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Measures of Noncompactness in
Regular Spaces

Nina A. Frzakova

Abstract. Previous results by the author on the connection between three measures of noncompact-
ness obtained for L, are extended to regular spaces of measurable functions. An example is given of
the advantages of some cases in comparison with others. Geometric characteristics of regular spaces
are determined. New theorems for (k, 3)-boundedness of partially additive operators are proved.

1 Introduction

A condensing operator is a mapping under which the image of any set is, in a cer-
tain sense, more compact than the set itself. The degree of noncompactness of a set
is measured by means of functions called measures of noncompactness (MNCs for
brevity). Condensing operators have properties similar to compact ones. In par-
ticular, the theory of rotation of completely continuous vector fields, the Schauder—
Tikhonov fixed point principle, and the Fredholm—Riesz—Schauder theory of linear
equations with compact operators admit natural generalizations to condensing op-
erators. Therefore, the theory of MNCs and condensing operators has applications
in different areas of mathematics. For example, a technique connected with MNCs
and condensing operators is used in the study of differential equations in infinite di-
mensional spaces, function-differential equations of neutral type, integral equations,
as well as some types of partial differential equations (see, for example, [1,3]).

In this paper we investigate the relationships among three different MNCs, and
we will illustrate with examples the advantages of some MNCs over the others.

2 Basic Notions

Let E be a Banach space. Given a bounded subset U of E, the Hausdorff measure of
noncompactness xg(U) = x(U) is defined as the infimum of all € > 0 such that there
exists a finite e-net for U in E.

The measure of noncompactness Bg(U) = S(U) of U C E is defined as the supre-
mum of all numbers » > 0 such that there exists an infinite sequence in U with
|ty — th|| = 1 for every n # m.
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We denote by B(ug,7) = {u € E : ||u — uy|| < r} the closed ball in E of radius r
and with the center uy, and by B = B(, 1) the unit ball with the center § where 6 is
zero element.

The MNCs x or 5 (denoted below by ¢ ) satisty the following properties ([3,
3.1.2], [1, 1.1.4]):

e regularity: ¢p(U) = 0ifand only U is a totally bounded (a relatively compact) set;

e nonsingularity: ¢(U) is equal to zero on every one-element set;

¢ semi-homogeneity: we(tU) = |t|pp(U) for any number #;

e semi-additivity: (U U V) = max{pp(U), pp(V)};

¢ monotonicity: p(U) < ¢p(V),ifU C V;

e invariance under translations: pg(U + u) = pg(U) (u € E);

e Lipschitzianity: |pp(U) — we(V)| < 2p(U, V), where p denotes the Hausdorff
metric

¢ (more precisely, semimetric): p(U,V) =inf{e > 0:V C U +eB,U C V +¢&B};

e algebraic semi-additivity: og(U + V) < @p(U) + @p(V), whereU +V = {u+v:
ueU,veVl

e invariance under passage to the closure and to the convex hull: ¢g(U) = ¢g(co U).

Let €2 be some subset of R”, and let ;1(€2) < oo, 1 be a continuous measure; i.e.,
each subset D C Q, u(D) > 0, can be split into two subsets of the same measure.

A Banach space E of real-valued measurable functions on 2 is an ideal space if
it satisfies the following condition: if a function v belongs to E, u is a measurable
function, and the inequality |u| < |v| is fulfilled almost everywhere, then u also
belongs to E, and ||u||g < ||v||g

An ideal space E is a regular space (see [4,12,13]) if each function u € E has an
absolutely continuous norm: lim,p)—¢ || Ppu||z = 0. In particular,

(2.1) hm ||PD(u,T,u0)“HE = 0,
T—o0

where 1y € E is any fixed function with positive values, conventionally called the unit
of space E,

D(u, T, ug) = {s € Q: |u(s)| > Tug(s)}

for an arbitrary number T" > 0, and the symbol Ppu denotes the multiplication
operator by characteristic function s¢p of any subset D C (2.

