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Abstract

This project uses methods in geometric analysis to study almost complex manifolds. We introduce the notion of
biharmonic almost complex structure on a compact almost Hermitian manifold and study its regularity and existence
in dimension four. First, we show that there always exists smooth energy-minimizing biharmonic almost-complex
structures for any almost Hermitian four manifold. Then, we study the existence problem where the homotopy
class is specified. Given a homotopy class [7] of an almost complex structure, using the fact n4(S2) = Z», there
exists a canonical operation p on the homotopy classes satisfying p? = id such that p([7]) and [r] have the same
first Chern class. We prove that there exists an energy-minimizing biharmonic almost complex structure in the
companion homotopy classes [7] and p([7]). Our results show that, When M is simply connected, there exists an
energy-minimizing biharmonic almost complex structure in the homotopy classes with the given first Chern class.
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1. Introduction

In this paper, we study the energy-minimizing and critical almost complex structures, as a continuation
of [5], with respect to the energy functional

&) =/ |AgJ2dv, J € Tq, (1.1)
M

where 7, is the space of almost complex structures which are compatible with g. We call these objects
biharmonic almost complex structures, as these objects are tensor-valued versions of biharmonic maps.
The first result of the paper is the following.

Theorem 1.1. A W22-biharmonic almost complex structure on (M*, g) is smooth. Moreover, on any
compact almost Hermitian manifold (M*,g), there always exist minimizers of the energy functional
&E>(J) which are smooth biharmonic almost complex structures. All such energy minimizers form a
compact set.
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The existence of energy-minimizing almost complex structures is a standard practice of calculus of
variations. The proof of smooth regularity in Theorem 1.1 is inspired by the theory of biharmonic maps
in Chang-Wang-Yang [1]. There are subtle differences due to the nature of tensor-valued functions. We
will present the smooth regularity for a much more general system in a paper together with Jiang [6].

Our second result concerns the existence of energy-minimizing almost complex structures in a fixed
homotopy class. The topology of M will play an important role in the following. Let A denote the set of
homotopy classes of almost complex structures on M, so the first Chern class gives a map

c1:A— H*(M,Z).

Donaldson [3, Section 6] defined a map p : A — A with p2 =id and c¢j o p = ¢ using the fact that
n4(S?) = Z,. First, we discuss the case that M is simply connected. If M is not spin, then o = p(o) (see
[11]), and it is uniquely determined by its first Chern class. If M is spin, then the pair, o and p (o), is
uniquely determined by its first Chern class.

Theorem 1.2. Let (M*, g) be a compact, simply connected almost Hermitian four manifold. If M
is nonspin, then every homotopy class contains an energy-minimizing biharmonic almost complex
structure. If M is spin, there exists an energy-minimizing biharmonic almost complex structure in the
pair of homotopy classes (o, p(o)).

Theorem 1.2 can be stated as, for a compact simply connected almost Hermitian four manifold, given
its first Chern class ¢, there exists an energy-minimizing biharmonic almost complex structure in the
homotopy classes (possibly one or two) determined by c¢;. When M is not necessarily simply connected,
we have the following.

Theorem 1.3. Given a pair of homotopy classes (o, p(0)) on (M, g), there exists an energy-minimizing
biharmonic almost complex structure in the pair.

As a comparison, despite much progress in the study of biharmonic maps and polyharmonic maps in
the last two decades, the general existence result remains very limited. We briefly discuss the new input
in the proof of Theorem 1.3. Recall the classic [12] on the existence of harmonic two-spheres. Sacks-
Uhlenbeck [12] considered a perturbation elliptic system for harmonic maps and one technical core is
the bubble analysis. The system for biharmonic almost complex structures is fourth order, and a natural
perturbed biharmonic system becomes much more complicated. We are not able to prove a regularity
result for such a system. This obstructs us from adopting Sacks-Uhlenbeck’s approach using a perturbed
biharmonic system. Instead, we analyze an energy-minimizing sequence directly in a fixed homotopy
class. We get a weak limit in W>2. Using the special structure of the almost complex structure, we can
argue that the weak limit satisfies the elliptic system weakly for biharmonic almost complex structures,
and hence it is smooth by [6, Theorem 2, Corollary 1]. The main difficulty, as in other similar situations,
is to understand what exactly happens if the convergence fails to be strongly in W>2. A major technical
result is an e-regularity for an energy-minimizing sequence in a fixed homotopy class. We prove that
if the convergence of a weakly convergent energy-minimizing subsequence fails to be strongly in W>?2,
then there must be energy concentration around finitely many isolated points. The € regularity for a
minimizing sequence is very different from the classical e-regularity in the theory of harmonic maps
since there is no elliptic system to be dealt with.

A technical tool we develop in the paper is an extension theorem for almost complex structures in W22,
with precisely controlled behavior in the neck region. The classical extension theorems developed by
Schoen-Uhlenbeck [13], Luckhaus [10] and Lin [9] played an essential role in the setting of wlhp maps,
which do not extend to W22 (see Simon [14, Section 2.6, 2.7]). Motivated by these classical methods
in the harmonic maps, we analyze the defect measure as in Lin [9]. We prove an e-regularity theorem
for a minimizing sequence in W22 for defect measure, by modifying techniques in Schoen-Uhlenbeck
[13] and Lin [9] in a rather subtle way. The method developed should be useful in energy-minimizing
problems in the setting of W*-2 for k > 2.
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Recently, together with He-Jiang-Lin [7], we apply this method to study the existence of biharmonic
maps and polyharmonic maps. Among others, we prove the e-regularity holds for an energy-minimizing
sequence for a polyharmonic functional, and a weak limit is a polyharmonic map. Given the target
manifold having trivial homotopy, we prove the existence of an energy-minimizing m-harmonic map in
each homotopy class, which solves a longstanding open question for polyharmonic maps.

Theorem 1.3 does not answer what would precisely happen if we restrict to each homotopy class.
We will discuss an intuitive conjectural picture regarding the existence problem in the pair (o, p(0)),
which is closely related to the study of extrinsic biharmonic maps.

2. Existence of an energy minimizer

In this section we prove the existence of an energy-minimizing biharmonic almost complex structure on
(M, g) and derive the Euler-Lagrange equation. We recall the definition of the Sobolev spaces of almost
complex structures.

