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Abstract

We examine the long-time behavior of forward rates in the framework of Heath—Jarrow—
Morton—-Musiela models with infinite-dimensional Lévy noise. We give an explicit
condition under which the rates have a mean reversion property. In a special case we
show that this condition is fulfilled for any Lévy process with variance smaller than a
given constant, depending only on the state space and the volatility.
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1. Introduction

In this paper we investigate whether certain models of bond markets can reflect the following
property observed in the market: rates drop when they are high and rise when they are low.
This behavior is called mean reversion. Since the mean reversion property does not reveal itself
over a short horizon, we examine the long-time behavior. Whenever a process converges in law
as time tends to oo, it also has a tendency to remain close, over a long horizon, to an average
value.

We give a sufficient condition for the mean reversion in Heath—Jarrow—Morton—Musiela
(HIMM) models with infinite-dimensional Lévy noise. This is an extension of the result of
Tehranchi [13], who considered models with Wiener noise on a weighted Sobolev space. In
order to present a volatility example given by a Nemycki operator, which is used in applications,
we present an analogous result on a weighted L2 space. We also look more closely at the Laplace
exponent of the driving process Z. In the case of one-dimensional Lévy noise with no negative
jumps we derive the following simple and meaningful sufficient condition for the mean reversion
in L%

EIZOD) <K,

where K > 0 depends only on the weight function and the volatility, but does not depend
on the Lévy process Z. We also present a new proof of the Lipschitz property of the Heath—
Jarrow—Morton mapping. The obtained Lipschitz constant of the mapping is smaller than the
one obtained by Filipovi¢ and Tappe [6] or Peszat and Zabczyk [10]. Since these authors
considered only the existence of solutions, it does not matter how large the Lipschitz constant
is as long as it is finite. However, it is of importance for the mean reversion: the smaller
the Lipschitz constant, the weaker the condition to ensure mean reversion. The proofs of the
results regarding the mean reversion property are based on the general theorem, Theorem A.1,
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in which we present a sufficient condition for the existence of a stationary distribution for a
general stochastic evolution equation driven by an infinite-dimensional Lévy process. This is
an extension of the result of Chojnowska—Michalik [3], who considered equations with constant
coefficients (see also [4, p. 105] for the Wiener case). Invariant distributions for the HHMM
models with constant coefficients are discussed in [7], [8], and [15].

In Section 2 we establish the notation and present the HIMM model of the forward rate. In
Section 3 our main results are stated. Section 4 contains some lemmas needed for the proofs
of the theorems. These proofs are then given in Section 5. Section 6 deals with mean reversion
under the objective measure.

2. The HIMM model

We start with the background necessary to present the model and state our results.

Let (U, (-, )u), (H, (-, -)n) be two separable Hilbert spaces. By L(U, H) we denote the
space of linear continuous operators from U into H. We abbreviate L(U, R) to U* and L(U, U)
to L(U).

Let Z(t);>0 be a U-valued Lévy martingale, i.e. a process with independent and stationary
increments with mean 0. Its Laplace exponent J : U — (—00, +00] is then given by

J(u) =InEe” @z 2.1
and its covariance operator Q is given by
Qu =E[(u, Z(D)y Z(D)], uel.

We will assume that Q € L(U).
Definition 2.1. For a Lévy process Z with the Laplace exponent J: U — (—o00, +00], we

define functions A1, A2, A3: [0, +00) — [0, +00] by

Ar(r) = sup [|DJ(w)lly-,

lullu<r

@)= sup ID*T@)llLw.um,

lully<r

@)= sup 1D T@)lLw,Lw,usy-

lully<r

where D*J denotes the kth derivative of J and D' J is abbreviated to DJ.

Before we can present the HIMM model of the forward rates, we need to recall some facts
and concepts from operator theory. First note that, for every ¢ € H* and T € L(U, H), the
mapping ¢ o T belongs to U*, so, from the Riesz theorem (see [16, p. 90]), it follows that there
exists a unique element of U, which we will denote by T*¢, such that, for every u € U,

(T* o, u)u = ¢(Tu).

An operator T € L(U, H) is said to belong to the space of Hilbert—Schmidt operators, denoted
by £L2(U, H), if

o
T ey gy = D W Teillgy < +00,
i=1
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where {e;}; is an orthonormal basis in U. For ¢ € H* and T € £2(U, H), we have
IT*elluv = llg o Tlu* < lellu=IITlLw. oy < Nl T Nl 20, my-

We will denote by L' the space of all functions f: R, — R such that

Tl =/0 )] dx < oo,

Note that if H is a separable Hilbert space of real functions defined on [0, +00) such that
Ifllt <Cl|fllg forall f € H and some C > 0, 2.2)
then, for every § > 0, the functional Is : H — R givenby I¢ f = fos f(x)dx is bounded and
;ug IT*Isllu < CIT |l 2.y forall T e L2U, H).
>
We are now ready to present the model. Let # be a separable Hilbert space of real functions
defined on [0, +00). Let o be a mapping from # into L2(U, H), where H is a subspace of

F such that (2.2) holds. Let Z(¢);>0 be a U-valued Lévy process. The HHMM model of the
forward rates on # driven by Z with volatility o is given by the following Musiela equation:

t t
fi = SO fo+ /0 S(t — ) (Fit 0 0)(fy) ds + /0 St - 9o (f)dZ6),  @3)
where, for T € L£2(U, H), the function Fuym(T) is given by
a *
Fum(T)(§) = gJ(T Iy),

and S(7);>0 is the semigroup of shift operators, i.e. (S(¢) f)(§) = f(§ +¢). Itis worthwhile to
rewrite the equation as

dfy = Dfi + (Fam o 0)(fr)) di + o (f) dZ (@), (2.4)
where DD denotes the generator of S(¢);>0, with (D f)(§) = df(§)/0§.

