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Abstract

A conic bundle is a contraction X — Z between normal varieties of relative dimension 1 such that —Kx is relatively
ample. We prove a conjecture of Shokurov that predicts thatif X — Z is a conic bundle such that X has canonical sin-
gularities and Z is Q-Gorenstein, then Z is always %-lc, and the multiplicities of the fibres over codimension 1 points
are bounded from above by 2. Both values % and 2 are sharp. This is achieved by solving a more general conjecture
of Shokurov on singularities of bases of lc-trivial fibrations of relative dimension 1 with canonical singularities.
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1. Introduction

We work over the field of complex numbers C.
A Q-conic bundle is a proper morphism X — Z from a 3-fold with only terminal singularities to
a normal surface such that all fibres are connected and 1-dimensional, and —Kx is relatively ample
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over Z. A conjecture of Iskovskikh predicts that the base surface Z has only canonical singularities, or
equivalently Z is 1-lc. This conjecture has important applications to the rationality problem of conic
bundles [21]. Mori and Prokhorov proved Iskovskikh’s conjecture by showing that Z has only Du Val
singularities of type A and giving a complete local classification of Q-conic bundles over a singular base
in [30, 31].

Motivated by Iskovskikh’s conjecture, it is natural to study the singularities of the base surface Z
when X has worse singularities: for example, canonical singularities. Such a contraction also appears
naturally in the birational classification of 3-dimensional algebraic varieties. Indeed when p(X/Z) = 1,
it is one of the three possible outcomes of the minimal model program for canonical 3-folds of negative
Kodaira dimension. However, Z may no longer be 1-lc for such contractions. Shokurov conjectured that
Z is always %-lc, and the value % is optimal (see Remark 1.2). More generally, Shokurov’s conjecture is
expected to hold for conic bundles with canonical singularities in all dimensions.

Conjecture 1.1 (Shokurov, compare [38, 34]). Let 7 : X — Z be a contraction between normal varieties
such that

1. dimX —-dimZ =1,
2. X is canonical,

3. Kz is Q-Cartier, and
4. —Kx is ample over Z.

Then Z is %-lc.

Remark 1.2. 1. In Conjecture 1.1, the assumption in (4) can be replaced by ‘—Kx is nef and big over
Z’, which can be reduced to Conjecture 1.1 by taking the anti-canonical model over Z.

2. In a private communication, Prokhorov shared his expectation that Z should be %-klt in Conjecture
1.1 motivated by [34, Example 10.6.1]. However, this is not always the case if dimX > 3; see

Example 1.3.

Example 1.3 (compare [34, Example 10.6.1]). Consider the following action of 4, on IP’)'C X Cﬁ,v:
(s, v) > (=x;6u, 877 1),

where m is a positive integer and ¢ is a primitive 4mth root of unity. Let X = (P'xC?)/ptam, Z = C?/ pram
and 7 : X — Z the natural projection. Since 4, acts freely in codimension 1, —Kx is m-ample. Note
that Z has an isolated cyclic quotient singularity of type ﬁ(lﬂm — 1) at the origin o € Z, and
mld(Z > o) = % (see [4] for the computation of minimal log discrepancies of toric varieties). On the
other hand, X is covered by 2 open affine charts (x # 0) and (x # o), and each chart is isomorphic
to the affine toric variety o / ﬁ(2m, 1,2m — 1), which is canonical (see [36, Theorem (4.11)]) and
Gorenstein. Note that in this case, p(X/Z) = 1 and the singular locus of X is the whole fibre 77! (0),
which is 1-dimensional. It is not clear yet whether there are such examples where X has isolated canonical
singularities.

The main purpose of this paper is to give an affirmative answer to Shokurov’s conjecture.
Theorem 1.4. Conjecture 1.1 holds.

Theorem 1.4 follows from a more general result; see Theorem 1.7. In order to state the result, we
recall some background. Let 7 : (X, B) — Z be an lc-trivial fibration (see Definition 2.12: for example,
7 : X — Z is a contraction between normal varieties, and (X, B) is an Ic pair with Kx + B ~g_z 0). By
the work of Kawamata [24, 25] and Ambro [3], we have the so-called canonical bundle formula

Kx+B ~R IT*(KZ +BZ +Mz),
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where By is the discriminant part and Mz is the moduli part; see Section 2.4 for more details. For
inductive purposes, it is useful and important to study the relation between singularities of (X, B)
and those of (Z, Bz + Mz). In this context, Shokurov proposed the following conjecture. Recall that
mld(X/Z > z, B) is the infimum of all the log discrepancies of prime divisors over X whose image on
Z is 7 (see Definition 2.5).

Conjecture 1.5 (Shokurov, compare [2, Conjecture 1.2]). Let d be a positive integer and € a positive
real number. Then there is a positive real number § = §(d, €) depending only on d, € satisfying the
following. Let 7 : (X, B) — Z be an lc-trivial fibration and z € Z a point of codimension > 1 such that

1. dimX —dimZ =d,
2. mld(X/Z > z,B) > €, and
3. the generic fibre of 7 is of Fano type.

Then we can choose Mz > 0 representing the moduli part such that (Z > z, Bz + M) is 6-lc.

Remark 1.6. 1. The formulation of Conjecture 1.5 here is stronger than that in the previous literature
[2, 5], where a stronger assumption (2’) that ‘(X, B) is an e-lc pair’ is required instead of the
assumption in (2), and 6 depends on dim X and € instead of just dim X — dimZ and €. In our
formulation, B can be non-effective and (X, B) can have non-klt centers over Z \ {z}.

2. Birkar [5] proved Conjecture 1.5 under assumption (2”) for the following cases: (a) (F, B|r) belongs
to a bounded family, where F is a general fibre of &, or (b) dimX = dimZ + 1. Hence, under
assumption (2°), Conjecture 1.5 holds when the coefficients of B|r are bounded from below away
from zero as a consequence of the Borisov—Alexeev—Borisov conjecture proved by Birkar [7, 8]. Very
recently, Birkar and Y. Chen [10] proved Conjecture 1.5 under assumption (2°) for toric morphisms
between toric varieties. We refer the reader to [6, Theorems 1.9 and 2.5] for more related results.

3. Following ideas in [5], it is indicated by [11, Proposition 7.6] (see [13, Theorem 1.10] for an
embryonic form) that Conjecture 1.5 might be a consequence of Shokurov’s e-lc complements
conjecture. Moreover, following the proof of [5, Corollary 1.7], [11, Theorem 1.3] implies that
Conjecture 1.5 holds for dim X =dim Z + 1.

4. Ttis worthwhile to mention that Conjecture 1.5 implies M®Kernan’s conjecture on Mori fibre spaces
[2, Conjecture 1.1], which is closely related to Iskovskikh’s conjecture. Alexeev and Borisov [2]
proved M°Kernan’s conjecture for toric morphisms between toric varieties.

Our second main result gives the optimal value of 6(1,¢€) = € — % for any € > 1.
Theorem 1.7. Let w : (X, B) — Z be an lc-trivial fibration and 7 € Z a codimension > 1 point such that

1. dim X —dim Z = 1, the geometric generic fibre of rr is a rational curve, and
2. mld(X/Z>z,B) > 1.