Define Lo, (up) to be a Banach space of all real-valued measurable functions on
Q, with the norm ||ul|;__ ) = inf{\ : |u| < Ay ae.} (Loo(l) = Loo). Itisa
non-regular space.

We list the following examples of regular spaces for 1y = 1:

* spaces L, (1 < p < 0o) with the norm |[ul|, = ([, [u(s)|?ds) I/P,

* the Lorentz spaces A /,(§2, u) = Ay/,(2) (1 < p < co) with the norm

Hu||A1/p<n<,p,>:/ 1P (D(u, T, 1)) dT,
0

¢ the Orlicz spaces.
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As in [5-10], for any regular space E the symbol v5(U) denotes the measure of the
non-uniform absolute equicontinuity of norms U C E:

vg(U) = lim  sup ||Ppulg,
wD)—=0 yeu

which is considered an MNC. In particular,

(2.2) ve(U) = lim  sup ||Ppgu,ru)t||e-
T—oo y,eUu

The measure vg(U) has all properties of ¢ mentioned above, excluding the regu-
larity, since the equality vg(U) = 0 is possible on noncompact sets.

Also it has been proved in [5] and [6] that if U is a bounded subset of a regular
space E, then vg(U) < xg(U);if U is, in addition, compact in measure, then vg(U) =
X£e(U) . Below we will prove similar properties for .

Here compactness in measure [1, 4.9.1] means compactness in the normed space
S of all measurable, almost everywhere finite functions u, equipped with the norm
lull = inf{s+ pude : [u(e)] > s},

The following two statements, which will be prove below, are general in nature,
i.e., valid for an arbitrary Banach space E.

Lemma 2.1 Let U be an arbitrary bounded infinite subset of a Banach space E. Then
forevery e > 0 there exists an element u € U such that the ball B(u, Bg(U)+¢) contains
an infinite subset of U.

Proof Let u; € U be an arbitrary element. Choose ¢ > 0. If the ball
B(uy, fp(U) + €) contains an infinite subset of U, then the proof of the lemma is
complete; otherwise, there exists an element 4, ¢ B(u, Sg(U) +¢€), u, € U.

Similarly, if the ball B(uy, Be(U) + €) does not contain an infinite subset of U,
there exists an element u3 € U such that

us & B(uy, Bp(U) +¢) UB(uy, Bp(U) +¢),

etc.
By the definition of Sg(U) this process terminates on some step #, since by the
construction, foranyi # j (1 <1i,j < n),

llui — ujl|g = Be(U) +e.

Lemma 2.1 is proved. [ ]

Lemma 2.2 Let U be an arbitrary bounded infinite subset of a Banach space E. Then
foreach e > 0 aset U contains an infinite subset such that the distance between any two
elements is less than or equal to Bg(U) + €.

Proof By Lemma 2.1, for an arbitrary € > 0 in U there exists an element u; such
that the ball B(u;, 8g(U) + ) contains an infinite subset U; C U.

Now we apply Lemma 2.1 to the set U;\{u; }. Taking into account the inequality
Be(Uy) < Be(U), we choose an element u, # uy, such that the ball B(u,, 8g(U) +¢)
contains an infinite set U, C Uy, etc.
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Since on n-th step we obtain an infinite subset U,, C U,_j, this process does not
stop and we build an infinite sequence {u, }, the distance between any two members
of which is not greater than Sg(U) + €.

Lemma 2.2 is proved. u

3 Connection Between MNCs and Geometrical Characteristics of
Regular Spaces

Let E be a regular space.

Definition 3.1 Let S be the set of all sequences {u,} of elements from E satisfying

the following conditions:

(1) uy, n € N, have pairwise disjoint supports;

(ii)  lim,_ o0 ”unHE =1

(iii) the measure of the support supp u,, tends to zero as n — 003

(iv) there exists a strictly increasing sequence of positive numbers {T,} with
lim, o T, = 00 such that the inequality T, 1o(s) < |u,(s)| < T,uo(s) holds
foralln € Nand s € supp u,,.

