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NOWHERE DENSE SUBSETS OF METRIC SPACES
WITH APPLICATIONS TO STONE-CECH
COMPACTIFICATIONS

JACK R. PORTER AND R. GRANT WOODS

Let X be a metric space. Assume either that X is locally compact or that
X has no more than countably many isolated points. It is proved that if F
is a nowhere dense subset of X, then it is regularly nowhere dense (in the
sense of Katétov) and hence is contained in the topological boundary of some
regular-closed subset of X. This result is used to obtain new properties of
the remote points of the Stone-Cech compactification of a metric space without
isolated points.

Let BX denote the Stone-Cech compactification of the completely regular
Hausdorff space X. Fine and Gillman [3] define a point p of X to be remote
if p is not in the 8X-closure of a discrete subset of X. The problem of char-
acterizing the remote points of X when X is a metric space has occupied the
attention of a number of mathematicians. Plank [8] characterizes the remote
points of BX in terms of zero-sets of X; in this paper we characterize the
remote points of BX in terms of regular-closed subsets of X. Mandelker [6,
Theorem 11.2] characterizes a remote point p of BR (where R is the space of
real numbers) in terms of the unique z-ultrafilter converging to p; we extend
this characterization to metric spaces without isolated points.

We will use, except where stated, the notation and terminology of the
Gillman-Jerison text [4]. In particular, bd 4 denotes the topological boundary
of a subset 4 of a topological space X, and N denotes the set of positive
integers (used as an index set). If p is a point of the metric space X and if
e > 0, then S(p, ¢) will denote the set {x € X: d(x, p) < €}. A subset 4 of
a topological space is regular-closed if A = cl(int 4). The family of all regular-
closed subsets of a space X is denoted by R(X).

The authors wish to thank the referee for his useful suggestions.

1. Metric space properties. For ¢ > 0, a subset 4 of a metric space is
e-discrete if for distinct points x and y of 4, d(x,y) = e. Note that e-discrete
subsets of metric spaces are closed. It is a consequence of Zorn’s lemma that
a metric space contains a maximal e-discrete subset for each ¢ > 0; evidently

Received July 9, 1971 and in revised form, February 7, 1972. The research of the first-named
author was partially supported by the University of Kansas General Research Fund and the
research of the second-named author was partially supported by the National Research
Council of Canada.

622

https://doi.org/10.4153/CJM-1972-057-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1972-057-3

NOWHERE DENSE SUBSETS 623

an e-discrete subset 4 is maximal if and only il S(y, e) N\ A = @ for each
point y of the metric space.

1.1 LEMMA. Let A be a non-empty e-discrete subset of a metric space X, let

0<d6<e/2,andlet U=\ {S(x,8): x € A}. Then
cddU=U {cS(,8d):x € 4}.

Proof. Clearly, U {cl S(x, 8): x € A} C cl U. Conversely, suppose p € cl U
and puty = € — 26; then v > 0. If x and y are distinct points of 4 such that
S, v/2) N\ S(x,8) =0 and S(p,v/2) N S(y,5) # 0, then d(x,y) < v +
26 = ¢, which is a contradiction. Thus as p € cl U, there exists a unique point
a € A such that S(p, v/2) M S(a, ) # B. Hence if V is any neighborhood of
p, then VN S(a, 8) # Bsop € cl S(a,d).

Lemma 1.1 is false for § = ¢/2. To show this, let
X ={(x/n):xcR,0=xn¢€ N}

with the metric d defined by:

=x 4 yif n #= m.

Let A ={1+ 1/n, 1 + 1/n)/n): n € N}. Then A is 2-discrete, but if
V=U/{Sk1l):x€ A4}, then (0,0) €EclV — U {clS(x, 1): x € 4}.

In [5], Katétov calls a subset F of a topological space X regularly nowhere
dense if cl F=cl VM cl W, where V' and W are disjoint open subsets of X.
If a set is regularly nowhere dense then it is evidently a subset of the boundary
of some regular-closed set.

1.2 LEMMA. In a metric space without isolated points, each nowhere dense
subset 1s regularly nowhere dense.

Proof. Let X be a metric space without isolated points and F a nowhere
dense subset of X. Since cl F' is also nowhere dense, we may assume that F is
closed in X. For each#z € N, put G, = {x € X: d(x, F) < 1/n}. Let 4, be a
maximal 1/n-discrete subset of G, — G,y1, and put 4 = U {4,: n € N}.
It easily follows that F = M {G,: n € N} and cl G, € G, for each n € N.