Definition 2.1. Given an almost Hermitian manifold (M, g) with compatible almost complex structures
in Jg, we define Wk”’(Jg) to be the subspace of WP (T*M ® TM) consisting of those sections
J € WhP(T*M ® TM), satisfying the compatible condition almost everywhere,

J*=—id, g(J-,) +g(-,J-) =0. 2.1

We have the following.

Theorem 2.2. Let (M, g, J,) be a compact Hermitian manifold with compatible almost complex struc-
tures. Then there exists an energy minimizer of Ey(J) in W2’2(jg), satisfying the Euler-Lagrangian
equation in the weak sense as in (2.5). Moreover, energy minimizers form a sequential compact set
in W2,

Proof. We only prove the existence of W>? energy minimizer of & (J) over Wz’z(jg). We will derive

the Euler-Lagrange equation later. This is a standard practice of calculus of variations. Take an energy-
minimizing sequence Jx € W?2(J,), such that

E(Jy) — inf & (J).
TEW22(Ty)

Since J;, € W2 (TM®T*M), it follows from Kondrachov compactness that a subsequence, still denoted
by Ji, converges strongly in W!-2(T*M ® TM) and weakly in W22(T*M ® TM). Denote the limit by
Jo € W»2(TM ® T*M). The strong convergence in W'2 implies, in particular, that J; converges to
Jo almost everywhere; therefore, Jj satisfies the compatible condition (2.1) almost everywhere. Hence,
Jo € Wz’z(jg). The weak convergence in W22 implies that

& (Jp) < liminf & (Jy) = inf & ).
TeW22(T,)

This forces that £ (Jp) = min & (J), and Jy is an energy minimizer. Moreover, this also implies that the
convergence J; — Jy is strongly in W22 and that the set of all energy minimizers is compact. O

Straightforward computation gives the Euler-Lagrange equation in smooth setting
A*J +J(A%))J =0. (2.2)
An equivalent form is [A%J, J] = 0. By J? = —id, we can rewrite the equation as,

AT = Q(J, VI, V2, V3)), (2.3)
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where Q is given by
Q =JAJAT + IV, IV ,AT + IV ,ATV T+ TJA(V IV, ). 2.4)

We need to be more careful when working in W2’2(Jg) to derive equations for weak solutions. For any
A eTM — TM, it is convenient to define its adjoint A* as follows.

Hence, g-compatibility can be written as A + A* = 0. For any J € J,, the tangent space S; of J can be
described as the endomorphisms S : TM — TM as

S;={8:8J+J5S=0,S+S" =0}.
Clearly, S € Sy, and then JS is in S; as well. The adjoint can be directly carried over for Sobolev
spaces. Necessary properties of the adjoint endomorphism are summarized in [6, Proposition 4.1]. For

any S € Sy N L™, it is direct to check that J(¢) = J exp(¢SJ) gives a path in J, N L™ for |¢t| << 1, with
6;](0) = S

Proposition 2.3. A critical point of £,(J) on Wz*z(jg) satisfies the Euler-Lagrange equation (2.3) in
the following weak sense. For any T € W>*(T*M ® TM) N L™, we have

/ (AJ = JVIVI,AT)dv + / (A, T)dv + / (B,VT)dv =0, 2.5)
M M M
where we write

A=JAJANT +V , IV, JAT = AIV IV, J +V ,JAIV ]

B =VJAJJ +JAJVJ.
Proof. Assume that T € W>2(I'(T*M ® TM)) N L™. Denote R = T + JTJ and S = R — R*. Then S
satisfies SJ + JS =0, S + §* = 0. Taking variation in the form J(¢) = J exp(¢SJ) for small |¢| << 1, we

have fM (AJ,AS)dv = 0. Since J is g-compatible, this implies fM (AJ,AR)dv = 0. In other words, we
have

/ (AJ, AT)dv + / (AJ,A(JTJ))dv = 0.
M M

For J € W?2, we compute
A(JTJ) = J(AT)J + AJTJ + JTAJ +2VJVTJ + 2VJTVJ + 2JVTVJ.
Since J is g-compatible, it is straightforward to check that

(AJ,JATT) =(JAJJ,AT)
(AJ,AJTT) =(AJAJT,T).

Hence, we get that

/ (AJ +JAJJ,AT) + (Ao, T) +2(B,VT) = 0, (2.6)
M
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where we have

Ao =AJAJT +JAJAT +2V ,JATV ],
B =VJAJJ +JAJVJ.

However, we use A (J?) = 0 to conclude that

AJJ +JNJ +2V,JV 0 =0
JAJT = NJ = 2]V ,JV ,J.

We compute that
AJAJT =JAJAJT +2V IV, JAJ = 2AJV ,JV ,J.
Hence, we get that
Ao =2(JAJAT +V ,JV ,JAT = AV ,JV ,J +V , JAIV ,J).
We denote Ay = 2A, with
A=JAIANT + VIV ,JAT = AIV LIV, ] +V,JAIV .

Together with (2.6), we have
/ (AJ =JVJIVI,AT) + (A, T) + (B,VT) =0. 2.7
M

This completes the proof. O

Proposition 2.3 is equivalent to (2.2) for J € W22 when (2.2) is understood as a weak solution in the
form that

/(AJ,AT)dv+/ (AT, A(JTJ))dv = 0. 2.8)
M M

An almost complex structure J € W2’2(jg) is called a weak biharmonic almost complex structure if it
satisfies (2.8) or its equivalent form (2.5). The equivalent descriptions below will be useful as well.

Proposition 2.4. A weak biharmonic almost complex satisfies the following.
/ (AJ,A(TJ —JT))dv =0, (2.9)
M
where T € I'(TM ® T*M). Or equivalently, we have the following.
/ (AJ,ATJ — JAT)dv + 2/ (AJ,VTVJ = VJVT)dv = 0. (2.10)
M M

As a consequence, the weak limit of a sequence of biharmonic almost complex structure with bounded
W22 norm is biharmonic.

Proof. To derive (2.9), we take T = TJ in (2.8) and observe that

/(AJ, (AJ)T)dvz/(AJ,TAJ)dv. @2.11)
M M
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Similarly, we have
(AJ, TAJ) = —-(AJAJ,T).