Then we can choose Mz > 0 representing the moduli part such that

mld(Z 3 z,Bz+Mz) >mld(X/Z>z,B) — = >

| —
| —

The lower bound in Theorem 1.7 is optimal by Example 4.1.
As a corollary, we have the following global version of Theorem 1.7 with less technical notation
involved.

Corollary 1.8. Ler (X, B) be a pair and nt : X — Z a contraction between normal varieties such that

1. dimX —-dimZ =1,

2. (X, B) is canonical and B has no vertical irreducible component over Z,
3. Kx +B ~R,Z 0, and

4. X is of Fano type over Z.

Then we can choose Mz > O representing the moduli part such that (Z, Bz + Mz) is %-lc.
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Remark 1.9. 1. We remark that if dim X —dim Z = 1, then exceptional divisors over X cannot dominate
Z, so the assumption in (2) in Corollary 1.8 is equivalent to the assumption that mld(X/Z > z, B) > 1
for any codimension > 1 point z € Z.

2. Note that % is the maximal accumulation point of the set of minimal log discrepancies in dimension 2
(see[1, Corollary 3.4], [37]). Thus it would be interesting if one could give a new proof of Iskovskikh’s
conjecture by applying Theorems 1.4 and 1.7 without using the classification of terminal singularities
in dimension 3. In fact, we can apply Corollary 1.8 to show that in the setting of Iskovskikh’s
conjecture, Z is %-klt; see Corollary 4.5. Recall that in order to prove Iskovskikh’s conjecture, it
suffices to show that Z is %-klt (see [22, Lemma 5.1]), but our method could not achieve this. The
reason is that in Corollary 4.5, there is no assumption on dim X, but Prokhorov provides us with
Example 4.7 showing that Corollary 4.5 cannot be improved if dim X > 4.

Theorem 1.7 is a consequence of the following result, which gives a lower bound of certain log canon-
ical thresholds for Ic-trivial fibrations. We refer the reader to [11, Problem 7.18] for more discussions.

Theorem 1.10 (compare [38, Conjecture]). Let 7 : (X, B) — Z be an lc-trivial fibration and 7 € Z a
codimension 1 point such that

1. dim X — dim Z = 1, the geometric generic fibre of rt is a rational curve, and
2. mld(X/Z > z,B) > 1.

Then

1

let(X/Z 3 z,B;7'7) > mld(X/Z > z,B) — 52

N —

In particular, if B is effective, then the multiplicity of each irreducible component of n~'(z) is bounded
from above by 2.

The bounds in Theorem 1.10 are optimal by Example 4.1.

Y. Chen informed us that together with Birkar, they also got the lower bound % in Theorem 1.10
for toric morphisms between toric varieties in an earlier version of [10]. As a related result, when
dimX — dimZ = 2, Mori and Prokhorov [32] showed that any 3-dimensional terminal del Pezzo
fibration has no fibres of multiplicity > 6.

It turns out that Theorem 1.10 can be reduced to a local problem on estimating the lower bound of
the log canonical threshold of a smooth curve with respect to a canonical pair on a smooth surface germ;
see Corollary 3.12. Here, we prove a general result as it might have broader applications in other topics
in birational geometry (compare [28, Corollary 6.46]).

Theorem 1.11. Let (X > P, B) be a germ of surface pair such that X is smooth and multp B < 1.
Let C be a smooth curve at P such that C ¢ Supp(B). Set multp B = m, (B - C)p = I. Then
let(X > P, B;C) 2 min{1, 1 + 7 —m}.

Example 3.10 shows that the lower bound in Theorem 1.11 is optimal (even in the case when Supp B
is irreducible). It would be interesting to get an optimal lower bound of Ict(X > P, B; C) if we do not
assume that C is smooth in Theorem 1.11, as it might be related to alpha invariants; see [23, Lemmas
3.1, 3.2] for an attempt in this direction.

It would also be interesting to ask the following question.

Question 1.12. When dim X = 3, can one give a complete local classification of the extremal case in
Conjecture 1.1 when Z is strictly %—lc? Or, more generally, can one give a complete local classification
in Conjecture 1.1 when Z is singular?

(Sketch of proofs.). By applying [35, Theorem 8.1 ], we may reduce Theorem 1.7 to Theorem 1.10. Here,
the sub-pair setting plays a key role, since it makes this reduction step simpler than that of the pair setting
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(compare [5, Lemma 3.4, Proposition 3.5]), and it enables us to treat the case mld(X/Z 3 z,B) > 1.
On the other hand, the sub-pair setting causes new technical difficulties in the proof of Theorem 1.10.
By taking hyperplane sections of the base Z, we may reduce Theorem 1.10 to the case dim X = 2. By an
MMP argument, we may reduce Theorem 1.10 to the case when X — Z is a P'-bundle and B > 0, so
the problem is reduced to a special case of Theorem .11 when multp B < 1 and (B - C)p < 2. Since
the conditions multp B < 1 and (B - C)p < 2 do not behave well under blow-ups, one may encounter
difficulties in applying the ideas in [I, 11, 18], which deal with the minimal log discrepancies for
surfaces. The key idea is to consider X, the completion of X along P, and decompose B into irreducible
components on X. By using the log canonical threshold polytope and applying the convexity of log
canonical thresholds carefully, we may reduce Theorem 1.11 to the case when Supp(B) is irreducible
on X. Here, recall that Ict(X > P,B;C) = Ict(X 3 P, B; C). Finally, for this last case, following the
ideas in [29], we may give a lower bound oflct()? > P, B; C) by using the first pair of Puiseux exponents
of B. The proof of Theorem 1.11 is provided in Section 3, and the proofs of other main results in this
paper are provided in Section 4.

2. Preliminaries

In this section, we collect basic definitions and results. We adopt the standard notation and definitions
in [27] and [9]. Recall that we work over the complex number field.

2.1. Divisors

Let K be either the rational number field Q or the real number field R. Let X be a normal variety. A
K-divisor is a finite K-linear combination D = ), d;D; of prime Weil divisors D;, and d; denotes the
coefficient of D; in D. A K-Cartier divisor is a K-linear combination of Cartier divisors.

We use ~g to denote the K-linear equivalence between K-divisors. For a projective morphism
X — Z, we use ~g z to denote the relative K-linear equivalence and =z to denote the relative numerical
equivalence.

Definition 2.1 (compare [35]). Let X be a normal variety. Consider an infinite linear combination
D := }p dpD, where dp € K and the infinite sum runs over all divisorial valuations of the function
field of X. For any birational model Y of X, the trace of D on Y is defined by Dy := ¥ o4im, p=1 dDD.
Such a D is called a b-K-divisor (or b-divisor for short when the base field is clear) if on each birational
model Y of X, the trace Dy is a K-divisor, or equivalently, Dy is a finite sum. If dp # 0 in D for some
D, D is called a birational component of D.

Let D be a K-Cartier divisor on X. The Cartier closure of D is the b-K-divisor D whose trace on
every birational model f : Y — X is f*D.

