. We let Is_,7, Is—w and A7_,w be the sets obtained at the end of the process.

Step 3: Reducing to edges between vertex sets in a Cayley graph. First, we perform a simple shifting
procedure which allows us to ‘get rid’ of the coordinates in S, 7 and W. We let 1 be the permutation that
fixes the set of coordinates not appearing in W and sends the tuple W to the tuple 7. The permutation 4
consists of 25 m-cycles on the elements appearing in W. Let m; be an arbitrary permutation that sends
S to W. Consider the sets By = mylny, By = mol, By = Amy. As (Bz)‘lBl =1 Yrand I"'1 = 1% it
is sufficient to prove that (B;)~' B| has a nonempty intersection with B3 = Arx;. In fact, we show that
(BEI)WHW (B1)w—w has a nonempty intersection with (B3)w —w -

Assume without loss of generality that W = {(n —2sm + 1, ..., n)} and identify S,_,,,s with the set
of permutations in S, fixing W. Then (A7x{)w _w is the conjugacy class (7/)5-2ms of S,,_5,,s, obtained
by deleting 2s m-cycles from 7. Our goal is showing that the sets (B2)w —w, (B1)w—w span an edge in
the Cayley graph Cay(S,,, (7/)5#-2s). Furthermore, we can reduce the problem to A,,_3,,s (i.e., assume
w.l.o.g. that By, B3 are contained in A, _2,,s by multiplying all odd permutations in B, by some fixed
permutation and multiplying all odd permutations in B3 by its inverse).

Step 4: Completing the proof using Proposition 4.1. The sets (B1)w —w , (B2)w —w are shifts of the
sets Is_,1, Is—w, and therefore inherit their spreadness. In order to apply Proposition 4.1, we establish
the d-spreadness of Is_,7 and Is_,w . We may view the restrictions Is_,r and Is_,w as a composition of
two restrictions — a restriction that removes all fixed points except for at most m/2 — 1 and a restriction
that consists only of 1-chains and 2-chains. By the assumption on o, this allows us to apply Lemma 5.3,
with any constant » > max(10m, 200), to deduce that the sets B, and Bj3 are r-global. It follows that
B>, B3 are §-spread for an arbitrarily small § > 0, provided that n is sufficiently large.

As follows from Claim 5.2, a restriction that consists of 1-cycles, 1-chains and 2-chains can-
not decrease the measure of a conjugacy class by more than a factor of 2, and hence, we have
u(), u(1”) = e Furthermore, 7’ is fixed-point free, and hence, by Lemma 2.5, we have
E(7") < 1/2. Consequently, by Theorem 2.2, we have

T _
u(A’)

x(77) < x(1)1/*e,

forany y € m , provided that n is sufficiently large. Hence, Proposition 4.1, applied with @ = 1/2+e¢,
implies that the sets I’, I’ span an edge in the Cayley graph Cay(A,—os, A”), completing the proof. O
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6.4. Proving Theorems 1.4 and 1.5

In the proof of Theorem 1.4, we use the following standard fact regarding the cycle structure of random
permutations. For o € S,,, denote by C (o) the total number of cycles in o.

Proposition 6.4 [9, Corollary 1.6]. For any n € N and any 0 < m < n, we have Pty s, [C(0) =m] <
(2log(n))™!
(m-DT

Proof of Theorem 1.4. Let A be a normal set with u(A) > ¢ We claim that for a sufficiently large
n, A contains a conjugacy class C = o5 with u(C) > e " Once we show this, the assertion of
the theorem follows by applying Theorem 1.3 to C.

It is clearly sufficient to show that for a sufficiently large n, the union of all conjugacy classes
C’ = (0")S with u(C’) < e has measure < e,

Recall that u(C’) = [ :’zl(if(f’(i) - fo-(i))]~". Hence, by taking logaritheorems, the assumption

w(C) < e implies

" For (1) 10g (i) + fir (i) log(fr (i) > 0?52,
i=1

and subsequently, C(c’) = Y, for (i) > n?/°~2¢/3, provided that n is sufficiently large. By Proposition
6.4, the probability that a random o’ satisfies this condition is less than e‘”z/H, provided that n is
sufficiently large. The assertion follows. O

Proof of Theorem 1.5. Let A be a normal subset of A,, of density > ¢~ If A is a normal subset of

S, as well, then the statement follows from Theorem 1.4. Otherwise, A contains a permutation o~ with
oAn % ¢-Sn | in which case the statement follows from Theorem 2.9. O
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