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MEROMORPHIC UNIVALENT FUNCTIONS
WITH POSITIVE COEFFICIENTS

M.L. Mocra, T.R. Reppy anp O.P. JuNEJA

For the class of meromorphically starlike functions of prescribed
order, the concept of type has been introduced. A
characterization of meromorphically starlike functions of order «a
and type B has been obtained when the coefficients in its
Laurent series expansion about the origin are all positive. This
leads to a study of coefficient estimates, distortion theorems,
radius of convexity estimates, integral operators, convolution
properties et cetera for this class. It is seen that the class
considered demonstrates, in some respects, properties analogous

to those possessed by the corresponding class of univalent

analytic functions with negative coefficients.

1. Introduction

Let S denote the class of functions of the form

o«

(1.1) g =2+ ) b 2"
n
n=2

that are analytic and univalent in U = {z: |3| < 1} . Denote by S*(a)
and X(a) , (0 < a < 1) the subclasses of functions in S that are starlike

of order o and convex of order a respectively. Analytically, g € S*(a) ,
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if and only if, g is of the form (l.1) and satisfies

14
(1.2) Re{E§T§§l} >a, 2 e U;

similarly, g € K(a} , if and only if, g is of the form (1.1) and

satisfies

1t
(1.3) Re{l+§%—@-} > o .

g ' (=)

Let 7T denote the class of functions analytic in U that are of the

form

= - v n
(1.4) gz) =z nZ2 bz , b, 20,

and let T*(a) =T N S*(a) , C(a) =T N K(a) . The class T*(a) and
allied classes possess some very interesting properties and have been
recently studied by Silverman ([{75],[161), Silverman and Silvia ([17]1) and
others. Gupta and Jain [4] extended some of the results of Silverman to
functions of the form (1.4) that are starlike of order a and type B

(0 < B <£1) . The class of starlike functions of order o and type B
was introduced by Juneja and Mogra ([5]) who also made a detailed study
about it ([61,09]).

Let I denote the class of functions of the form

azn
n

| t~18

(1.5) - fiz) =3+
=1

which are regular in D = {3:0 < |z| < 1} with a simple pole at the origin
with residue 1 there. Let ZS , L*(a) and EK(a) (0 £ aa < 1) denote the

subclasses of I that are univalent, meromorphically starlike of order a
and meromorphically convex of order o respectively. Analytically f ,

of the form (1.5), is in ZI*(a) , if and only if,

’ X
(1.6) Re{-E%—;)z—)}>a,zeU;

similarly, f € ZK(a) , if and only if, f is of the form (1.5) and satisfies
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re
(1.7) red - (142G L o 2.
f(a)
The class I*(a) and similar other classes have been extensively

studied by Pommerenke [J71], Clunie [Z], Miller [§], Royster [13] and others.

Since, to a certain extent, the work in the meromorphic univalent case
has paralleled that of regular univalent case, it is natural to search for

a subclass of ZS that has properties analogous to those of T*{(a) . To
this end, Juneja and Reddy [7] introduced the class ZP of functions of

the form
1 IS n
(1.8) fizy ==+ Y az ,a 20,
2 - n
that are regular and univalent in D . They showed that the class

Z;(a) = ZP

also pointed out the subtle differences between the two classes.

N I*(a) possesses properties analogous to those of 7T*(a) and

The aim of the present paper is first to introduce the class of
meromorphically starlike functions of order o and type B which we denote

by I*(a,B) . We then consider the class Z;(a,s) = ZP N r*(a,B) and

extend some of the results of Juneja and Reddy [7] to this class. Some of
the properties of this class will be seen to be analogous to those in [4].
We also study some other aspects such as convolution properties et cetera

whose analogues have not been obtained in [4].

2. Coefficient estimates

We begin with the definition of meromorphically starlike functions of

order o and type B .

DEFINITION. A function f e I is said to be meromorphically starlike

of order o and type B if it satisfies the condition

!
z%+ 1| < |3§%5L+ 20-1

for some o,8 (0 £ a <1, 0<B <1) and for all z ¢ U .

The class of meromorphically starlike functions of order o and type
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B we denote by I*(a,B) .

