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CYCLES AND HARMONIC FORMS
ON LOCALLY SYMMETRIC SPACES

BY
JOHN J. MILLSON

ABSTRACT. Two constructions of cohomology classes for congruence
subgroups of unit groups of quadratic forms over totally real number fields
are given and shown to coincide. One is geometric, using cycles, and the
other is analytic, using the oscillator (Weil) representation. Considerable
background material on this representation is given.

0. Imntroduction. This paper is a considerably expanded version of the Coxeter-
James Lecture which I delivered at the Canadian Mathematical Congress in Victoria,
British Columbia on December 12, 1981. The main theme of the paper is the equality
between the harmonic forms arising as the Poincaré duals of totally geodesic cycles for
certain locally symmetric spaces and the harmonic forms on these same spaces con-
structed via the oscillator (or Weil) representation. This relationship is precisely stated
(in the orthogonal case) in the Main Theorem — Chapter 111, Section 2. I also tried to
present foundational material concerning the oscillator representation and theta
functions and particularly the splitting of the metaplectic extension in a more invariant
way than usual.

There are three chapters in the paper. The first chapter presents the cycles —
generalizations of a closed geodesic for the Poincaré metric on a Riemann surface of
genus greater than 1.

The second chapter deals with the oscillator representation and the functional equa-
tion of the theta function. I prove that if Q is a non-degenerate quadratic form over Z /2,
I’y is the group of integral symplectic matrices which when reduced modulo 2 give
isometries of Q and Iy is the metaplectic extension then there is a theta multiplier
€:'y— Q/Z. By this 1 mean that for each Q there exists a tempered distribution ©
on R" so that for all y € 'y: w(y) ® = e(y) '@ where v is the oscillator representation.
O and € depend on Q. In fact, Dennis Johnson and I have proved that the commutator
quotient of fQ is Z/8 (assuming that Q is a form in 6 or more variables) and con-
sequently e takes values in the 8th roots of unity. This result combined with the remarks
at the end of Chapter II, Section 3, gives an explanation for the presence of 8th roots
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4 J. J. MILLSON [March

of unity in the transformation law for the classical theta function (considered as a
function of the period matrix). Indeed, in case Q is the split form, € is the usual theta
multiplier. In this case I show that e becomes trivial over the principal congruence
subgroup of level 4, Theorem 11.3.2, by using the usual Steinberg relations. In case Q
is the anisotropic form in 2 variables, then ', = SL,(Z) and e:S~L2(Z) — Z /24 is the
multiplier for the Dedekind eta function.

The third chapter is an exposition of joint work with S. Kudla. In this chapter, the
cohomology classes associated by Poincaré duality to the special cycles of the first
chapter are related to harmonic forms constructed from the theory of the oscillator
representation developed in the second chapter.

In the first section of Chapter III, I construct a theta correspondence or lifting from
Siegel modular forms to harmonic forms on locally symmetric spaces of orthogonal
groups. This corrrespondence is realized by an integral transform. The kernel of this
transform is constructed from a system of Schwartz functions obtained by applying an
operator, generalizing the exterior derivative, to the Gaussian. This operator, called the
Howe operator in [9] (its formula was suggested by Roger Howe), has many remarkable
properties and merits further study.

In the second section of Chapter 111, 1 prove the equality of the two spaces of forms
referred to in the paragraph above. The key ingredient in the proof is a formula relating
periods of forms on locally symmetric spaces of orthogonal groups to Fourier coeffi-
cients of the Siegel modular forms obtained by applying to them the adjoint of the lifting
constructed above. This formula, denoted () in this paper, is the analogue of the main
formulas of Hirzebruch-Zagier (4] and Shintani [18]. It is proved in the last section of
this paper.

My results with Kudla together with the recent injectivity results of Rallis [17] hold
out the possibility of computing the dimensions of many cohomology groups of orthog-
onal, unitary and quaternion unitary locally symmetric spaces in terms of spaces of
“classical” modular forms in certain tube domains. What remains to be done is to prove
surjectivity of our lifting in some cases. This seems to be a very difficult problem but
it is perhaps within reach of the powerful new techniques of representation theory.

To conclude, it would appear that the results and methods of this paper generalize
to finite volume quotients of orthogonal symmetric spaces. Since this is rather sur-
prising I will now sketch how this goes.

The lifting kernel 8, is a closed ng form in the orthogonal variable so the lift maps
into closed harmonic nq forms and accordingly into the absolute cohomology of degree
ng. The statement and proof of the Main Theorem must now be modified to use
Poincare duality on a non-compact manifold. We now use the pairing, again denoted
[ , ], between ng forms with arbitrary support and compactly supported (p — n)q
forms given by (M denotes the locally symmetric space):

(ool = [ n Ao

Now define the Siegel modular form 6,(m) for m compactly-supported of degree
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(p — n)q as [, 0,]. One finds easily that:
(fs0,(m)) = [0,(f),m]

where the inner product on the left is the Petersson inner product on S,,,,(I'"). Now
consider the following two subspaces of the cohomology of degree (p — n)g with
compact supports. The first, H,, is the space of all classes of closed compactly
supported (p — n)g forms which are orthogonal under [ , ] to the image of S,,,,(I"").
The second, nydc, is the space of all classes of closed compactly supported (p — n)q
forms with period zero over all the special cycles Cy of positive type (see the discussion
preceding the Main Theorem). Then it follows immediately from a suitable gener-
alization of the formula (S) that:

Hy =H.

cycle

Then, by Poincaré duality, the subspace of the absolute cohomology of degree ng
spanned by the Poincaré duals of special cycles of positive type coincides with the space
of lifts.

I would like to dedicate this paper, a summary of a number of years work, to my
parents. 1 would like to express my gratitude to my collaborator, Steve Kudla, for a
considerable amount of help with Chapter 1I1. I would like to thank Dennis Johnson and
Bill Dwyer for helpful conversations concerning Chapter 1I. They made me aware of
the significance of quadratic forms over Z/2 and the groups I'y. Finally, I have profited
greatly from the ideas of Roger Howe.

I. Special cycles in locally symmetric spaces

1. Locally symmetric spaces. A Riemannian manifold D is a symmetric space if for
each x in D there is an isometry 6 of D having x as an isolated fixed-point. From this
definition it follows that D is homogeneous, so D = G/K with G the group of
isometries of D. We assume that G is a non-compact semi-simple Lie group (and K a
maximal compact subgroup). Then D is contractible and has infinite volume.

A Riemannian manifold M is a locally symmetric space if its universal cover is a
symmetric space. From this definition, it follows that M is the quotient of D by a
discrete subgroup I' C G acting properly discontinuously on D. Thus we may represent
M as a double coset space M = '\ G/K. The manifold M is a space of type K(T', 1)
and consequently one has:

(I.1.1) H*(M;R) = H*(I'; R)
(1.1.2) H*(M; V) = H*(T; V)
where V is an R(I')-module, V is the associated local coefficient system and the
right-hand side of (I.1.1) and (I.1.2) are abstract group cohomology groups.
To give some examples of the type of symmetric and locally symmetric spaces we

are considering, we note that they include the hyperbolic plane and its quotients, the
Riemann surfaces of genus greater than | equipped with the Poincaré metric. Hyper-
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bolic space and its quotients give one generalization of these fundamental examples.
Another generalization is the Siegel space and its quotient by Sp,(Z) which we now
describe because it will play an important role in what follows.

We define the symplectic group Sp,(R) to be the isometry group of the standard
skew-symmetric form on R*"; that is, the form ( , ) satisfying (e, ;) = 9, where
{er,...,e. fi.. ... f,} is the standard basis for R*". We define an almost complex
structure to be positive definite if the bilinear form B on R>" defined by B(x,y) =
(x,Jy) is symmetric and positive definite. Then the space D of positive definite
complex structures on R*" is the symmetric space for Sp,(R). Note that B is symmetric
if and only if J € Sp,(R). From this it is easy to prove that Sp,(R) acts transitively
on D. Moreover the isotropy group of the complex structure J,, defined by Jy(¢;) = f;,
Jo(f;) = —e;is Sp,(R) N 0(2n), a maximal compact subgroup of Sp,(R) isomorphic
to U(n). The quotient of D by Sp,(Z), the group of integral matrices in Sp,(R), is a
very important space — the moduli space for principally polarized abelian varieties.
Another model for the previous symmetric space is the Siegel space , of n by n
complex symmetric matrices T = u + v with imaginary part v positive definite. The
complex structure J,, corresponds to the matrix i/, where /, is the n by n identity matrix.

Other generalizations of the hyperbolic plane come from the symmetric spaces of the
orthogonal groups. Let V be an n dimensional real vector space with a quadratic form
( , ) of signature (p, g). Let D be the open submanifold of the Grassmannian G,(R)
consisting of the negative g-planes; that is, g-planes Z such that the restriction of ( , )
to Z is negative definite. Then D is a symmetric space and O(p, q), the orthogonal group
of (, ) acts transitively on D. To each negative ¢-plane Z we may associate the
involution r, whichis —1 onZ and +1 on Z* the positive definite quadratic form ( , ),
on V defined by:

(u,v); = (ryu,v).

The form ( , ), is said to be a Hermite majorant for ( , ). The subspace m of all
positive definite forms on V defined by:

m=1{(,),:Z€ D}

is called the space of Hermite majorants of ( , ). A positive definite form R is in m if
and only if it majorizes ( , ); that is it satisfies R(x, x) = |(x,x)| for all x and it is
minimal among all majorants. The identification of D and m is at the heart of Siegel’s
work on theta functions of indefinite quadratic forms.

We now describe in some detail the most general examples considered in [9]. Our
later construction of harmonic forms via the Weil representation will apply to these
examples. Let F represent either the real numbers R, the complex numbers C or the
Hamilton quaternions H. Let v be the involution of F which is respectively the identity,
complex conjugation or quaternionic conjugation. Let ( , ) be a hermitian (relative
to v) form on " of signature (p, q); hence ( , ) maps F" X F” to F and satisfies for
x,y,zE€ F"and ¢ € F:
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@) (x +y,2) = (x,2) + (y,2)
(i) (x,yc) = (x, y)¢

(it0) (xe,y) = u(e)(x,y)

(iv) (y,x) = ul(x, ).

