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Abstract

We study the long-standing problem of the existence of non-Berwaldian Landsberg spaces from the
perspective of conformal transformations. We calculate the Berwald and Landsberg tensors in terms of
the T-tensor and show that there are Landsberg spaces with nonvanishing T-tensor. We give a necessary
condition for a Landsberg space to be Berwaldian. We find conditions under which the Landsberg spaces
cannot be Berwaldian and give examples of (y-local) non-Berwaldian Landsberg spaces.
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1. Introduction

In a Riemannian manifold M, each tangent space 7. M, x € M, is equipped with an
inner product. In a Finsler manifold each tangent space is equipped with a Minkowski
norm which is not necessarily induced by an inner product. A Finsler function
(structure) on a manifold M is a function from the tangent bundle TM = |J,cpy TxM
to R, which is a norm on each tangent space. Finsler geometry involves the choice of a
norm on each tangent space and thus a Finsler function F' : TM — R satisfying certain
conditions. The usual convention is that x denotes the position in the manifold and y
denotes the direction in the tangent space. Finsler geometry arises naturally in various
settings as explained in Chern [6] and a remarkable number of features of Riemannian
geometry extend to the Finsler case (for more details, see [5]). In applications, for
example in relativistic physics, F may only be defined on an open subset of TM, the
so-called y-local spaces (see [1]).

Let M be an n-dimensional smooth manifold, (x) the coordinate system on the base
manifold M and (x,y") the induced coordinate system on TM. For a Finsler metric
F = F(x,y) on M, the geodesic spray S = y'd/0x' — 2G'd/8y" is a vector field on the
tangent bundle TM, where the functions G' = G'(x, y) are homogeneous of degree two
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in y and called geodesic coefficients. The G’ are given by

a0 . 0
-—, oy :
axi” "

) 1 . A
G = Zg’h(y’(?r@th — d,F?), whered; := = 8_yh

(1.1)
The nonlinear connection Gi. and the coefficients of the Berwald connection Gi].k are

defined respectively by ' . ' '
G, =0,G', G =0G.

The Berwald tensor G’;kh and the Landsberg tensor L, are given respectively by

G'yp = 0uGlyo  Ljn = —3F4GYy,,  where € := O,F. (1.2)

A Finsler manifold (M, F) is said be Berwaldian if the Berwald tensor Gf.’jk vanishes

identically. In Berwald manifolds, the coefficients of the Berwald connection G;k(x)

are functions of x only and the spray coefficients G' are quadratic in y. A Finsler
manifold (M, F) is said be Landsberg if the Landsberg tensor L;; vanishes identically.

The regular Landsberg spaces are the most elusive. In 1907, Landsberg [8-10]
introduced the Landsberg spaces in a non-Finsler framework. Every Berwald space
is a Landsberg space. Whether there are regular Landsberg spaces which are not
Berwaldian is a long-standing open question in Finsler geometry.

Asanov [1] obtained examples, arising from Finslerian general relativity, of non-
Berwaldian Landsberg spaces of dimension at least three. In Asanov’s examples the
Finsler functions are not defined for all values of the fibre coordinates yi (that is,
they are y-local). Whether or not there are y-global non-Berwaldian Landsberg spaces
remains an open question. Shen [13] studied the class of («, 8) metrics of Landsberg
type, of which Asanov’s examples are particular cases, and found that there are
y-local non-Berwaldian Landsberg spaces with («,5) metrics, but no y-global ones
[3, 13]. Bao [4] tried to construct non-Berwaldian Landsberg spaces by successive
approximation. The elusiveness of y-global non-Berwaldian Landsberg spaces led Bao
to describe them as the unicorns of Finsler geometry.

In this paper, we study the question of the existence of non-Berwaldian Landsberg
spaces from the perspective of conformal transformations. For a Finsler manifold
(M, F), a conformal transformation of F is defined by

F=oWF

where o(x) is a function on the manifold M. We describe the effect of a conformal
transformation on the Berwald and Landsberg tensors in terms of the T-tensor, which
plays an important role in Finsler geometry. For example, Szabo [14] proved that a
positive-definite Finsler metric with vanishing T-tensor is Riemannian.