Let
(3.1) cg= inf _lim Lm |u, — g
{u,} €S m—00 n—o0
(3.2) Ce= sup lim lim |ju, — ti|g-
{un}egm—ﬂn n— 00

Remark  Note that 1 < ¢; < ¢ < 2. The upper bound follows from the triangle
inequality and Condition (ii). The lower bound is a consequence of Conditions (i)
and (ii), since E is an ideal space.

We suppose further that the norm in a regular space also satisfies the following
condition: for any sequences of subsets {D, }, {D}:} in Q such that D, N D} = & for
all #n and lim,,—, .o max{p(D,), u(D})} = 0, there is no bounded sequence {u,} of
functions in E such that

(33) 111’1’1 HPDn”nHE = a, hm ||PD:; MHHE = b, hm HPDnUD:u”HE = d,
n—0o0 n— 00 n—00
wherea > 0, b > 0, d = max{a, b}.

Remark  Let {u,} be a bounded sequence of functions in E such that there exist
D, C Q,n € N, lim,_, pu(D,) = 0such that

ve{u,} = lim ||Pp,u,|lg = a > 0.
n—oo
Then vg{v,} = 0 for v, = u, — Pp,u,.

Proof Indeed, let vg{v,} = b > 0. Then there exist D; C €2 such that

Dy ND;, =2, lim u(D;) =0, lim |[Po; vy[ls = b > 0.
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Since
PD;kVnk = PD,’{k (4n — Pp,uy,) = PD;kum
we have lim,_, o HPD:k uylle = b > 0. Recall that E is an ideal space. Thus
[1Pp, || < [|Pp,, up; tn||E- Since
lim ||Pp u,|lp=a and lim ||PD,,kuD; Uy |lp < ve{un} = a,
n— 00 k—o00 k
Jim ||Pp,, up; tn||e = a = max{a, b},
and we get a contradiction to (3.3). [ |

Lemma 3.2 Let U be an arbitrary bounded subset of a regular space E with
ve(U) > 0. Then there exists a sequence {u,} C U with

cprp(U) < Lm  lim |lu, — wp||e.
m— 00 N—» 00

IfU is compact in measure, we can choose {u, } to satisfy, in addition,

lim lim |lu, — tn||r < Cere(U).
m— 00 N— 00

Proof LetU bean arbitrary bounded subset of a regular space E with v5(U) > 0. By
(2.2), there exists a strictly increasing sequence of numbers {T,}, lim,_,o, T, = 00,
and a sequence of functions {u,} C U, for which the equality

ve(U) = lim |[Pp, 1, up)tal |

holds.

Note that (2.1) implies lim,_, o0 || Pp(u,,.7,.1)%||g = O for each fixed m.

Considering a subsequence (for our convenience, we do not change the notation),
we may assume that v5(U) = lim,_, ||Pp tn||g, where
:

D, = {s € Q: Thug(s) < |un(s)] < Tpr1uo(s)}.
It follows from the boundedness of U [13, Theorem 1], that
nlgrolo suppu € Uu(D(u, T,, uo)) =0.

Therefore, lim,_ oo u(ﬁn) = 0. Extracting subsequences, we may assume that
11Uk i1 D) are small enough and the difference between | P5, || and || Pp, ||

is slight for D,, = D,,\ Ui Dy. Eventually, we get a sequence {u, } such that
vp(U) = lim ||Pp, ||
n—00
and the sets D, are pairwise disjoint.
Note that vg{u,} = vg(U) and by the remark before the lemma, vg{v,} = 0 for

Vy = U, — Pp,u,.
As consequence, we obtain

lim sup ||Pp, (u, — Pp,uy) — Pp,(4m — Pp,,thm)||g = O,
k— o0 mn>k

(3.4) lim sup ||Pp, un — Pp,tml|lg = 0.

