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1. The integrals

Felsen (1) has shown that when a plane wave is incident along the axis
of a rigid cone of narrow apex angle an approximate expression for the scattered
wave involves an integral of the form ‘

«© un/2
f pe  Y(u) sech? (um)HLD(kr)P_ 1y, (cos 0)dp, €))

where Y(u) = 2 +u?, H{P(kr), 0<r<oo, is a Bessel function of the third kind,
k a constant and P_, ., (cos §), 0 <0 <7, is the Legendre (conical) function
of the first kind,

If we set k = in and use the result (2b, p. 5)
. 2 um
HP(inr) = €2 Kiunr), 6)

we find that, apart from some multiplying constant, the integral assumes the
form

J " () tanh (um) sech (Un)Koy(I)P— g 41,(c05 Ot 3
0

where K, (nr) is a modified Bessel function.
A number of integrals related to (3) are

~

I, 0) = | fG)K,@)P™ 41 5.(cos B)d, @
JO

I3, 0) = | W(OGDK@)P™ 4 14(co0s O)dp, )
JO

1B 6 = |19 K, ()PL,,(cos Odn, ©
b v

where m=0, 1,0 <a <00, 0 <8 <=, f(1) = usech (un) tanh (un) and P, ;. (cos 6)
is the associated Legendre function of the first kind.
As u— o0, we have (2a, p. 147)

P, . (cos 6)~ G4+ G* %), 0<o<n, - (7)

1
(2n sin 6)*
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and for a fixed « (2b, p. 88),

K (@)~ (2—")* e~ T sin [u log (2—”> -t ’-‘]. (8)
7 o 4

Hence the integrals (4), (5) and (6) exist and converge uniformly in 0,
O0<f<m.
The value of I2(a, 6) is shown in (3) to be

I, 0) = (;-n)* Jm (_,1{;—(:0) A= — (i)& e* “S°Ei[ — (1 +cos 6)], (9)
1

where Ei(—x) is the tabulated exponential integral.
It is the purpose of this paper to show that the values of the integrals (4),
(5) and (6) may be deduced from the result (9).

2. Subsidiary results
For convenience we now list some useful results. From (2a, pp. 148, 174)

we have
d
7 P_jiy(cosB) = PLy ., (cos 6), (a)
(10)
1400 L b, (cos8) = (G+DP_s4icos 6), (b)
sin 0 d6 do “ *
If we denote
0= | — _a 1,2 1
%, = —_—— s n=1,4,..,
J; (A +cos 6)" (1)
then an appropriate recurrence formula is
(n—1J (o, 6) = e”*(1 +cos ) "—aJ,_(a, ), n>1 12
Ji(o, 0) = —e* “*°Ei[ —a(1 +cos 0)],
Also,
910, 6) = n5in 0,44(x, ), (13)
for a fixed a.
3. Evaluation of the integrals
From equations (4) and the result (10a) we have for a fixed «,
d
Ii(2, 0) = 20 (e, 6). (14

An interchange of the order of integration and differentiation is permissible
since the integral converges uniformly in 6, O<f<n. Performing the
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differentiation, using the results (12) and (13),

1 a ¥
Il(a, 0) = <i;_r> sin 9]2(“, 0)

= (21)* sin 6{(1 +cos 0) e +-ae” **°Ei[ ~a(1+cos 0)]}. (15)

Y1

From (5) and (10)
1 4 .
Ig(d, 0) = sn]-—e- ‘—i-é sin 9[{((1, 0)

_ 1 ( ) 4 Isin? J,(a, 6)]-

sin 0

Hence, using (12) and (13) we arrive at the result,

I, 6) = (%J} {[1+a(cos —1)]e™*
+a(2 cos @—o sin? B)e* “*°Ei[ —a(l +cos 6)]}.  (16)
Also from (5) and (10a)
La, 0) = — I 2(a, 6).

Completing the differentiation as before, we find

3\
L, 0) = <g—> sin 6{( sin? 6—3 cos 8—1)(1 +cos )~ e™®
n
~[(x cos 6+2)2— (a2 +2)]e* “*°Ei[ —a(L +cos §)]}. (17)
Finally, from (6) and (10) we have,

‘% sin 813(c, 6) = sin 019(x, 6).

Integrating over 6 between the limits 0 and 6 we obtain
(]

sin 613(x, 6) = j sin ¢I9(a, )¢,
4]

since I3(a, 0) is finite at 6 = 0.
Substituting for I3(a, 6) from (9) and interchanging the orders of integration

. ¥ [ ® sin ¢
01z, 0) = ( £ —iagy | S0P g4
sin 015(, 6) (Zn) L ¢ L A4cos ¢ ¢

4+ oo
2N |7 emrmgog (AL N az,
2n) J, A+cos 6

I
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Performing the integration we arrive at the result

('2_7-99: {ea c® Ei[ —a(1 +cos 0)]—e*Ei(—2a)—e¢ " log (1____+cos 0)}

Ii(a, ) =
3( 0) sin @ 2

(18)
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