A b-K-divisor D is said to be b-semi-ample if there is a birational model X’ over X such that Dy- is
K-Cartier and semi-ample, and D = E

2.2. Pairs and singularities

Definition 2.2. Let 7 : X — Z be a morphism between varieties. We say that 7 : X — Z is a contraction
if 7 is projective and 7.Ox = Oz. In particular, 7 is surjective and has connected fibres.

Definition 2.3. Let 7 : X — Z be a contraction between normal varieties. For a prime divisor E on X, E
is said to be horizontal over Z if E dominates Z, and E is said to be vertical over Z if E does not dominate
Z. An R-divisor on X is said to be vertical over Z if all its irreducible components are vertical over Z.

Definition 2.4 (compare [ 1, Definition 3.2]). A sub-pair (X, B) consists of a normal variety X and an
R-divisor B on X such that Kx + B is R-Cartier. We say that (X, B) is a pair if (X, B) is a sub-pair and
B is effective.
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A (relative) sub-pair (X/Z > z, B) consists of normal varieties X, Z, a contraction 7 : X — Z,
a scheme-theoretic point z € Z and an R-divisor B on X such that Kx + B is R-Cartier over an open
neighbourhood of z and dim z < dim X. We say that (X/Z > z, B) is a (relative) pair if (X/Z > z, B) is
a sub-pair and B is effective. We say that a pair (X/Z > z, B) is a germ near z if z is a closed point. When
Z = X, z = x and « is the identity map, we will use (X > x, B) instead of (X/Z > z, B) for simplicity.
When B = 0, we will use X or X/Z > z instead of (X, 0) or (X/Z > z,0) for simplicity.

Definition 2.5. Let (X/Z > z, B) be a sub-pair with contraction 7 : X — Z and E a prime divisor over
X.Let ¢ : Y — X be a proper birational morphism such that E is a divisor on Y and write Ky + By =
¢* (Kx +B). The log discrepancy of E with respect to (X, B) is definedtobe a(E, X, B) := 1 —multg By,
which is independent of the choice of Y.

Set

D(X/Z > z) :={E | E is a prime divisor over X, r(centerx (E)) = 7}.

The minimal log discrepancy of (X/Z > z, B) is defined to be
mld(X/Z > z,B) :=inf{a(E,X,B) | E € D(X/Z 3 7)}.

By [11, Lemma 3.5], the infimum is a minimum if (X/Z > z, B) is an Ic sub-pair, and it can be
computed on a log resolution ¢ : ¥ — (X, B), where Supp(¢~'(771(2))) + ¢ Supp(B) + Exc(¢) is a
simple normal crossing divisor.

When X = Z, z = x, and 7 is the identity map, we use mld(X > x, B) instead of mld(X/Z > z, B)
for simplicity.

Example 2.6. We emphasise that our definition of mld(X/Z > z, B) requires that r(centery (E)) = Z,
so it only reflects the singularities in a neighbourhood of z. For example, if X = Z = P>, B= L + Lo,
B’ = %Ll +2L,, where Ly, L, are 2 distinct lines. Then

2 ifz¢ Ly ULy,
mld(X/Z>z,B)=31 ifze LiUL,\ L NLy;
0 ifzeLiNL,,

and
2 ifz¢ L1 ULy,
mld(X/Z352z,B)=43 ifzeL;\LinLy
—oo ifz € Ly.

Definition 2.7. Fix a non-negative real number €. We say that the sub-pair (X/Z > z,B) is e-lc
(respectively, e-kit, kit, Ic) if mld(X/Z > z, B) > € (respectively, > €, > 0, > 0).

We say that (X, B) is e-lc (respectively, e-klt, klt, Ic) if (X > x, B) is so for any codimension > 1
point x € X; we say that (X, B) is canonical (respectively, terminal) if a(E, X, B) > 1 (respectively,
a(E, X, B) > 1) for any exceptional prime divisor E over X. These coincide with the usual definitions
(compare [27, Definition 2.34]).

The following lemma is well-known to experts, saying that being Ic over z € Z is an open condition.

Lemma 2.8. Let (X/Z > z,B) be a sub-pair with contraction n : X — Z, and fix a log resolution
f Y = (X,B) such that f7' Supp B + f~'n71(2) is a simple normal crossing divisor, and write
Ky + By = f*(Kx + B). The following are equivalent:

1. (X/Z > z,B)islc.
2. For any prime divisor E on Y with n(f(E)) 3 z, multg By < 1.
3. There exists an open neighbourhood U of z € Z such that (x~'(U), B -1 wy) is le.
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Proof. By definition, (3) implies (2). By direct computations ([27, Corollary 2.31]), if (2) holds for the
given log resolution Y, it holds for any log resolution. Thus (2) implies (3). It is obvious that (3) implies
(1). It suffices to show that (1) implies (2).

Suppose that sub-pair (X/Z > z, B) is Ic. Assume to the contrary that there exists a prime divisor E
such that multz By > 1 and E N f~'271(z) # 0. Then by successively blowing up some components
of the closure of E N f~'n71(z) several times, we can replace Y by a higher model such that there
exists a prime divisor E’ on Y with 7(f(E’)) = zZ and multg By > 1 (compare [27, Corollary 2.31]),
a contradiction. To be more precise, suppose that there exists a prime divisor D in f~'771(Z), which
maps to Z such that D N E # 0, and suppose multp By = d and multg By = e > 1; then we can blow
up D N E to get a new log resolution f’ : Y’ — X with Ky- + By = f"”*(Kx + B) such that there exists
a prime divisor in D’ N f'~'x71(Z), which maps to Z with multp, By: = d + e — 1. So, inductively, we
can replace Y by a higher model to find the required E’. O

Definition 2.9. A non-kit place of a sub-pair (X, B) (respectively, (X/Z > z, B)) is a prime divisor E
over X (respectively, E € D(X/Z 5 z)) such that a(E, X, B) < 0, and a non-kit center is the center of a
non-klt place on X.

2.3. Log canonical thresholds

Definition 2.10. Let (X/Z 5 z, B) be an Ic sub-pair with contraction 7 : X — Z, and let D # 0 be an
effective R-Cartier R-divisor on X such that z € 7(Supp(D)). The log canonical threshold of D with
respectto (X/Z > z, B) is

Ict(X/Z > z,B; D) :=sup{t e R | (X/Z 5 z, B+1tD) is Ic}.

When z € Z is a codimension 1 point, we may assume that 7 is a Cartier divisor on a neighbourhood
U of z € Z. Then we define

Ict(X/Z 2 z,B;n*7) :=sup{t e R | (X/Z > z, B+ tn"7) is Ic over U},

and this definition does not depend on the choice of the neighbourhood U of z € Z.

We may write Ict(X/Z 3 z; D) :=1ct(X/Z > z,0; D) when B = 0. When X = Z, z = x and « is the
identity map, we may write Ict(X 3> x, B; D) :=1ct(X/Z > z, B; D).

Remark 2.11 ([26]). Keep the same setting as in Definition 2.10. Log canonical thresholds can be
computed by a log resolution. In fact, take g : X’ — X to be a log resolution of (X, B + D), and write
Kx + B’ = g*(Kx + B). Then

1 — multg (B’
Ict(X/Z > z, B; D) = min T muRel>) £(B)
E  multg g*D

where the minimum runs over all prime divisors E C Supp(g*D) such that 7(g(E)) > z (compare
Lemma 2.8(3)).