=0 mn>k
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The constructed sequence of 4, = Pp, u, satisfies Conditions (i),(iii), and (iv)
from Definition 3.1. Condition (ii) is replaced by the condition lim,,_, |||z =
Therefore

lim lim ||, — ]| > cpre(U).
m—00 N— 00

Since E is an ideal space, we have

|t4n — wml|le = [|Pp,up,, (4 — tm)||E > | [ttn — tml[e — || Pp,,thn — PDn”m||E|
for any m # n, and by (3.4),

lim lim |lu, — tp||p = cpre(U).
m— 00 n—»0Q

The first part of Lemma 3.2 is proved.

Note that by (iii) the sequence {u,} tends by measure to zero. Let U be compact
in measure. Then {u,} is compact in measure too. Therefore, the sequence {u, — i, }
is compact in measure too.

As it was proved in [5], [6], in this case xp{u, — U, } = vg{u,—1u,}. By the remark
before the lemma, vp{u, — 4, } = 0. Hence xg{u, —t,} = 0. By the definition of the
Hausdorff MNGC, for every € > 0 there exists a finite e-net C = {¢1,¢2,...,cn} C E
such that {u, —u,} C C+eB. Since C is finite, we can choose an infinite subsequence
(with the same notation as before) that satisfies {u, —#,,} C ¢*+¢&B for some ¢* € C.
As aresult, we have |||u, — || — ||ty — thn||g] < 2¢. Now we decrease € and extract
a subsequence (which we denote again by {u,}) such that

mlgnoo nhm | [tn — vl — |20 — thn|| = 0.
The second part of Lemma 3.2 is proved, since lim,, oo lim, o0 ||t — tim|[r <
ceve(U). |

Theorem 3.3  In a regular space E the MNCs v and (3 are related by the inequality
Be(U) = cgup(U) for every bounded U; moreover, if U is compact in measure, then
cpve(U) < Be(U) < cprgp(U).

Proof If vp(U) = 0, then the inequality cvp(U) < Bg(U) is satisfied. If U is
compact in measure and vg(U) = 0, then by the compactness criterion in regular
spaces ([11-13]) U is relatively compact and Sg(U) = 0. Thus the assertion for the
case vg(U) = 0 holds. Therefore, we assume that vg(U) > 0.
Let a sequence {u,} be as in Lemma 3.2. Choose £ > 0. By Lemma 2.2 we can
assume without loss of generality that ||u,, — u,||p < Bg{u,} + ¢ for all n and m.
Thus by virtue of the monotonicity of 3, we obtain

i — tinl|g < Be{un} +e < Be(U) +¢

for all n and m.
Since we can take ¢ arbitrarily small and ¢vp(U) < lim,, ,  lim, ||, — ti||E
by Lemma 3.2, we get the assertion of the first part of Theorem 3.3.

https://doi.org/10.4153/CMB-2014-015-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2014-015-4

786 N. A. Erzakova

Let U be compact in measure. By the definition of /3, for given € > 0, there exists
a sequence {w, } such that ||w, — w,,|| > Bg(U) — ¢ for all n # m. Hence by Lemma
3.2, we can extract a subsequence {u, } of {w,} such that

Be(U) —e < lim lim |uy, — tp < cprp({w,}) < cere(U),
m— 00 N— 00
which finishes the proof of Theorem 3.3, since € can be arbitrarily small. ]
Below we shall consider examples of calculation of the constants (3.1) and (3.2).
Example 3.4 ¢ =7t = 2P for1 < p < o0.

Proof Recall that by Definition 3.1(i) functions u, have disjoint supports and by
Definition 3.1(ii) their norms tend to 1. Hence,

. . . . 1
lim m [, — el = Tim Tim ([}, + ) = 210

mM—r00 —> 00 m— 00 H—» 00
and
lim Tim [ju, — wyle = Tim Tim (u,|f, + w17 = 27
m— 00 n—» 00 m— 00 n—»0Q
for every {u,} € S. Therefore, C, =0, = 21/p, ]

Example 3.5 e, = Cry, = 2forl < p < oo.