As in the previous example, let D be the open submanifold of the Grassmannian
G,(F) consisting of all negative g-planes; that is, g-planes Z such that the restriction
of ( , ) to Z is negative definite. Then D is a symmetric space and the group G of
isometries of ( , ) acts transitively on D. To obtain compact quotients of D one must
repeat the above construction taking F to be respectively a real quadratic field x =
@(\/;), a totally imaginary extension of ». We require ( , ) to be x-valued and to be
of signature (p, g) at one completion of » and positive definite at the other. For
example one might take the following forms in the three cases:

(1) xf+...+xi——\/—1;(x,2,,,+...+x,2,,)
(i) 2P+ .+ P+ Vadz, o+ ..+ |z
(iii) lgi? + ...+ glP = Vadg,a P + ... + |g.])

Then we choose for I a subgroup of finite index in the (algebraic) integral isometries
of (, ). ThenI' C G, M = I'\\ D will always be compact and if I" contains no elements
of finite order M will be a manifold. For more details see Borel [1]. We will call these
examples, the basic examples.

2. Differential forms on a symmetric space. In this section we give convenient
representations of differential forms, the exterior derivative and the Hodge Laplacian
on a locally symmetric space. Choose a maximal compact subgroup of G (or a point
on D). Let g be the Lie algebra of G, I the Lie algebra of K and p the orthogonal
complement of [ for ( , ) the Killing form of g. Then the left invariant distribution on
G defined by p is the horizontal distribution for the Riemannian connection on M. To
be quite precise we should say that the frame bundle of M reduces as a bundle with
connection to the bundle p :I'\ G — I'\.G / K with the connection described above.
Let {w;} be a basis for the left-invariant horizontal forms (elements of p*, the dual
of p). If m is a k-form on I'\G /'K then p*vn may be written in terms of w;, /\ w;, /\

... N, foriy <i, <...<i according to p*m = Zf,w, (here I is a multi-index).
1

Then the system of functions {f;} gives an element 7} € (C*(I'\\G) & A’p*)*. That
is, 7 satisfies:

(PL.2.1) n(yg) = 1(g)
(1.2.2) (gk) = a(k™H7(g)

where o is the natural action of K on A’p*. Conversely, every element {f;} €
(C*(I'\\G) @® A’p*)* gives rise to a p-form m on M satisfying p*n = 2 fiw,. An
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identical situation holds for sections of any homogeneous bundle E, defined by a
representation o of K.

We now record how the exterior derivative d and the Hodge Laplacian A carry over
to this representation of a differential form. Let {E;} be a basis for the left invariant
vector fields which is dual to {w;}. Then:

dn=3E ® A(w) 1

where A(w,): A’p* — A”"'p* is the operator of exterior multiplication by w;.
Let {X;:i = 1, ..., n} be a basis for [ satisfying (x;,x;) = —39; and {¥,;:j = 1,

m n

..., m} an orthogonal basis for p. Then C = — > Y,2 + > X7 is a second order
i=1 i=1

differential operator on G which commutes with the left and right actions of G. Hence
C induces an operator on (C*(I'\NG) ® A’p*)* and we have:

(1.2.3) An = (C ® 17N (Kuga's Lemma).

Finally we will need a formula in terms of 7 for the period of a differential p-form
1 over a p-dimensional sub-symmetric space ')\ G, /K, CI'\G /K. Letp, C p
be the complement to [, in g,. Choose an orthonormal basis for p* so that the first p

basis vectors w;, w,, . .., w, form an oriented orthonormal basis for pi“. Then p*m =
2 nw,. Let I, be the multi-index {1,2,...,p}. Then we have:
1
1.2.4 f = f .
( ) 1'\G, /K, M vol K] '\ G, T

3. The cohomology of locally symmetric spaces. We begin our study of co-
homology by noting that every form on D which is invariant under G is harmonic by
1.2.3. Thus any non-zero invariant form represents a non-zero cohomology class in M
= I'\\D. Matsushima, Osaka Journal, 1962, proved that the cohomology of “low
degree” relative the dimension of M consists entirely of such classes. Thanks to recent
work of Borel-Wallach [2] and Zuckerman [21] we now know that H'(M, R) consists
entirely of such classes provided i is less than an important geometric invariant r of D
known as the rank — the dimension of a maximal isometrically embedded totally
geodesic flat torus. For many (but not all) D there are compact quotients M = '\ D
and classes in H'(I'\. D; R) which are not represented by invariant forms. The con-
struction of some such classes is the subject -of the next section.

4. Special cycles in locally symmetric spaces. Let 7w: D — "\ D be the projection
map in what follows. Let o, be an isometry of order 2 so that o,I'a; = I" and let D,
be the fixed-point set of oy in D. Let M, = w(D,). Then we say M, is a special cycle
in '\ D. We first note a very useful lemma which makes special cycles pleasant to deal
with. Let I, = {y € I':0,v0, = v}.

LEMMA 1.4.1. (Harris Jaffee). If T is torsion free than w(D,) = I',\\ D,.

PROOF. Suppose x and y in D, have the same image under 7. Then there exists y €
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I so that yx = y. Then 7 = v 'o7yo, is an element of I fixing x. Consequently 7 is
the identity and y € I';. With this the Jaffee lemma is proved.

COROLLARY. M, is itself a locally symmetric space M, = I',\G, /K, where G,
(resp. K)) is the centralizer of o, in G (resp. K).

We now make a conjecture which Raghunathan and I proved in many cases.

CoNJECTURE. For o, I' as above there exists a subgroup I'’ of finite index in I so
that w'(D,) is not a boundary (here w' = D — I'"\ D is the projection).

The conjecture seems a reasonable one for several reasons. First, it is consistent with
all known vanishing theorems. Second, it has been proved in a large number of cases.
Finally every special cycle comes with a complementary special cycle as we now
explain. We assume there exist points on D,, to be called rational points, so that the
associated Cartan involutions 6 have the property that 61'60 N I has finite index in I'.
This is always the case for the basic examples.

LemMMa 1.4.2. (Millson-Raghunathan [13]). Every special cycle has a com-
plementary special cycle.

PrOOF. Choose a rational point xeD,. Then the reflection 6 at x has the property that
0I'0 N T has finite index in I'. We consider the isometry o, = 80,. We note > =
00,00, fixes x and the tangent space to D at x. Hence o, is an involution and
o,I'o, N T has finite index in I'. By replacing I" by a subgroup of finite index in I" we
may assume 6 and o, normalize I". Consequently, if D, denotes the fixed-point set of
0, in D then M, = m(D,) is compact. Clearly it has dimension complementary to that
of M, and the lemma is proved.

We remark that D, and D, intersect only at z. However, M, and M, can have many
intersections corresponding to yel' so that yD, N D, # 0.

In [13], Raghunathan and I studied the intersection number of M, and M,. We were
able to prove in many cases that it was non-zero. We also proved that if the intersection
number was non-zero then there was a finite cover of M so that the Poincaré dual of
any component of the inverse image of M, could not be represented by an invariant
form.

5. Linear cycles in the basic examples. For the basic examples, the special cycles
have a geometric interpretation in terms of the linear structure of the Grassmannian
which makes them appear to be the analogue of certain Schubert cycles.

We choose a x-rational orthogonal splitting F” = X @ X* where X has F dimension
k and signature (r, s) at the indefinite completion of ( , ). Thus X* has F dimension
n — k and signature (p — r, ¢ — s). Let o, be the involution which has +1 eigenspace
equal to X and —1 eigenspace equal to X*. Then D, is the set of negative g-planes Z
which are compatible with the above splitting in the sense that

Z=ZNX+ZNX*"
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We will denote this subspace Dy. To get the complementary cycle choose a rational
g-plane Z, in D. Then we have a splitting " = Z, ® Z, and 0, the reflection at Z, is
represented by the linear transformation which is +1 onZ,and —1 on Z, . We find that
D, is the set of negative g-planes compatible with the splitting " = U @ U* where
U=XN2Z +X"NZiand U' =X NZ; + X" N Z,. Note that the above
decomposition of F" is just the eigenspace decomposition of F" relative to o, = 60,.
The real dimension of D is pg, 2pq or 4pgq in three cases and the dimension of D, is
rs+ (p—r)qg—s),2[rs+ (p—r)(g—s)lord[rs + (p — r)(g — s)] in the three
cases.

The most important special case of the above construction is the case in which X is
positive definite. In this case Z N X = {0} and consequently D, ={Z € D:Z C X*}.
We will say cycles obtained from such X have positive type. If X is negative definite
we say D, has negative type. Finally we will say other cycles (where X is indefinite)
have mixed type. We will often write Dy for D, and Cy for w(Dy). In case X is positive
and x is a spanning set for X, we will write D, and C, in place of Dy and Cy.

The considerable difference between the cycles of pure type and of mixed type is
illustrated in the case G = SO(2, 2). Then D is a product of two hyperbolic planes. The
cycles of pure type give rise to algebraic curves — Hirzebruch-Zagier cycles [4],
whereas those of mixed type give rise to totally real tori. They are transcendental cycles
and have been used by Oda [15].

In case F = R and X is a positive 1 dimensional space then D, is the set of all negative
g-planes perpendicular to a fixed line. If g is even, then Millson-Raghunathan [13]
proved that there are uniform I' C SO(p, ¢) so that the cycles M, and M, had non-zero
intersection number. Consequently there is a class in HY(I'\D;R) which is not
represented by an invariant form. Since the rank of D is ¢, this implies that the
Borel-Wallach, Zuckerman theorem is best possible for orthogonal groups of even
rank. For subgroups of O(n, 1) there is a very simple geometric argument proving that
H'(I'\\D;R) # {0} — see Millson [12]. By Rallis [17], we now know that the
Borel-Wallach, Zuckerman theorem is best possible for all orthogonal groups.

II. The oscillator representation and theta functions

1. The existence of the oscillator representation. Let W be a vector space over R
of dimension 2rn and let ( , ) by a symplectic form on W. Define the Heisenberg group
H(W) by:

H(W) =W X S' as a set
and has group law
(Wi, 1) (wy, 1) = (wy + w,, &™)

Thus H(W) is a group extension S' — H(W) — W whose characteristic class is
represented relative the above product decomposition by the cocyle:

im(wyow)

a(w,w;) =e
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Let x be the identity character of S' and N = 2i (it is convenient to retain \ as a
parameter). Then we have the famous theorem:

Stone-von Neumann theorem. There is one and only one equivalence class of irre-
ducible unitary representations of H(W) with central character x.