We now show thatcl 4 — A = F. Since

cddd=U{ds1=2t=2n}Ucd (U {4:1>n}),
it follows that cl4 — 4 C cl G,4; for each # € N; hence cl4d — 4 C F.
Conversely, let p € F and let ¢ > 0. Choose 2 € N such that 1/ < e. Since
S(p, 1/k) € Gi and since F is nowhere dense, there is an m = & such that
S, 1/k) N (Gpy1 — Gn) # @. As A, is a maximal 1/m-discrete subset of
Gmn — Gpy1 and 1/m =< 1/k, it follows that a € S(p, 1/k) for some a € A,;
thus p € cl 4. Thus F = cl 4 — A as claimed since 4 N F = @.

We next claim that A4 is a discrete subset of X. Let x € 4, and let § be the
smallest of d(x, (X — G,) U cl Gpy2), d(x, Any1) and 1/n. It is easily verified
that S(x, 6) N A = {x}.
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Let V=X —~clA. Evidently FN\ V = §§; we now show that FCcl V.
Let p € F and let ¢ > 0 be given. As FF=cl 4 — A4, there is n € N and
a € 4, such that a € S(p, ¢). As A is discrete and disjoint from F, there
exists 8 > Osuch thatS(a, 8) C S, ¢),S(@, 6) N4 = {a},and S(a, §) N F=
@. Since a is not isolated, there exists & € S(a, 6) such that b # a. Evidently
beV,so FCclV.

Let B, be a maximal 1/n-discrete subset of (G, — Gn.y1) MV, and let
B = U {B,: n € N}. We claim that ¢l B — B = F. Since

dB=U[Bsl<i<nUd (U (Bii>n)),

then cl B — B C cl Guy1 for all # € N. Hence cl B— B C F. Let p € F.
Since B M F = @, it suffices to show that p € cl B. Let ¢ > 0 be given. There is
n € N such that 1/n < e. Since F C cl V, there is an x € VN S(p, 1/2n).
Since S(p, 1/2n) © G, there exists £ Z 2n such that x € Gy, — Giy1. As By
is a maximal 1/k-discrete subset of Gy — Gy41, thereexistsb € B, M S(x, 1/2n).
Now

dlp,b) =d(p,x) +d(x,b) <1/2n+1/2n < ¢,

so p € cl B. Thus cl B — B = F. Essentially the same proof as used above
to show that 4 is a discrete subset of X can be used to show that B is a discrete
subset of X. Also note that A M cl B =@and BMNcld = 0.

Let p € A, for some n € N. Since 4 is discrete and 4 MNcl B = @,
there exists 6(p) > 0 such that 6(p) < 1/n, S(p,6(p)) € X — cl B, and
S(p,8(p)) N A = {p}. Let e(p) =5(p)/3, W, =U {S(p, e(p)): p € A,}, and
W = U {W,: n € N}. Define e(p) similarly for each p € B,. Let U, =
U{S(P, e(p)): p € By} and U = U {U,: » € N}. We now show that

1) cdW=U {clW,:n & N} UF.

Clearly, clW, & cl W {or each n € N. Since A C W and F C cl 4, it follows
that U {cl W,: # € N} U F C cl W. Conversely, since

2) AdW=UfdWa:1=7i=220} Uc (U {Ws:i>2n})
it follows that
®3) AW —-U{dW;i:7€ N} CcgéG,

for all » € N; for, if ¢ > 2u, then x € W, implies that d(x, p) < 1/7 for
some p € A As 4, S Gy, d(p, F) < 1/i, and so d(x, F) < 2/1 < 1/n. It
follows that cl (U {W;:2 > 2n}) C cl G, and (3) now follows from (2).
As (3) holds for all » € N, we conclude that cl W — U {cl W,: 4 € N} C F,
and so cl W C U {cl W;:2 € N} U F. Thus (1) holds. A similar argument
shows that

) dU=U{cdU:icN}UF.
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We now show that cl WM cl U = F. It suffices, in view of (1) and (4), to
show that

[Uf{cd Wy:n € NIN[U {cl Uy: n € N} = 0.

Assume that there is a point x € ¢l W, N cl Uy, for n, m € N. By Lemma 1.1
there is p € 4, and ¢ € B, such that x € cl.S(p, e()) M cl S(g, e(g)). Now

d(p,q) £ d(p,x) +d(g x) = e(p) + e(g) < max {3(p), 6(g)},

which is a contradiction. Thus F = cl WM cl U. As the above argument also
shows that U and W are disjoint (open) subsets of X, it follows that F is
regularly nowhere dense.

