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A converse of Bernstein's

inequality for locally compact groups

Walter R. Bloom

Let G be a Hausdorff locally compact abelian group, T its

character group. We shall prove that, if S is a translation-

invariant subspace of Lp{G) (p € [l, »]) ,

u(a) = sup{ | |T/- / | | p : / € 5 , | |/ | |p 2 1}

for each a € G and lim u>(a) = 0 , then U E(/) i s
a*0 ftS

re la t ively compact (where £(/) denotes the spectrum of / ) •

We also obtain a similar result when G i s a Hausdorff compact

(not necessarily abelian) group. These resul ts can be

considered as a converse of Bernstein's inequality for locally

compact groups.

Throughout this paper we shal l follow the notation of [ I ] . We require

two technical lemmas.

LEMMA 1. Suppose we are given x € T and k € L (G) such that

k(x) - 1 • Then for e > 0 , we can find I € L (G) such that kl = 1 on

a neighbourhood of x and II^IL < 1 + t .

Proof. Choose 6 € (0, l ) satisfying

(1) 6 ( l - 6 ) " 1 < e/2 .

Since (xfcr(O) = 1 , [7], Chapter 5, 2.3 (5), p. II1*, asserts the
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existence of T € LX(G) such that Ijxj^ < 1 + e/2 , ? = 1 on a

neighbourhood of zero, and

(2) IKxfcW-xl^ < 6 .

Putting T = XT . (2) yields
A

(3) l | k*VTx"l < 6 '

and c lear ly , T = 1 on a neighbourhood V of X and ||x ||, < 1 + e/2
X X X -*-

As 6 < 1 , i t appears from (3) that the ser ies

converges in l?~(G) to Z , say. For y € 7 , we have
A

H ( ) k(

= 1 .

A c o m b i n a t i o n of ( l ) , ( 3 ) a n d {h) g i v e s us

1-, s HTJI. + I 6n

1 x x ri>l

< 1 + e/2 + 6(l-6)"X

< 1 + e . / /

LEMMA 2 . Let 6 € ( 0 , l ) . Suppose that x ? r and a €

| x ( a ) - l | > 1 - 6 .

27ien ue caw /"ind p, q in L (C) such t/iat p = 1 on a neighbourhood of

p =

and
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Proof. By [ g ] , 2 . 6 . 1 , we can find k € £1(G) such that fc(x) = 1

and ||fc|L = 1 . Since

we can appeal to Lemma 1 to deduce the existence of I € L (G) such that

\\l\\1 < 1 + 6 and

on a neighbourhood of X • H°w put

(6) q = [x(a)-\)-h. * I .

Then, if

p = ̂ s - q ,

(5) shows that p = 1 on a neighbourhood of X > and from (6) ,

We can now prove:

THEOREM 1. Suppose that S is a translation-invariant subspaae of

lP(G) (p € [1, -]) , that

(7) u(a) = BupfHx^/ll : / € 5, Il/H 5 1}

/or each a € C , and that lim u(a) = 0 . Then D = U £(/) is
a-K)

relatively compact.

Proof. As to i s unchanged i f we replace S by S in (7) , we can

assume tha t S i s closed.

Suppose D i s not re la t ive ly compact. Then, i f V i s any neighbour-

hood of zero and 6 > 0 i s given, we can find a~ € V , / „ € S and

Xv € Z[fv) such tha t

(8) \Xy{av)-l\ > 1 - 6
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(for if |x(a)-l| £ 1 - 6 for all a (. V and all x € D , we could appeal

to (23.16) of [6] to deduce that D is compact, contrary to assumption) .

In the case p = « , it follows from (7), the assumption that

lim w(a) = 0 , and the main result of [2] that fv is equal locally almost
a-*0
everywhere to a uniformly continuous function. Taking 6 = 1/k , and
recalling (8), Lemma 2 implies the existence of an open neighbourhood

of xv • and py, qy in L (G) such that py = 1 on W

and lloJL < 2 .

Choose any k € L^ (G) such that fey(xj = 1 • Using the

definitions of Py and qv , we have

(9) kv * fy = py * ky * fy

* kV *

Since 5 is assumed to be a closed translation-invariant subspace of

LP(G) , the proof of [7], Chapter 3, 5.8, p. 78, can be used to show that

(10) h * fv € S

for a l l h € L (G) ( reca l l t ha t when p = °° , / „ i s equal loca l ly almost

everywhere to a uniformly continuous function). Combining ( 7 ) , (9) and

(10) ,

(ID .HV̂ Hp - Milk

As x7 « l{fv) and kv{xv) * 0 , we see that ky * fy * 0 and so, by

(11),
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(12) a{av) 2 1/2 .