2.4. Canonical bundle formula

The discrepancy b-divisor A = A(X, B) of a sub-pair (X, B) is the b-divisor of X with the trace Ay
defined by the formula

Ay =Ky — f*(Kx + B),

for any proper birational morphism f : ¥ — X between normal varieties. Similarly, we define A* =
A*(X,B) by A}, = X,,~_1a;E; for any proper birational morphism f : ¥ — X between normal
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varieties, where Ay =  a;E;. Note that A*(X, B) = A(X, B) if and only if (X, B) is klt. See [14, 2.3]
for more details.

Definition 2.12 (compare [ 14, Definition 3.2], [20, Definition 3.1]). An lc-trivial fibration : (X, B) —
Z consists of a contraction 7 : X — Z between normal varieties and a sub-pair (X, B) satisfying the
following properties:

1. (X, B) is Ic over the generic point of Z,
2. rank 7, Ox ([A*(X, B)]) = 1, and
3. there exists an R-Cartier R-divisor L on Z such that Kx + B ~g 7*L.

Remark 2.13. Here, we discuss more details about the condition in (2). If B is effective on the generic
fibre of &, then Ox ([A*(X, B)]) = Ox over the generic point of Z, so in this case the condition in (2)
holds. Conversely, if the geometric generic fibre of r is arational curve, then rank 7,.Ox ([A* (X, B)]) = 1
implies that B is effective on the generic fibre of x.

Let 7 : (X, B) — Z be an lc-trivial fibration. Then we may write Kx + B ~g 7" L for some R-Cartier
R-divisor L. By the work of Kawamata [24, 25] and Ambro [3] (see [20, Section 3] for R-divisors), we
have the so-called canonical bundle formula

Kx + B ~p ﬂ*(KZ + By +Mz),

where By is defined by

Bz = ) (1-1ct(X/Z > np, B;x"P)P @2.1)
P

and
MZ Z=L—Kz—Bz. (22)

Here, the sum runs over all prime divisors P on Z, np is the generic point of P and it is known that it is a
finite sum. So Bz is uniquely determined by (X, B), and M is determined up to R-linear equivalence.
Here, By is called the discriminant part and My is called the moduli part of the canonical bundle
formula. Recall that if B is effective, then B is also effective.

In the following, we suppose that B is a Q-divisor for simplicity. In fact, the canonical bundle formula
satisfies certain functorial properties as follows. By [35, Remark 7.7] or [14, 3.4], there are b-divisors
B and M of Z such that

o BZ = Bz, MZ = Mz, and

o for any birational contraction g : Z’ — Z, let X’ be a resolution of the main component of X Xz Z’
with induced morphisms g’ : X’ — X and 7’ : X’ — Z’. Let Kx/ + B’ be the crepant pull back of
Kx + B—that is, Kx- + B’ = g’*(Kx + B)—then B (respectively, Mz/) is the discriminant part
(respectively, the moduli part) of the canonical bundle formula of Kx- + B’ on Z’ defined by
equations (2.1) and (2.2):

x 5. x

A

7 ——7.
g

The effective adjunction conjecture ([35, Conjecture 7.13]) predicts that M is b-semi-ample. It was
confirmed in the case of relative dimension 1.
Theorem 2.14 ([35, Theorem 8.1]). Keep the notation in this subsection. Assume that B is a Q-divisor.
If dim X — dim Z = 1 and the geometric generic fibre of m is a rational curve, then M is b-semi-ample.
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Remark 2.15. Note that [35, Theorem 8.1] holds for an lc-trivial fibration 7 : (X, B) — Z under two
additional assumptions:

1. B is effective over the generic point of Z [35, Assumption 7.1], and
2. there exists a Q-divisor ® on X such that Kx + ©® ~g,z 0 and (X, ©) is kit over the generic point of
Z [35, Assumption 7.11].

Here, (i) is automatically satisfied by Remark 2.13. Also, (ii) is automatically satisfied by the following.
Since the generic fibre X,, of 7 is a rational curve, we can find an effective Q-divisor D,, on X;, such
that Kx, + Dy ~q 0 and (X;;, D) is klt. Denote D to be the closure of D, on X; then Kx + D ~q E,
where FE is vertical over Z. Then we just take ® = D — E.

2.5. Contractions of Fano type

Definition 2.16 ([35]). Let 7 : X — Z be a contraction between normal varieties. We say that X is of
Fano type over Z if one of the following equivalent conditions holds:

1. there exists a klt pair (X, B) such that —(Kx + B) is ample over Z;
2. there exists a klt pair (X, B’) such that —(Kx + B’) is nef and big over Z;
3. there exists a kit pair (X, B”) such that Kx + B” = 0 and B” is big over Z.

When Z is a point, we just say that X is of Fano type.

2.6. Formal surface germs

Let P be a smooth closed point on a surface X. By the Cohen structure theorem, @X, p = (5@2’0 =
C[[x, y]]. Denote by Xp the completion of X along P. We will use X instead of Xp if P is clear from
the context. R

We call C a Cartier divisor on X if C is defined by (g = 0) for some g € Ox, p. We call B an
R-divisor (respectively, a Q-divisor) on XifB= > biB; for some Cartier divisors B; on X and b; eR
(respectively b; € Q).

Since the resolution of singularities is known for complete local rings ([39]), the definition of
singularities of pairs and log canonical thresholds can be extended to the formal case (see [26] and

[12]).

Definition 2.17. Let (}? > P,B = },; b;B;) be an Ic pair where P € X is a smooth formal surface germ

and B; is defined by ( f; = 0) for some f, € (’)X X LetC = Zl ¢;C; # 0 be an effective R-divisor, where

C; is defined by (g; = 0) for some g; € (’)x x- Let¢: Y > (X B + C) be a log resolution ([39]); then

1 + multg K)?/)? — > bymultg (f;)
2 ¢ multg (g;)

lct()? 5 P,B;C) := rrgn ) (2.3)
where the minimum runs over all prime divisors E in Supp(¢*C) such that P € ¢(E). The definition
does not depend on the choice of log resolutions. Here, multg means the vanishing order of a function
along E or the coefficient of E in a divisor.

Remark 2.18. Let (X > P, B) be a germ of an Ic surface pair such that P € X is smooth, and let C
be an effective R-divisor near P. Consider X (respectively B’, C’), the completion of X (respectively
B, C) along P. Since a log resolution of (X > P, B + C) also gives a log resolution of ()? B + (),
lct(f 5> P,B’;C’) =lct(X > P, B; C). In other words, in order to study the log canonical threshold of
a smooth surface germ (X > P, B), it is equivalent to study that of the corresponding smooth formal
surface germ (55 5P,B).