3. Statements of results

This section contains our main results. We present an already known theorem, and then we
give an extension of it. Later we present analogous results on a state space which has useful
properties and, finally, we consider models with one-dimensional noise.

To formulate our results, we use the following notation. For a positive increasing function
w: Ry — Ry, write

—1/3,3/2 ~ 1,172 . w'(x)
Cw=lw 'A%  Co=lw'1?  a=inf

and let G, denote the Hilbert space of all functions f: Ry — R such that

o
| 1P ar < o,
0
with inner product

(frg)G, = /0 F0g(0w(x) dx.
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3.1. Results in Sobolev space

Tehranchi [13] consiNdered HIMM models on the Sobolev space H,, (under the assumption
that, for w, we have C,, < +00), defined as the space of absolutely continuous functions
f: Ry — R for which the weak derivative f’ belongs to G, with inner product

(f.8)n, = f(00)g(00) +(f’, &")q,-

The existence of f(00) = lim,_,  f(x) follows from the assumption that C w < +o00 (see[13]
for details). We distinguish the subspace Hg ={f € Hy: f(c0) =0}

Theorem 3.1. ([13].) Assume that Z in (2.3) is a standard Wiener process, and let L, M > 0
be such that, for every f, g € Hy, we have

lo(f) =@l e2wmey < LIS =gl oDl 2w,ns) < M.

If
L? 4+ 8CyML < ay,

then, for every ¢ € R, there exists a unique measure ¢ such that u© is the law limit of (fi)i>o,
lim L(f;) =,
—00

if fo(00) = ¢, where (fi);=0 denotes the solution to (2.3).

Before we give an extension of the above theorem, we state our first existence result for
models with infinite-dimensional Lévy noise.

Theorem 3.2. Suppose that o : H,, — LU, Hg) is Lipschitz and bounded, i.e. there exist
L, M > 0 such that, for every f, g € Hy,, we have

lo(f) = 0@l 2m9y < LIS — gl G.D)
||O'(f)||.,c2(U,H]9) <M. 3.2)

If Cyy < o0 and A3(CyM) < +o00, then, for every h € Hy, there exists a unique solution
(f1)i=0 C Hy to the Musiela equation (2.3) with fy = h.

Given the existence of the solution, we now present a sufficient condition for the solution
to have the mean reversion property. Note that, for the Wiener process, we have Qu = u,
M) = r, M) = 1, and A3(r) = 0; thus, the following result is a generalization of
Theorem 3.1.

Theorem 3.3. Let L, M > 0 be given by (3.1) and (3.2). Write ry = C,yM. If
L2|| Q”L(U) + 2[A1 (ry) + 3A2(ry)ry + )\3(rw)rw2]L < Uy (3.3)

then, for every ¢ € R, there exists a unique measure u° such that lim;—, o L(f;) = u<, if

fo(oo) =c.

https://doi.org/10.1239/aap/1275055234 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1275055234

Mean reversion 375

3.2. Results in the extended L2 space

We start with presenting a space of functions which can also be chosen as a state space for
the HHMM model. The advantage of using this space lies in the fact that it allows us to present
a volatility example given by a Nemycki operator, which is used in applications. Therefore, we
propose to consider the HIMM model on a Hilbert space obtained by extending G, in such a
way that it contains constant functions.

Definition 3.1. Let 1 stand for the function 1(x) = 1, x > 0. If, for c € R, the set of all
functions f: Ry — R for which f — c1 € G, is denoted by G¢ , then G, is defined by

Gu = J G5,
ceR

The space G, is endowed with the following inner product: if f € G, C G, and ge Gl c
Gy, then

(f.8)g, =cd+(f —cl,g —dl)g,.

Remark 3.1. Both spaces H,,, 6w ~ Ri\x Gy. The space H, treats the pair (c, f) as a
function (&) = ¢ — f;o f(x) dx, while G, treats the pair (c, f) asafunction g(§) = c+ f(&).

Remark 3.2. The concept of the so-called short rate, defined as r; = f;(0), plays an important
role in financial applications, such as discounting and present values, and in turn in proofs
regarding the absence of arbitrage in the market where we show that the process of discounted

bond prices
1
exp[— / ry dv:| P(t,0),
0

is a local martingale, where P (¢, 6) denotes the price at time ¢ of a bond maturing at time 6 > ¢.
If f; € Hy then f;(0) is well defined, but f;(0) may not exist if f; € cA;w. If there exists a
strong solution to (2.4) then there exists a continuous version of f; and the short rate can be
defined as

e
n=tim = [ fe e
x=0x Jo
If there is no noise in (2.3), i.e. f; = S(¢) fo, then f;(0) = fo(¢) and the short rate given by
ry = fo(t) is well defined for almost every t > 0 and fot ry dv is well defined for every ¢ > 0.

Whether this approach works for the general equation (2.3) is the subject of ongoing research
(see also [7]).

Analogously to the analysis of the stochastic differential equation for H,,, we now present an
existence result as well as a sufficient condition for the mean reversion property of the stochastic
differential equation for G,.