This gives (2.10). Suppose a sequence of weak biharmonic almost complex structures Jy, with bounded
W22 norm, converges weakly in W22 to Jy and strongly in W'-2. By passing to the limit, Jy satisfies
(2.10). More precisely, for any fixed smooth 7, we have

/M(A(Jk - Jo), ATJo — JoAT)dv — 0.
The strong convergence J; — Jo in L? implies that
/M(AJ,(,AT(Jk —Jo) — (Jk = Jo)AT)dv — 0.
Together, this implies that
/M(Ajk, (AT)Jy — JxAT)dv — /M(AJO, (AT)Jo — JoAT)dv.
Similarly, we have
‘/M(AJ,(,VTVJ;{ - VI VT)dv — /M(AJO,VTVJO - VJoVT)dv.

This completes the proof. O

He-Jiang [6, Theorem 2, Corollary 1] proved a smooth regularity for a general elliptic system. As a
result, we have the following.

Theorem 2.5. A W>? weak solution of biharmonic almost complex structure in dimension four is
smooth.

3. Biharmonic almost complex structures in a homotopy class

A fundamental problem in the theory of harmonic maps is finding harmonic maps in a fixed homotopy
class. Similarly, we would like to ask the same question for biharmonic almost complex structures. We
shall see that the topology of M plays a very important role. The following famous example about almost
complex structures on a K3 surface constructed by Donaldson [3] serves as an important example. We
recall relevant discussions. A compatible almost complex structure J on an oriented Riemannian four-
manifold M can be considered as a section of the associated SO (4)/U(2)-bundle over M (the sphere
bundle of A2, known as the ‘twistor space’). Let A denote the set of homotopy classes of almost complex
structures, so the first Chern class gives a map

c1:A— H*(M,Z).

Donaldson [3, Section 6] defined a map p : A — A with p2 = id and c; o p = ¢ as follows. For
o € A, p(o) agrees with o outside a small ball in M, and over this ball, the two compare by the nonzero
element of

[$*,80(4)/U2)] = [$*, 8%] = Z/2.

We need the following general result about o and p(o) € A, which we have learned from Teichner
through mathoverflow [11].
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Lemma 3.1. If M is simply connected and nonspin, then the first Chern class determines a unique
homotopy class of an almost complex structure. When M is simply connected and spin, the first Chern
class determines a pair of homotopy classes o and p(o).

The main result in this section is to prove Theorem 1.3. The proof consists of several steps. Let J; € o
be a minimizing sequence such that £ (Jx) — Ep. A direct computation shows that J; has uniformly
bounded W22 norm. Hence, we can assume that J; converges to Jy weakly in W22 and strongly in W'-2,
in particular Jo € W22(7,). First, we have the following.

Lemma 3.2. The limit Jy is a smooth biharmonic almost complex structure.

Proof. We only need to prove that Jy is a weak biharmonic almost complex structure satisfying
(2.10). Let Ji be a minimizing sequence and Jy be its weak limit in Wz’z(jg). For any fixed smooth
T eT'(TM ® T*M), consider

S =t(T + R TJy) — (T + J; TJy)".
Note that for |#| sufficiently small, S, has small L* norm and we construct
Je(t) = Jexp(S) € T,

We compute, for |¢| sufficiently small,
E(J}) = / |AJLPdv = E(Jk) +4t/ (AJi, A(JiT = TJg))dv + O(1%), (3.1
M M

where the term O(7%) denotes the terms of higher order in 7. We have |0 ()| < Ct? for a uniformly
bounded constant C (assuming 7 is small). A quick way to see (3.1) is to write the (matrix) expansion of
Ji (1) as

Je(t) = T + t(JkT = TJi) — t(I T = TJR)* + O(1%).
Since Ji is a minimizing sequence, hence when k — co, we have

1i]£rl)i£fE(J,Q) —E(Jy) 2 0.
Hence, for |¢| sufficiently small,
limksup4t/M(AJk,A(JkT —TJy))dv > limkinf4t‘/M(AJk,A(JkT —TJy))dv = 0.
In particular, this implies that
lim SI;p(AJk, AT =TJy))dv = lin}cinf/M(AJk, Ak T = TJy))dv = 0.
Similar as in (2.10) and (2.11), we use the fact
/ (AJk, AJxT)dv = / (AJg, TAJy)dv
M M

to conclude that

11/111/ (AJk,JkAT—ATJk)dv+2/ (AJk,VJkVT—VTVJk)dVZO.
M M
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Since J; converges to Jo weakly in W22 and strongly in W'-2, the above implies that
/ (AJ(), J()AT - ATJ())dV + 2/ (AJQ, VJ()VT - VTVJ())dV =0.
M M

By Proposition 2.4, Jj is a weak biharmonic almost complex structure. Hence it is smooth by regularity
results in [6]. O

An important question is to understand the homotopy class of Jy. To proceed, we need the following
fact about the first Chern class.

Lemma 3.3 (Wood [16]). Given a compact almost Hermitian manifold (M, g, J, w), then the first Chern
class can be represented by the following 2-form y such that

1
2y = R(w) + x, with y(X,Y) = Zw(VXJ, VylJ), 3.2)

where R(w) is the curvature operator acting on the Kdhler form w.
Lemma 3.3 has the following important consequence.
Lemma 3.4. The first Chern class ¢ (Jy) = c1(Jx) for J; € 0.

Proof. The first Chern class ¢ (J) is the deformation invariant, and hence it remains the same in the
homotopy class 0. By Lemma 3.3, the first Chern class is represented by the 2-form y. We write yy
for Ji and 7y for Jy. Since J; converges strongly to Jy in W2 then for any smooth two form £, (3.2)
implies that

lim )’k/\§=/70/\§~
k—oo Jar M
It follows that [yx] = [yo] € H*(M, Z). O

Hence, the fist Chern class remains unchanged for the weak limit. If M is simply connected and
nonspin, Lemma 3.1 implies that Jy is in the homotopy class o .

Lemma 3.5. If M is simply connected and nonspin, then every homotopy class contains an energy-
minimizing biharmonic almost complex structure.