Hashiguchi [7] showed that a Landsberg space remains Landsberg under every
conformal transformation if and only if the T-tensor vanishes identically. We show
that there are Landsberg spaces (with nonvanishing T-tensor) which remain Landsberg
under some conformal transformations. Matsumoto [12] showed that a Berwald space
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(M, F) remains Berwaldian under every conformal transformation if and only if
B";.kh = P (F?g'") /0y 0y*0y" = 0 (that is, the F?g'" are quadratic in y). We show that
there are Berwald spaces (with nonvanishing B”;,) which remain Berwaldian under
some conformal transformations.

Starting with a Berwald space (M, F), if the transformed space (M, F) is Landsberg,
we give a necessary condition for (M, F) to be Berwaldian. We consider some special
cases, for example when (M, F) is S3-like or has vanishing T-tensor and vanishing
vertical curvature of the Cartan connection.

The condition for a Berwald space to transform to a Landsberg space is that
O',T]r.kh = 0. We show that a positive-definite C-reducible Finsler space does not admit
a function o (x) such that o Ty, = 0. Since Randers spaces are C-reducible, a regular
Randers space does not admit such a function.

Finally, we show that under a conformal transformation, a C;-like Berwald space
with vanishing T-tensor transforms to a non-Berwaldian Landsberg space and we

derive examples of (singular) non-Berwaldian Landsberg spaces.

2. Conformal transformation

Let M be an n-dimensional manifold and (T M, n, M) be its tangent bundle. We
denote by (x) the local coordinates on the base manifold M and by (x/, y') the induced
coordinates on TM, where y' is called the supporting element.

Derinition 2.1. A Finsler function F : TM — R on a manifold M is a continuous
function such that:

(i) F is smooth and strictly positive on the slit tangent bundle 7 M := TM\{0} and
F(x,y) =0if and only if y = 0;

(i) F is positively homogeneous of degree one in the directional argument y;

(i) the metric tensor g;; = 16*F?/dy'dy’ has maximal rank on 7M.

The pair (M, F) is called a Finsler space and the symmetric bilinear form g given
by g = gij(x,y) dx' ® dx/ is called the Finsler metric tensor of the Finsler space (M, F).
The function E := %F 2 is called the energy function associated to F.

A conformal transformation of a Finsler structure F is given by

F =e¢"F, (2.1)

where o(x) is a smooth function on M. All the geometric objects associated with the
transformed space (M, F) will be denoted by barred symbols. For example, the metric
tensor of (M, F) is denoted by g;;.

Lemma 2.2. Under the conformal transformation (2.1):
@ CG=e"l;

(b) E,-j = ez"gij;

© §'=egl

where t; := 0;F and g is the inverse metric tensor.
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The Cartan tensor C;j is defined by C;jx := %Bkg,- ;and Cf‘j =C; jkgkh. The following
lemma gives the partial differentiations of Cl”J and other tensors obtained from the

Cartan tensor with respect to y".

Lemma 2.3. The following identities hold:
() 9CY =Clh —2C;,Cl = 2CL.Cp;

Jjh sjh sj h”’
(b)  Cr; = Cryy = 2C,ClY
()  duCl =Clh, —2CT Ci = 2C1, Cp;

(d)  Cly = Clyyy = 2C1 Cija,
where Cijen = 05Cijts Crijin = OnClijio Ciy= Crijkg"" and so on.

The following lemma obtained from [7] shows the transformations of the geodesic
coefficients G' and the connections G’j and G’jk.

Lemma 2.4. Under the conformal transformation (2.1):
@ G =G'+Bj;
—i . .

(b) G!- =G+ B
(© Gy=Gy) +B,
where the G' are the geodesic coefficients in (1.1) and

B' = opy — %L20'i, oo =0y,

B; = O'jyi + 0'06; - FO'ifj + FZO',C?,
B’j =06, + O'k(S’j -0'gj+2Fo,.C/t;

+2F0,Clt + F2o,(CY, = 2C},C)F = 2C,C)).

Hashiguchi [7] showed that a Landsberg space remains Landsberg under any

conformal transformation if and only if the T-tensor vanishes identically. Following
[11], the T-tensor is defined by

Trije = FCrij — F(CyijCy + CsjpCy + CiiyC) + Crijly + Crixlj + Crjpli + Cipelr.

(2.2)
The T-tensor is totally symmetric in all of its indices. Let us write
Ti; = Tiymg"™, T :=Tyg".

Lemma 2.5. The tensor C ’j?(h can be rewritten in the following form:

. 1. .2 . . 1 . . . .
Ciwn = fahT’r;‘ + f(TfjkC;f + TG — F(C;’t’kh + Cln + Chly, + €0

1 . . . .
+ 7 (CCh+ CC + CICe) by = ACCLCY + CCLCY + CICC)

+C!