Theorem 3.4. Suppose that o : 6w - LU, Gy) is Lipschitz and bounded, i.e. there exist
L, M > 0 such that, for every f, g € Gy, we have

lo(f) —o@lewe, = LIS -¢&lg, G4
lo (Dl 2w,6,) =M. 3.5

Ifgw < 400 and )\z(awM) < 400, then, for every h € Gw, there exists a unique solution
(fi)i=0 C Gy, to the Musiela equation (2.3) with fo = h.
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Theorem 3.5. Let L, M > 0 be given by (3.4) and (3.5). If
LYQllLw) + 200 (CyM) + 22 (Cy M)Cy MIL < ay, (3.6)

then, for every ¢ € R, there exists a unique measure S such that lim;_, oo L(f;) = u¢, if
fo € G,

3.3. Models with one factor

In this section we look more closely at HIMM models with one-dimensional noise. We start
with the result regarding HHMM models on H,,.

Theorem 3.6. Consider an HIMM model on H,,, driven by a Lévy martingale taking values
inRwitho: Hy, — Hg given by
oo
o(HE) = [ minty .1 o)) d (3.7
3

for some positive real function . Assume that r,, = Cy||¥lg, < +00. If Jd 0) < 400
and J® (rw) < 400, then, for every h € Hy, there exists a unique solution (f;);=0 C Hy to
the Musiela equation (2.3) with fo = h. If, additionally,

EIZ(DP + 217 (rw) + 3 max{EZ(DI?, I ()}
+max{|JP O, [TV ru® 1< ew  (3.8)
then, for every ¢ € R, there exists a unique measure u¢ such that lim;_, oo L(f;) = u¢, if
fo(o0) = c.

Example 3.1. Let o be given by (3.7), and let Z(¢) = N, (t) — ]\NIA (1), where N, and NA are
two independent Poisson processes with intensity L. We have

ElzOP=2x, JOWw=J@=re"—e"),  J'u)=xre"+e");
thus, condition (3.8) takes the form
E[Z(D? < ayll + (€™ —e ) (1 4+ry%) + 3™ +e " )ry] '

The remainder of this section will be devoted to HIMM models on G w, With volatility given
by a Nemycki operator.

Theorem 3.7. Consider an HIMM model on 6w, driven by a square-integrable Lévy martin-
gale taking values in R with o : Gy — G, given by

o (f)() = min{y(§), [f(E)]} (3.9

for some positive ¥ € Gy,. If&w < 400 and J"(||¥l1) < +oo, then, for every h € Gu,
there exists a unique solution (f;);>0 C Gy, to the Musiela equation (2.3) with fy = h. If,
additionally,

EI1Z(W? + 20" (1) 4+ max{E | Z() P, " A 1DICwl¥ 6, ] < (3.10)

then, for every ¢ € R, there exists a unique measure € such that lim;_, oo L(f;) — u<, if
fo e G,
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Example 3.2. Leto be givenby (3.9), andlet Z(t) = N, (t) — ﬁk (t), where N, and ﬁx are two
independent Poisson processes with intensity A. We have E |Z(1)|2 =21, J (u) = A(e"—e™ 1),
and J" (1) = A(e" + e™"); thus, condition (3.10) takes the form

E |Z(1)|2 < ayll + eVl _ o=ll¥rih + 5w||1/f||Gw (eHI/flll + e—”‘/f”l)]—l.

In the next example we show that, for a given w and o, the solution has the mean reversion
property for any Lévy process with no negative jumps and variance sufficiently small. We
emphasize that the function J does not appear in the condition presented in the example.

Example 3.3. Suppose that w(x) = e** for some o > 0. Let Z be a Lévy process with no
negative jumps, and let o be given by (3.9). Then, for every initial condition, (2.3) has a unique
solution and condition (3.10) is fulfilled if

EIZWDP < ell +2[¢ ] + 22 e, (3.11)

We have o, = o and 5w = o~ !/2. Therefore, to see that (3.11) implies (3.10), it is enough
to apply (4.1) and (4.6), below, and the Lagrange theorem, since

J Ao = J'Avl) =J'0) < lIyih Suglf”(u)l-

4. Lipschitz property of the HJM mapping

First we show some facts about the function J defined by (2.1). We see that

DI(u)p = —e~ /W E[e= "2 (p 7(1))y],

DI(0)p = —(p.EZ(D)y.
(D*Jw)p)g = e/ WE[e™“?Wu(p Z(1)y(g, Z(1))u] — DI(w)pDJ (u)q,
(D*J(0)p)g = (Qp. q)u-

It follows that
A1(0) =0, 4.1
20) =110lLw)-

Since (D?J () p)q = (D*J (u)q) p, we obtain
(D*J)p)p — (D*JW)q)g = (D*Jw)(p+ ) (p — ). (4.2)
Moreover, with the notation
X = e~ wZMu/2, Y = =202, 7))y,
we have (D>J(u)p)p = e > W[EX?EY? — (EXY)?], so
(D2J(u)p)p >0 forallu,peU.

Now we will consider properties of the Laplace exponent of a one-dimensional Lévy process.

https://doi.org/10.1239/aap/1275055234 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1275055234

378 A. RUSINEK

Proposition 4.1. ([12, Proposition 2.1].) Let J be a Laplace exponent of a Lévy process taking
values in R. For every k > 1, we have

sup 7O @)| = max{|J® (a)|, |J® b)), (4.3)
u€la,b]

where J%® denotes the kth derivative of J. If Z does not have negative jumps then, for every
k > 2, we have sup,¢(4 5] [J® )| = TP (a)|, and if Z does not have positive jumps then, for
every k > 2, we have sup,,c(, p| 1J® )| = J® ).