It is easy to check that ZI*(a,1l) is the class of meromorphically
starlike functions of order a ; I*(0,l) gives the whole class of
meromorphically starlike functions whereas I*(0,B) vyields the class

studied by Padmanabhan [70].

The following theorem gives a sufficient condition for a function to

be in ZI*(a,B)

a z' be regular in D . If

THEOREM 1. et f(z) = ’

+

| e~ 8

w |~

=1

(2.1) I [a+n + (20-118 + 11 [ | < 28(1-0) ,
n=1

0<a<1l,0<B<1, then f e L*(a,B) .

Proof. It is easy to see that (2.1) implies f(2) # 0 in D .
Suppose (2.1) holds for all admissible values of o and B . Consider the

expression
(2.2) HEFN = |zf'z) + fa)| - Blaf'(2) + (20-1)F(2) |

Replacing f and f' by their series expansions, we have for
0<|zl=r<1,
[--]

o0
| I ;+1) @ | - B|2(a-l)-;—+z (n+20-1)a, 2" |
n=1 n=1

H(frf')

or

rH(f,f") s } (n+1)|czn|1ﬁn+l - g{2Q-a) - } (n+2a-1)|anlr
n=1 n=1

+
" l}

) [Q+B)n + (2a—1)8+1]|an|rn+l - 2B(1-a)
n=1

Since the above inequality holds for all » , 0 <r <1, letting » +1 ,

we have

H(f.f" s ) [(1+B)n + (20-1)81[a, | - 28(1-0)
n=1

<o,
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2l
f(2)

so that f € L*(a,B) . Hence the theorem,

—L—z '(2) + 2a-1

<B F2) .

by (2.1). Hence it follows that

Let us write Z;(G,B) = ZP N t*(a,B) where ZP is the class of

functions of the form (1.8) that are regular and univalent in D . Our
next theorem shows that condition (2.1) is both necessary and sufficient

for an f to be in Eg(a,ﬁ)
THEOREM 2. Let f(z) = % + [ a3z, a 20, beregularin D .
n=1
Then f e §§(a,8) if and only if (2.1) is satisfied.

Proof. 1In view of Theorem 1 it is sufficient to show the 'only if"’

[+
part. Let us assume that f(z) = §-+ z anz , an 2 0, is in Z;(u,B)

Then

’
zf (z) + 1 Z (n+1) anzn

f(z)
n=1
= < B
2z o, wi. T )
@ + 20-1 2(1 a7 nzl(mza la,z,

for all 2 € D . Using the fact that Re(z) < |z| for all =z , it
follows that
--]
ngl(rﬂl) az,
(2.3) Re <B,zelU.

2(1-)d - § (n+20-1)
4
n=1

r
Now choose the values of =2 on the real axis so that Ei;iil is real.

f(=z)

Upon clearing the denominator in (2.3) and letting 2 + 1 through positive
values, we obtain

@ «©
I+ a s B(2(1-0) - ] (n+20-1a )

n=1 n=1

orx
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! T(+8)n + (20-1)8+1] a, < 28(1-a) .
n=1

Hence the result follows.

COROLLARY. If f(z) =2+ § a2, a 20, is in £1(a,8), then

(2.4) a 28(1-a)

n - (1+B)n + (2a-1)B+1 ' n=1,2,...,

with equality for each n , for functions of the form

28(1-a) zn
(1+B)7n + (2a~1)R+1

(2.5) fa) =2+

REMARK. The coefficient estimates for functions of the class Z%(a)

determined in [7] follow from Corollary 1 by taking B8 = 1 .

3. Distortion properties and radius of convexity estimates

Coefficient estimates obtained in the Corollary to Theorem 2 enable

us to prove

THEOREM 3. If f(2) € Z;(a,B) , then for 0 < |z =r <1,

B(1-a)
1+oB

B(l-o)

1
r < |flay] = ¥ * “Tres

(3.1) % - r

where equality holds for the function

B(1-a)

z at z=1r , r .
1+af !