We will denote this class by p,. We now give a realization of p,. Let F be a
Lagrangian, i.e. maximal isotropic, subspace of W. We consider the abelian subgroup
N =F x §'of H(W). We extend x to a character of N by making it trivial on F. Then
ind;™"'y is a unitary representation of H(W). By definition the space of this represent-
ation is the space of functions ® on H(W) satisfying:

() D (xn) = x(n)"'d(x)
(if) |®|? is square integrable on H(W)/N

We denote the space of such functions ® by W(F). Then H(W) acts on W(F) by left
translation. The following theorem is proved in Lion-Vergne [11], page 19.

THEOREM 11.1.1 W(F) is irreducible.

REMARK. W(F) is called the Schrédinger model of p,. Let E be a Lagrangian
complement to F.

Clearly any function in W(F') is determined by its restriction to £ and any square
integrable function on E may be extended in exactly one way to an element of W(F).
We may accordingly realize the Schrodinger model on L*(E) with H(W) acting by
twisted translations; that is, if ¢ € L*(E) then:

p(¥)e(x) = e*"Vp(x) fory € F
px(-xO)‘P(-x) = (P(-x - xU) for Xo (S E
Py (D (x) = to(x)

We choose a symplectic basis {e,es,...,e,; fi, f,} for W compatible with the
splitting W = E @ F. We define coordinates (g, ¢, - - . , 4, P1, P2, - - - , Pu) On W dual
to the previous basis. The infinitesmal action of the Lie algebra of H(W) is then given

by:
dp,(¢;)) = ——
pX( ‘I) aql
dpx(f/) = _)‘qj
dp,(m) = Al

where we have written the Lie algebra n of the Heisenberg group as W @ Rm.

Let Sp(W) be the isometry group of { , ). The action g+ (w, ) = (g(w),t) for g €
Sp(W) and (w, t) € H(W) embeds Sp(W) into the automorphism group of H(W). We
will identify Sp(W) with Sp,(R) using the above basis.
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We choose a realization H, for the space of p,. Since Sp(W) acts on H(W) we obtain
a new representation p} on H, for each g € Sp(W) defined by p{(h) = p,(g(h)). But
Sp(W) leaves the center of H(W) fixed, consequently, the central characters of p, and
p} are the same. Then by the Stone-von Neumann theorem there is a unitary operator
w,(g) satisfying:
w,(g)p (Mo, (g)"" = p,(g(h)).

The mapping g — w,(g) is easily seen to be a projective representation of Sp(W): that
is, it is a homomorphism into the unitary group modulo scalars which we denote
PU(H,). Then we have the following diagram:

s i, g
A o, ¥
Sf(W) 2 U(H,)

Sp(W) = PU(H,)

where 5( W) is the “pull-back™ extension under w, of the natural extension of PU(H,).

Let S;)(W) denote the commutator subgroup of g(W). Since Sp(W) is perfect we
have a surjective mapping w: Sp(W) — Sp(W).

LEMMA I1.1.1. The kernel of w is finite.

PROOF: Let [ be the Lie algebra of the circle, sp (resp. 5p) the Lie algebra of Sp(W)
(resp. g(W)). Then we have | — sp — sp. Since sp is simple, this extension splits
and since [ is one dimensional and sp has no characters the action of sp on [ is trivial.
Thus 5p = sp @ | and  is an isomorphism of Lie algebras. Thus the kernel of  is
a discrete subgroup of ' and consequently is finite.

We now examine more closely the infinitesimal oscillator representation dw,: sp —
End H,. The algebra sp acts on n, the Lie algebra of H(W), by differentiating the action
of Sp(W) on HW). We write this action as [x, y] for x € sp, y € n.

LEmMMA I1.1.2. dw, is the unique Lie algebra homomorphism taking sp — End H,
and satisfying;

dp,([x, y]) = [dw,(x), dp,(y)] for all x € sp, y € n.

ProoF: By the previous analysis dw, satisfies the above identity. If T is any other
homomorphism then dw, — T must be a scalar homorphism as dp, is irreducible. But
sp is equal to its commutator sublagebra and the lemma is proved.

Now let A be the kernel of 7. Then we have:

A—— §'—— §'

0
Sp(W)— Sp(W)— U *
l l l

Sp(W)— Sp(W) — PU
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Thus, w, lifts to a linear representation of S}(W)

We now wish to determine A. For any finite subgroup A C S' we will say the
extension §' — Sp(W) — Sp(W) is reducible to A if there is a group Sp(W) so that
the diagram * holds. The following two lemmas allow us to study the same problem
for the extension induced over any subgroup H C Sp(W) provided ,(H) maps onto

m (Sp(W)).
LemMa 1. 1.3. The extension S' — E( W) is reducible to A if and only if the quotient
extension S'/A — Sp(W)/A — Sp(W) is trivial.

Proor: We denote the two maps in the dlagram * by i: Sp(W) - Sp(W) and
p: Sp(W) — Sp(W)/A If Sp(W) ex1sts then p o z(Sp(W)) splits the above extension
and if o is a section then defining Sp(W) = p "(o(Sp(W))) gives the diagram *,

LEmMMA 11.1.4. Let Gl)_e a subgroup satisfying w (G) — m,(Sp(W)) is onto. Then
the restriction of S’ ''— Sp(W)— Sp(W) to G reduces to A if and only if the original
extension S' — Sp(W) — Sp(W) reduces to A.

PrOOF: We have a diagram:

S'/A— S'/A
R o
G/A— Sp(W)/A
J J

G — Spw)

Since 1, (G) maps onto ,(Sp(W)), the triviality of the left-hand extension implies
that of the right by Shapiro [18]. This proves the “only if” part of the lemma. The
converse i obvious.

We now study dw,. It will be useful to identify the space of symmetric 2-tensors on
W, to be denoted S?W with sp. This is done by the mapping S°W — End W which
associates to the symmetric product w; o w, = w; ® w, + w, & w, in S?W the
endomorphism sending v € W to (w, v)w, + (w,, v)w,.

There is a remarkably simple way to obtain the infinitesimal oscillator represent-
ation. We define the Weyl algebra W' to be the quotient of the tensor algebra T(W) by
the ideal generated by {w, ® w; — wy @ w; — A(w, wy) 1}. Then W is isomorphic to
the quotient of U(n), the universal enveloping algebra of n by the ideal generated by
{n — \1}. It is also isomorphic under dp, to the algebra of polynomial coefficient
differential operators on F. W is an associative algebra and hence has a Lie algebra
structure with [x, y] = xy — yx. The algebra W inherits a filtration {W'} from the
filtration on AU (7). Then W2 is a sub-algebra and W' = n = W @ R is an ideal. It is
clear that W?/W" is isomorphic to S*W. Moreover we have a canonical linear section

1
j:S?W — W? given by j(xoy) = ﬁ(x ® y + y & x). The image of j is stable for

the bracket operation on W and j becomes an algebra isomorphism between sp(W) and
j(S*W). Also if s € S?W the action of j(s) on W' is the same as the usual action of
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sp(Wyonn = WO R.
Now dp, extends to W and of course satisfies for s € S°W, x € n:

dp ([ (), x]) = [dpy(j (), dpy(x)]
By Lemma I1.1.5 we have dp, (j(s)) = dw,(s). Noting that if s = x o y we have j ()

= 2—1}\(X®y + y ® x) and hence

1
dp,(j(s)) = X(dpx()()dpx(y) + dp, (y)dp,(x))

we obtain a useful formula.

LEmma II.1.5.
|
doy(xoy) = ﬁ(dpx(X)dpx(y) + dp,(y)dp,(x))

This formula may be loosely stated as follows: we obtain the infinitesmal oscillator
representation by extending the infinitesmal Stone-von Neumann representation to the
quadratic elements in the Weyl algebra so that anti-commutators are preserved.

We can now compute the finite group A recalling now that A = 2i. Indeed by
Lemma II.1.4 it is enough to consider the metaplectic extension pulled all the way back
to the circle SO(2) which is the maximal compact subgroup of Sp(P) where P C W
is the plane spanned by {e,, fi}. We identify R with the Lie algebra of SO(2) by
mapping 1 to (— t/2) (7 + f}) (the element (—1/2) (e} + f1) in S*(P) corresponds to
the element J of Sp(P) satisfying J (e, = f;, J (fi) = —e,). Then the exponential map
from R to SO(2) is given by exp (1) = e*™’. Thus, the kernel of the exponential map
is generated by (— l/2)(ef + ff). By Lemma II.1.5, this element acts by
(—1/4mi)((9*/dq;) — 4m>q}). The eigenfunctions of this operator on the Schwartz
space are the Hermite functions and the eigenvalues are half-integer multiples of i.
Thus, e*™ acts trivially and dw,|R descends to a representation of the 2-fold cover of
SO(2). We obtain the famous theorem of Segal and Shale.

THEOREM. The projective representation w, lifts to a linear representation of the
2-fold cover of Sp(W).

REMARK. We will use the symbol w, for both thgprojective representation of Sp(W)
and the linear representation of the 2-fold cover Sp(W). The representation o, is che
oscillator (or Weil) representation. Sp(W) is called the metaplectic group and will
usually be denoted Mp(W). The extension Mp(W) — Sp(W) will be called the
metaplectic extension.

Let P be a symplectic plane and G (P) the two element subgroup of Sp(W) consisting
of the identity and the element v which is —1 on P and +1 on the orthogonal com-
plement of P in W. Then we have the following lemma.
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LEMMA IL.1.6. The metaplectic extension restricted to G(P) is not trivial.

PrROOF: We have just seen that the two-fold cover of the circle SO(2) C Sp(P)
induced by the metaplectic extension is the non-trivial 2-fold cover of the circle by
itself. But the inclusion G(P) C SO(2) is just the usual inclusion {1} C S'. The
lemma follows.

COROLLARY. The metaplectic extension remains non-trivial upon restriction to any
subgroup which contains any G(P) (for example the integral symplectic group or its
congruence subgroup of level 2).

2. Some elements in the metaplectic group. In the next section we will need to
make computations with certain elements of M p(W) which we define in the paragraphs
below. We will use the notation that if G is a covering group of a group G and § €
G then the image of g in G will be denoted g. Let P be the subgroup of Sp(W) which
is the stabilizer of F. Let N be the subgroup of P consisting of those elements acting
trivially on F and M be the stabilizer of E and F. Then P = M-N. Let P° denote the
identity component of P.