Note that, for a one-dimensional Lévy process,
17" (0)] = 22(0) = [ QllLw) = EZ(D).

Therefore, since J'(0) = 0 and J” is always positive, as a corollary of the above proposition,

we obtain
sup |J'(w)| = J'(b), 4.4)
uel0,b]
sup |J"(u)| = max{E |Z(1)|2, J"(b)}. 4.5)

uel0,b]

Furthermore, if Z does not have negative jumps then

sup | /" (w)| = E|Z(1)]*. (4.6)

u>0
The next lemma plays a crucial role in the proof of Theorem 3.2.

Lemma 4.1. Assume that ||A||£2(U,H3) and ||B||£2(U,H8) <M, and letry = CyM. Then
[ Famm(A) — Fam(B) | go = (A1 (rw) + 322(ry)re + A3 (rw)rw)IlA — Bll 2v, 1Y)

Proof. From Hoélder’s inequality, we obtain || f'||; < Cw|| fll HY- Furthermore, since
f&) =~ f f/(x) dx, it follows that, for every & > 0, the functional 8¢ HY — R, given by
Sef = f(s) is bounded. Soif T € £L2(U, H)) then dT* Iz /& = T*5¢, and

3 3
— Fupm(T =D/ T*I:)(T*S
oF um(T)(§) = 0F (T"Ie)(T™5¢)

9
= DJ(T* 1§)< gT 55> + (D?J(T*I)T*8:)T* 8.
With the notation 7 = Fgym(A) — Famm(B), we have
1h130 = (Famnm(A) = From(B), hygg = I + 11 + 1 + 1V,

where
9
I _/ DJ(A* Ié)(agA 8 — gB*(S;)h’(E)w(E)dS,
9
1 =/0 (DJ(A*I¢) —DJ(B*Ig))gB*Sgh/(S)w(S)dé&,
I = /OOO((DZJ(A*IE)A*Sg)A*Sg — (D*J(A*I5) B*8¢) B*8¢)h' (E)w (&) dE,

V= /OO((DZJ(A*IE) — D?J(B*I:))B*8:) B*5: 1 (§)w (&) dé.
0
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Applying (4.2) withu = A*I;, p = A*8¢, and ¢ = B*8¢, we conclude that
o0
Il = / (D2J(A*Ig)(A + B)*(Sg)(A — B)*(Sgh’(f)w(é) dé&.
0

The following inequalities can be found in Filipovi¢ [5] (see inequality (3.7) and the proof of
inequality (3.8) therein):

11 < Cull fllmo, 4.7)
00 1/2
( /0 ||u(s>||§5w<s>ds) <C, ‘ w(é)dé, (4.8)
with C,, < C,, and a,, < Cy. Furthermore, since
9 2
H—T 8§ w(é;)dg—/ <85T 85 e,> w(&)d&
00 o0 a 2
=;f0 T (T8 o | wie) de
00 | 5 2
22/0 52 (e (©)] w(6) de,
we obtain
1/2
( H—T 8¢ w(S)d$> =Tl 2, 19) (4.9)
1/4
( /0 ||T*6g||‘2,w<5)ds) < Co'PIT N 2w, m0)- (4.10)

By (4.7) we obtain ||A*I¢||y, ||[B*I¢|ly < ry forevery & > 0, and, from the Lagrange theorem,

IDI(A*Ig) — DI(B*I9)llu+ < M2 (ru)CullA — Bll 2w g+
ID2J(A*Ig) — DI (B*Ie) |l Lw.us) < #3(r)Cull A = Bll 20, 0)-

Therefore,

|1|<M(Vw)/ H (A — B)"S Ih/(é‘)lw(é)dé,

| < A2(rw)CuwllA = Bll 2, HO) H—B 8¢

Ih/(é)lw(é)dé,
|| < Xz(rw)/o (A + B)*8¢llull(A — B)*S¢llu|h'(§)|w(§) dé,

o0
V] < A3(rp)CullA — B||£2(U,Hg)/0 1B*8¢ 17711 (&) |w (&) dE.
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Now, applying (4.9), (4.10), and Holder’s inequality, we obtain

1] < Ai(rw)llA — B||£2(U,Hg)||h||1-18,
| < ha(rw)Cull A = Bll g2, 150y I BNl e20r, 10y 1l 110
< 22(rw)CuMIIA = Bl g2, 1oy 1Bl g0
(| < 22(rw)CuwllA = Bll 2, no) 1A + Bl 2, 10y 1l g
< 2x2(rw)CoM||A — Bll 2y, 19y |21l 9,
VI < 43(rw)Cu® A = Bll 2. 19y 1B 2 g0y 1211y
< 230w)Co’ M| A = Bll g2, 19y 1l g -

Remark 4.1. For a weight function of the form w(x) = e** with o > 0, we have C,, =
33/2¢=3/2, Furthermore, (4.7) and (4.8) hold with C,, = 2a=%/? and C,, = «~3/2. Therefore,
for w(x) = e**, we can obtain a smaller Lipschitz constant of Fyym: L2(U, Hg) — Hg,
namely

Ly = M1 (o) + 20 Fo)Fa + 513Fa)Ta’s
where 7 = 2032 M.
The following lemma is used in the proof of Theorem 3.6.

Lemma 4.2. Assume that f, g € Hg are positive functions and that ||f||H3, ||g||H3 <M, and
letry = CyM. Then

I Fam(f) — Fam(@llgo < KIILf = gllgo.
with
K = J'(ry) +3max{E |Z(1)|*, J" (ry)}rw + max{|J D), [JP (ry) [}rn>.