Recall that log canonical thresholds satisfy convexity with respect to the coefficients.
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Lemma 2.19 (compare [16, Lemma 3.8]). Let P € X be a smooth surface germ or a smooth formal
surface germ. Let (X > P, B;) be an Ic pair for 1 <i < m, C # 0 an effective R-divisor on X and A;
non-negative real numbers such that 3, | A; = 1. Then

m m

let(X > P, ZaiB,-; C) > Z’li let(X 5 P, B;; C).

i=1 i=1

3. Log canonical thresholds on a smooth surface germ

In this section, we study the lower bounds of log canonical thresholds on a smooth surface germ. The
main goal of this section is to prove Theorem 1.11.
Recall the following result on computing log canonical thresholds of hypersurfaces.

Proposition 3.1 ([29, Proposition 2.1]). Let B be a Cartier divisor in a neighbourhood of o € cr
defined by (f =0), where f € C[[xy,...,x,]]. Assign rational weights w(x;) to the variables, and let
w(f) be the weighted multiplicity of f. Let

fw = {sum of monomial terms appearing in f whose w-weight are equal to w(f)}

?:1 w(x;

denote the weighted homogeneous leading term of f. Take b = % If (@, b-(fw=0))isl
outside o, then lct(@ >0;B)=b.

To warm up, the following proposition is an application of Proposition 3.1.

Proposition 3.2. Let B be a Cartier divisor in a neighbourhood of o € c2 defined by (f = 0), where
£ =x"(x™ +y™)k for some positive integers k, n, my, m>. Then

— . m +mo 11
lct(C2 :B) = —_— =1
ct(C* 3 0; B) mm{ kmimy+nmy n k}
Proof. Consider C; defined by (x = 0) and C, defined by (x" + y™ = 0); then (C; - C3), = my.

Consider the weight w = (my, m;); then f,, = f and b = % as in Proposition 3.1.

Ifb < min{%, %}, then (@, b-(fw = 0))islc outside 0, and hence lct(éE > 0; B) = b by Proposition
3.1.If b > L, thenn > km,. Then [27, Corollary 5.57] implies that (C2 5 0, Cy + £C5) is le. If b > 1,
then either m; = 1 or mp = 1. In either case, C, is smooth and k > nm,. Then [27, Corollary 5.57]
implies that (C2 3 0, 2C; + () is lc. o

Definition 3.3 (compare [29, Definition 2.10]). Let B = (f = 0) be an irreducible curve in a neigh-

bourhood of 0 € C2. If B is smooth, then we set m = 1 and n = co. Otherwise, the Puiseux expansion of
B (under suitable local parameters x, y) is expressed as x = t™,y = 22 ;' for some local parameter
t, where m,n € Zs,, m < n, and m does not divide n. Here, (m, n) is called the first pair of Puiseux

exponents of f. Note that m = mult, f is the multiplicity of f at 0 € C2.

Example 3.4. If n > m > 1 and m, n are coprime, then the first pair of Puiseux exponents of f = x™+y"
is just (m, n).

The close relation between the first pair of Puiseux exponents and log canonical thresholds can be
illustrated by the following result.

Theorem 3.5 ([29, Theorem 1.3]). Let B be a Cartier divisor in a neighbourhood of o € c? defined by
(f =0), where f € C[[x,y]]. Write f = H;:l fja", where each f; is irreducible. Write B = }. ; @B,
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where B is defined by (f; = 0). Then lct(@ 3 0; B) depends only on the first pairs of Puiseux exponents
Offj, (Bi . Bj)o, and aj.

Following the ideas in [29, Theorem 1.2], we have the following.

Proposition 3.6. Let B be a Cartier divisor in a neighbourhood of o € C? defined by (f = 0), where
f € C[[x, y]l. Suppose that f is irreducible. Let mult,, f = m, and let (m, n) be the first pair of Puiseux
exponents of f. Let C # B be a smooth curve passing through o and (B - C), = 1. Then for every positive
real numbers s, t,

= I 11
Ict(C2? 3 0; sB+1C) = min: mEn mr ;

smn+tl’ (sm+0)l’ st

Remark 3.7. 1. By convention, if (m,n) = (1, ), we set L‘:J‘:‘;I =< 1

2. In the case that s = ¢ = 1, Proposition 3.6 is a special case of [29 Theorem 1.2]. We also remark
that Proposition 3.6 might be indicated by more general results in [15], but the formulation there is
complicated, and we give a simple proof in this special case for the reader’s convenience.

3. Recall that under the setting of Proposition 3.6, by [29, Proof of Theorem 1.2, Case 2, Page 711-712],

I e {m,Zm,..., lﬁJm,n}
m

Proof. Set

. m+n m+1 11
¢ = min , s =y — (-
smn+tl (sm+1t)[ st

As being Ic is a closed condition on coefficients, we may assume that s, r € Q. Possibly replacing s, t by
a multiple, we may assume that s, ¢ are integers.

If m = 1, then by Theorem 3.5, we may assume that sB +¢C is defined by (x*(x+y’)? = 0). Then the
proposition follows from Proposition 3.2. In the following, we may assume that m > 1, and in particular,
B is singular at o.

Suppose that 1 s <5 r;";ft 75 then we have m = 1 (recall that n > 1), which is absurd.
Suppose that % < %, then s/ < ¢. Then [27, Corollary 5.57] implies that (C? 3 0, B + C) is
Ic. Since n > I > m, we have W:‘,:'fﬂ > 4 t, and hence l =
So from now on, we may assume that
1 + 1 +1
S L L L G.1)
s smn+tl t (sm+1)l
in particular,
. m+n m+1
¢ = min , .
smn+tl’ (sm+t)]

If I = n, then by Theorem 3.5, we may assume that sB + ¢C is defined by ((x™ + y")*x’ = 0). Then
by Proposition 3.2,

m+n 11
i k] =cC.
smn+tn s t

lct(@f2 >0;sB+1tC) = min{— - =

If I = pm for some 1 < p < [ -], then by Theorem 3.5, we may assume that sB + ¢C is defined by
(h =0), where h = (x™ + y™)* (x + yP)".
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If tp < sm, consider the weight w = (n,m); then h,, = y?"(x™ +y")* and b = 2 as defined

in Proposition 3.1. Moreover, (@, bh,,) is Ic outside 0 as b < # by tp < smand b < % by equation
(3.1). Hence, by Proposition 3.1,

m+n

lt@a sB+tC)= ——— =
ct( >3 ) smn +tl ¢

If tp > sm, consider the weight w’ = (p, 1); then h,,» = x™(x + yP)" and b’ = (S,I,;’;)p = (S’:ﬂ),,

as defined in Proposition 3.1. Moreover, (@, b’'h,) is Ic outside 0 as b’ < % by tp > smand b’ < %
by equation (3.1). Hence, by Proposition 3.1,

= m+1

lct(C?2 3 0;sB+1tC) = —— =c.

ct( . ) (sm+1)1 ¢ o
Corollary 3.8. Let B be a Cartier divisor in a neighbourhood of o € C? defined by (f = 0), where
f € C[[x,y]]l. Suppose that f is irreducible, mult, f = m, and let (m, n) be the first pair of Puiseux
exponents of f. Let C # B be a smooth curve passing through o, and (B - C), = I. Let A be a positive
real number. Suppose that one of the following conditions holds:

1. Am < 1;
2.n=ITand A Smin{l,%+%}; or
3. I +mand Al < 2.

Then (@ 3 0,AB) is lc and
— m
1ct(C2 5 0, AB: C) > min{l, 1+ - Am}.