1.3 COROLLARY. In a metric space without isolated points, each closed nowhere
dense subset is the intersection of the closures of a countably infinite collection of
pairwise disjoint open subsets.

Proof. Throughout the proof, the notation introduced in the proof of Lemma
1.2 is used. Let.S; = W, Ty = V, and let C, be a maximal 1/z-discrete subset
of (Ty — B) N (G, — Gpy1). Put C = U {C,: » € N}; it follows (as in the
proof that cl B — B = F in Lemma 1.2) that cl C — C = F. Also, disjoint
open sets S’; containing B and 77, containing C can be constructed with the
property that c1 8’sMcl 77y = F. Let Se =S N Trand T2 = 77N 1'4; S2
and T are disjoint open sets. Since B © S;, C & 7T, F C cl B, and F C clC,
then c1 S: M cl T, = F. By induction we can obtain a family {S,: # € N} of
pairwise disjoint open sets satisfying F = (M {cl S,: » € N}.

We now generalize Lemma 1.2 in two different directions.

1.4 LEMMA. Let X be a metric space with a dense set of countably many isolated
points. Then every nowhere dense subset of X s regularly nowhere dense.

Proof. Let I denote the set of isolated points of X. If F is a nowhere dense
subset of X then F /M I = @. Our assumptions imply that X is separable (and
hence second countable). Thus F is also separable. Let {p,:# € N} be a
countable dense subset of F. We define, inductively, a subset {x(zn,m):
n,m € Nand n = m} of I as follows.

(i) Choose x(1, 1) € I such that d(x(1, 1), p1) < 1.
(ii) Choose x(1, 2) and x(2, 2) € I such that x(1, 1), x(1, 2), and x(2, 2)
are distinct and d(x (1, 2), p1) < 1/2,d(x (2, 2), ps) < 1/2.

(iii) Suppose we have chosen a set {x(¢,j): 1 =71 = j=<n)ofn(n + 1)/2
distinct points of I such that d(x (3, j), ps) < 1/4. As I is dense in X we can find
aset{x(¢,n + 1): 1 =4 = #n + 1},containedinl — {x(Z,7): 1 £ 7 < j=<n},
of n + 1 distinct points of I such that d(x(¢,n + 1), p;) < 1/(n + 1) for
i=1,...,n+ 1

Hence for each positive integer # we have a sequence S, of distinct points
{x(n,7): 1 = n} with limit p,. Note that d(y, p,) < 1/n for each y € S, and
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n € N.PutG; = {x(n,2m): n,m € Nand 2m = n} and G, = {x(n, 2m + 1):
n,m € N and 2m 4+ 1 = n}. We now claim that clG, = G; U cl F.
Since p, € cl G; for each # € N and (p,).en is dense in F, it follows that
G1 U cl F C ¢l G;. Conversely, if x € cl G1 — Gy, choose a sequence {a;: j € N}
of points of G; that converges to x. There are two possibilities. First,
there may exist # € N such that a; € S, for infinitely many values of j.
It immediately follows that x = p, and so x € F. Second, for each n € N
there may be only finitely many j for which a; € S,. If so, let ¢ > 0. Then
d(a;, x) < ¢/2 for infinitely many values of j, so we can find k and #» in N
such that d(ax, x) < €/2,a; € Sy, and 1/n < ¢/2. Then

d(xy pn) < d(xy ak) + d(aky pn) < 5/2 + 1/" < €.

It follows that x € cl {p,: » € N} = cl F. Thuscl G, = G, \U cl F as claimed.
A similar argument shows thatcl G; = G, \U ¢l F,and socl F = cl G; N ¢l G,.

Thus F is regularly nowhere dense, as G; and G are disjoint open sets. Note
also thatcl F = cl Gy — Gy = cl Gy — Go.

1.5 THEOREM. Let X be a metric space. If either
(i) X has no more than countably many isolated points, or
(i1) X s locally compact,

then every nowhere dense subset of X is regularly nowhere dense.

Proof. Let F be a nowhere dense subset of X. First assume that X has no
more than countably many isolated points. As before, denote the set of
isolated points of X by I. Evidently cl[X — ¢l I] has no isolated points.
Now cl FN cl[X — cl I] is a nowhere dense subset of cl[X — cl I]; for, if
not, there exists W open in X such that 8 = WNcl[X —cl ] CclF.
Then 6 = W N (X — clI) C cl F, which contradicts the fact that
int(cl F) = @. Thus by Lemma 1.2 there exist disjoint open subsets U’ and

/ V' of cl[X — cl I] such that

cd FNc[X —cI]l=cd U NcdV.