(3.2) £z = §-+

Proof. suppose f(z) is in Zg(a,ﬁ) . In view of Theorem 2, we have

v 8 (1-a)
(3.3) z a < =,
ne1 1+aB

Thus, for O < ]zl =r<1,
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<« -] L=
1 n 1 n 1
- [fz)y] = |5+ ) az| s l—- + ) alz]" <=+ ) a
g on z ne1 T r L
1 B8(1-a)
< = —_—
<o 17o8 r , by (3.3)
This gives the right hand inequality of (3.1) . Also
1 v n_1 v
Iftzyl 2=- ) ar 2=--r ] a
Topmr z =1 "
> 1 _B8(l-a)
r 1+0B

which gives the left hand side of (3.1)

It can be easily seen that the function fl(z) defined by (3.2) is

extremal for the theorem.
THEOREM 4. If f(z) <s in ZE(a,B) , then f(2) is meromorphically

convex of order &6(0 < 6§ < 1) in |z| <r = r(a,8,8) , where

n=1,2,...

1
(1-8) ((1+B)n + (2a-1)B8+1) |n+1l
2B(1-a)n(n+2-6) !

r{a,B,8) = inf{
n

The bound for |z| is sharp for each n , with the extremal function
being of the form (2.5).

Proof. 1ret f(2) € £3(a,B) . Then, by Theorem 2

Z [(14B)n + (2a-1)B+1] a

(3.5) 28(1-) n

1.
n=1

In view of (1.3), it is sufficient to show that

€1~ 4§ for |Z| < r(a,B,S) ’

|2 + B (2)
(=)

or, equivalently, to show that
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iz + (af (2))"

(3.6) £1-8§ for |Z| < r(a,B,8) ,

'z
where r(a,B,8) is as specified in the statement of the

Substituting the series expansions for f'(z) and

left hand side of (3.6) we have

o«

n-1
Z n(n+1)anz

Y n(n+la

| 2z ‘n+1
n=1 i

n

<
n|z|n+1

| 0~ 8
S
|
f

-1
—13+ naz 1- Jna
z =1 n=1

This will be bounded by 1 - § if

X n(n-2-§) an|z|n+1 <1.

(3.7) s

n=1

In view of (3.5), it follows that (3.7) is true if

n{n+2-8) |z|n+1 < (1+B)n + (2a-1)B+1
1-6 - 2B8(1-a)

theorem.

(2f'(2))' in the

, n=1,2,...

or
A
(1-8) ((1+B)n + (2a-1)B+1) {n+l _
(3.8) lz] < { 2B(1=a) (it 2=5) } ,m=1,2,...
Setting |z| = r(a,B,8) in (3.8), the result follows.

Sharpness can be verified easily.

4, Convex linear combinations

In this section we shall prove that the class Z;(a,B) is closed

under convex linear combinations.

and

THEOREM 5. Let f (2)

2

28(1-a) S
(1+8)n + (2a-1)B+1

1
fh(Z) z?
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Then f(2) € Ip(a,B) if and only if it can be expressed in the form

(=) =
n

He~18

Af (z) where A 20 and )} A =1.
o m'm n aio M

Proof. Let

flzy = J Af,(z) with A 20 and ] A =1.
n=0 n=0

Then
Y OAL(2) =Af (&) + ) AF (3)
n=0 nn oo n=1 nn

(=)

[1 - xn]fo(z) + ) A f, (2)
n=1 n=1

© 1. % 1 28(1-q) n
1- ) a ]—-+ Lo {— + — z ]
[ nel niz =1 niz (1+B)n + (2a-1)8+1

v 2B8(1l-a) n
¥ nzlxn (T+f)m + (20-1)B+L ©

n (=

Since

T (1+8)n + (20-1) g+l 28 (1-a) e
! 28(1-a) Y TT#BIn + (2a-DIB*l - nzl Ap=1-2,s1,

n=1
by Theorem 2, f(2) € Z;(G,B) .

Conversely, suppose f(2) € Z;(q,B) . Since

28(1-a) _
% S {17B)n ¥ (20-1)B+s1 ' = Yr2ree s

(1+B)n + {2a-1)p+1 a

setting An = 2B(1-0) .

m=1,2,..., and A =1~ 2 by

-]

it follows that f(2) = z Anfh(z) . This completes the proof of the
n=0

theorem.
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THEOREM 6. The class £5(a,B) 18 closed under convex linear

combinations.