Proof. First we remark that if (c) holds, then (a) holds. In fact, suppose that A/ < 2 and Am > 1; then
I < 2m. Then by Remark 3.7(3), I = m, so we get a contradiction by assumption (c). So in the following,
we only assume that (a) or (b) holds.

Here, note that under condition (a), 4 < min{l, % + Il} automatically holds. So we always have
A < min{1, % + %}.

Set t := min{l, 1 + 5 — Am} > 0. The statement is equivalent to Ict(C? 3 0;AB +1C) > 1. By
Proposition 3.6, this is equivalent to showing that

m+n > 1
C o Amn+tl = 7
2. m+1>(Am+1)l,

3. 1 >4, and
4. 1>t

Here, (2) and (4) follow from the definition of 7, and (3) follows from A < min{1, + + #}. It is enough
to show (1).

If m = 1, then n = oo, so (1) is equivalent to 4 = Am < 1 under the convention in Lemma 3.7(1),
which is already proved in (3).

In the following, we assume that m > 2. It suffices to prove that

m+n Zﬂmn+(1+?—/lm)1,
which is equivalent to (n — I)(1 — Am) > 0. Recall that n > I, so (1) holds if either n = I or Am < 1

holds. This proves the conclusion for (a) and (b). |

Remark 3.9. In applications, we only use Corollary 3.8 when condition (a) holds. The advantage of
this corollary is that we can get rid of # in the first pair of Puiseux exponents of f, and the log canonical
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threshold can be estimated by only m and 1. In practice, n is usually hard to control, while m and I can
be controlled easily by geometric conditions.

The following example shows that both Theorem 1.11 and Corollary 3.8 are optimal.

Example 3.10. Consider two coprime positive integers m and I such that m < I. Take a positive real
number A such that Am < 1 < AI. Consider (C2,AB), where B = (x + y! = 0) and C = (x = 0).
Then mult, AB = Am, (AB - C), = Al. A direct computation by Proposition 3.6 shows that (C> >
0,AB+(1+4 —Am)C) islc but (C?30,AB+(1+ 4 —Am+€)C) is not Ic for any € > 0. So in this case,

1ct(C2 3 0,AB;C) = 1 + ? ~am.
Now we may show Theorem 1.1 1, which could be regarded as an R-divisor version of Corollary 3.8.

Proof of Theorem 1.11. Possibly approximating R-coefficients with Q-coefficients, we may assume that
B is a Q-divisor. Recall that (B - C)p = I and multp B = m.

If 1 < 1, then (X > P, B+ C) is lc by [27, Corollary 5.57]. Hence we may assume that / > 1.

We may replace P € X by the formal neighbourhood X of P € X, which is 1somorph1c to the formal

neighbourhood o € C2. So from now on we may assume that P € X ISJUSt 0 € C2. Write B = >y biBi,

where b; € (0, 1], and {B;} <i<n are distinct irreducible curves on Cz passing through o.
If n = 1, then we are done by Corollary 3.8. So we may assume that n > 2.

Set s := 1 + %t — m. The goal is to show that (C? 3 o, B + sC) is lc. Consider the log canonical

is lc}.

By Lemma 2.19, P(@ 3 0,s5C;By,...,B,) is a compact convex polytope in R". It suffices to show
that the convex polytope

threshold polytope of the pair (@ > o, sC) with respect to the divisors By, ..., By,

P(éE 30,5C;By,...,By) = {(tl,...,tn) € R%,

n
CZ3o0,sC+ Z t;B;
i=1

P = {(ll,...,t,,) € RY,

n n
mult,, Z t;Bi =m, Z ti(B;i - C)o = 1}
i=1 i=1

is contained in P((ff3 3 0,5C;By,...,By), here we remark that P # 0. By Lemma 3.11, all the vertices
of P are contained in (J;,; E; j, where E; j := {(t1,- -+ ,t,) | tx = 0 for k # i, j}. Hence it suffices to
show that

EjNPCE;NP(C50,5C;B,...,By) =~ P(C? 5 0,5C; B;, B})

foralll <i<j<n.
Without loss of generality, we may just consider the case (i, j) = (1, 2). It suffices to show that any
vertex point of Ej N P is contained in P(C? 3 0, sC; By, By), where Ej  is identified with RZ. Set

mult, B; =m;, (B;-C), =1I; > 1 fori = 1,2. Take (¢, c2) to be a vertex point of E| » N'P; then (cy, ¢2)
satisfies the following equations:

micy+mpycy =m, ILici+Dcy=1. (32)

Here, we recall that m1, m», I, I are positive integers, m; < I1,my < Ihbandm <1 < I.
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P(C2,5C:By,By) P(C2,sC:By, By)

, i)
©. 25

~

° o G0 ° o 0
When m > ';’2 > r;” When % > m.
1 2

Figure 1. Two cases.

Suppose that either ¢; = 0 or ¢; = 0; then (cy,c3) € P((/lE > o, sC; By, By) follows directly from
Corollary 3.8.

Suppose that ¢; > 0 and cz > 0. Since (cy, ¢2) is a vertex of Ej 5 NP, it is the unique solution of
equation (3.2). Thus ';“ #+ 22, and

.o.my m2 mici +m262 m mip mp
min{— ——— = — <max{—, —}.
I 12 Iici + ey I L I

Without loss of generality, we may assume that ﬂ < B < 52 See Figure 1.
2

Ifm > m; > b, then we may write ¢ B +csz = ylmﬂlBl +u2mﬂ232 for uy = =L and pp = #2232,
Note that p + pup = 1. By Corollary 3.8 and m < 1,

lct((aE o0, —B,,C)>m1n{1 1+?—m}_1+ﬁ_m
m

i i i

fori = 1,2. By Lemma 2.19 and the Cauchy—Schwarz inequality, we have

ICt(((E5 >0,c1B1+¢3By;C) > M1 lCt(@ 3o, ﬂBl;C) + U2 1Ct(@ 3 o0, ﬂBz;C)
mi my

m My m%cl m%cz
>l-m+puyj—+up—=1-m+ +
11 12 11m 12m
2
mic| +mpcy m
>1- —( ) =1l-m+—=s.

(Liey+ heym I

Otherwise, m—zz > m. We may write ¢1 By +c2By = {41 B +uéIlB2, where ) = Leo, py = 1-hea,

/ll — 1—11c A . >0, ’ul +M2 =1 and ﬂl < W = mﬂl < le By Corollary 3.8,
we have

m2¢2

— —~ ]
Ict(C? 3 0,41B;;C) > min{l, 1+ % —/llml} and lct(C? 3 o, I—Bz;C) >1
1 p)
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By Lemma 2.19, we have
1ct(C2 3 0,¢1 By +¢2B:C) = 1t 1ct(C2 3 0,41 By; C) + 1 1et(C2 3 o, 11—232; )
> min{l, 1 +u;m1(% —/11)} - min{l, 1+ "'11—11(1 - 1)}
> min{l, 1+ ?(1 -1)} = s.