If M is simply connected and spin, the situation is more complicated. By Lemma 3.1, Jy is either in the
class o orin p (o). In the former case, Jy is an energy-minimizing biharmonic almost complex structure
in o; in the later case, we prove that there is an energy-minimizing biharmonic almost complex structure
in p(o). To achieve this, we consider the homotopy class o and p(o-) simultaneously. We consider
infyeo &(J) and infje, (o) £2(J). We assume that infjc, £,(J) 2 infjep (o) £2(J). A minimizing
sequence Ji in p(o) will have a weak limit Jy and £ (Jo) > inf;ep () £2(J), since Jy is either in o or
p(0). This will force that Jy is an energy-minimizing biharmonic almost complex structure.

Lemma 3.6. If M is simply connected and spin, then for each first Chern class c of an almost complex
structure, at least one homotopy class (among two homotopy classes corresponding to c) contains an
energy-minimizing biharmonic almost complex structures.

When M is not necessarily simply connected, Lemma 3.1 does not hold anymore. We need more
precise control of weak convergence to obtain the following.

Lemma 3.7. Let J be an energy-minimizing sequence of £,(J) in the homotopy class o. Then the weak
limit Jy (of a convergent subsequence) lies in either o or p(o).
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The key is to prove a version of e-regularity for the minimizing sequence Ji. As a consequence, Jx
converges strongly in W22 to Jy except around finitely many isolated points. This will imply that the
homotopy class of Jj is either o or p (o).

Now we are ready to state and prove the e-regularity for the minimizing sequence J; (see Lemma 3.8
and Lemma 3.9). Fix a sufficiently small positive number €j, which depends only on (M, g) and will
be specified later. Let ¢ be the injectivity radius of (M, g). Suppose a minimizing sequence Ji; € o
converges weakly to Jo in W>?2 and strongly in W'-2. For r € (0,¢), p € M and J € W22, denote

E(r,p):/ |AJ|>dv

B, (p)

F(r,p):/ (IV2J12 + VI [Hdv. (3.3)
B, (p)

We write Eo(r, p), Fo(r, p), Ex(r, p), Fx(r, p) correspondingly for Jy and Ji. Set S, = {p € M :
liminfy o Fi (r, p) = €}. Clearly, S, ¢ S, for r < 5. Denote

S =Np>0S, = lir%Sr.
We introduce the measures which are all totally bounded,

dur = (IV2Ji* + [V | H)dv
dpo = (IV2o|* + |V Jo|Y)dv
déy = |AJk|2dv
d(f() = |A]0|2dv.

(3.4)

By passing to a subsequence, i converges weakly to a positive Radon measure u, and & converges
weakly to a positive Radon measure £. By Fatou’s lemma, there exist positive Radon measures v and 4
(called the defect measure [8, 9]), such that

du =dv + duy

dé = dA+ déy.
Certainly, J; converges to Jo strongly in W22 if and only if either v = 0 or 1 = 0. But v and A are
not necessarily the same in general. The interplay between two defect measures v and 4 makes our

discussions below more complicated than the theory of the harmonic maps, where only the measure
|Vu|*>dv comes to play. We have the following.

Lemma 3.8. The support of v equals S, which contains at most finitely many points.

Proof. First, it is straightforward to see that S is contained in the support of v. Since Jy is smooth, we
have for any x € M, lim, o uo(B;(x)) =0.If x € S, then

tim v(B, () = lim [1(B, () = so(B, (x))] = eo.

This shows that S is contained in the support of v.
Next, we claim the following. For r € (0, rg], where rg is a fixed, sufficiently small number, if

(B2 (p)) < €0, then v = 0in B, »(p).
We sketch the idea of the proof briefly. If u (B, (p)) < € for € sufficiently small, then after passing
to a subsequence, we have

/ (IV2 Tk > + VI [ Hdy < 2€y
BZr(p)
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for sufficiently large k. This implies that Ji is close to its average in By, and the same discussion holds
for Jy. In particular, J; and Jo, when restricted in B,., are homotopy to each other. The key is to construct
a new ‘almost minimizing’ sequence Jk in the same homotopy class such that Jx = Jo inside B, 12(p)
and Jy = Ji outside B, (p), while the behavior in the annulus region is precisely controlled. This would
imply v,A = 0in B, /2(p).

Suppose at the moment, the claim is established. If p is in the support of v, then u (B, (p)) > € for
all sufficiently small r. Hence p € S. Since the total energy is bounded, it follows that S contains, at
most, finitely many isolated points. We complete the proof given Lemma 3.9 below, where we establish
the claim. ]

First, we specify the choice of ro. We can do the scaling g, = r~2g for r < ry. We choose rg

sufficiently small, such that g, is sufficiently close to the Euclidean metric in the ball B, (p) (we identify
B;(p) with the Euclidean ball B; equipped with the metric g,-) such that

4

|gij = dijl + Z ID*gij| < 6, (3.5
k=1

where 69 measures how close the metric g, is with respect to the Euclidean metric in B;. We also
assume that g;;(0) = ¢;;,0g;;(0) = 0.

Note that we choose rg, 69 and €y uniformly for any point p € M. The constants rg, 6p and € are all
fixed. Since r will also be fixed and the energy functionals are scaling invariant, we consider (M, g;-)
instead of (M, g). In other words, we can assume that, by scaling if necessary, g satisfies (3.5) in
any geodesic ball By(p) C M such that the injectivity radius of (M, g) is bigger than 2. We identify
(B2(p), g) with the Euclidean ball (B, g) via the exponential map exp,, : T,M — M. Over (B2, g),
the tangent bundle is trivial and we write J : TM — TM over (B3, g) as a matrix-value function J(x).
We use V, V2, etc. to denote covariant derivatives of with respect to g over B,. We will also use D, D>
to denote the Euclidean derivatives over B;. After this choice of the scaling and local coordinates, an
almost complex structure J over (Bs, g) is a matrix-valued function, which we still denote as J. We
establish the main technical lemma.

Lemma 3.9. Suppose u(By(p)) < €. Then v = 0 in B1(p).

The proof of this lemma involves a construction of a sequence of ‘almost energy-minimizing’ almost
complex structures J in o such that

Ji(x) = { Ji(x),x € M\ Bi(p) (3.6)

Jo(x),x € By_j-1(p),

where k > k; = k() is sufficiently large depending on j. In the end, we will let j — oo (and k; — oo
accordingly) to get an almost energy-minimizing subsequence. Such a construction is a type of extension
of an almost complex structure which equals J in M \ Bi(p) and which equals Jo in B;_;-1(p). The
construction happens in a small annulus B (p) \ B;_;-1 (p). The small energy condition u(B2(p)) < €
plays a very important role. In particular, this implies that J is still in o, using a theorem of White [15].