Proof Since by [11, 15.1] the set of all finite-valued functions is dense in A; /p 1 <
p < o0, without loss of generality, we may assume that S consists of sequences of
finite-valued functions.

By Definition 3.1, {u, } is a sequence of functions with disjoint supports such that
there exists strictly increasing sequence of positive numbers {T,}, such that T,,_; <
|u,(s)| < T, for all s € supp u,.

Since |||f]ll = ||f]l, we can consider functions of the form: u, = Zf”zl CixD;»

Lol
Um = ;%"\ cirp,, where

1> > >0 >Cppp1 > 00 > Clpit, > Clpity+1 =0, 1= m.
Then by [11, Formula (15.3)],
L+l

i 1/p
it = unllay, = 2 (6 = (U DE)
i k=1

=1

Hence,
0, 1p  lutls i 1/p
it =ty = sl = et (U D)+ 52 @ —aom(U D)
k=1 i=ly+1 k=1

By Definition 3.1(iii),

Ly
lim u( U Dk) = lim p(suppu,) = 0.
k=1 n—o0

n—o0
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Hence,

nlggo |4 — “mHAl/p

= lim (fluallay, = et (a(suppu,))'?

n— o0
L+l i 1/p
+ > (Ci_Ci+1)(N< U Dk) +u(suppun)> )
i=l,+1 k=0l,+1
=1+ [[tmlln,,

since if m is fixed, the numbers ¢y, 1, . . ., ¢/,+¢, do not change.
Therefore,

Timtim [y — sl = B (1 [, = 2

andcy,, = ¢, =2 [ |
Example 3.6 Let E be a regular space consisting of all functions on €2, where Q2 =

G UGy, G NG, =&, u(G;) > 0 (i = 1,2), with the norm defined by ||u|g
PG, ulla,, + ||PG,ullz, for 1 < p < co. For this space, ¢z < .

Corollary  IfE = L, or Ay, then for any bounded subset U C E inequalities
Br,(U) = 21/PVLP(U), BAl/p(U) > ZVAW(U) hold. In particular, ﬁAl/p(B) =2.

IfU is compact in measure, then (1,(U) = ZI/PVLP(U) = 21/PXLP(U), Ba,,(U) =
2vp,,(U) = 2xa,, (U).

4 MNC 5 of Bounded Subsets in L,

The aim of this section is to show that 5, (V) < (2 — r/(au(2))r follows from the
inclusion V' C By (0, a) N By, (0, r). We start with some particular cases.
Throughout this section U denotes the set of all measurable functions on €2 with
values in the set {—1,0,1}.
Below we use the proportionality 5 and y in the separable Hilbert space:

(4.1) B =2x.

Lemma 4.1 Let U be the set of all functions u € U satisfying the following condition:
there exists w € Ry such that p(supp u) = w. Then B, (U) < 2w — w? /().

Proof By the definition of 3, for any ¢ > 0, the set U contains an infinite
(B, (U) — e)-lattice Uy, i.e., ||[u — v||, = B, (U) —eforall u # v, u,v € U,.

First, we show that for the chosen € we can find an infinite subset U; C U, such
that for any u, v € U; we have

(4.2) &y := p(supp u A suppv) < Z(w - wz/u(Q)) + e,

where A A B := (A U B)\(A N B) for sets A and B.
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Let U := {u € U | u(s) € {0,1} foralls € Q}. Denote by (w/u(Q))e the
constant function with value w/u(2). Then

(X (@) < sup||u—(w/p) el|}, = (1-w/p) “wt(w/n(€) " (1) -w)
ucU

by the definition of U.
Hence (x1,(U))? < w—w?/pu(£2), and (4.1) implies B, (U) < /2(w — w?/pu(£2)).