ST i ST r Si r st ir /s ri
thCk + CX.].Ckh +CL,Cl + Cstkh + Csthk + C{Cjin

sjh

1 . . . S
- F(C“};t’k + Ol + Ciln + Ciyl + Cliy 0.
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Proor. Differentiating (2.2) with respect to y", raising the indices i and r and then using
Lemma 2.3 gives the required formula for C;;{h. ]

For a Berwald manifold (M, F), all tangent spaces 7, M with the induced Minkowski
norm F, are linearly isometric. There are many characterisations of Berwald spaces.
We give one of them in terms of the Berwald tensor Gi.kh defined in (1.2).

Dermnition 2.6. A Finsler manifold (M, F) is said to be Berwaldian if the Berwald
tensor G;kh vanishes identically.

It is known that on a Landsberg manifold M, all tangent spaces 7.M with
the induced Riemannian metric g, = g;;(x,y) dy' ® dy’ are isometric. We give a
characterisation of a Landsberg space in terms of the Landsberg tensor L, defined
in (1.2).

DermviTion 2.7. A Finsler manifold (M, F) is said to be Landsberg if the Landsberg
tensor L;j vanishes identically.

Straightforward but long calculations using Lemmas 2.3, 2.4 and 2.5 give the
following proposition.

ProposiTioN 2.8. Under the conformal transformation (2.1), the Berwald tensor
(defined in (1.2)) transforms by

Eljkh = Gj‘kh + Bj‘kh’
where
Bl = FPo,Clyy + 20 4(Cl gu + Cyl g + C &) + 2F i (Clily + C il + Cii)
—4F o (CLCY + CLCO + (CL,C + CLCTE + (CyCyf + CL.CiNEy)
—2F20(CluCil + CL O + (Cry Gl + CLyCl) + (Cy CF + Cyy )
+4F%0,((Cy;CH + CaCHC) + (CyiCyl + CsanCHCY
+(CsuCjl + CanCHCY).
In terms of the T-tensor, Bfikh is given by
Bl = Fo 04Tl = o (Tl + Til = Tl = Tl € = Tl €)
—Fo (T ;,C;" + Ty, Ci + T5,,C + T, CF = T5,C4 — T3, C)
+ 0/ (CT i + Chjp + 2C) b = Clyhy, = C hy = 2C jh™)
+ P20 [ClS, T+ CuS, s = CiiS " = CrS i = CiS " = CiS i1,
(2.3)

tjk tkj

where S.®. = C C". — CI.C" is the v-curvature of the Cartan connection.
i jk ik~rj ijrk

CoroLLARY 2.9. Under the conformal transformation (2.1), the Landsberg tensor
(defined in (1.2)) transforms by

T 2
ijh = e"ijh + e O-FO',,T;»kh.
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3. Necessary condition

Making use of Corollary 2.9, one can see easily that under the conformal
transformation (2.1), a Landsberg space remains Landsberg if and only if

L —
Ty, = 0.

Hashiguchi [7] showed that a Landsberg space remains Landsberg under every
conformal transformation if and only if the T-tensor vanishes identically. However,
there are Landsberg spaces (with nonvanishing T-tensor) which remain Landsberg
under some (but not all) conformal transformations. This is shown by the following
example.

Exampie 3.1. Let M = R3. Let F = o(x?)F with F defined by

Feey = ([ + 37 Jon2 + (y3>2)@2>2)1/4.

For the space (M, F), we have o-,Tirjk =0 Tl.zl.k = 0 but, generally, Tl.hjk # 0. For example,
T! #0.
111

When a Landsberg space remains Landsberg under every conformal transformation,
by a result of Szabo [14], the space is Riemannian. So, Hashiguchi’s result on the
vanishing of the T-tensor gives no hope of finding a regular Landsberg space by means
of conformal transformations. However, if only some conformal transformations of
a Landsberg space preserve the Landsberg property, it may be possible to find a
conformal transformation which produces a regular Landsberg space which is not
Berwaldian. This prompts the following question.

Question 3.2. Is there a regular Berwald space admitting a function o(x) such that
o Th =0?

