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A REMARK ON BOUNDEDNESS OF BLOCH FUNCTIONS

KRZYSZTOF SAMOTIJ

Two consequences of a theorem of Dahlberg are derived. Let / be a holomorphic
function in the unit disk D of the complex plane, and let E be an F<r subset of the
unit circle T. Suppose that Ilm \f(rw)\ ^ M, w € T\E, for some constant M .

Then / is bounded in either of the two cases:
(i) if / is in the Bloch space and E is of zero measure with respect to the

Hausdorff measure associated with the function if>{t) = tlog!og(2ire"/*)>
(ii) if / is integrable with respect to the planar Lebesgue measure on D and

E is of zero measure with respect to the Hausdorff measure associated
with the function rp(t) - <log(2jree/t).

Let D be the unit disk of the complex plane, and let T be the unit circle. For

a function ij> satisfying the usual conditions, let A^ be the HausdorfF measure on T

corresponding to ij>. Let ^(t) = log(2iree/t), <j>2{t) = logf^*)], 0 < t < 2TT, and let

i,j(t) = t<f>j(t),j=l, 2.

The following theorem is a modification of a theorem of Dahlberg [2, Theorem 4],

and can be proved in a very similar manner.

THEOREM. (Dahlberg). Let j = 1 or j = 2. Let E C T be an Fa set with

A^.(E) = 0. Let v. be a sub-Aarmonicfunction on D . Suppose that there axe constants

C and M such that

(A) u(z) < C4>j(l - |*|)

for al / jgD, and
lim u{rw) ^ M

if w £ T \ E. Then the function u is bounded above in D .

Let B denote the Bloch space, that is, the space of those holomorphic functions /

on D which satisfy the condition

sup (l - |*|2) \f'{z)\ < +oo.

Since for any / 6 B the function u = log | / | is sub-harmonic on D and satisfies

(A) with j = 2 and some constant C, we have the following corollary, which is a

generalisation of [1, Theorem 2].
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COROLLARY 1 . Let f £ B. Suppose that there are: a constant M and an Fa

set E C T with A.j,2(E) = 0 such tAat

Em \flrw)\ < M
T—l —

for w £T\E. Then f is bounded in D.

Now, let us observe that if / is a holomorphic function in D and
JJ \f(x + iy)\ dxdy < +oo, then by the mean value property we have

2 / / f(x + *y)dxdy

n \ n , / / \f(x+iy)\dxdy.
T T l l — \Z\] JJ

Therefore the subharmonic function u = log | / | satisfies (A) with j = 1 and some
constant C. Thus we have

COROLLARY 2 . Let f be a holomorphic function in D integrable with respect

to the planar Lebesgue measure on D . Suppose that there are: a constant M and an

Fa set E C T with A^(E) = 0 such that

Em \f(rw)\ ^ M
i—»i —

for w € T \ E. Then f is bounded in D .

Taking E = 0 in Corollary 2 we obtain the affirmative answer to a question asked
in [1, p.37]. For a finite set E, Corollary 2 proves a conjecture from [3].
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