LEMMa I1.2.1. The metaplectic extension restricted to P° is trivial.

PrOOF. The lemma will follow if we can show that the mapping on fundamental
groups m,(P°) — m (Sp(W)) is trivial. But P’ has SO(n) as a deformation retract and
Sp(W) has U(n) as a deformation retract. Thus the above inclusion is equivalent to
m(SO(n)) — m (U(n)). But the inclusion from SO(n) into U(n) factors through
SU(n) which is simply-connected.

Let s be a continuous section of the induced extension of P’. We recall that the
metalinear group ML, (C) is defined to be the fiber product of the double cover of C*
and the determinant map, det: GL,(C) — C*. Hence, we have the fiber square:

ML,(C)— C*

l l
GL,(C)— C*

The upper horizontal arrow we denote Vdet for it satisfies (V det g)’ = det g. We get
corresponding extensions of U(n) and GL,(R) denoted MU(n) and ML,(R) re-
spectively. We note that if m € GL, (R), that is det m > 0, then Vet s(m) > 0. We
denote s(GL, (R)) by ML, (R). We will identify GL, (R) and ML, (R) using s.

We now construct some elements in s(P°). We let XiNforN€ERand 1 =4, j =
n with i # j denote the matrix in P° with X in the i, j position, —\ inthe n + j, n +
i position, 1’s along the diagonals and zeroes elsewhere. Let Y;;(N) for 1l =i <j=n
denote the matrix in P’ with N in the i, n + j position and \ in the j, n + i position,
1’s along the diagonal and zeroes elsewhere.

Let Y;;(\) for 1 =i = n denote the matrix in P° with X in the i, n + i position, 1’s
along the diagonal and zeroes elsewhere. Finally let X(,()\) = s(X;;(N)), )7,,-()\) =
s(Y;(N)) and Y.(N) = s(Yi(\)). We note, since s is a homomorphism, any relation
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among X,;, Y;; and Y;; gives rise to the corresponding relation among X;;, ¥;; and ¥,,. We

l, u
also need the matrices in Sp,(R) given by: n(u) = ( 0 1 ) where u is a symmetric
n by n matrix, a(v) = (0 _|> where v is an invertible n by n matrix, and J =

(r )
1, 0/
We also let n(u) = s(n(u)), a(v) = s(a(v)), and J be the matrix in the connected

component of the inverse image of SU(n) in Mp,(R) which covers J. We put
"i(—u) = Jn(u)J ~'. Hence '7i(u) covers 'n(u).

LEMMA 11.2.2. We have the following relations in SF['J"(Z):
[X;(1), V()] = Yi(2) (R1)
[X,(D),Y,2] = Y:(2)Y,2) (R2)

PrOOF: The corresponding relations for X;;, Y;;, Y;; may be verified by matrix multi-
plication or by observing that they are Steinberg relations for Sp,(R). The above
relations follow upon applying the section s.

3. Splitting the metaplectic extension, the theta distribution and k">. We now
choose a lattice L C W so that ( , ) is integral on L and is unimodular. We take up the
question of the behaviour of the metaplectic extension upon restriction to discrete
subgroups I' C Sp(L) where Sp(L) denotes the subgroup of Sp(W) which stabilizes
L. We have induced extensions Z/2 — ['— I'and §' — I' — I" which we denote *.
We recall our observation of the previous section that to split * it is necessary and
sufficient to lift ,|T" to a linear representation of I'.

We will construct a concrete model for p, and w, called the lattice model. The
inclusion L C W allows us to form an extension §' = R — L.

LEmMA I1.3.1. R is a maximal abelian subgroup of H(W).
PrOOF: We have the following formula for commutators in H(W):
[(wi, 1), (wy, )] = (0, &™),

Thus if w,, w, € L then (w,, ;) and (w,, ;) commute since ( , ) is integral on L.
Also if (w, 1) commutes with (€, 1) for all € € L then (w, €) is an integer for all ¢ €
L. Consequently w € L and the lemma is proved.

COROLLARY: S' — R — L is trivial.

PROOF: L is a free abelian group.

Now let Q be a quadratic form on L /2L with values in Z /2 associated to { , ) (this
means Q satisfies Q(x + y) = Q(y) + Q(y) + (x,y)). We define a function x, from
R to S' by:

Xo(€,1) = ¢ O¢ (here — denotes reduction modulo 2)
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LemMA 11.3.2. xo is a character.

PrOOF: The proof is evident.

We now consider the representations indj; " 'x,. We denote the Hilbert space of this
representation by £, and the representation (temporarily) by p. We note that we may
take for £, the space of functions F' on H(W) satisfying:

() F(xr) = xo(r)'F(x)
(ii) |F|* is square integrable on H(W)/R. Then H(W) acts by left translations.

Clearly any element of ¥, is determined by its restriction to W (identified with
(w, 1) € H(W)). We find that the image of £, under this restriction mapping is the
space of functions for W saitsfying for € € L and w € W:

() f(w + €) = ™ e O ()
(i) S| f(w)Pdw is finite
The action of W C H(W) on this space is now by twisted translations:

p(w).f(w/) — e-—iﬂ(uzn")f(wl _ W)
The functions f are (non-holomorphic) analogues of theta functions.
LEMMA 11.3.3. p is irreducible.

PrOOF: We show that the only bounded operators commuting with p are the scalar
multiples of the identity. We note:

p(r)F(x) = F(r™'x) = F(xr '[r™",x]) = xo(r)xo([x,r 'DF(x)

Thus r € R acts by the multiplication operators xo(r)Xxo([x,r']). We claim such
functions separate the points of H(W)/R. Indeed if x, = (w,, 1) and x, = (w,, 1,) then
Xo(M)Xo([x1, 7' D) = Xo(r)Xo([x,, r']) for all r € R implies [x,,r '] = [x,,r~"] for
all r € R. But by the commutator formula of Lemma I1.2.1 this implies e>"'™-9 =
e2™ >0 for all ¢ € L which implies w, — w, € L and x,R = x,R.

We find then that any bounded operator M on ¥, commuting with all {p(r):r € R}
commutes with all multiplication operators by continuous functions on H(W)/R hence
is given (in the second model above) by M f(x) = m(x) f (x) where m(x) is a bounded
function on W /L. From the identity p(w) oMo p(w) ™' = M we find m(x + w) = m(x)
for all w. Consequently m is constant and the lemma is proved.

Thus p is a realization of the Stone-von Neumann representation of H(W). It is called
the lattice model. We should emphasize that the space £, depends on the choice of
quadratic form Q. Of course we have a realization of the oscillator representation w,
on £,. Let O(Q) denote the orthogonal group of Q so O(Q) C Sp(L/2L). Let I,
denote the inverse image in Sp(L) of O(Q) under the canonical mapping Sp(L) —
Sp(L/2L). We have the following theorem.

THEOREM 11.3.1. The projective representation w,:Sp(W) — PU(L,) becomes a
linear representation when restricted to T, for Q any non-singular quadratic form over
Z /2 associated to { , ).
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Proor. We first note that if we form the lattice model p,, with the character x
corresponding via Lemma 11.2.2 to the quadratic form Q, then I'y preserves the
inducing data used to define p,. Thus I, acts on &, by A:T'y — U(Z,) given by:

AW f(x) = f(y ' (x)).
It is immediate that:
A(Y)p(MA(Y ) = p(y(n)).
Hence A(y) represents w, () and the theorem is proved.

COROLLARY. The S' extension associated to the metaplectic extension of Iy is trivial.

We now apply the previous theorem to obtain a formula for the characteristic class
o of the extension p, — [y — I'y. We consider the long exact cohomology sequence
attached to the coefficient sequence w, — S' — S', where the second map is squaring.
The part we are interested in is:

H' (T8 > HA(Tg, po) > H3(y, ")

(., will be used to denote the nth roots of unity).

We have seen that j(o) is trivial, consequently, by exactness, there exists a character
w of I, so that 3 = o. Let us examine this more closely in terms of representing
chains. Let ¢ by any p, valued cocyle representing o. Then there exists an S' valued
l-cochain a on I'y, so that ¢(gy, g2) = a(g,gz)oz(gz)"(x(g.)". Since ¢ takes values in
p, we see that a” is a character of Iy and da” = —c.

We now give a formula for p in terms of the oscillator representation. The oscillator
representation is a linear representation w,: 'y — U(%,). Thus there exists a character
e:l'y — S' so that:

o, (7) = e(V)A(Y)

Let O denote the linear functional on the smooth functions of &, which is the Dirac
delta at the identity of H(W). Then since A(vy) leaves O invariant we have:

0,(y)0 = e(y)"'O

We observe that €* annihilates the center of f‘Q and consequently induces a character,
to be denoted X, of I'y. Then A(y) = €*(s(y)) where s(7) is any element of fQ lying
over vy.

Now let 5:T'y — T, be a set-theoretic cross-section chosen so that c(g;, g,) =
5(182)5(82) 's(g1) " is a w, valued cocycle representing the class §. Applying w, and
operating on the theta distribution we find c(g, g,) = €(s(g,g.))e(s(g)) 'e(s(g))) .
Applying the previous discussion with a(g) = e(s(g)) and noting a’(g) =
€’(s(g)) = A(g) we find 3\ represents §.

We obtain the following formula for a representative cocyle ¢ for the metaplectic
extension of Iy in terms of the theta multiplier €. For each y € Iy, let \/X(y) be one
of the two square roots of A(vy). Then, we have the following lemma.
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LEMMA 11.3.4. The metaplectic class restricted to Uy is represented by:

\% )\('Yl'Yz)
c(¥1,¥2) = dN(yy,y2) = m
| 2

COROLLARY: If A" is any subgroup of [y, which leaves © fixed and A is the image
of A" in Ty then the restriction of the metaplectic extension to A is trivial.

REMARKS: An equivalent statement of the previous lemma is that the extension
[, — Ty is the pull-back via X of the 2-fold extension of the circle. We note that the
corollary is obvious directly because A’ cannot contain the center of 'y (which acts by
—1 on O).

We now construct A’. We assume Q is the form given by:

n
Q(-Xl,xlv- . ~7X2n) = 2 XiXp +i
i=1

In this case I'y consists of integral symplectic matrices such that ‘ac and ‘bd have even
diagonal entries and is known as the theta group.