The construction involves several delicate choices of small constants and cutoff functions. We shall
first briefly explain the process of construction, leaving details to be proved below. We work on (B, g).
Lety; : [0,00) — [0, 1] be a smooth cutoff function depending on j such that

Wi(s) 1,s>1
(5) =
J 0,s<1—j;!
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with bounds |lﬁlj| < 3j, |lﬁ;-| < 1042. For x € B,, we denote

Ji, j(x) = Ji(x) + (Jo(x) = T (X)) (1 =y (Ix])).
Note that

Je(x), [x[ > 1

Jo(x),|x] <1-;71 3.7

Ji, j(x) = {

We extend Ji ; to M such that it equals J outside B;(p). Note that Ji ; might not even be invertible
for some points |x| € (1 — j~!, 1) since the convergence of J; — Jo does not imply the convergence
in L*. To overcome this difficulty, we construct a smooth approximation of Ji ; using a local average
technique (a modification of mollifier).

Let ¢(x) = ¢(|x|) be a nonnegative smooth radial cutoff function which is supported in B = B} with
fB ¢dx = 1. For any given J and p > 0, we denote

Jy(x) = / Gy =)y = /B (I (x + p2)dz. (3.8)

£

where we use the notation, ¢, (x) = p‘4¢( 'f) When p = 0, ¢, is the delta-function and J,(x) = J(x)

(this is also clear from the second equality in (3.8)). Certainly, J,, is the smooth approximation of J,
and J,, converges to J (in a certain norm depending on the regularity of /) when p — 0. However, such
a smooth approximation does not preserve (3.7) in general. Hence, we allow p to be dependent of |x]|
and we write p : [0,2] — [0, 1]. Such a technique is a modification of Schoen-Uhlenbeck [12]. The
support of p is contained in (1 — j~!, 1). In other words,

p(s)=0,s€[0,1-;"Tu[L2]. (3.9)

We choose p(1 — (27)7!) = maxp = p, where  is a small positive number and it can be chosen
such that 4Copj2 = 1, where Cy is a uniform constant, specified below. By choosing p, we require the
derivatives of p satisfying

10’1+ 10| < 4Copj* = 1. (3.10)

For x € B,, we also denote p(x) = p(|x|). The choice of the function p depends crucially on the cutoff
function y;, and this is the first key point in our construction.
Given such a function p, we construct, for x € B = By,

Je sy (@) = /B 0= 00y = /B 6@ (x4 pWdz. (BD)
p(x) (X

By the choice of p(x), which is zero when 1 < |x| < 2or |x| <1 - 71, Ji,j.p(x) can be extended to M
and satisfies (3.7). Similarly, we denote

Jop(o(x) = /B 00 =)y = fB (2 Jo(x + p(x)2)dz.
o (x) (X

ge

Jepio (X) = / 0, (y — )k () dy = / (2 (x + p(x)2)dz. (3.12)
B (x) (x) B

Note that Jo_,(x) (X), Jk, p(x) () and Ji_j o(x) (x) are neither almost complex structures nor compat-
ible with the metric g in general. It is straightforward to see that Jy_,(x) (x) is close to Jo(x) given p is
sufficiently small (Jg is smooth and Jy, , is a standard approximation). We will also show that Ji_,(x)(x)
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is close to an almost complex structure and it is almost compatible with the metric g, using the Poincare
inequality and small energy assumption. One difficulty is to prove that Ji_; , is also close to an almost
complex structure, with a suitable choice of p and g and k = k(p, j). The dependence of k on p and j
is inevitable. In particular, we need to choose p depending on ¢ ;.

Once we construct Ji ; ,, we use the technique in [5] to construct a unique almost complex structure
Jx using Ji ;, p, such that it is compatible with g. We assert that

/ |VJ, — VJi|*dv < Ce (3.13)
M

which implies that J; € o using a theorem of White [15, Theorem 2 and Section 6].

Here comes another essential point of the proof. By the construction, J; equals J; outside B; and
agrees with Jo in By_;-1. If Jy is an energy-minimizing sequence in o, this implies that A = 0 in By and
completes the proof. Unfortunately, we are not able to prove

/ AT |?dv — 0 (3.14)
BI\B,_;-1
for k > kj and j — oo. Instead, we prove the following inequality approximately.

/ AT 2dv c/ (IV2Je)? + VI Y dv. (3.15)
Bi\B,_;-1 Bi\B|_;-1

Given (3.15) and the fact that {J } is an energy-minimizing sequence, we can obtain that

A(By) < Cv(0By). (3.16)
Since the defect measure v(0B;) can be strictly positive on d B, this does not directly lead to the con-
clusion 4 = 0. However, the construction above actually works on any ball B, C B,, r € [1/4,7/4]
(replacing By by B,), and the arguments can be directly carried over. Hence, we will prove for
re[1/4,7/4],

A(B,) < Cv(9B,). (3.17)
In particular, we have for r € [3/2,7/4],

/1(33/2) < Cv(dB,). (3.18)
Since v is a totally bounded positive Radon measure, then v(9B,) = 0 for infinitely many r (actually
v(0B,) > 0 for at most countably many r). Hence, this proves that A = 0 in B3,. It is then a standard
practice to prove that v = 0 in Bj.

We state two versions of the Poincare inequality which are needed in the proof. For
f € WH2(Bg), BR € R", denote f to be its average in the ball,

1
L) T

Then we have

R—"/ |f—£|2dysCR2_"/ |D f|*dy, (3.19)
BR BR
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where C is a uniform dimensional constant. Suppose ¢ is a cutoff function supported in Bg such that
fBR ¢(y)dy = 1. We denote

fe= /B ¢(y) f(y)dy,
and then we have

R‘"/ |f = ful?dy < CRZ_"/ |Df|?dy. (3.20)
BR BR

We should mention that f can be taken as vector-valued and matrix-valued functions as a direct
generalization. Now we carry out the details to prove Lemma 3.9.