Proof. Clearly, for a positive function f, we have

£
£ Z/O @) dx €10, 1£111 € 10, Cull £l .

$0 A1(rw), A2(ry), and A3(ry) in the proof of Lemma 4.1 can be replaced by sup,, (o 1 | J' ()|,
SUP,ef0.r,,1 |/ @)1, and sup, (o 1 1/ 3 (u)|, respectively, to which we apply (4.4), (4.5), and
(4.3).
The following lemma is used in the proofs of Theorem 3.4 and Theorem 3.5.
Lemma 4.3. If‘”A”oCZ(U,Gw)’ ”B'loCZ(U,Gw) < M then
Il Fanm(A) — Fapm(B)llg,, < (k1 (CowM) + 22(Cu M)Couy M)A — Bll 2., -
Proof. With the notation 4 = Fiyym(A) — Fiym(B), we have

I81E, = (Fam(A) — Frm(B). h)g, =1 +11.
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where

o0 N a ]

I = DI(A*Is)[ — A* I — — B* I |h(£)w(#) dg,
0 0§ 0
o0 0
yii :/ (DJ(A*I¢) —DJ(B*IS))(gB*Ig>h(?§)w(§)d?;.

0

From Holder’s inequality, we have || f||1 < Ew Il fllG,; hence,
IT* Il < Cull Tl 2w,6,)-
So |A*Ie|ly, | B*Iglly < gwM for every £ > 0, and, from the Lagrange theorem,
IDJ(A*I) = DI(B*Ig)llys < 2a(CuM)CullA = Bl 2.6,
Therefore,
~ x|l 9 N
] < M(CwM)/ H—(A — B)'I; Ih(S)Iw(S)dS,
) < 22(CyM)Cy || A — Bl r2, Gw) H—B Ie| |h(§)|w(§)dE.
U
We claim that if 7 € £2(U, G,,) then
1/2
( H—T Ig w(é)d§> =Tl 2w,6.)- (4.11)

Indeed, we have

0o 2

H—T I¢ w(g)dg_/ Z<asT 1§,€z> w(§)dg§
o) :o 9 2

_ Z[) 5 T le-eilu| w©) ds

I
—

o

I
-

S—
3

a [ d
— Te;
35/0(8)(X) *

2

w(§) d§

|(Ter) (€) Pw () dé.

M8
=

Applying (4.11) and Holder’s inequality, we obtain
1] < M(CuMIIA = Bl 2.6, 116,
| < 22(CyM)CyllA — B||£2(U,Gw)||B||£2(U,Gw)||h||Gw-

In the next lemma we consider the mapping Fym: G, — Gy connected to a one-
dimensional Lévy process.

Lemma 4.4. Assume that f, g € Gy, are positive functions, and that || f || G,,, gl < M and
I /1, gl < R. Then

I Fam(f) = Fam(@®@lig,, < KIIf = gllG,.
with K = J'(R) + max{E |Z(1)|2, J"(R)}CwM.
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Proof. Note that f*I = [5 f(x)dx € [0, R] and g*I¢ = [; g(x)dx € [0, R]; therefore,
M (CyM) and X2 (Cyy M) in the proof of Lemma 4.3 can be replaced by SUPye(0, R] |J/(u)| and
sup,c(0.r] /" ()|, respectively. It remains to apply (4.4) and (4.5).

We end this section with a short study of the properties of the shift semigroup. We claim
that
IS flig, <e 2l flg, forall f e Guy. 4.12)

Indeed, note that the function w(x) = e™*»*w(x) is nondecreasing, since

w'(x)

w(x) = e_“wxw(x)[ - awi| > 0.

w(x)
Hence,

IS0 f13, = /0 FCx + 0 Pw dx
< /oo (x4 )P w(x + 1) d
0

= e ! / |fE)Pw () dg
t
<e ™ flE,-
Since (S(@) f) = S(t)(f'), inequality (4.12) is equivalent to

IS@) fllgo < e ™"/ fllyo forall f e HY. (4.13)

5. Proofs

This section contains the proofs of the theorems. First we prove the existence results, and
then we proceed with the results regarding the mean reversion property.

Proof of Theorem 3.2. By Theorem 9.29 of [11], aunique solution exists if Fiyvoo : Hy, —
H,, is a Lipschitz mapping. From Lemma 4.1,

[(Famm 0 0)(f) — (Frm 0 0) (@) go < K(CuM)LI| f — glla,,

where K (r) = A1 (r) +30)r + A3 (r)rz. Furthermore, it follows from the Lagrange theorem
that
K(r) < 21(0) 4+ 4220)r + 5x3(r)r? = 4 QllLw)r + Sra(r)r?.

Proof of Theorem 3.4. We mimic the proof of Theorem 3.2 with appropriate adjustments.
By Theorem 9.29 of [11], a unique solution exists if Fypv o 0: Gy — Gy, is a Lipschitz
mapping. From Lemma 4.3,

I(Fim 0 0)(f) — (Funm 0 0)() |6, < K(CuMILIIf —gli, -
where K (r) = A1(r) + X2 (r)r. Furthermore, it follows from the Lagrange theorem that
K(r) < 110) + 222(r)r = 22 (r)r-.