Here, for the equality, we use the fact that

1 1—[26‘2—]101 1-1
’

——/l = = .
/11(11 1) 7 17

In summary, we have showed that (¢, ¢;) € P((C/IE 3 0, sC; By, B;), and the proof is completed. O
Lemma 3.11. Letb; > O andn; € R’;Ofor j =1,2. Assume that n > 2; then
P:={teRy,| (mj,t)=b;, j=1,2}

is a convex polytope, and all the vertices of P belong 10 \J,<;jzj<n Ei.j, where

E;j:={(t, - ,ta) eR" | tx =0fork #1,j}.
Proof. Tt is easy to check that P, if non-empty, is a convex polytope of dimension at least n — 2. Note
that each vertex of P belongs to at least n — 2 faces of P. Since P has at most n faces {(¢1,--- ,t,) €
R"|t; =0} nPfori=1,2,...,n, we conclude that each vertex of P belongs to Ulsian E; ;. O

Corollary 3.12. Let (X > P, B) be a germ of surface pair such that X is smooth and mld(X > P, B) > 1.
Let C be a smooth curve at P such that C ¢ Supp(B) and (B-C)p < 2. Thenlct(X > P,B;C) > %

Proof. Note that mld(X > P, B) > 1 implies that m := multp B < 1 (compare [18, Lemma 3.15]). By
Theorem 1.11 and the fact that I < 2,
1
lct(XaP,B;C)Zmin{l,l+%—m}21+%—m2E. -

4. Proofs of the main theorems
4.1. Proof of Theorem 1.10

In this subsection, we give the proof of Theorem 1.10. We first treat the case when dim X = 2.

Proof of Theorem 1.10 when dim X = 2. Observe that when dim X = 2, Z is a curve and z is a closed
point. We split the proof into two steps.
Step 1. First we treat the case when X is smooth, B > 0.

In this case, we have mld(X/Z > z, B) = 1. As the geometric generic fibre of x is a rational curve,
we may run a Kx-MMP over Z and reach a minimal ruled surface 7’ : X’ — Z. Denoteby ¢ : X — X’
the induced morphism and B’ = ¢.B. Since Kx + B ~g z 0, by the negativity lemma [9, Lemma
3.6.2], ¢*(Kx' + B’) = Kx + B. Thus, Kx' + B’ ~r,z 0, mld(X’/Z 3 z,B’) = mld(X/Z > z,B) and
let(X’/Z 3 z,B';n"*z) = 1et(X/Z > z,B;n*z). Now F = n”*(z) = P! and (Kx- + B’) - F = 0. By
the adjunction formula, Kx- - F' = —=2. Hence (B’ - F)p < 2 for any closed point P € F. Recall that
mld(X’/Z > z,B’) = 1 implies that F ¢ Supp(B’). By Corollary 3.12, Ict(X’ > P,B’; F) > % for any
closed point P € F, which implies that Ict(X’/Z > z, B’; n"*z) > % Hence Ict(X/Z > z, B; n%7) > %
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Step 2. We treat the general case.

Write mld(X/Z 5 z, B) = 1 +e forsome € > 0. Let f : W — X be a log resolution of (X, Supp(B) +
m*z). We may write Ky + By = f*(Kx + B). Since mld(X/Z > z,B) = 1 + ¢, for any curve
C C Supp(f*n*z), multc By < —e. We can take s > 0 such that for any curve C C Supp(f*n*z),
multc (Bw +sf*n*z) < 0, and there exists a curve Cy C Supp(f*n*z) with multc,(Bw +sf*n*z) = 0.
By Lemma 2.8, possibly shrinking Z near z, we may assume that (X, B) is lc, so the coefficients
of By are at most 1. Since By + sf*n*z is a simple normal crossing divisor, by [11, Lemma 3.3],
mld(W/Z > z, By + sf*n*z) = 1. Note that By + sf*n*z is not necessarily effective, so we cannot
apply Step 1 directly.

We may write By + sf*n*z = D — G, where D and G are effective R-divisors with no common
components. Then

Kw +D Zf*(KX +B+S7T*Z)+G ~R,Z G.

By Remark 2.13, Bis effective on the generic fibre of 7, so Supp(G) does not dominate Z. Possibly shrink-
ing Z near z, we may assume that Supp(G) C Supp(f*n*z). By the construction, Cy C Supp(f*n*z)
but Cy ¢ Supp(G). Note that (W, D) is Ic as the coefficients of D are at most 1.

If E is a curve on W that is contracted over Z with (Kw + D) - E < 0, then G - E < 0, and hence
E c Supp(G). Then E ¢ Supp(D) and Ky - E < 0. This implies that any (Ky + D)-MMP over Z is
also a Ky -MMP over Z, and it only contracts curves in Supp(G).

We may run a (Kw + D)-MMP over Z and reach a minimal model Y with induced maps g : W — Y
and h : Y — Z such that Ky + Dy ~gr,z Gy is nef over Z, where Dy and Gy are the strict transforms
of D and G on Y, respectively.

As this MMP is also a Ky -MMP, Y is a smooth surface. Recall that Cy ¢ Supp(G), so Cy is not
contracted by this MMP and Supp(Gy) & Supp(h*z). Hence Gy = 0 as Gy is nef over Z. Since
Ky + Dy = g.(Kw + D — G) ~r z 0, by the negativity lemma [9, Lemma 3.6.2],

g*(KY +Dy) = Kw + Bw + Sf*ﬂ*z = f*(KX + B+ Sﬂ'*Z) ~R,Z 0.
Thus, mld(Y/Z 3 z, Dy) =mld(W/Z > z, By + sf*n*z) = 1, and
Ict(Y/Z 3 z,Dy; h*z) =1ct(X/Z 3 z, B+ sn*z;n°z) = 1ct(X/Z 2 z, B;n*z) — s.

Since X and Y are isomorphic over the generic point of Z, the geometric generic fibre of 4 is again a
rational curve. So (Y, Dy) satisfies the setting in Step 1. By Step 1, we get Ict(Y/Z > z, Dy; h*z) > %

To conclude the proof, we need to give a lower bound for s. As Y is smooth, ¥ dominates a P'-
bundle over Z. So there exists a curve C; on Y such that C; C Supp(s*z) and multc, 2"z = 1. Denote
C| to be the strict transform of C; on W; then C|{ C Supp(f*n*z) and multcr f*7*z = 1. Note that
multc (Bw + sf*m*z) = multc,(Dy) > 0. On the other hand, multC;(BW +sf*n*z) < 0 by the
definition of 5. So multc; (Bw +sf*n*z) =0. As multc; By < —€, we have s > €. Hence

1 1
Ict(X/Z > z,B;n"z) =1ct(Y/Z 2 z,Dy; h*z) + s > 3 +e=mld(X/Z > z,B) — 5

This concludes the proof. O
Next we give the proof of Theorem 1.10 by induction on dimensions.

Proof of Theorem 1.10. We prove the theorem by induction on the dimension of X. We have proved the
case when dim X = 2. Suppose that Theorem 1.10 holds when dim X = n for some integer n > 2; we
will show that the theorem holds when dim X =n + 1.