Proof. Step one: the construction of an ‘almost’ almost complex structure Ji_; »(x)-

Note that J is g-compatible if J + J* = 0. With the localization over Bj, J is g-compatible if
(J +gJ'g~ ") (x) = 0 holds as a matrix-valued equation for all x € B,, where J' is the transpose of J. If
J is compatible with g, then J, is almost g-compatible if 5 is sufficiently small (we assume that |J| is
bounded, of course). We estimate

|(Jp + 858" (x)] =‘/B ( )¢p(y —0)(J(y) + &) (3)g ™" (x))dy
Sp“‘/g () +g(0)J" (g™ (x)|dy

<p™ /B |—eJ' (e~ () +8(0)JI' (n)g™" (x)]dy
s (3.21)

where we use the facts |g(x) — g(y)| < Cépp for |y — x| < p and

g (Mg () =g (Mg () = (g(x) = g (g™ (x) + ()T (M (g™ (%) —g7' ()

It is clear that (3.21) holds for all the cases J = Jo, Ji and Jy ;.

Next we show that Ji_ ; ,, is ‘almost’ an almost complex structure in the sense that |Ji ; ,Jk, j, p +id]
is very small pointwise. Now we specify p further and discuss the properties of Ji, ; ,. For
x| € [0,1 - "' U[1,2], since p(x) = 0, we have

Jie(x), Ix] € [1,2],

3.22
Jo(). x| € [0,1 = 1], 622

Jk,j,p(x)(x) = Jk,j(x) = {

Fix §; > O sufficiently small (which can be taken as j~!). We write (1 — j~!, 1) as three subintervals
(= 1= ey v ="+ 1 =6 Hull =617 D).
The discussions in each subinterval are different. We choose p such that
p(1=(2)") =p
p(I=j +61j ) =p(1-61j"")=61p

p(s)<dipose(l=j 1= +a7 ) u-671)
o(s) = 61p,s€(1—j +617 1 1-617N).

(3.23)
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Let h(s) be a smooth nonnegative function supported over [0, 2], satisfying the following.

h(1) =1 =max h,and h(s) = h(2 —s),
RGN =571 B'(s) 20,5 € [0,1],
|W]+|h"| < Co. (3.24)

Denote p(s) = p h(2+2j(s —1)). Then p(s) is supported in [1 — j~!, 1], satisfying (3.23). We now
choose p such that

o1+ 10" <472 |+ 1)) <4Copj* = 1.
For |x| € (1-j7",1—-j""+6,77'], we have
o+ p()zl < 1= )7 +6157" + 615
Using ¢;(1 - j~') =0 and |tl/;.| < 3j, we get
wi(lx +p(x)z]) <3/ (6157 +61p) < 46;.

We compute
[k, j, p(x) (%) = Jo, p(x) (X)] = ‘/B P2 (Ix + p(x)2)|(Jo = Ji) (x + p(x)2)dz| < 1005;.
Similarly, for x| € [1 = &1, 1), we have
Ik, 7, o) () = Tk, p(x) (x)| < 1006 . (3.25)
We can estimate
1o, p(x) (x) = Jo(x)| < /B¢(Z)|Jo(x +p(x)2) = Jo(x)|dz < Cip, (3.26)
where C; = Cj(max |VJy|) is a uniform constant. We derive
k.. p(x) = Jo(x)| < 10061 + C1p, Jx| € (1= ;7' 1= +617']. (3.27)

This implies that Ji_ j, »(x) is close to an almost complex structure for |x| € (1 — ', 1— 71 +6;;71),
provided that 1006, + C) p is sufficiently small. Since |VJi| might not be uniformly bounded, we do not
have an effective pointwise estimate on |Jg ,(x)(x) — Jx(x)| as above. Instead, we apply the Poincare
inequality (3.20) in the ball B, (x) to J(y) with J, = J,(x) = pr () P (¥ = X)J (y)dy,

pt / [V (y) = Jp(x)Pdv < Cp~? / IDJ(y)I*dy, (3.28)
By (x) By (x)
Replacing J by Ji, we can get that

pt /B ) = TPy = € / DI () Pay. (3.29)
o (X

Bp(x)
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By the Holder inequality, we see that

1

2
/ IDJi|*ay] .
B, (x)

el

p? / IDJk(y)*dy < C
X

o (

Using the fact that VJ = DJ + dg = J and (3.5), it follows that

/ DIl dy
Bp(x)

Hence, (3.30) implies that there are many ys in B, (x) such that

1

2

o M) =Tk (9P < © < C(v/é + o). (3:30)
B, (x

k() = Tk, p() (0] < C(§feo + ¥/0)-

In particular, this implies that
ik, o) (¥, () () +id] < C(feo + /o).
Using (3.25) and the above, we get that
i i oIk, j. py +id] < C(81 + o + Vo), |x] € [1 =617, 1). (3.31)
Next we consider |x| € (1 -1 +6;j71,1-6,77"), where p(x) > 6;p. We compute
Ui sopto®) = Jop0 01 < [ 610 =I 6+ p2)ldz (3:32)

‘We have

/B (o — I (x + p()2)ldz <p(x)~ /B MO0 = Bl
p(x) (X
<Cp~*|\Jo - Jill2(Bs)5)-

Since Jj converges to Jo strongly in W2 and p > §;p for |x| € (1 — j~' + 6157, 1 = 6;j71), we can
choose kg = ko(81, p) sufficiently large such that

Cp~ o = Jellp> < p.

Hence, we get, for k > ko,
pt / [o(y) = Je(¥)|dy < p. (3.33)
Bp(x) ()C)

Using (3.33) and (3.32), we have that, for k > ko,

Tk, 7, p(x) () = Jo, p(x) (X)| < P.

This together with (3.26) implies that, for k > ko,

k. j.px) () = Jo(x)] < Cp,
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and in particular, we have
|]k,j,p(x) (x)Jk,j o (x) (x) +id| < Cp.
Step two: construction of almost complex structure J; by projecting J i, p(x) WILg.

Next we construct a sequence Ji (x) using Ji, j, p(x) (x) by the technique we have used in [5, see
(4.15), (4.16)]. We briefly recall the construction. In the following, we consider k > k; for each j. For
x| € [0,1-j""7U[1,2], p =0, and we have

Joo x| < 1- 57!