Now by Lemma 2.2 we can extract from Uy for the chosen ¢ an infinite subset U,
such that

[lul = ]|}, < 20w — w?/u() + e

for any two elements u, v € U;. Since |u(s)| — |v(s)| = 0 for all s € supp u N supp v,
we get &y = ) = llul — VI[I7, < 2(w — w?/u(Q)) + &, which completes the
proof of (4.2).

Next we prove that for the given ¢, there exists an infinite subset U, C U; such
that for any two elements u, v € U, we have

(4.3) Wyy 1= ,u{t € Q| Jut) —v()| = 2} < p(suppuNsuppv)/2 +e.
Indeed, by (4.1),

Br,(U1) = V2x1,(Uy) < V2 sup |ul|;, = V2w.

uclU,;

Therefore, by Lemma 2.2, the set U; includes an infinite subset U, such that
|u— ||}, <2w+ e forall u,v € U,. Hence

|lu— v||i2 = 4w,y + 2(w — p(supp u Nsuppv)) < 2w + ¢,

which completes the proof of (4.3).
Note that (4.3) implies w,, < (w — &,,/2)/2 + €. Thus for every u,v € Uy, u # v,

ﬁLl(U) — € < Zwuv + fuv < (W - guv/z) + guv + 2¢ < 2w — UJZ/N(Q) + 257
whence we obtain the assertion of Lemma 4.1, since € can be arbitrarily small. |

Lemma 4.2 Letoy,y,. .., andwy,ws, . .., wy, betwo collections of positive num-
bers (Z?:l w; < ,u(Q)). Consider the set V of elements Z?:l o;u;, where u; € U,
p(supp u;) = wj, and suppu; Nsuppu; = &, for 1 < i,j < n. Then B, (V) <
2r — 2 /(ap(Q)), wherer = 31| ajw; and a = max i<y Q.

Proof If n = 1, the assertion follows from Lemma 4.1, the semi-homogeneity of
B, and the inequality o; > 0. Therefore, we assume the validity of the assertion for
some 1 > 1 and prove that it remains true when we replace n with n+ 1. Without loss
of generality, we may assume that a; < a; < --- < @y < 1. Then the algebraic
additivity of 8 and the equality > .| ct; = > 1| Qithi + Qa1 + (Qu1 — Q) U
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implies

B (V) < B { S il
i=1

w; € U, p(suppiy) =w;for1 <i<n—1,

p(SUpPp Uy) = Wy + W1, SUpp u; Nsuppu; = @, 1 <4, j < n}
+ B (i — an)tnr | tary € U, p(SUPP 1) = Wi }-
Using the inductive assumption, we get
B (V) <27 =7/ (up()) +2(@ni1 — ap)wnin
— (1 — an)wnar) /(s — (D)

~ n
where 7= "7 | ciwi + Quns.
Now

| X e}’

n 2
{ Zi:l Q;wi + anwrﬁl} 2
+ (anJrl - an)wn+1 =
Qp Qpyl

implies Lemma 4.2. ]

Now we are ready to prove the main result of the section.

Theorem 4.3 LetU C By (0,a) N B, (0,r), r < au($2). Then
B, (U) < (2 — r/(ap(S0)r.

Proof By the definition of 3, for every £ > 0, the set U contains an infinite sequence
{ui}, satisfying the inequality ||ux — ||, = Br, (U) — € for all k # m.

Note that {uy} is bounded in Lo,. Therefore, considering a subsequence, we may
assume that there exists limy_, o, ||1x|| = r1 < r. Now we consider approximations of
{uy} by functions satisfying the assumptions of Lemma 4.2. Considering limit points
of sets of values of every wy for a fixed k, taking subsequences once again, and using
the continuity of the measure 1, we may assume that there exists a sequence {u} of
elements satisfying the assumptions of Lemma 4.2 with the same «; and w, such that
|ux —uk||r, < €forallk € N. Thus, 51, (U) —e < ||th — Up|| 1, +2¢ for any k # m. By
Lemma 2.2, without loss of generality we may assume that ||t — 6, ||, < Br, {#ic} +e.