Proof. Suppose f(z)(z) = §-+ Z a(t)zn , (1 =1,2) are in

L*(a,B) . Let
P

(2) = (1-%) (z) + (zg) , 0<t=<1.
tf(l) tf(z)
Then

[(1-2) a(l) + taéz)]zn .

1
flz) = 3+ 1 n

n

le~18

In view of Theorem 2, we have

Y [(1+B)m + (2a—1)8+1]((1-t)a(1) + taéz)

)
n=1 n

(2)
n

(-t ] Lsm + (2e-DB1laV + ¢ ] [(1+8)n + (20-1)8+11a
n=1 n=1

IA

(1-£)2B(1-a) + t 2B(1l-a) = 2B(l-a)
which shows that f ¢ Z;(G,B) . Hence the theorem.
5. Integral transforms

In this section we consider integral transforms of functions in

Zﬁ(a,B) of the type considered by Bajpai [1] and Goel and Sohi [3].
THEOREM 7. If f() <Zs in Ta,B) , then the integral transforms
1.
F (2) = ¢ [ u fluz)du , 0 < ¢ < =,
0
are in 25(6) , where

(1+0B) (¢+2) - Be(l-a)

(5.2) § = §(a,B,0) = Be(l-a) + (1+aB) (c+2)

The result is best possible for the function f(z) = %—+
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-]
Proof. suppose f(z) = Ly z az" e T+ (a,B) . We have
o n=1 n P

1 c 1 v can ”n
FG(Z)=GJ uf(uz)du=-5+ z mz .

0 n=1

It is sufficient to show that

© n+ 8 ca,

(5.3) Zl—cSn+c+151'

n=1
Since f(2) € Z;(a,e) , we have
(5.4) (1+8)n + (2a-1)B+1 a <1 .

w1 26 (1-a) n

Thus (5.3) will be satisfied if

(n+d) e < (1+B)n + (2a-~1)B+1
(1-68) (n+c+l) ~ 28(1l-a)

for each n ,

or

((1+8)7 + (20-1)B+1} (nte+l) - 28(i-a)en

(5.5) § <
28(1-a)e + ((1+8)7 + (2a-1) B+1) (n+c+l)

Since the right hand side of (5.5) is an increasing function of = ,

putting # =1 in (5.5) we get

< (1+aB) (2+e) - B(l-a)e
~ (1+aB) (2+c) + B(l-a)c

Hence the theorem.

REMARK. It is interesting to note that for ¢ =1 and

(a,8) = (0,1) , Theorem 7 gives that if f ¢ ):lg(_o,l) then
1 1
Fi(a) = J uf(uz)du is in A3 -

0
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6. Convolution properties

Robertson [12] has shown that if f(g) = —i—+ a,z

=1

|t~ 8
3
5

o)

o«
g(z) = —;— + Z b zn are in ZS then so is their convolution

f(z2)*g(3) = —;—+ z ab =z We prove the following results for functions in

ZZ’S(GI B)

THEOREM 8. If f(2) " and gz) =2+ [ b arein

]
wj=
+
l~18
Q
0

W[
+

v no. .
) ab s isin IH(y,B) where

Zzg(a,ﬁ) then f(z)*g(a) =
n=1

(1+a8) 2 - B(1-m)2
(1+a8)° + 8°%(1-0)?

(6.1) Y =

The result is best possible for the functions

_ _ 1 B(l-a)
flay =g(@ =2+ T4 ?
Proof. sSuppose f(2) and g(2) are in ):Zg(a,e) . In view of

Theorem 2, we have

(148)n + (20-1)B+1 a

. =1 28(1-a) y S 1
and

nzl (l+8)7216+(1£i?—1)8+l b s
Since f(8) and g(2) are regular in D , so is f(2)*g(3) . Further,

2 2
(1+8)n + e[z (1”“8’2 e . —1:[+ 1
(1+aB)” + B (1-a)

1 261 - (1+aB) 2 - B1-w)? )
7.2 P
(1408) + % (1-a) 2

ab
nn

l~18
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A

E (14817 + (20-1)8+1]2 ab
28 (1-a) nn

I

[ 7 (1+8)n + (2a-1)B+1 an][ ) (148)7 + (20-1)8+1 b,
n=1

L 28(1-0a) 28(1-a)

<1
in view of (6.2) and (6.3). Hence by Theorem 2, f(2)*g(2) € Zﬁ(a,ﬂ) where
Y 1is given by (6.1). This completes the proof of the theorem.