LEMMA 11.3.5. For n > 1, the character € is trivial on the subgroup of Ty generated
by n(2u) and 'n(2u) where u is an n by n symmetric integral matrix. (See the end of
the previous section for the meaning of the notation in this lemma).

PrOOF. We claim that the matrix 72(2u) is a product of commutators in f'Q. Since
n(uy))n(u,) = n(uy + uy), it is enough to verify the claim for )7,»,»(2) and Y,;(2). But the
relation (R1) of Lemma I1.2.2 implies ¥;;(2) is a commutator, then by applying the
relation (R2) we see that )7,-,-(2) is a product of two commutators. Since ‘n(2u) is
conjugate to n(2u) (note J € I'p) the lemma follows.

It is proved in Mumford [ 14], Proposition Al, that the elements Y;;(2) and Y;;(2) (for
1 = i,j = n) generate the subgroup of Sp,(Z) of matrices satisfying the congruence
conditions; a = d = 1, mod 4, b = ¢ = 0 mod 2. Noting that this group contains I"(4),
the principal congruence subgroup of level 4, we obtain the following theorem.

THEOREM 11.3.2. Let A C Sp,(Z) be a subgroup of I (4). Then the restriction of the
metaplectic extension to A is trivial. Moreover, there is a section s: A — A so that
o, (s(y)) = A(y) for all y € A. In particular w,(s(7y)) leaves © invariant for all vy €
A and €|s(A) = 1.

REMARK. We have not proved the above theorem in the case n = 1. The theorem
remains true since we may embed a two dimensional symplectic space (with the split
quadratic form) in a larger one (the double for example). Then the case where n = 1
follows from the case of larger n together with the functoriality of w, and A under
restrictions.

For our applications of the oscillator representation to the theory of automorphic
forms we will need to construct a certain line bundle over A\, which is the square-root
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of the locally homogeneous bundle associated to the determinant representation of the
maximal compact subgroup U of Sp(W). Let M U denote the 2-fold cover of U. We will
call MU the meta-unitary group. There is a unique homomorphism Vdet making the
following diagram commutative:

Vdet

MU ——§'
) det }  square
u —— S
We recall that a manifold M of dimension n is said to have an almost complex
structure if its tangent frame bundle can be reduced to a U(n) principal bundle P. We
will say that an almost complex manifold has a meta-unitary structure if there is an

MU (n) principal bundle P and a double covering P — P which restricts to the cover
MU(n) — U(n) on each fiber.

LEMMA I1.3.6. A\D, has a meta-unitary structue.
PrROOF: The tangent bundle of A\$, may be reduced to the bundle:
U— A\Sp(W) —= A\Sp(W)/U.

Recall we have a section s:A — Aand A" = s(A). Put P = A’\S;J(W). Since P
is also equal to A\Sp(W) we find that P is the required double cover of P.

We now define the line bundle L over A\, to be the line bundle associated to the
principal bundle P and the representation Vdet of MU(n). L is also the line bundle
associated to the automorphy factor j on Mp(W) X ©, defined by j(g,T) = Vdet
(¢t + d) where \V is chosen so that j(k,il,) = Vdet k for keMU(n). L is also a square
root of determinant k of the Hodge bundle over the space of principally polarized
abelian varieties. We now make some remarks concerning the transformation law for
the classical theta function.

There is a unique (up to scalar multiples) element ¢, (the Gaussian) in the Schwartz
space of E which satisfies:

o, (k)g, = Vdet (k)" ¢, for k € MU(n)

Then the function 6(g) = O(w,(g)¢y) transforms according to:

(i) 6(v8) = e(y)0(g) y€E T,

(i) 8(gk) = Vdet (k)V—10g  k € MU(n)

Defining 0(7) = j(g.,il,)0(g.) where g.(il,) = 7, we find 8(7) satisfies for y € f‘Q:

0(yT) = e(y) Vdet(ct + d)0(1)

REMARKS. €() is called the theta multiplier. 1t is a character of [',. To deal with
compact orthogonal locally symmetric spaces we need to prove the invariance of ©
under A C Sp,(0) for the integers O in a totally real field. Here A acts by a tensor
product of oscillator representations. See Borel-Wallach [2], VIIL.7.

4. Dual reductive pairs and liftings. Now let V be a real vector space of dimension
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m equipped with a quadratic form ( , ) of signature (p, g). We assume there exists a
lattice L in V so that ( , ) takes integral values on L. We let Sp,(R) denote the isometry
group of the standard skew-symmetric form ( , ) on R* and Mp,(R) denote the
metaplectic group. Then ( , ) ® ( , ) is a symplectic form on W = V X R*". We
perform the construction of Section 1 to obtain the oscillator representation @ of
Mp(W). We let E denote the Lagrangian subspace of R*" spanned by {e,, ¢, . .. ,€,}
the first n basis vectors in the standard basis for R*". We then realize the Schrodinger
model for this representation on L*(VE® E). We identify V X) E with V", the n-fold
direct sum of V with itself by means of the basis {€, €, .. .,€,}. We let F denote the
subspace of R*" spanned by the last n standard basis vectors. Then R = E® F is a
Lagrangian splitting of R*".

It is easily proved that the restriction of w, to Mp,(R) C Mp(W) is the m-fold tensor
product f the oscillator representation of Mp,(R). We describe this representation on
the elements s(n(u)) and s(a(v)) of section 2 (assuming det v > 0). Then the operators
of w on f € L?(V") are given by:

(i) o(s(n(u)f(x) = e(1/2 tr ("xxu) f(x)
(i) w(s(a(v)) f(x) = (det v)"* f (xv)

Here ‘xy is the n X n matrix of inner products (x;, y;). We have an embedding of
SO(p, q) into Sp(W) which lifts to an embedding into Mp(W) — by lemma 11.2.1
(choose P to be the stabilizer of V X) E).

The operators w,(g) for g € SO(p, g) are given by w,(g)"f(x) =f(g 'x)forfE
L*(V"). The operators w,(g") for g’ € Mp,(R) and w,(g) for geSO(p, q) commute
with each other. Indeed é(p, q) and Mp,(R) centralize each other in Mp(W). In fact
each is the full centralizer of the other. Such pairs of groups have been named dual
reductive pairs by Roger Howe. There are many others besides the previous pair. In fact
to treat the complex and quaternionic basic examples we would need the dual reductive
pairs U(n,n) X U(p,q) and SO*(4n) X Sp(p,q). In this paper we will restrict
ourselves to the orthogonal case. We will rename w to denote the representation of
Mp,(R) X O(p, q) obtained by restricting w, and will abbreviate w(g’, 1) and w(1, g)
to w(g") and w(g) for g’ € Mp,(R) and g € O(p, q).

There are two critical properties of dual reductive pairs which we now explain. The
first involves a remarkable relation between the action of the invariant differential
operators from Sp,(R) and O(p, q). Let U(g) be the universal envelopping algebra of
the Lie algebra g of O(p, q) and U(g") be the universal envelopping algebra of the Lie
algebra g’ of Sp,. Then we have the following theorem of Roger Howe [5].

THEOREM 11.4.1. Let z and z' be the centers of U(g) and U(g"). Then dw(z) and
dw(z') coincide as algebras of operators on the smooth vectors in L*(V").

This theorem motivates the following lemma which may be proved by a direct
calculation.

LEMMA 11.4.1. There is a scalar \ so that o(C") — w(C) = N\ where C' is the Casimir
operator of §' and C is the Casimir operator of g.
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We have already met the second property — it is Theorem 11.3.2. We intersect the
subgroup A’ C Sp(Z @ L) with Mp,(R) x O(p,q) and we find a subgroup of finite
index in the product of Sp,(Z) and the integral points of SO(p, ¢) which fixes . We
call this group I'" x T.

If € S(V") and I'" X I is a suitable subgroup of the group of integral matrices in
Mp,(R) X SO(p, q) then the function 0,(g’, g) on Mp,(R) X O(p,q) given by:

Be(8".8) = O(w(gh9)e) = > wlg,g)e(x)

ezm

satisfies
0,(v'g",vg) = 0.(¢".8).

Now suppose we can choose ¢ so that ¢ transforms according to a finite dimensional
representation ¢’ ) o under MU(n) X (O(p) X O(q)). Then as described in
Section 1, 6, can be identified with a section of the exterior tensor product E,» & E,,
which we denote 6,(x’, x). In the cases we will consider £, and E,, have natural metrics
and 6, can be taken as the kernel of an integral operator mapping sections of E,. to
sections of E, and vice versa. We will use the notation of Howe, Piatetski-Shapiro [6]
for this correspondence — if fis a section of E, then 6,( f) will be the section of E,,
obtained by taking the inner product of f and 6,. Similarly if v is a section of E, then
6,(m) will be the resulting section of E,.. In summary, we have:

0,(f) = (f,0,)
0,(m) = (0,,m)

where ( , ) are the Hilbert space inner products on section of E,. and E,. We use the
convention that the inner products are anti-linear in the first variable. 6,(n) will be
redefined later.

REMARK: Again we should treat the general totally real case and again we refer to
Borel-Wallach [2], VIIL.7.

II1. The construction of harmonic dual forms by a theta correspondence

1. The Howe operator and the Schwartz form. Our goal in this section is to
construct a canonical element in (A?"(D) ® S(V %) X))°. Here X is a rational positive
subspace of V, A?'(D) denotes the space of smooth gn forms on D and the superscript
G means the subspace of G invariants for the diagonal action. We think of an element
F of the above space as a form on D with values in the Schwartz functions on V ) X.
Given any linear functional T on S(V ) X) then T(F(z)) will be an ordinary differ-
ential form on D. If T is invariant under a discrete subgroup I" of G then T(F(z)) will
induce an element of AY'(I'\D). In particular, if we choose T = O then we obtain a
map:

(A*(D) ® S(V® X))’ — A"(I'\D).
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For this reason it is important to construct forms of the above type.