By Lemma 4.2, 81, (U) < |[the—1thy||1, +3¢ < Br, {tk t+4e < 2—r1/(ap(Q))r +4e.
This completes the proof of Theorem 4.3, since ¢ > 0 can be arbitrarily small, the
function f(x) = (2 — x/(ap(£2)))x is increasing on [0; au(Q2)], and r < au(2). W

5 (k, 5)-boundedness of Partially Additive Operators

Let E and E; be Banach spaces. We recall from [1, 1.5.1] that a continuous operator
A: G C E — E; (not necessarily linear) is said to be condensing with respect to
MNC ¢, if for any bounded subset U C G with noncompact closure, the inequality
@, (AU) < p(U) holds.

A continuous operator A: G C E — Ej is called (k, p)-bounded with respect
to MNC ¢, if there exists a constant k > 0 such that ¢p (AU) < kpg(U) for any
bounded subset U C G.
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If k < 1 then (k, ¢)-bounded operator A is condensing with respect to MNC ¢.
The converse, in general, is not true.

Let E be a regular space. We consider partially additive operators A: E — E;
[11, 17.4]. In particular, partially additive operators satisfy the condition

(51) A(PD(u,T,uo)u + PA(u,T,uo)u) = APD(u,T,uo)u + APA(u.T,ug)u — Al

for any function u € E.
Let U be any bounded subset from E. We denote the following as in [7-9]:

_ AP
k(U,A,E,E) = lim sup [APow Tyl
T By g ulle0ueU 1P Ty Ul

Evidently, in the case of a linear bounded operator the constant k(U, A, E, E; ) does
not exceed the norm of the operator. For a nonlinear operator, even if it is partially
additive and bounded, this constant is either finite or infinite.

Lemma 5.1 Let A: E — E; be a continuous partially additive operator, where E is a
regular space. In addition, let A be compact as an operator from Lo, (ug) to Ey. Let U be
an arbitrary bounded subset in E for which the constant k is finite. Then for any V.C U
we have Bg, (AV) < Bg, (B(0,k(U, A, E, E\)vg(V))).

Proof By (5.1), the assumption of partially additivity of A, and the algebraic addi-
tivity of 3, we obtain for any V C U,

B, (AV) < Be, (A{Ppu,ru): 4 € VY) + B (A{Paqurup: u € V}) + Br (A()) .

We have Sg, (A{Pau1u,) : 4 € V}) = 0, since the restriction of A on Lo (1) is
compact. Furthermore, the nonsingularity of 5 implies g, (A(f)) = 0.
Therefore, B, (AV) < B, (A{Pp(.1.4): 4 € V}). Note that we have the inclusion
of A{Pp(u,Tu): 4 € V} into
AP
3(97 sup I4Ppr il sup ||PD<u,T,u0>uHE)
| P 1,00 ]| E0,uEV 1 Pp(u.1.u0 llE wev
for any T > 0. From here, taking into account the monotonicity of 5 and the in-
equality k(V,A,E, E,) < k(U,A,E, E;) for every V C U, we obtain the assertion of
Lemma 5.1. |

Theorem 5.2  Suppose that A satisfies the conditions of Lemma 5.1. Then the operator
A'is (k(U, A, E, E1)BE,(B))/cg, B)-bounded on U.

Proof Applying Lemma 5.1, Theorem 3.3, and the semi-homogeneity of 3, we ob-

tain
BE (AV) < k(U, A, E, E\)ve(V) B, (B) = k(U, A, E, E)vg(V) B, (B)
<MOABRI® vy < kw45 ) 2P g0,
Ck g
Theorem 5.2 is proved. ]
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Corollary (i) Aswas proved in [10], B, (B) = max{2"/?,21=1P} for1 < p <
oo. Thus a continuous partially additive operator A: L, — L, compact as an operator
A: Loy — Ly, is (k, B)-bounded on any set U with

k= (k(U,A, Ly, Ly) max{2'/1,21-1/4}) /21/p.