Now consider the net [a^j , where V ranges over the set of

neighbourhoods of zero, partially ordered by

(13) V < V if and only if V 3 V' .

I t is seen that (13) entails that [ay] converges to zero; but (12) holds

for a l l V , contradicting the assumption that lim u(a) = 0 . Hence our
a-K)

assumption that D is not relatively compact was false. / /

REMARK. I t can be shown that for the spaces L (G) and C{G) , we

do not require that lim u)(a) = 0 but only that there exists a compact set

F of s t r ict ly positive measure such that 0)(a) < a < 1 for al l a € F .

COROLLARY 1. Let MAG) denote the space of bounded Radon measures

on G . Suppose that S is a translation-invariant subspaoe of M,(G) ,

that

(I2*) «>(a) = sup{||Tai*-j]||w : V € S, \\v\\M < 1}

for each a € G , and that lim w(a) = 0 . Then U suppy is relatively
<r*0 u<rS

compact.

Proof. I t follows from (lU) and [3], Corollary 3, that any p € 5 is

generated by an £ -function. Let

S' = [f € L1^) : f generates a measure in 5} .

Then 5 ' is a translation-invariant-subspace of L (G) satisfying the

conditions of Theorem 1, from which we deduce that U £(/) is

relatively compact. Since / = V~ , where y- is the measure generated by

/ , and any \x € S is u~ for some f i S' , we can conclude (note that

for / € L (G) , we have Z{f) = supp/ ) that U suppW is relatively

compact. / /
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We shal l nov consider the converse when G i s a Hausdorff compact

group (G i s not assumed to be abelian). We follow the notation used in

[ 5 ] . Given a finite-dimensional continuous irreducible unitary represent-

ation U € G , with representation space H , d(U) wi l l denote the dim-

ension of H , and I the identi ty endomorphism of H . The trace

function on Hy wi l l be denoted by Tr . We l e t \E{G) , | | ' | |) denote any

of the spaces Jp(G) (p € [ l , «)) or C(G) , each taken with i t s usual

norm. By L , we wi l l mean the l e f t t ranslat ion operator.

THEOREM 2. Suppose that S is a left translation-invariant 8 lib space

of E(G) , that

( 1 5 ) U)(a) = s u p { | | L / - / | | : f i S , Il/H < 1}

for each a € G 3 and that l imu(a ) = 0 . Then U supp/ is finite.
a-K)

Proof. As 0) i s unchanged i f we replace S by S in (15)» we can

assume that S i s closed.

Consider the unit disc in S ;

B = {/ € S : Il/H 5 1} .

I t follows immediately from the Weil cr i ter ion ( [4 ] , U.20.1), or when

E(G) = C{G) , from Ascoli 's Theorem ( [ 4 ] , O.U.l l) , that B is compact in

E(G) . We can now use the Riesz Theorem ( [4 ] , p . 65) to deduce that 5 i s

f in i t e dimensional.

Let {flt f2, . . . . / } be a basis for 5 . Since for every / € S ,

A n ^
supp/c U supp/. ,

3=1 °

i t will suffice to show that supp/. is finite for all
3

3 € {1, 2, . . . , n) .

However i f th is were fa lse , there would exist 3 € { l , 2, . . . , n} and

an in f in i t e sequence \U.\-_, of d i s t inc t elements of G such that

/ . (£/ .) ^ 0 for every i € { l , 2, . . . } . Define h^ € C(G) by
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where £/.(«)* denotes the adjoint of U.(x) . Since S is assumed to be

a closed left translation-invariant subspace of E(G) , i t is a left ideal
(in E(G) ) ; hence h. * f. € S for every i € .{l, 2, . . . } . Also

i> 3

where

6., =

0 , i # k .

We see that [h.*f •)._. is linearly independent in S ; for suppose

there exist o. € C such that
it

Then for a l l k ,

I o
£=1

and by (16),

t=l
that i s ,

Since ??-(y
k) ^ 0 , i t follows tha t afe = 0 for a l l k . Hence

[h.*f.} •_, i s l inear ly independent in S , contradicting the fact that S

is f in i t e dimensional.

Consequently supp/ . i s f in i te for a l l J € {l , 2 «} , and the
3

theorem is proved. / /

COROLLARY 2. Suppose that S ia a left translation-invariant sub-

space of L (G) , that

(17) "(a) = supdlL^-ZL : / € S, H/H, S l}

/or each a € C , and that lim u(a) = 0 . Then U supp/ is finite.
a-K) f«S
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Proof. I t follows from (17-) and the proof of the main result of [2]

that every / € 5 is equal almost everywhere to a uniformly continuous

function. The problem is then reducible to that covered by the case

E{G) = C(ff) of Theorem 2. / /
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