We first construct an element of (A°(D) ® S(V ® X))“. We choose a majorant
(,),for (,)asinl-1. Since ( , ) restricted to X is positive definite we obtain a
positive definite form (( , )) = ( , ),, ® ( , ) on the tensor product. We choose an
orthonormal basis {€,, €, . . . , €,} for X and identify X with R" using this basis. Thus
V ® X is identified with V" and we find that for x, yeV" the inner product ((x, y))
corresponds to the trace of the matrix with 7, j-th entry (x;, y;).,. Since we have identi-
fied (V X X) with S(V") we have the operators of the oscillator representation of
Mp,(R) acting on A*(D) ® S(V &) X) via the action on the second factor. This action
commutes with the action of G on either factor, in particular it commutes with the
diagonal action. We define the Gaussian ¢,eS(V") by the formula:

n

(P()(-x) — e—’n(t.\',r)) — l_[ e—‘ﬂ(.(,,.\'/):()'
i=1
Then ¢, transforms by a character under K', the maximal compact subgroup MU (n)
of Mp,(R) which fixes J,. This is easily proved by an infinitesimal computation using
Lemma I1.1.5. We define:

Po(g,x) = ‘Po(grlx)-

Then e A*(D)A’(D) ® S(V")°.
We now look for a G invariant, K’ semi-invariant, operator V such that:

Vi(A*(D) ® S(V")° — (A"'(D) ® S(V")°

We give the construction of such an operator in the case k = gn and G = SOy (p, q),
the connected component of the identity of O(p, q). In this case K = SO(p) X SO(q).
We first observe the isomorphism given by the restriction map:

(A*(D) @ S(V")? — (A*TH(D) ® S(V")*.

But T%(D) is canonically isomorphic to zy ® zy. We obtain an isomorphism of the
above space of G-invariants with (A*(zy ® z)) ® S(V"))X. We are now in the
framework studied by Howe [5]. We now write down an operator V' which is K
invariant, K’ semi-invariant and satisfies:

V(A% (zg ® 20) @ S(V'N¥ = (A"(z5 ® 20) ® SV,

Such an operator will give rise to the desired operator V.

We give a formula in coordinates for V'. We choose a basis
{er,... ey, €115 - . ,en} compatible with the splitting V = zy @® z,. Then we let {x;; : i
=1,2,...,m; j=1,2,...,n}denote coordinates relative the basis {¢; ¥ €;} for ).
We use the index convention that a, B will stand for indices between 1 and p and .,
v for those between p + 1 and m. We normalize the Riemannian metric on D to coincide
on T, (D) with the negative of the tensor product ( , ) ® ( , ) restricted to zy & zo.
For this metric {e, ® e,:1 S a =p,p + | = n = p + g} is on orthonormal basis.
Using the metric, e, &) e, gives rise to an element (e, ) e,)* in T*(D) which we
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identify with the Maurer-Cartan form w,,, in p*. This is a K-equivariant identification.

We have operators d/dx;;, M(x;) on S(V") where M (x;;) denotes multiplication by
x;;. We also have operators A(w;;) on A*(zj & zy) where A(w;;) denotes exterior
multiplication by w;;. Then we define the Howe operator by:

(_ l )II([ n m P l a
v = I s (=

2/1(//2 211- a_xw,

- M(x) @ Alo,,).

i=1 p=ptl a=1

Finally, we define:
¢ = Ve € (A(zg @ 2) ® SV,

In the next section we will need a formula for the element & € (A"/(D) ® S(V")¢
restricting to . We have identified A"/(z, ® z; ) with A"'p*. We look for a represent-
ation (for each x) of @ as an element of (A"/p* ) C*(G))*. To do this we just use the
map in the beginning of this section. We define

§(g,%) € Ap* ® [CT(G) ® S(V)]¢ by $(g,x) = ¢(g ' x).

The K-invariance of ¢, guarantees that for each x we have ®(g,x) € (A"p* &
C*(G))¥ (we will sometimes write (z,x) for z € D since ¢ depends only on g
mod K).

To make the previous correspondence completely clear we note that we may extend
¢ in terms of monomials w, in the w,,’s according to:

e(x) = 2 filx)w, (here / is a multi-index)
1

Then the f’s satisfy:

fitkx) = 2 oy,0k) f(x)

J

where o, is the /J-th matrix element of K acting on A"/p*. We extend the w,’s to
left-invariant on G and we extend each f;(x) to f,(g,x) = fi(g 'x). Then

F(g,x) =2 f(g. 0w
I

We next note that for n = 1, the function ¢(x) is a linear combination of monomials
of the form w,, 1 /\ wepi2 /N 0 AN Wy,p14 Where {ay, o, ..., o} is an arbitrary
subset of {1,2,...,p}. We will be especially interested in the coefficient ;,(x) of
o, /N N\ wy,,,. We see that this coefficient is given by:

M, (x) = H,(V2m(e,x))po(x)

2q/2(2.n.)q/2
where H,(t) is the g-th Hermite polynomial given by:

4
5

,d
H,(1) = (—1)te” = e "
dr!
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We observe that the form ¢ for n = | determines the form @ for general n. Indeed,
we have an isomorphism $(V)®" to #(V") sending fy ® f> ® ... ® f, to II'_, f;. We
also have the n-th exterior power map. Aq(zj X zo) = A (zj & zy). Clearly both of
these maps are K-homomorphisms. Combining these two mappings we obtain a K-
homomorphism (of degree n):

Azy ® 20) ® S(V) = A"z ® z0) ® S(V")

and consequently a map of K-invariants to be denoted /\:
n
® (A(zg ® 20) @ S(VD* = (A"(zy @ z) ® S(V")¥.
1

If g € G and z = gz, we let ( , ). denote the majorant of ( , ) associated to z. Then
we have:

(x,y): = (8 'x,87'y)..

We note the transformed Gaussian satisfies

%(g"X) — l—[ e TR
i=1
We then have the following lemma whose proof is left to the reader.
LemMmA IIL 1. 1.
(_P(Z,.x) = @I(erl)/\‘_Pl(Zv-xZ)/\ LRI /\‘—PI(Z’-xn)'

NOTATION. ,(z, ;) is the g-form obtaining by applying the partial Howe operator

V_(—l)" ﬂ i(i d _y ) A
= 12 55— M) © Aew)
to the Gaussian in the variable x;.

We will later need a naturality property of the form @,(z, x) under restriction.

Let y be a vector in V of positive length and x another vector of positive length so
that x = x" + x” with x" a multiple of y and (x”,y) = 0. Let V, denote the orthogonal
complement of y in V, G, be the subgroup of G which fixes y, D, the set of negative
g-planes contained in V, and i, : D, — D the inclusion. We may consider the dual pair
Mp,(R) X G, C Mp(R* ® V,). The theory of the previous section produces an
element @' € (AY(D,) ® S(V,))®. We then have the following lemma.

Lemma 1I1.1.2.
ie(z,x) = §o(x")§’(z,x")
We now summarize the key tensorial properties of ¢ in the following theorem.

THEOREM III.1.1. (i) ®(z,x) is a closed nq-form on D for every x in V".
(i1) ®(z, x) transforms under MU (n) according to the representation (\V det)".
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REMARK. We will not prove & is closed. As the reader will observe in the section 3
this is essential. The proof may be found in Kudla-Millson [9].

2. The theta correspondence. In the last section we constructed a canonical ele-
ment € (G"(D) ® S(V"))¢. We now consider the element 8, € A™(I'\D) &
C*(Mp,(R)) defined by:

B.(8".2) = O(w(ge) = %:L w(g)e(z,x).

X

By 2, we mean the sum over only those x € L" which are congruent to some fixed
non-degenerate (i.e. rank n) n-tuple x, € L" modulo some integer N. Elements of V"
will be called n-frames and elements of L" will be called integral n-frames. We assume
v € I'" implies y = | mod N.

Clearly, 6, defines a closed differential ng form on M = I'\D for a suitable congru-
ence subgroup (again denoted I') of the integral points of O(p, q). The transformation
law in g’ is very subtle but is now clear (after the considerable work of Chapter II).
Since O is invariant under I’ we have

(D) B,(v'g" 2) = B,(8",2)
and since ¢ transforms under K’ like (\/d_et)’" we have:

(i) B,(g'k',2") = [Videt(k)]" 84(g', 2).

The formulas (i) and (ii) together imply that 6, is a section of the line bundle L™ over
M' =T"\$, (recall L = k"?). We use 7 to denote the coordinate in §,. Then T = u +
iv-'with u and v real n by n symmetric matrices and v positive definite. We define an
element g, € Mp,(R), satisfying g.(il,) = T, by the following formula:

. (\/; W"u)
LA ) SR VAR

Then we define 8,(7,z) by the formula:
0,(7,2) = j(g1,il,)"0,(g1,2) = (det v) ""*0,(g1,2)

We may use 6, as a kernel of an integral transform as in Chapter 1I, section 4 and
we obtain an integral transform:

L:Co(M', L™y — A"(M).
Since 8, is closed we also obtain a map:
Co(M',L) — H"(M,R).

Now L is a holomorphic line bundle. Holomorphic sections of L are classical Siegel
modular forms; that is, holomorphic functions on 9, satisfying the transformation law:

fat + b)(cr + d)™") = det (c7 + d)™? f(7) for (i’ Z) €T’ C Sp.(2).

We denote the holomorphic cusp-forms satisfying the above transformation law by
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S,2(I"). Clearly we can integrate a holomorphic cusp form against 6, and obtain a
lifting £:S,,,(I'"") = A"(M). A computation of Casimir values and Lemma I1.4.1
yield the following theorem of Kudla-Millson [9].

THEOREM I11.2.1. The lift of a holomorphic cusp form is a closed harmonic nq form
on M.

We have constructed a mapping from spaces of classical Siegel modular forms to
harmonic forms on locally symmetric spaces of orthogonal groups. We want to relate
the image of this map to the dual classes of special cycles. Let H" denote the space
of harmonic ng forms in M. We assume henceforth that M is compact.

We now define some linear combinations of special cycles. We will say an n-frame
x = {x), X, ...,x,} has length equal to an n by n matrix B if § is equal to the matrix
((x;,x;)). If B > 0 we write 'xx = B.

Let C denote a set of I' orbit representatives for the set of n-frames in L" of length
2 saitsfying the previous congruence condition. Then 6 is finite and we define:

Cy= 2 C.
EGh
The notation C, is explained in 1.1.5.

We now define two subspaces of H"". We let H denote the image of S,,,(I"") under
&. We let H,,.. denote the span of the duals of the cycles Cy as above subject to the
condition that B is positive definite. We will now outline a proof of the following
theorem of Kudla-Millson. Let m = p + q.