Proofs of Theorem 3.3 and Theorem 3.5 will be based on Theorem A.1, which we formulate
and prove in Appendix A.
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Proof of Theorem 3.3. For h € H,y, let ¢ = h(0), so h“=h —cl € H,%. Define the
mapping o¢: Hg — L(U, Hg)) by o¢(f) = o(f + c1) and the mapping F°: Hg — Hg by
F€¢ = Fyym o o¢. Consider the following equation on Hg:

dgr = (Dg; + F(g;)) dr + 0°(g,) dZ(2), 5.1
8o =h".
Let us apply condition (A.4) from Theorem A.1. We have Lyc = L, so, from Lemma 4.1,
Lpe = (M (rw) 4 322(rw)rw + A3(rw)ry”) L.

Hence, condition (3.3) states that 2L pc + Lgc2||Q||L(U) < 2wp, since from (4.13) we get
wp = %aw. It follows that L£(g;) converges to L(X,) for a random variable X such that
E X2 < +o00. If (81)s>0 1s a solution to (5.1) then (f;);>0 given by f; = g +clis a
solution to

dfy = Dfr + (Fam o 0)(f1) dr + o (f) dZ (1), Jo=nh.

So L( f) converges to L(X. + c1).

Proof of Theorem 3.5. The proof follows similar lines to that of Theorem 3.3. For h € G¢,
leth® =h—cl e Gy. Definec®: Gy, — LU, Gy)byo“(f) =0(f +cl)and F¢: G, —
Gy by F¢ = Fyym o o€. Consider the following equation on G,:

dg: = (Dg: + F(g1)) dt + 0 (g) dZ (1), (5.2)
go = h°".

We apply condition (A.4) from Theorem A.1. We have L,c = L, so, from Lemma 4.3,
Lre = M (CyM) 4+ A2(CyM)CyM)L.
From (4.12), we get wp = %aw; thus, condition (3.6) states that
2Lpe + Lo QL) < 20p.

As in the proof of Theorem 3.3, we conclude that L£(g;) converges to £L(X,.) for a random
variable X such that E Xcz < 400, and if (g;);>0 is a solution to (5.2) then (f;);>0 given by
ft = g + clis asolution to

dfi = Mfi + (Famm o 0)(f1)) dt + o (f1) dZ (1), fo=nh.

So L( f) converges to L(X. + c1).

Proof of Theorem 3.6. It is enough to follow the proof of Theorem 3.3, applying Lemma 4.2

with M = ||¥|lg,,, since, for o¢: Hg — Hg given by

() =/§ min{y (x), | f'(x)[} dx,

we have
lo(f) —o“@llgy = If —8llny. lo“(NHllgy = ¥l
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Proof of Theorem 3.7. For the mapping 6¢: G, — G, given by

o“(f)(€) = min{y(§), | f () +cl},

we have

lo“(f) —o“@lle, = If —glc.: lo(HllG, = 1¥lG, lo (O = Il

Therefore, it is enough to follow the proof of Theorem 3.5, applying Lemma 4.4 with R = ||¥/ ||
and M = V],

Remark 5.1. The same proof works for all Nemycki-type volatilities of the form

o (f)E) = v, f(§),

where v: Ry x R — R satisfies
lv(€, x) — v, Y| = lx —yl, 0=<v@, x)=¥@©).

6. Mean reversion under the objective measure

In this section we discuss the case in which the HIMM dynamics correspond to the objective
measure and, therefore, the mean reverting behavior of interest rates has an economic meaning.
We will touch upon only a few aspects of the theory (see [2, pp. 194-200] and [13], where
models with infinite Wiener noise are considered). We will assume that the Gaussian part of Z
is a standard Wiener process W with covariance operator Id. Let v be the Lévy measure of Z,
i.e. v({0}) = 0, and, for a Borel subset of U such that T C U \ {0}, we have

wrr=E[§: h%ZU)—ZU‘D}

0<t<l

where Z(t7) = limg_,,- Z(s). By J, we will denote the Laplace exponent of the jump part of
Z,ie.

Jmo=/®*“W—1+mewma
U
and )L,((”) will denote the function A; connected to J,, i.e.

W)= sup DKL, )lx,,

lully <r
where Xo = R and Xy = L(U, Xx—1), kK > 1. Asin [1], we consider the following dynamics
of the forward rates on H:

t

t
fi = S(l)f0+/ S(t — s)d; dS+/ S(t — s)os dZ(1),
0 0

where fo € H, the process (d;);>o takes values in H, and the process (77);>0 takes values
in £2(U, H). If Z in the above equation is a Lévy process with respect to a measure locally
equivalent to the martingale measure (see [1, Proposition 5.6]), then there exist a predictable
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process (¢;);>0 with values in U and a measurable positive function (¥ (¢, z))s>0, zer such that
the process (d;);>0 satisfies the following relation (see [1, Equation (5.36)]):

£ 1 £ 2 £ £
f at(x>dx=52< f (a,eo(x)dx) - / Gr0) (x) dx + f / (312)(x) dxv(dz)
0 i1 \Jo 0 uJo

3
+/ (CXP[—/ (g,z)(x)dx:| - 1)1ﬂ(t,z)v(dz)-
U 0

We will assume that there exist a mapping o from H into £2(U, H) and mappings ¢ and ¢
from H into U such that 6; = o (f;), ¢r = ¢1(fr), and ¥ (¢, 2) = ($p2(f7), z)u for every z from
the support of v. This is a rather restrictive assumption, since positivity of ¢ implies that if z
belongs to the support of v then —z does not. For an R-valued Lévy process with no negative
jumps however, v satisfies this constraint. With the above assumptions about the coefficients,
[t becomes a solution to the following equation on H:

t

t
Jr= S(t)fo+/O St —s)a(fy)ds +/0 St —s)o(fs)dZ(@), (6.1)

where a: H — H is given by

a(f) = Fm(@ () —a (N1 (f) + G(f)/;]ZV(dZ) — T (@ (fNP2(f).