Put U=UN[X —clI] and V=V N[X —clI]. Then U and V are
open in X and it follows from [4, 0.12] that

(5) cd FNcelX —cll]=cdUNcdV.

It follows from the proof of Lemma 1.4 that there exist disjoint subsets 7" and
W of I such that

(6) dFNcdlI=cdT —T=cdW-—-W.
As VN cl I =@, we have
cdTNcdVCcdT—TCclF;

similarly, cl UM cl W € cl F. Thus it follows {rom (5) and (6) that
AF=cd (TVYUU)Ncd(VUW),
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and of course 7"U Uand VU W are disjoint. Hence F is a regularly nowhere
dense subset of X.

Now assume that X is locally compact. As every metric space is paracompact
(see, for example, {1, Theorem 9.5.3]), X is a locally compact, paracompact
space. Hence X is a free union of a family {X,: a € Z} of locally compact,
o-compact metric spaces (see [1, Theorem 11.7.3]). Each X, has at most
countably many isolated points. If F is a nowhere dense subset of X, it follows
from the above argument that for each @ € 2 there exist disjoint open subsets
Uy, and V, of X, such that

CIXFm Xa = ClXa Ua m ClXa Va.

Put Uaes Uy = U and Uaesz Vo = V. Then U and V are disjoint open
subsets of X and clyF = cly UM clx V. Thus F is regularly nowhere dense.

1.6 COROLLARY. Let F be a closed nowhere dense subset of a metric space X.
If either

(1) X has no more than countably many isolated points, or

(ii) X s locally compact,
then F can be written as the intersection of the closures of a countably infinite
family of pairwise disjoint open subsets of X.

Proof. If X has a dense, countably infinite set of isolated points, a simple
modification of the proof of Lemma 1.4 gives the desired result. Now, making
use of Corollary 1.3, proceed exactly as in the proof of Theorem 1.5.

1.7 Remarks. (1) Mandelker, in [7, Theorem 2.3], proved Lemma 1.2 for
the special case in which X is the real line.

(2) Theorem 1.5 does not hold for more general classes of topological spaces.
As an example, let ) denote the countable discrete space. Then B is ex-
tremally disconnected so R(B8) consists of the open-and-closed subsets of
BN (see [4, 1H and 6M]). Thusif A € R(BN), then bdgmd = @. If p € BN — N,
then {p} is a closed nowhere dense subset of 8N, but {p} is not regularly
nowhere dense. Obviously any nondiscrete extremally disconnected space
will yield a similar type of counterexample.

(3) The authors do not know if every nowhere dense subset of an arbitrary
metric space is regularly nowhere dense.

2. Properties of the remote points of 3X.

2.1 Definition. Let X be a completely regular Hausdorff space. A point
p € BX is called a remote point of BX if p is not in the BX-closure of any
discrete subspace of X.

Remote points were first defined and studied by Fine and Gillman [3],
who proved that if the continuum hypothesis is assumed, then the set of
remote points of SR(8Q) is dense in SR — R(BQ — Q) (R denotes the space
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of reals, Q the space of rationals), Let T'(8X) denote the set of remote points
of BX. If A isclosed in X, let A* = clggd — X (in particular, BX — X = X*).
Plank [8] has given the following characterization of 7°(8X).

2.2 THEOREM (8, 5.3 and 5.5]. Let X be a meiric space without isolated points,
and let Z(X) denote the family of zero-sets of X. Then

TBX) = N {X* — bdxZ*: Z € Z(X)}
= N {X* — (bdx2)*: Z € Z(X)}.
Assume the continuum hypothesis. If X is separable, then T (8X) is dense in X*.

Let X be a completely regular Hausdorff space. It is well-known (see, for
example, [9, p. 66]) that R(X) is a complete Boolean algebra under the follow-
ing operations:

(1) Ve 4da = clx [Ua 4a];
(2) /\a Aa = Clx[intX ma Aa];
(3) 4’ = clx (X — A4) (A4’ denotes the Boolean-algebraic complement of 4).

The following result is a portion of [10, 2.3, 2.7, 2.11].

2.3 THEOREM. Let X be a metric space. Then:

(1) The map A — A* is a Boolean algebra homomorphism from R(X) into
R(X*).

(i1) (bdxA)* = bdx«A* for each A € R(X).

Let [R(X)]* denote the image of R(X) under the above homomorphism.
We can now obtain our characterization of 7°(3X).

2.4 THEOREM. Let X be a metric space without isolated points, and let p € X*.
Then p € T(BX) if and only if p is not the X*-boundary of any member of the
Boolean subalgebra [R(X)]* of R(X*).