MAIN THEOREM: If n < m/4 then Hy = H...

The theorem follows easily from a formula for certain Fourier coefficient of 6,(m)
where m is a harmonic (p — n)g-form. We consider the non-singular pairing [ , ]
between harmonic (p — n)q forms m and harmonic ng forms w given by: [, 0] =
Jun N\ w. We define 0,,(n) for m a harmonic (p — n)q form by: 0,(n) = 7, 6,]. By
the transformation law for 6 we see that 0, is periodic with respect to the lattice L' =
I'" N N. Consequently 6,(m) has a Fourier expansion with respect to the characters of
L'. Let ag(06,(m)) denote the B Fourier coefficient for B an element of the dual lattice
(L")* of L' (B will be a symmetric n by n matrix with rational entries). ag is a function
of v where 7 = u + iv. Then, for 3 positive definite, we have the following formula
— to be proved in the next section:

ag(B () = e [ (S)

We now show (S) implies the theorem. Clearly, it is enough to show H; = H Ciyc,c.
This later equality we establish by proving two inclusions.
We first establish H fyclc C H; . Accordingly, we assume 7 is orthogonal to the dual
forms of the cycles Cy. Hence f ;M = 0 for all cycles C with B positive definite and
accordingly ag(6,(m)) = O for all such 3. But then any f in S,,,(I'") has Fourier

coefficients disjoint from 6,(7) and consequently we have
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[0,(f),m] = (f,0,(m) =0

We now establish H, C H‘.{W,c. We assume that 6,(m) is orthogonal to all holo-
morphic cusp forms. We introduce the Poincaré series (convergent provided n <
(p + q)/4):

% A 2TilrpT
e =c X T —
e ey, )"
Here I', = T N N and c¢ is a constant chosen so that (pg, f) = ag(f) for fE S, (I"")
and I'’. is the intersection of " and N. We recall that py(7) is a holomorphic cusp form.

We will also need the series:

*el'm'lrl.h
pp(T,8) = c(s) 2 —— det v(y7)*
e Jjy, ™"
Here ¢(s) is chosen so that (pg(7,s), f(7)) = ag(f) for f a holomorphic cusp form.
Then assuming n < (p + ¢)/4 we have pg(T,s) is holomorphic in s in a vertical
half-plane containing 0 and py(7,0) = pg(T).
Since pg(T) is a holomorphic cusp form we have:

(Pe(7,5), 8,0 = (pp(7).8,(m)) = 0

We now compute the first inner product directly. By the usual unfolding argument
(valid for Re s sufficiently large) we obtain:

=2mitrBr mi2ts [ d
(pp(7.9). 0,01 = c(s) [ &2 (det vy g, () 4L
Fo (det v)"
> . LR R dv
= (.(S)J' e—-mrl&\ (det V)’"/"” nt ]/'tl (0,( )) :
», VM (det v)u+l/2
= ('(S) (J‘ ‘%‘n) f e—-”l‘rrlrld\' (det v)ln/lf\*n! 172 dV -
Cy / », (det V)’” 172

Here ¥.. is a fundamental domain for I'., in §, and P, is the space of positive definite
symmetric n by n matrices.

The above integral formula coincides with (pg(7,s),0,(n)) a priori only for Re s
large, but, by the principle of unique analytic continuation, it must coincide with
(pp(T,5),0,(m)) in any region where they are both defined. The second integral has
been computed in Siegel [18], Hilfsatz 37, and is convergent and non-zero provided
Re s > n — m/2. This region includes zero under our assumption on n and m and
consequently both the inner product and the integral are reghlar at s = 0. Evaluating
the integral at s = 0 we obtain a non-zero constant and find:

cc’ f M = (ps(7),05(M)) =0
Cy

Hence the period of m over Cy is zero and the theorem is proved.
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3. The positive-definite Fourier coefficients of 0,(v). The purpose of section 3 is
to prove the formula:

ag(0,(m))(v) = e 7B L .
B

In this subsection we introduce some notation and some ideas concerning the co-
homology of the total space of an oriented vector bundle.

If x € V" then G, will denote the stabilizer in G of the span of x and D, will be the
sub-symmetric space of D associated to G,. We let I', = I' N G,. We assume now that
the span of x is a positive definite subspace of V.

The critical topological observation for what follows is that the space E = ' \D is
in a natural way a vector bundle over C, = I',\D,. There is a fibering 7: E — C, whose
fibers are obtained by exponentiating the normal bundle of C, in E. We choose some
x € C; and study the cohomology of E = I'\D.

We review briefly some facts concerning the cohomology with compact supports of
an oriented vector bundle over a compact manifold. These facts are proved in Chapter
I, section 6 of Bott-Tu [3]. If E is an oriented vector bundle with fiber dimension ng
then H!*(E,R) is isomorphic to R (here the subscript ¢ denotes cohomology with
compact support). Moreover, if ¢ is a closed, compactly-supported ng form then its
image under the above isomorphism is the integral over any fiber (by Stokes theorem
all fiber integrals are the same). If ¥ is a closed compactly supported ng-form with
period 1 along a fiber then Vs is called a Thom form and its class in H./(E, R) is said
to be the Thom class. It is a basic result in topology (proved in Bott-Tu) that the Thom
class is Poincaré (or Lefschetz) dual to the zero section Z of E; that is, if m) is any closed
form on E we have:

Ln/\\b:fzn (D)

We now apply these considerations to w: E — C, (so C, is the zero section of our
bundle). For any g € Sp,(R) we find that w(g') is I', invariant and hence we may
project it to E. Let us abbreviate w(g’)® by ¢ until the end of Lemma 111.3.4. This will
cause no difficulty for the only additional properties of  we will use are that ¢ is closed
and rapidly decreasing (see below) both of which are true for all w(g')d. We would
like to multiply & by an appropriate factor so that it becomes a Thom form. Since ¢
is not compactly-supported we must make some modifications in the standard theory.

We note E inherits a Riemannian metric from D. We say a form 7 on E is rapidly
decreasing if we have for some constants C and any positive integer n: ||[1(z)| =
Ca(z) "where a(z) = ¢"* and r(z) is the geodesic distance from the point z € D from
the submanifold D,. It is easy to see & is rapidly decreasing. We recall also that ¢ is
closed. The next lemma will allow us to replace @ by a compactly supported form.

LEmMA 1I1.3.1. @ is cohomologous to a compactly supported form via a rapidly
decreasing primitive.
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PROOF. Let a, denote the operation of dilation by the positive number N\ acting
fiberwise on the vector bundle E. Then r(d/dr) is the infinitesimal generator for the
flow ay. Put T = i,/an) [ af@(d\/N). Then 7 is defined in the complement of zero
section of E and satisfies dt = @. We multiply 7 by a smooth radial function o
vanishing at the zero section and identically | in the complement of a small neigh-
bourhood fo the zero section. Then §. = & — d(o 1) is compactly supported. With this
the lemma is proved.

We now treat the problem of whether (D) holds for . Note that since @ is not
compactly supported some restriction must be placed on m in order that the left-hand
integral of (D) coverge. We allow m to be slowly increasing (|| bounded by a power
of a(z)).

Let k be the period of & over any fiber of 1 and let v} be any slowly increasing closed
form on E. Then we have the following lemma.

LEMMA 111.3.2.

[nA¢=Kfn
2 C,

PROOF. We may write ¢ = § + dv where {s is compactly supported and v is rapidly
decreasing. Let S(r) be the bundle of normal spheres of radius r around C, in E. Then
the volume of S(r) is bounded by a(z)* for some fixed k (since the curvature of D is
bounded below) and consequently:

limf v=0andlimf nAv=20
r—=% <8(r)Nfiber r—

Scr)

We conclude by Stokes Theorem that

[ o] seemtfnna-f ane
fiber fiber E I

Hence 1/k s is a Thom form and

LnAK¢ A Ln

Since k is constant (in z) the lemma is proved.

REMARK. k is a function of g’ and x; that is, k = k(g’, x). Although it is initially
defined only for rational x we may extend it to all real x with positive definite span by
defining k(g’, x) to be the integral of w(g')® over some normal fiber of D, C D.

Finally since @ is rapidly decreasing the sum ) = 1/k 2.-‘\1» v * @ converges, projects
to M and defines the dual form to the cycle C, in M by Lemma 2.1 of Kudla-Millson
[8]. Rewriting slightly the condition that €) is dual to C, we obtain:

fﬂAEwWW%=M%UJH
M Par ¢
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We may summarize the results obtained so far in this section by the following
lemma.

LEMMA 111.3.3. Let ¢ be a rapidly decreasing closed nq form on E = I'\D and m
be a I'-invariant form on E. Then the following are equivalent:

(1) ffibcr ¢ =K
(i) fe nNe=xfcm
Gii) Sy n A Ziavie =« fem
The previous lemma completes the topological preliminaries and we are now ready
to study the integral for the 3™ Fourier coefficient of 6,(7) namely:

| )
9@ - — f 0 + —2mitrBu du.
ag(0,(m))(v) ol D) i S(Mu + iv)e u

Here %(v) is a fundamental domain for I'.. acting on the subset of §, defined by
Imt=v.
Let 0,(7,z, B) be the function defined by:

0,(T,2,B) = (det v)™"* % {w(g)@(z,x): (x,x) = 2B}
Then an argument identical to that of Kudla-Millson [8], page 254, yields the

following lemma.

LEmMa 111.3 .4.
ag(8,(m)(v) = f n N\ 8,(iv,z,B)
M

We note that 0,(t, z, 3) is I invariant but is no longer I’ invariant. We now rewrite
0.(7,z,B) as follows. Recall that we have chosen a set of representatives Cg for the
I'-orbits of frames in L" of length 2. We define for x € Cy:

0,(7,2,%) = (det v) "™ X w(g)V*G(z,%)

YEIAI

Recall in the previous section we defined:

K(g',x) =f w(g)e(z,x)

fiber
We define k' (7, x) by the formula:
k'(1,x) = (det v)™"* k(g!,x)

We find then:

ag(B,(m(¥) = 2 f M A det V)" 2 w(gh)yFe(z,x)

xecy M rar
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hence, by Lemma 111.3.3:
a(B,(mN(v) = 2 K (iv,x) f no
YEC) €,

Thus, to prove (S) we must compute k' (iv, x). In fact it is equally easy to compute
k' (iv,x), k' (T,x) or k(g',x). We note k' (iv,x) = (det V) " (Vv x).