Matsumoto [12, Corollary 4.1.2.1, page 786] showed that a Berwald space (M, F)
remains Berwaldian under every conformal transformation if and only if the tensor
B;.’kh = 0,0:0,(F?g™") = 0 (that is, the F2g" are quadratic in y’). Asanov and Kirnasov
[2] calculated the tensor B;’kh, which is related to the tensor Bé.kh by

i 1 pir
By = =3B 0r-

On the other hand, there are Berwald spaces (with nonvanishing B;;ch) which remain
Berwaldian under some (but not all) conformal transformations. This is shown by the
following example.

ExampLE 3.3. Let M = R*. Let F = o(x', x*)F with F defined by

1/4
F(x,y)=( y1y2y3y4(y2+y4)) -
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For the space (M, F), we have o-rTirjk =0 Tiljk =03 Tl.3jk = 0 but, generally, Tl.hjk # 0; for
example,

4 _ 3 OA’Y Y By + %)

MR \D2GB0A? + 252y + 2022

Also, B;.kh =0, o-,BZ{h = o-lBj.}{h = 0'3333(,1 =0, but, generally, Bﬁh # 0; for example,

o 1682 (6 (07) + 077 - 30" - 20%))
3144 = .
(B2 + 2% +2(0%)%)*
Remark 3.4. Most of the calculations in the examples are done by using the Maple

program and the Finsler package [15]. For simplicity, many of the examples we give
are not necessarily regular Finsler spaces but they are at least non-Riemannian.

Start with a Berwald space (M, F) admitting a nonconstant function o(x) such
that (frTl.’ v = 0. Under the conformal transformation F = e F , the space (M, f) 18
Landsberg. But in order to be Berwaldian it has to satisfy some necessary conditions.
We try next to determine what kind of conditions the space should satisfy.

TueorEM 3.5. Let (M, F) be a Berwald space admitting a nonconstant function o(x)
such that O',Ti’jk = 0. Under the conformal transformation (2.1), a necessary condition

for the Landsberg space (M, F) to be Berwaldian is
(n—2)C" + F?’C"S,” — FT,,C"" = T{")o, = 0,
where Sy = Sijieg’ = Sjing’’ is the Ricci tensor of the vertical curvature.
Proor. Let (M, F) be a Berwald space; then the Berwald tensor Gz.kh vanishes and, so,
by (1.2), the Landsberg tensor Ly, is zero. Contracting (2.3) by g,
0= -0 Tjt" = Fo(T;,C"" + T\CY = T;C}) + no,.C = 20,C;h"
+ on_r[c;ust iru + Cl‘St rij _ Ctius r_cturg i Cl;lSI r_ cturg i]‘

tju tuj tuj

Contracting this equation by g"/ and using the facts that C"/S;, =0 and S, ;" =0
(which follow because S;j;, is antisymmetric in the first two indices and the last two
indices),

0=—0,Tt — Fo,Ty,C*"" + o,(n = 2)C" + F>c,.C'S,".

This completes the proof. O

Derinition 3.6. A Finsler space (M, F) is said to be S3-like if the vertical curvature of
the Cartan connection can be written in the form

Sijkn = plhichjn — hinh ji.), 3.1
where p:=S/(n—1)(n—-2)and § = S; jkhgjhgik is the vertical scalar curvature.

From (3.1) and Theorem 3.5, we have the following corollary.

https://doi.org/10.1017/S000497271900128X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271900128X

338 S. G. Elgendi [8]

CororLARY 3.7. Let (M, F) be an Ss-like Berwald space admitting a nonconstant
function o(x) such that O',Ti’jk = 0. Under the conformal transformation (2.1), a

necessary condition for the Landsberg space (M, F) to be Berwaldian is
(n=2)(1+ F*p)C" — FT3,C*™ = T¢")o, = 0. (3.2)
The following result is a direct consequence of Theorem 3.5.

Tueorem 3.8. Let (M, F) be a Berwald space with vanishing T-tensor and vanishing
v-curvature. If the Landsberg space (M, F) is Berwaldian, then either n =2 or
o, C"=0.

4. The condition o, T i’jk =0

In the previous section, we showed that a Berwald space transforms to a Landsberg
space if the T-tensor vanishes or o T%, = 0. We now focus on the latter condition. The
condition O'rT]’.kh = 0 can be satisfied in regular Finsler spaces and it is clearly weaker
than the vanishing of the T-tensor.

THEOREM 4.1. A positive-definite C-reducible Finsler space does not admit a function
o(x) such that O',T]’.kh =0.

Proor. If (M, F) is C-reducible, then the T-tensor is given by
T
Thijx = m(hhihﬂc + hijhpi + hjphi).
Contracting the above equation by o gives

T

h _
T 1)0 (hpihjx + hijhp + hjphi) = 0.