Putting B = 1 in the above theorem, we get the following result

determined in [7].

COROLLARY. If f(z) = §.+ ’
1 n

il ~ 8

a 7' and g(z)=-zl—+ y b 2" are

elements of Ip(e) , then h(z) = f(2)*g(3) = % + )Y apb 2" is an element

of 21*5[ 2“2J . The result is best possible.
1l+a

REMARK. 1If f(2) and g(2) are in Zﬁ(O) , then, according to the
corollary, f(2)*g(2) is also in 25(0); the result is best possible. This

is in sharp contrast with the corresponding result for starlike functions
with negative coefficients (cf. Remark following Theorem 1 of Schild and

Silverman [741).

Using similar arguments as in the proof of Theorem 8, we can obtain

the following result.
THEOREM 9. If f(2) ¢ £5(a,B) and g(z) € I5(Y.B) then

f(2)*g(2) € 1(1,B) where

_ (1+aB) (1+BY) - B(1-a) (1-y)
(1+0B) (1+By) + 82 (1-a) (1-y)

The result is best possible for

_ 1 B(l-a) _ 1, 80-y)
f(Z)—z+l+aBz and g(z)—5+l—+-——,z.
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THEOREM 10. If f(z) =

0|

+ 7 anzn € Ip(a,B) and
=1

g(z) = %+ ] byt with |b| <1, n=1,2,..., then
n=1

f{z)*g(Z) € I*(a,B)

Proof. since

‘i’ (148)7 + (20-1)B+1

% (1+B)m + (20-1)B+1
28(1-a) la, b, = nz

a,lb,]|
nel -1 2B8(1-a) n'"n

< 2 (1+8)n + (20-1)B+1 @ <1,

w1 26(1-a) n

by Theorem 1 it follows that f(2)*g(3) € I*(a,B)

REMARK. g(2) need not be univalent in the above theorem.

: _1 a 2 -a
example, if g(z) = ri Z—I—E-z where 0 < b < a , then '5-1_5
1/3
g'(z) = - ;%._ —iﬁl—-z =0 for &z =- F%gq which lies inside D .
2 a+b

Thus g(2) is not univalent in D .
‘THEOREM 11. If f(z) and g(z2) are in Ix(a,B) and

1+ 308 - 2B 20, then

v 2 2. .n
+ ) (a +b)z

F(z) =
=] n

=

also belongs to I3(a,B)

Proof. since f(z) € I3(a,B) we have

(1+8)n + (2a-1)B+1 a

) <1.
el 2B(1-a) n
Therefore,
7 ((1+s)28+lf2c;-1)s+1 2.
n=1 (l-a n
Similarly
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E [(1+S)n + (2a—1)8+1}2 p2 <1 .
oLl 26(1-a) n

Hence

®© 2
1((1+8)7 + (20-1)8+1)% 2 2
Zl 5( 26(1-) ] (@ by) =1

In view of Theorem 2, it is sufficient to show that

° (1+8)n + (2a-1)B+1| 2 ,2
(6.4) nzl [ 5 (Ioa) ](an~+bn) <1.

Thus (6.4) will be satisfied if, for =n = 1,2,...,

(148)n + (20-1)B+1 _ 1((1+B)7n + (2a-1)B+1 2
28(1l-a) 2 28(1-0)

or if
(6.5) (1+8)n + 6B - 58 + 1 20 for n=1,2,... .

The left hand side of (6.5) is an increasing function of #»n , hence
(6.5) is satisfied for all »n if 1 + 3aB - 2B =2 0 which is true by our

assumption. Hence the result.
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