The function k(g’, x) has a large number of symmetries which we now describe. We
first claim that k(g’, x) depends (in the second variable) only upon 2 = (x, x). To see
this it is sufficient to prove k(g’, gx) = k(g’,x). But we may compute k(g’, gx) by
integrating w(g')®(z, gx) along the transform by g of the fiber we used to calculate
k(g',x) note gzy € D,,. But w(g')d(z, gx) = w(g')®(g 'z, x) and the result follows
by the change of variable theorem.

Thus, there exists a smooth function k” on G’ X %, with k(g',x) = k"(g’,B) for
B = "xx.

As a function of g’, k is determined by its restriction to ML, (R) C Mp,(R) since
it transforms by characters under the actions of N and K’. Let u, v denote elements in
ML, (R). Then we have:

k(vu,x) = (det v)"*k(u, xv)
5 (A)
K"(vu, B) = (det v)"”* k" (u,'vBv)
where v acts from the right on the frame x.

From the previous two paragraphs we see that it is sufficient to compute k(u,e)
where ¢ = {e|,e,,. ,e,} and u € ML, (R). Let A’ be the diagonal subgroup of
ML,T(R). We now claim that the function k (u, ¢) is determined by its restriction to A”.

LemMA 111.3.5. k(u, e) is a spherical function on ML, (R).

PrROOF. By the Cartan decomposition for ML, (R)we may write u = k,a’ k> with
k, € s(50(n)), k, € s(SO(n)) and a' € A'. Clearly k(k,a'k,,e) = k(k,a’, e) since
@ is invariant under s(SO(n)). Also by (A) we have:

k(kya',e) = k(a',ek)) = k(a',e)

because (ek,, ek;) = (e, e). With this the lemma is proved.
We now compute k' (7, x) in the case n = 1, this is the key calculation of the chapter.
Let a, be the diagonal matrix with diagonal entries (p, n™").

LEMMA 111.3.6. In case n = 1 we have:
(i) k(ay,e) = p
(ii) k' (1,x) = €™**" where (x,x) = 2B

m/ZC—'rrp.2

PrROOF. We must compute the period of the form w(g’)®(z, x) along a fiber of the
tube E = I'’\D. We have reduced this to a study of f (i) = k(a,, ¢;). In this case D,
is the set of negative g-planes contained in the orthogonal complement of ¢,. We choose
29 € D, to be the ¢ plane spanned by e, /\e,.2/\ ... /\e,,,. Then the fiber through
7y is the set of negative g-planes pependicular to {e,,es,...,e,}. This is a sub-
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symmetric space G, /K, where G, is the subgroup of G which fixes {e,, es, ..., ¢,}. We
find that pconsists of the Maurer-Cartan forms w, ; 1, @ip+2, - - . , ®1,+,. Applying the
formula 1.2.4 we find that the period f(p) of w(a,)e(g 'e))) is given by:

fp) =

' -1
vol K, fa. (a8 ) dg

where m,(a,,, g 'e,) is the coefficient of w;,, , N wy, 1, /\ ... Nw,,,, in the expression
for w(a,)e(g 'e)) in terms of left-invariant g-forms on G. We have seen in the last
section that:

n(a.. g "er) R H, (V27 pge, e)))e ™l

a 24/2(2,“_)11/2

Noting that the stabilizer of e, in G, is a maximal compact subgroup K, in G, we may
compute the above integral by using the Cartan decomposition, G, = KA K,. If q,
denotes the generic element of A, (with an upper 2 by 2 block of chr and shr) we obtain

T]lt)(a;lA.JIel) - m)*"? l‘*m/zHu( V2t p Chr)eiﬂuz(Cherhzr)-
)2
and:
I - - —mp2(ch’r+sh2r -
f(p) = i "2 vol (S¢ ')J; H, (V2 p chr)ye ™ (b ghe=lp g,
Hence
1 q,n,q/Z .
f(w) = pem

292(2m)* T'((¢/2) + 1)
X f: H,,(\/;r— w chr)e 2™ gha= I g
We now compute
I(p) = f: H, (V2w p chrje 2™ she~'r gr
by first computing its Mellin transform A/(s). We have:

% [ . dp
MI(s) = f f H,(V2w  chre ™ sh' 'r dr n* "
0 0

= (= e AR
= j j Hq(\/ﬁ W chr)e 2™y I sh'”'r dr
0 Y0

1 J”"f" _, dposhe'y
H,(pe " p' — dr
Qm) Jo Jo e K (chr)®

dp (= sh!
fs rdr

Hy(we Wt —
J:) Al # o (chr)’

o (2,.“_).\'/2 1)
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To obtain the first integral we have only to note:

dp

f H,(p)e ™’ d—:(—l)"J ——e e m

1 (S 9)
=(s—l)(s—2),..(s—q)§F( 3 )

As for the second integral, we leave to the reader the verification of the following
formula (substitute t = ch’r):

J (chr)“(shr)’ dr =
0

2F<—§ + %)

We then obtain (witha = —s, b =g — 1):

s—q— 1 q
= (shr)¢™! F( 2 >F(E>
f (chr)* ar= + 1
o (chr s
(21
and accordingly (using the duplication formula for I'):
g2 g
MI(s) = : F(2> (5= Dis =2 ... (s — ) q)F(s)
=— @G- D(s—2)...(s —q)—TI'(=
(2,",).\'/2 49 F(S) 2

and finally

MI(s) = (2217) F(g) F(E)'

From this we obtain:

B

1w = 207 0(%) e

and
k(ap, e) = f(p) = p"2e™™
Hence if A = V23 we obtain:
KN(M’ZB) — K(}L,)\(’ﬁ) = Am/? K(IJ«A,€|) = m/_e~-rr)\ w? umﬂ —m2Bp?
Now letting p = Vv we obtain:
K (lV )\el) — K('.L, K6’|) — lLm/" —-m2ppl — vmme—nsz
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Using the transformation law under N and multiplying by v~"*

¢'™P" and the lemma is proved.

It is somewhat surprising that the formula for k (7, x) for general n follows from the
formula for n = | by a simple formal argument. This is one reason for introducing the
topological considerations of the beginning of this section.

Let o = (1, R, - - - , ) be an n-tuple of positive real numbers and let a;, represent
the matrix in A’ with these diagonal entries. We have:

we obtain k'(7,x) =

w(a)@(z,e) = (Wi w)" @1z, ie) N\ @iz, paes) N\ oo A\ §i(z, ey

MAIN LEMMA.

n

[P R—
k(ay,e) = k(ay,e)k(an,e) ... k(ay,e) =1 pre ™

i=1
ProoF. By Lemma I11.3.3 it is sufficient to prove that the form ¢, given by:
By = (P oo ) "™ MR DG (a)B(2, €)

satisfies for any I'-invariant closed form v on I'\D,:

f' . N, = f‘ o™

We define an (n — 1)q form ®,_, on D by

)—m/Z ﬂ(u% L

e g @I(z,p,,e,)/\.../\cTDI(Z,lL,Hem»)

(Dn-I = (P«IF‘Q v P

We consider the integral:
In = J’ T' /\ q)n—l /\ u::m/zeﬂu’z"_Pl(Zs p’nen .
I'AD

We define a form €,_, on I, \D by:

Qu—l = 2 Y*q)rz—l'

PAI

“n

We claim ||, || is a bounded function on I', \D. To see this we introduce one more
function, a partial Gaussian F defined by:

F(g) = e~ m2Ms ™ melP bl e

Of course F depends only on g mod K. Our claim will be established if we prove that
F satisfies the following three properties:

(1) |®,-1|| = CF for some constant C

2) El'(,\|"" F(yg) converges for geG,,

3) F (g.z;,k) is a non-increasing function of r where g = g,a,k is the Berger
decomposition (see Rossman [17], page 169) with g,eG,,, keK and g, as below.
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Here a, is the element of G defined by:
ae =e foriFnori#p+1
a,e, = chre, + shre,,,

a.e,y, = shre, + chre,,,.
We leave (1) and (2) to the reader and prove (3). We note:

-1 )
Fgiak) = e e el vl Ui, ie, 12

Property (3) then follows from the easy observation that if xe V satisfies (x, e,) = O then
lla, ' x||* = ||x||*. (In the previous formula || || denoted the norm for the basic majorant

(5 o)

Now we compute /, by folding and unfolding the integral with respect to I, .

I, = f mn N (I)n»l AN l’-‘;"”zeﬂui@l(zv Hu€n)
I'AD

- f AL, N llu_mueﬂ”‘bl(z’ R €,)
Iy \D

= J' i:‘("l/\ﬂnﬂ)
I', \D,

= f l;k(ﬂ /\ q)nul)
I'\D,

“n

The next to last inequality follows from the previous lemma and Lemma I11.3.3.
Here i, denotes the inclusion of D, into D or any quotient thereof.

We now apply Lemma IlI.1.2 which allows us to conclude that i}®(z, ¢;) = &' (z, ¢,)
fori =1,2,...,n— 1. Thus the last integral above is in fact the integral /,_, for the

smaller orthogonal group SO(p — 1, g). Continuing in this way we obtain the lemma.
The formula (S) will follow from the next lemma.

LeEmma 111.3.7.

k' (1,x) = ™" where (x,x) = 2B

PROOF. We have:
k(a,,e) = (pips ... )" e TR )
Hence, by Lemma I11.3.5:
k(u,e) = (det u)"?e ™" for u € GL, (R)

Let 23 be as above and write 28 = ‘uyu, for uy € GL,,”([R). Then, by the formula
(A), we have:

https://doi.org/10.4153/CMB-1985-001-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1985-001-x

1985] CYCLES AND HARMONIC FORMS 37

K(u, euy) = (det uy) ™"k (uou, e)

K"(u,2B)

(det u)m/Z e —mtrluguy'uu

— (det u)m/Ze*nerS’uu

Letting v = ‘uu we obtain:
K’ (iv, euy) = k(u, euy) = (det u)™?e ""2Pu = (det y)™4e "rHY
Using the transformation law under N we obtain:
k(g B) = (det v)"*eimr2br

Hence:

imir2pr

K'(1,x) =¢

and

K'(iv,x) — e—frlr2Br

With this the lemma is proved. Substituting the value obtained for k' (iv, x) into ** we
obtain the required formula for ag(6(m)).
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