Again, contracting by g/¥,

T
(n* = 1)

((n = Dhy; + 2hy,) = 0.

O_h

Since the metric is positive definite, 7 # 0 and so
o hyi =0,

which gives o; — (0o/F)¢; = 0. But, then, differentiating with respect to y/ gives
(oo/F?)¢; ; =0, which is a contradiction. In other words, o; cannot be proportional
to the supporting element y'. O

Since the metrics of Randers type are C-reducible, we have the following corollary.

CoroLLARY 4.2. A regular Randers space does not admit a function o(x) such that
O',T;kh =0.
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Prorosition 4.3. Let (M, F) be a non-Riemannian space admitting a function o(x)
such that O',Tj’.kh =0. Ifo,C ;k =0, then o is constant.

Proor. Let (M, F) be a non-Riemannian space admitting a function o(x) such that
o-,T]’.kh =0 and O',C;k = 0. From the second condition, ¢ is a function of x only, that

is, 00" = —20';,C§” = 0. Contracting (2.2) by o,
FZO'VC,;jk +00Cijx =0,
which can be written in the form
F20"0,Cij + 00Cij = 0.
Since o’ (x) is a function of x only, O'OC it = 0. Since the space is non-Riemannian,
oo # 0, which yields C; % = 0 and hence d;07 = o; = 0. Consequently, o is constant. O

DerinitioN 4.4. A Finsler space (M, F) of dimension n > 2 is said to be C,-like if the
Cartan tensor C; j satisfies

1
ik = ECiCjCk, 4.1)

C
where Cy := C;g" and C* := C;C'.

The following theorem gives a condition under which a Landsberg space cannot be
Berwaldian.

TueorREM 4.5. Under the conformal transformation (2.1), a C,-like Berwald space
admitting a nonconstant function o(x) such that

O',Tirjk =0 and F*T,C" o, +Toy=0
transforms to a non-Berwaldian Landsberg space.

Proor. Since o Th, =0, the space (M, F) is Landsberg. For a C,-like space the
v-curvature vanishes and, from Theorem 3.5 and the condition (FT,,C*”" + T{")o, =0,
C'o,=0.
Now, from (4.1),

O'lCijk =0.
By Proposition 4.3, the space is Riemannian or o is constant, which is a
contradiction. O

Since the vanishing of the T-tensor means that the space is not a regular Finsler
space, the following corollary gives a condition under which a singular Landsberg
space cannot be Berwaldian.

CoroLLARY 4.6. Under the conformal transformation (2.1), a C,-like Berwald space
with vanishing T-tensor transforms to a non-Berwaldian Landsberg space.
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5. Examples

Shen [13] obtained a general formula for a class of (y-local) Landsberg spaces
which are not Berwaldian. In this class, the Riemannian metric @ and the 1-form 8
must satisfy certain conditions and it is not obvious that there are concrete examples in
which « and g satisfy these conditions. Using our results, we will give simple examples
of Landsberg spaces which are not Berwaldian. These examples can be seen as special
cases of Shen’s class [13]. The calculations are done with the Finsler package [15] in
Maple.

Exampie 5.1. Let M = R3. Let F = o(x*)F, where F is defined by

1
F(x,y) = \/(y3)2 +y1y2 + 33\ [yly exp(— arctan(

1
')
O'3T

For (M, F), we have o, T}, = He=0,0,C" = 03C? # 0, but, generally, Tihjk #0;
for example, Tl 11 # 0. Moreover, the space (M, F) does not satisfy the condition (3.2).

Exampie 5.2. Let M = R3. Take F = o(x*)F, where F is defined by

F(x.y) = o) \/ O+ 072 + 02 +52 ') + 03

1 2 1
X exp( arctan ( 2 ))

V3O + (y"’)2

For (M, F), we have o-,Tl.rjk = o-le.zl.k =0, 0,C" = 0,C* # 0, but, generally, Tl.hjk #0;
for example, Tll]l # 0. Moreover, the space (M, F) does not satisfy the condition (3.2).

The following example shows that the conformal transformation of a non-Berwald
space can produce a Berwald space.

ExampLE 5.3. Let M = R3. Take F = ¢”@')F, where F is defined by

F53) = (0D + Q2R + ey

ijh =0and ijh = —eo—(xl’xz)FO'rTr

In this example, G, = 0, Gy =B T

jkh?
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