(ii) Let A be a linear operator, acting from L, in Lo (1 < p < 00). Then A as an
operator from L, in Ly is a (2P=9/%4||A||, B)-bounded operator for 1 < q < 2, and a
(21=Y/P=1/4||A||, B)-bounded operator for 2 < q < oo [10, Theorem 2].

Theorem 5.3 Let A: Li(2) — Li(Q2) be continuous partially additive operator with
the compact restriction on Lo (2). Then A is

<(1_ k(U, A, Li(£2), L1 (£2))
2k(U, A, Li(€2), Loo (§2)) u(€2)

) kU, A, Li (), L1 (2)), 5) “bounded
as an operator from L, (2) in L, (£2).

Proof LetV C U. By the proof of Lemma 5.1,
B, (AV) < Br, (A{PD(u,T,ug)i ue V}) .

Furthermore, we have inclusions

A{Pp(uru): u €V} C Br_ (0,k(U, A, Lo (), Li(Q)r1,(V))
and

A{Ppu Ty 4 €V} C Br, (6,k(U, A, Li(Q), Li()w, (V)
for any T > 0. Thus, by Theorem 4.3, we have the inequality

B (AV) < (2 —r/(au(Q) 1, 1= k(U, A, Li(Q), Li(Q)) v, (V),
a=k(U,A, L(Q), Loo()) vy, (V).
Hence,

_ k(U7A;L1(Q)7L1(Q))
k(U, A, Li(£2), Loo (€2)) pu(€2)

Br, (AV) < (2 )k(U7A7Ll(Q)7LI(Q))VLI(V)~
By Theorem 3.3, 2v, (V) < 1, (V). This finishes the proof of Theorem 5.3. [ |

Note that [11, Lemma 5.3] implies that any linear integral operator is compact as
an operator Lo, — L.

Example 5.4 Letu,(t),n=1,2,...,be the sequence of Rademacher functions in
Ly := L;(0,1). Let A;, A,, ... be a sequence of disjoint intervals in [0, 1]. Denote
by #,(s) the characteristic function of A,,. Let

K(t,9) = 3 un(t) ().

n=1
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Clearly, the function K(t, s) is measurable with respect to sand r. Let t € [0, 1] and
u € L;. Then

1
/ K{(t, s)u(s)ds
0

Z / u, (£)u(s)ds

n=1 Ay

gZ/ u(s)ds gZ/ |u(s)|ds < ||ullL,-
n=1 Ay n=1 Ay

1
(Ku)() = / K(t.)u(s)ds
0

Note that

is measurable for every u € Ly, and its norm L, is less than or equal to ||u|r,. There-
fore, the operator K satisfies all conditions of Theorem 5.3 (see also the remark before
the example) and, in addition, ||K]|;, 1., = |IK||r,—z, = 1. Thus by Theorem 5.3,
Kis (1/2, 8)-bounded and, therefore, 3-condensing.

Since ||K||f,—z, = 1, the operator K is (1, x)-bounded. On the other hand, if
Va(s) = 32,(s)/pu(A,), then (Kv,,)(t) = u,(#). In particular,

XLl{Vﬂ} = XLl{%fl/:u(An)} =1, XL {KV"} = XLl{uﬂ} =1

Thus, the operator K is condensing with respect to 3, but not y-condensing.

Remark  MNCs x and 3 were cosidered in the works of L. S. Gol’denshtein, I. Goh-
berg, A. S. Markus, V. Istritescu, J. Danes, and others. Detailed description of biblio-
graphic information is given in [1]. In particular, the author has proved the algebraic
semi-additivity, the invariance under passage to the convex hull of 8 and proportion-
ality formula (4.1) (see the references in [1, 1.8.3, 4.9.9]).

The formula (4.1) and the algebraic semi-additivity of 8 were also obtained inde-
pendently by the authors of [2].
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