Proof. Every closed subset of X is a zero-set of X, so
{bdyd: A € R(X)} C {bdx4d: Z € Z(X)}.
Thus by Theorems 2.2 and 2.3 (ii) it follows that

X)) € N {X* — (bdxd)*: 4 € R(X)}
= N {X* — bdwd*: 4 € R(X)}.

Conversely, by Lemma 1.2 if Z € Z(X), then there exists 4 € R(X) such that
bdxZ C bdyxA. It immediately follows from Theorems 2.2 and 2.3 that

N {X* — bdxx4*: 4 € R(X)} € T(8X),
and our theorem is proved.

2.5 Remark. The characterization of 7°(8X) given in Theorem 2.4 is similar
to a characterization of the set of P-points of X* if X is locally compact and
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realcompact (P-points are discussed in [4, 4L et seq.]). For such an X it is
known that Z (X*) C R(X*) (see [2, 3.1]). It follows easily that the P-points
of X* are precisely those points of X* that are not on the X*-boundary of any
member of the Boolean subalgebra of R(X*) generated by Z (X*).

Let X be a nowhere locally compact, separable metric space (for example,
the rationals or the irrationals). We can use Theorems 2.2 and 2.4 to give a
characterization of 7°(8X) that depends only on the topology of X* and not
on the topology of X, despite the fact that 7°(3X) is defined in terms of the
topology of X.

2.6 THEOREM. Let X be a nowhere locally compact, separable metric space.
If the continuum hypothesis is assumed, then 1T (BX) can be characterized as the
largest extremally disconnected dense subspace of X*.

Proof. If the continuum hypothesis is assumed, then by Theorem 2.2 T°(8X) is
dense in X*. It is proved in [10, 4.5] that our assumptions about X imply that
T(BX) is extremally disconnected. Let p € X* — T'(8X), and let E be a
dense subspace of X* that contains p. By Theorem 2.4 there exists 4 € R(X)
such that p € bdg+A*. As E is dense in X*, E N intgx«A* and E — A* are
disjoint nonempty open subsets of E. Since A* € R(X*) (see Theorem 2.3), it
follows from the fact that E is dense in X* that p € clz(E M intg+4*) N
clg(E — A*). Thus E contains two disjoint nonempty open subsets whose
E-closures are not disjoint. It follows that E is not extremally disconnected,
and the theorem is proved.

If X is not assumed to be nowhere locally compact, then Theorem 2.6 may
fail; see [10, 4.6].

Finally, we generalize a result due to Mandelker [7]. Recall that Mandelker
calls a z-filter # on X round if for every Z € % thereis W € % and a cozero-
set S of X such that W C S C Z (see [7, p. 1]). The following result is due
to Mandelker; see [6, Theorems 4.5 and 8.1].

2.7 THEOREM. A prime z-filter on a perfectly normal, Hausdorff space is
nonminimal if and only if it has a nowhere dense member.

The following result generalizes [7, Theorem 2.4]. The method of proof
is essentially the same as that employed in [7, Theorems 2.3 and 2.4]. If
p € BX, Z (p) will denote the unique z-ultrafilter on X that converges to .

2.8 THEOREM. Let X be a melric space without isolated points. Then a prime
z-filter PP on X is round if and only if PP = 2 (p) for some p € T (8X).

Proof. Let & be round. Suppose that & is strictly contained in the prime
z-filter £. As £ is nonminimal, by Theorem 2.7 we can choose F € £ such
that inty F = 0. By Lemma 1.2 there exists 4 € R(X) such that F C bdg4d =
bdx(clx (X — 4)). Now 4 U clxy(X — 4) = X, so as every closed subset
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of a metric space is a zero-set it follows from the fact that & is prime that
either 4 € P orcly(X —A4) € P;say 4 € . Now bdyd € L as FE 2
and F C bdxd4. As & is round there exists G € & such that G C inty4. Thus
2 contains the disjoint zero-sets G and bdx4, which is a contradiction. Thus
P is a g-ultrafilter, and since it is round it contains no nowhere dense set.
Hence by Theorem 2.2 & = .o/ (p) for some remote point p.

Conversely, let p € T(8X) and let Z € &7 (p). Then bdxZ ¢ &7 (p) by
Theorem 2.2. As &7 (p) is a z-ultrafilter, there exists F € &/ (p) such that
FNbdyZ = 0. Hence FN\ Z € o/ (p) and FN Z C intxZ C Z. Thus % (p)

is round, since every open subset of a metric space is a cozero-set.
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