Here FI_VI‘;M is the HIM mapping connected to the Wiener process W and 7~ denotes the following
mapping from L2(U, H) into L(U, H):

d
(T (A)p)E) = (DZJU(A*15)<£A*L§)>P, peU, £=0.

Following the proof of Lemma 4.1 with DJ replaced by D?J, we find that if || A|| L2(U.HY)>
||B||£2(U,H'9)) < M, and rw = CwM, then

17 (A)p — T (B)qll o
< 0w) + 28 rw)r) M p —qllu
+ 0 rw) 4308 e + 2 CreDIllulA = Bll 2. po)-

w

Following the proof of Lemma 4.3 with DJ replaced by D?J, we find that if || A le2w.6,)
||B||DC2(U,G < M then

17 (A)p — T (B)gllg, <+ CoM)M|p—qlu
+ A (CuM) + 28 (CuMCuM)ligllullA = Bl 220.6,)-

To simplify the presentation, we restrict our attention to models on H = Hg or H =Gy, and
we assume that there exist L, M > 0 such that, for every f, g € H,i = 1, 2, we have

i (f) — di(@llv < LILf — gllu, i (Hllv = M,
lo(f) —o@llezw.m = LIf —gllu. lo (I e2w. 1y = M.

Applying Theorem A.1 to (6.1) we obtain the following result.
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Proposition 6.1. Let

Ky = 205" () + 428" (ru)r + 2" (ru ),

/ zv(dz)
U

then there exists a unique stationary distribution for (6.1) on Hg. Let

where ry, = CyyM. If

+ 2K, ML < ay,

10l L) L?* + 8ryL + 4ML + ZL‘
U

Ky = 228(CyM) + 287 (CuM)C oy M.
If
+ 2K, ML < ay,

f zv(dz)
U U

then there exists a unique stationary distribution for (6.1) on G,.

101l Lw)L? + 4CwML + 4ML + 2L

Appendix A

We will consider processes on a complete probability space (2, ¥, P). Let (U, || - ||ly) and
(H, || - || #) be two separable Hilbert spaces, and let Z(¢);>¢ be a Lévy martingale taking values
in U with covariance operator Q € L(U). We consider a stochastic equation on H of the form

dX = (AX + F(X))dr + B(X)dZ(z), (A.1)
X(0) =n,
where n € H, the linear operator A has dense domain and in general may be unbounded, F is
a mapping from H into H, and B is a mapping from H into L(U, H).

The following theorem gives a sufficient condition for the above equation to have a stationary
distribution.

Theorem A.1. Let Sa(t);>0 be the semigroup generated by A, and let wa, L, Lp > 0 be

such that
ISa®)xlla < e “Ax|lu.
I1F(x) = FO)Ilw < Lrllx = ylla, (A.2)
1B(x) = BVl e2w.m) < Lallx = ylla. (A.3)

Let (X:]),Zo denote the solution of (A.1). If
~2w4 +2Lr + Lp*| QllLw) <0 (A4)
then there exists a unique random variable X, € L*() such that, for everyn € H,
LX) = L(X).

Furthermore, if Z is square integrable then condition (A.3) can be replaced by the following
weaker condition:

I1B(x) — BOWIlLw,my <= Kpllx — yla,
and condition (A.4) can be replaced by

—2wa +2LF +E|Z()|I5 Kp* < 0. (A.5)
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Remark A.1. Van Gaans [14] presented a similar result under a less restrictive condition for the
semigroup. He assumed that only ||S(£)[lz(H) < Ce~®4! for some C, ws > 0. His sufficient
condition for the existence of a stationary distribution is

L2
6C2(i +E ||Z(1)||%,K32> < wa.
wA
In the case in which C = 1, the above condition is equivalent to

LF2 WA
= — —Z 4 E|ZW)|}Kp* <O.
WA 6

This condition is stronger than ours since

Lr® s Sw% +6(wa — Lp)?
>
wA 6wy

0.

In order to prove Theorem A.1, we present the following extension of Theorem 6.3.2 of [4].

Theorem A.2. Assume that F satisfies condition (A.2) and that there exists C g > 0 such that

1Bx)Q'? — B3OVl iy < CHllx — yla-

Let A, =nA(n — A)~', n € N, be the sequence of Yosida approximations of A, and let (X Ni=0
denote the solution of (A.1). If there exist N, ¢ > 0 such that, for every x,y in H andn > N,

2{An(x =) + F@) = FO),x = y)u + 1B0 QY = B3O %y )
< —elx =yl (A.6)
then there exists a unique random variable X € LZ(Q) such that, for everyn € H,
L(X]) = L(X).

Before we prove Theorem A.2 we define the double-sided Lévy process and formulate two
lemmas. _
For the process Z(t);>0, let Z(t);cr denote the process defined by

— . _Jzo, 1=
Z0) = Zr(—1), t <0, A7)

where Z(t);>0 is a Lévy process with the same distribution as Z(¢);>¢ and independent of
Z(t);>0-

LemmaA.l. ([11, Lemma D.3].) Let a(t);>0 be a predictable H-valued process, and let
B(t)i=0 be a predictable L(U, H)-valued process such that

T
E/m Ul @Il + 1B Q" 5y ) di < 00 forall T > to.