3.34
Ji, |x] > 1 ( )

fk=Jk,j,p=Jk,j={

Now consider |x| € (1 —j~', 1). Let § ¢(x) and Ag(x) be the g-symmetric and g-skew symmetric part
of Jk, j, p(x) (x), respectively. We have by (3.21)

1 _ _
[Sg(x)| = 5|(Jk,j,p(x) () +8)L (8 H(x))| < Cop.
It follows that
|A +id| < C+feg + Cdop.

Note that —Aé is g-symmetric and that it is close to the identity matrix pointwise; in particular, it
is positive definite. Denote Q. to be the g-symmetric matrix such that Qé = —Aé. Note that Q, is
uniquely determined and it commutes with A,. Denote Ji (x) = Q' (x)Ag(x) for x € B;. Then Ji (x)
is a g-compatible almost complex structure in B;. We extend Ji to M by simply putting Jx = Jx on
M \ Bi(p). Now we establish (3.13). We only need to consider over Bj(p). Note that the L* norm of
Ji,j» Qg Ag, Q;l and 1/ |Q§1| are all uniformly bounded by a dimensional constant. Since QZ, = —Az,
and |A§, +id| <« 1, we have the following expansion of the matrix.

Qg = /id — (id+ A2) = Z (152)(id+ A2 (3.35)
=0

We can compute directly that [VQ,| < C|Ag||VAg| < C|VAg|. Hence, we obtain [VJi| < C|VAg|. We
also need (using Vg = 0)

IVSel =1V jp+ 8V} 87 | < CIVIk jpl.

We compute

Vi, <C /B SV (x + p()2)|(1 + | ez,

Hence, we have
Wkl < € [ 931500+ p)2) .
B

Moreover, we have [VA,| < |VJy j ol +|VSg| < C|VJi ol It follows that

/|ka|4dv < c/(/ |wk,j(x+p(x)z)|4dz)dvx < cf [VJi il dv.
B B\JB Bs)
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Since VJi ;j = VJi + (1 =) (VJo = VJi) — (Jo — Jx) Vi and |V ;| < 3, it follows that
/ |VJi j|*dv < c/ (IVJe|* + |VJ()|4)dv+Cj4/ |Jo — Ji|*dv. (3.36)
Bj)p B; B

Using the Sobolev inequality, we know that
1Mo = Jillzs < CllJo = Jillwr2.

By choosing k; = k() sufficiently large such that for k > k;, we can assume that

Ci* | (Jo=Jel>+1Jo = Jil* +|VJo = VI P)dv < j7! < e (3.37)
B,

This establishes (3.13) and hence J; and J, are in the same homotopy class, for k > k;.
Step three: the comparison of J; and J; implies A(B;) < Cv(dB)).

Fix € > 0. Since Ji is an energy-minimizing sequence, for & sufficiently large we have,

/|AJk|2dvs/ [AJ|?dv + €.
M M

By the construction of Jy, we get

|AJk|2dvs/ |Afk|2dv+/ [AJo|*dv + €.
By BI\B_;-1 B

1-j-1

By taking j — oo (hence k > k; — o), we get (since Bj is open)

AB) + [ |AJo|*dv < liminf/

AT |2 dv + / |AJol?dv + €.
B BI\B,_;-1 B

1-j-1

Hence, we get

A(By) < liminf/ AT |>dv + €.
Bi\B

Jj—o )
1-j~1

Since € > 0 is arbitrary, we have established the estimate

]/

A(By) < liminf/ AT dv. (3.38)
BI\B,_;-1

Now we need estimates as in (3.15) to control the right-hand side of (3.38). Recall that we have the
unique decomposition J ;, , = Ag +Sg and Ji = Q;lAg, where Q, is the unique square root of —Aé.
Using (3.35), we have

IVO,| < CIVALL, IAQ,] < CIAAG| + VAL P).

It follows that

IA(Q5" Ag)l < C(IAAG| + VAP < CUATk .ol + IV k. pI).
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Hence, we obtain
/ AT 2dv < C/ (|AJk,,,p|2 + |VJk,j,p|4)dv. (3.39)
BI\B,_j-1 BI\B,_;-i

We compute

[VJi, il =V + (1 =) (Vo = Vi) = Vi (Jo = Ji)
=y VI + (1 =y )V — Vi (Jo — Ji)|
<|VJkl + Vol + CjlJo = Jil.

Similarly, we compute

|ATk, | =IATk + AL = y;)(Jo = Ti)]|
<|VAIE] + V200 + Cj2 (1o = Ji| + [V Jo = VJi]).

Write y = x + p(x)z. Then we have

ay; , "
‘ l <C+lpl+lp D.

52)’:‘
(9)6]'5)6](

sc<1+|p’|>,’

J

Using |p' |+ 1p"] < 1, |¢//'J.| + |lﬁ;| < 20,2, we can then get

VIl :' /B S(Vadi; (x + p(x)2)dz
<c /B SNV odi (14 | ez
SC/B () (V] + V] + 1o - Jel)d=.

where the function is evaluated at y = x+p(x)z. For any open set U C B, denote U = {x : dist(x, U) <
p}. We have

4

[ 19 pltan <c [ ( [ 6@ +19010) #3110 = 1)) dy
U U \J B

sC/ (VI > + Vo)t + j* o = Je|Hdv, (3.40)
Us

where we have used a standard technique to estimate the L” norm of mollifier approximation (see [4,
Lemma 7.2, (7.15)]). Similarly, we compute

ATk, j.pl =‘/B $(D)Ax(Jk, j(x + p(x)2))dz
<C [ 017200l + 1920l + 52100 = Vil + 15y = Ju) ).
B
It follows that

/ ATk, . plPdvy < C/ (|V2Jk|2 + V202 + 4o = Je > + jH Vo - VJk|2)dvx. (3.41)
U -

Us
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Take U = B \ By_j-1in the above. We obtain,
/U(|wk,j,p|4 + V2, pH)dv < c/U (V2> + VI [Ydv + C(Ry + Ry), (3.42)
5
where the remainder terms read,
Ri= [ (Val+ saoPyar,
Us

Ro=j* [ (1o = Jil* +Jo = Jkl* + |VJo = VI |P)dv.
Us

Recall we assume that k > kj, such that (3.37) holds. Hence, Ry < j -1 Certainly when j — oo, the
Lebesgue measure U; — 0 and hence Ry — 0. By (3.42), we obtain

Jj—oo

liminf/ (IVJk, j.pl* + ATk o)y < cummf/ (V2T + VI [Ydv. (3.43)
BI\B, i J=e Ju,

Hence, we obtain, by (3.39) and (3.43),

lim inf / |AJi|*dv < C liminf / (V2T + VI [Ydv. (3.44)
J—00 B]\Bl f—l J—00 Uﬁ
Note that U = By \ B,_j-1, p = j~2/10. Fix € > 0. Denote

By ¢ = {x :dist(x,0B)) < €}.