Then, for any h € H, the process

t t
Y (r) =h+/ (x(s)ds+/ B(s)dZ(s)
to 0]
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is square integrable and
i 2 17212
LEIY O = ERY 0. 00 + 18002 )
Lemma A.2. Condition (A.6) implies that, for some C1 > 0,
2Anx + F B(x)0"?2 <—Zxi3 +C
( nX + ()C),X)H + ” (X)Q ||£2(U,H) = _Ellx”H + Cy

foreveryx in H andn > N.
Proof. Letting y = 0 in (A.6), we obtain

1< —elx|% +2(F0), x)y +1I,

where
I=2(Apx + F(0), x) i + 1B@ Q1%
and
=B Q1% gy — 1B Q' = BOYQ* 100y )
<IB&) QI3 gy — IB@ Q21 2,11y = 1BO Q2| 20, ))?
= 1BOQ" 1%y )
+21BO)Q" 1| 20,1y IB&) Q21| 2y, 11y — 1BO)Q* |l p2r, 1)
< 1BO)Q" Py gy + 21BO) Q1 2y, iy C§ %111
Therefore,
&
1< =5 lxl +allxlly +blxla +e,
where
&
a = —E < 0,
b=2(1FO)x + I1BO)QI 2. CH).
¢ =I1BOQ" 1% -
Hence,
2
e 2 . b — 4ac
I§—§||x||H+C1, with Cl :—T

Proof of Theorem A.2. Let Z be defined by (A.7), and let A, =nA(n — A)~!, n € N, be
the sequence of Yosida approximations of A. Denote by X, (¢, s, n) the solution to the equation

dX, = (A, X, + F(X) dt + B(X,)dZ(t),  Xu(s) =n,
and by X (¢, s, n) the solution to the equation
dX = (AX + F(X))dr + B(X)dZ (1), X(s) = 1.

Then X, (z, s, n) converges in L>(2) to X (¢, s, ). Fixn € H ands € R. Applying LemmaA.1
with

Y(t) = Xu(t, s, 1), a(t) = Ap Xy (2,5, ) + F(Xn (.5, 1)), B(#) = B(X,(t. s, 1)),
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and Lemma A.2, we obtain
d 2 £ 2
EE YOl < _EE 1Y@l + Ci.

By Gronwall’s lemma for every r > s, we have E ||Y(t)||2 <2Cie'+E ||Y(s)||%1. Since
X, (t, s, n) converges in L?(Q) to X (1, 5, 1), we also have

E|X(t, s, )% <2Cie~" +|Inl|3, forallne Handr > s. (A.8)

Once the boundedness of the solutions has been obtained, we prove the existence of a unique
stationary distribution. The first step will be to prove that there exists a law limit of (X (y, 0, 1)),
for some 1 (to specify, we take n = 0), and the second step will be to prove that, for any 7, the
law limit of (X (y, 0, 1)), is the same.

Fixne Hand§ > y > 0,and let U,(¢t) = X,,(t, —y,0) and V,,(t) = X, (¢, =8, n). Then

d(Un = Vo) = (A(Un = Vy) + F(Up) = F(Vy)) dt + (B(Un) — B(V,)) dZ ().
Applying Lemma A.1 with

Y1) = Uy(1) — Vi (o),
&(1) = Ay(Up () = V(1)) + F(Un (1)) — F(Va (1)),
B(1) = B(Uy (1)) — B(Vy (1)),

and condition (A.6), we conclude that
%E IY @I < —BIY @011
By Gronwall’s lemma, for every s € R and every ¢ > s,
EIY)IF <e " BIY ()
Letting t = 0 and s = —y, we obtain
E X5 (0, —y.0) — X,(0, =8, )|y < e~V E[Xu(=y. =8, n)F.

Since X, (¢, s, n) converges in L2(Q) to X (1, s, n),

E[X(0,—y.0) — X(0, =8,y <e " E[X(—y, =8, mll}- (A9)
Letting n = 0, we obtain

E[1X (0, —y,0) — X(0,=8,0)[l; < e~V B[ X(~y, =8, 0)[-
Now, recalling (A.8),

E|[|X(0, —y,0) — X(0, =8,0)[|, < e ¢¥2Cis™".

It follows that (X (0, —y, 0)),, is a Cauchy sequence in L2(Q), so there exists a random variable
X € L%(Q) such that X (0, —y, 0) converges to X in L?(2), which implies that X (0, —y, 0)
converges to X also in law. Since L(X (0, —y, 0)) = L(X (y, 0, 0)), we also have

L(X(y,0,0) — L(X) asy — 0.
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To prove uniqueness of the stationary distribution, let § = y in (A.9). We obtain
E X0, —y,0) = X0, =y, 0l < e lnlF.

So the L%(2) limit, and then also the law limit, of (X (0, =y, 1))y is X as well. Furthermore,
since L(X (0, —y, n)) = L(X(y, 0, 1)), we also have

L(X(y,0,1) = L(X) asy — oco.

Proof of Theorem A.1. 1t is sufficient to prove that condition (A.4), as well as condition
(A.5), implies condition (A.6). This idea is due to Tehranchi [13]. First note that

10" 213 . gy = EIZDIg:

hence,
(€2)? < min{Lg?|Qllw), ENZ(W)I3 K 5%).

Therefore, if (A.4) or (A.5) holds, then there exist &, N > 0 such that, for n > N, we have

2wan 0.2
——— +2L C —€,
n+a)A+ F+( B) < =€

since wan/(n + wys) — w4 as n — oo. For the Yosida approximations, A,, we have

Aph,hyg < ————|hlly,
{(Anh, by < n+wA|| Iz

since || S4 () ||Lcay < e~ A" (see the proof of Theorem 7 in [13]).
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