For any j sufficiently large, Us C By, . Hence, we have

lim [ (V2T + [Vl *)dv = lim i (Bi. ) < pu(By. o),

k—o0 Bre

where we use the fact that u; converges to u weakly and B . is a closed set. Together with (3.44), we
get that

lim |AJ|?dv < Cu(By ). (3.45)
7 JBI\B, 1

Note that N¢-0B1, ¢ = dB;. We obtain lime_,0 (B, ) = v(dB1). With (3.45), we obtain

lim |AJi|*dv < Cv(8B)). (3.46)
Joe Bl\Bl_j—]

Hence, we have obtained the desired estimate
A(By) < Cv(0By). (3.47)

If we replace By by B,,for 1 <r < %, replace By \ By_;-1 by B, \ B,_;-1 and apply the same arguments
as in the proof (3.47), we obtain

A(B,) < Cv(dB,). (3.48)
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Since v is totally bounded, this implies that A(B,) = 0 for r < 3/2. This completes the proof of
Lemma 3.9. O

With Lemma 3.9, we prove Lemma 3.7, which asserts that the homotopy class of Jj is either o or
p(0o), for a minimizing sequence J in o.

Proof of Lemma 3.7. Lemma 3.9 implies that J; converges to Jo strongly in W22(M\U, /2), where U
is the collection of finitely many disjoint geodesic balls B(p;), i = 1,--- N with radius r/2, for any
sufficiently small positive number r. Moreover, for any point p € M\U,, we have that

/ VIl + V2P < .
B, 2(p)

Hence, we can construct J; such that

Jk(p) = Jo(p), p € M\Uy,,
Je(p) =Jk(p).p € Uprp

and
/ [VJi = VI |* < Cep.
M

This implies that Jy is in o In short, we construct J; in the same homotopy class which coincides Jo
over M\U,,, where the convergence is strongly in W2,

Given a homotopy class o of almost complex structures on M, we recall the construction of p(o)
(see Donaldson [3, Section 6]). A compatible almost complex structure J on an oriented Riemannian
four-manifold M can be considered as a section of the associated SO(4)/U(2)-bundle over M (the
sphere bundle of A2, known as the ‘twistor space’). Suppose there are two almost complex structures
J1 and J,, which agree each other outside a small ball in M. Over this ball B, J; and J, compare by a
map from S* to the fibre of the twistor bundle, hence defining an element in [S*, $?] = Z/2. If o is
a homotopy class, p(o) agrees with o outside a small ball, and over the ball the two compare by the
nonzero element of [S4, S2] = 7Z/2. Hence, if J| and J, agree outside a small ball, then either they are
in the same homotopy class or their homotopy classes are related by the map p.

Applying this to J; and Jy above, the homotopy classes differ by the composition p*, for some
k < N. Since p o p = id, it follows that Jj is either in o or p (o). O

Theorem 1.3 follows as an immediate consequence of Lemma 3.7.

Proof of Theorem 1.3. Given a pair of homotopy classes o~ and p(o-), choose a minimizing sequence
Ji of bi-energy functional over o and p(o) with respect to (M, g). By passing to a subsequence, we
assume that J; remains in homotopy class o~ and it converges to a biharmonic almost complex structure
Jo weakly in W22, Either Jy is in o or in p (o). Hence, there is an energy-minimizing biharmonic almost
complex structure in the pair o~ and p (o). Indeed, in this case, since Ji is a minimizing sequence over
o and p(o0), and all J; remains in o, the limit Jy has to be in o~ as well since no extra energy can be
concentrated. O

4. An intuitive conjectural picture

A K3 surface is a compact simply connected complex surface S with trivial canonical bundle. Let o
denote the homotopy class of the standard complex structures on S with ¢; = 0. S. Donaldson [3,
Corollary 6.5] proved, using his polynomial invariants, the following.

https://doi.org/10.1017/fms.2023.21 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.21

Forum of Mathematics, Sigma 21

Theorem 4.1 (Donaldson). The homotopy class p(o) on S with ¢| = 0 does not contain any integrable
representative.

Theorem 1.3 does not specify precisely whether o~ or p(o-) contains an energy-minimizing bihar-
monic almost complex structure. There could be a couple options, as follows.

1. Both o and p(o) contain an energy-minimizing biharmonic almost complex structure, which might
or might not have the same energy.

2. Only one homotopy contains an energy-minimizing biharmonic almost complex structure, while the
other does not.

We believe the following and Theorem 4.1 serves as an example.

Conjecture 4.2. Given two homotopy classes o and p(o) on M, exactly one homotopy class among the
pair (o, p(0)) contains an energy-minimizing biharmonic almost complex structure. Suppose o is the
class containing a minimizer. Then p (o) does not contain a minimizer, and a minimizing sequence in
p(0r) converges weakly in W>? to a minimizer in o, which bubbles off a nonconstant biharmonic map
from R* to S* with a nontrivial relative homotopy class.

In the process of energy-minimizing, the formation of a bubble gives a nonconstant extrinsic bihar-
monic map from R* to S? by a blowup argument. But it does not seem to be straightforward to specify
its relative homotopy class, even though it is intuitive that it should correspond to the nonzero element
in 74(S?) topologically. We believe the following.

Conjecture 4.3. In the nontrivial (relative) homotopy class of R* to S corresponding to the nonzero
element 114(S?), there exists an energy-minimizing extrinsic biharmonic map. For maps from $* to §?
in the homotopy class corresponding to nonzero element m4(S?), there exists no energy-minimizing
extrinsic biharmonic maps.
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