As the statement is local around z € Z, we are free to shrink Z. Possibly shrinking Z near z, we may
assume that 7 is a Cartier divisor on Z. Set ¢ := Ict(X/Z > z, B; 7*7). Possibly shrinking Z near z, we
may assume that (X, B + t1*7) is lc.
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Pick a general hyperplane section H C Z intersecting z. Possibly shrinking Z near z, we may assume
that H Nz is irreducible. Let zy be the generic point of H N7z and G := n* H; then by Bertini’s theorem,
the restriction 7 = 7|g : G — H is a contraction between normal varieties such that K + B|g ~r.# O.
Since H is general, by [27, Lemma 5.17(2)], we may assume that

o the geometric generic fibre of 7 is a rational curve, and
o (X,B+G +tn*7)islc.

Let ¢ : Y — X be a log resolution of (X, Supp B + 77Z), we may write

Ky +¢.'B+ ) (1-a))E; = ¢"(Kx +B),

where E; are ¢-exceptional prime divisors. Possibly shrinking Z near z, we may further assume that
z € mo ¢(E;) for each i. By taking H general enough, we may assume that

o ¢*G = ¢;'G, and
o ¢ is alog resolution of (X, Supp B + n*7 + G).

Since ¢;'G = ¢*G = ¢*n*H, we have m o ¢(E; N ¢7'G) = (n 0 ¢(E;)) N H for each i.
Since

Ky +¢:'B+¢.'G+ ) (1-a)E; = ¢"(Kx + B+G),
i

by the adjunction formula [27, Proposition 5.73],

Kyoig+ 82 Bl + > (1= a)Eilyg = ¢"(Kg + Blo),
i
which implies that the induced morphism ¢! (G) — G is a log resolution of (G, B|g + n;ZH)- Since

z and zy are codimension 1 points of Z and H, respectively, we have

mld(G/H > zu, Blg) = min{a; | 7 0 ¢(E; N ¢.'G) =2}
=min{a; | mo ¢(E;) =z} =mld(X/Z > z, B).

Here, the formula computing minimal log discrepancies is by [1 1, Lemma 3.5], which says that one can
compute the minimal log discrepancy of an Ic sub-pair on a log resolution. Similarly, we have

Ky +¢.'B+¢.'G +1¢.'n°7 + Z(l —a})E; = ¢*(Kx + B+ G +1n'7),
i
Ky + ¢, Blynig +16, ' n°% yor1 + 2(1 —a))Eily16 = 6" (KG + Bl + 1157n).
i

As (X,B+ G +tn*7) is Ic, so is (G, B|g + tﬂgﬁ). On the other hand, by the definition of ¢, there
exists an index i such that a; = 0 and E; C Supp(¢*7*z). In particular, 7 o ¢(E;) = z. Then by the
construction, E; N q);l G # 0, which gives a non-klt place of (G, B|g + tn*Gﬁ) whose image on H is 7.
Thus t = 1ct(G/H 3 zp, Blg; n;zu)- As (G/H > zu, B|g) satisfies the conditions of Theorem 1.10,

Iet(X/Z 3 z,B;n°7) = 1et(G/H 3 zm, Bl n52m)

1 1
> mld(G/H > 2. Blg) = 5 =mld(X/Z 5 2.B) - 5

by the induction hypothesis.
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For the last statement, note that Ict(X/Z 3 z, B; 7°7) > % implies that the coefficients of B+ %n*f are
at most 1 over a neighbourhood of z € Z. So if B is effective, then the multiplicity of each irreducible
component of 7*z is bounded from above by 2. O

The following example shows that the bounds in Theorems 1.7 and 1.10 are optimal.

Example 4.1. Consider C ~ P'. Consider ¥ = C x P! and the natural projection 7 : ¥ — C. Let D be
a smooth curve on Y of type (1,2). Note that there exists a closed point p € C such that D intersects
7~ '(p) at a single closed point with intersection multiplicity 2. Set F = n~!(p). Then for any real
number s > 0, we consider the sub-pair (Y, D — sF). We can get a log resolution of (Y, D — sF) by
blowing up twice as follows. Let ¥; — Y be the blow-up at F N D. Denote by F, D; the strict transforms
of F, D on Y, respectively, and E; the exceptional divisor. Then Fj, D, E intersect at one point. Let
Y, — Y| be the blow-up at F; N D N Ey, denote by F>, D>, E; the strict transforms of Fi, D, E| on
Y,, respectively, and G, the exceptional divisor on Y. Then Y; is a log resolution of (Y, D — sF). Let
m:Y, = Cand f : Y, — Y be the induced maps. Then we have

I(y2 + D2 - SF2 - SE2 - 2SG2 = f*(KY +D — SF) ~R,C 0,
and
ﬂ*p = f*F =Fh+E +2G2.

Set By = Dy — sF, — sE; — 25G». Then (Y>/C > p, By) satisfies the conditions of Theorem 1.10. It
is easy to compute that mld(Y>/C > p,Bs) = 1 + s and lct(Y2/C > p, By; n*p) = % + 5. We also have
multg, 7*p = 2. This shows that Theorem 1.10 is optimal.

In this case, if we consider the canonical bundle formula for (Y;, B») over C, then the discriminant
partis B¢ = % — 5)p, and hence for any M¢ > 0 on C,

1
mld(C 3 p,B¢c + M¢) < mld(C 3 p,Bc) = 3 + 5.

This shows that Theorem 1.7 is optimal.
The next example shows that Theorem 1.10 does not hold when B is not effective on the generic fibre.

Example 4.2. Consider C =~ PL. Consider the pair (C X PL.B:=B; - B») and the natural projection
n: CxP! — C, where By is a curve on C x P! of type (2,3) with a cusp ¢ € By, and B, is the section
of 7 containing ¢. Set p = 7(q) and D = 77! (p) = n*p. We can take By, B, such that B, B and D are
locally defined by (x* + y* = 0), (y = 0) and (x = 0), respectively, for some local coordinates x, y near
g € CxP'. Thenlct(C xP'/C > p,B; D) = % < % More generally, if B is not effective on the generic
fibre, then there is no uniform lower bound for Ict(C x P'/C 3 p, B; D) as in Theorem 1.10.

4.2. Proofs of Theorems 1.4 and 1.7
We first reduce Theorem 1.7 to the case when B is a Q-divisor.
Lemma 4.3. Assume that Theorem 1.7 holds when B is a Q-divisor; then Theorem 1.7 holds.
Proof. Fix the choice of the Weil divisor Kx. We may write
Kx+B=) dD
i=1

where D; are Cartier divisors on X and dj, ..., d,, are Q-linearly independent real numbers. By [17,
Lemma 5.3], D; is R-Cartier and D; ~g,z O forany 1 <i < m.
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For a point t = (¢1,...,t,;) € R™, we set
m
B(t) = ZliDi - Kx.
i=1

Then for any t € R™, Kx + B(t) ~g.z 0. Setd = (dy, ..., dn).

Let f : Y — X be alog resolution of (X, B+ 3", D;) such that Supp(f~'771(2)) is a simple normal
crossing divisor. Write Ky + By (t) = f*(Kx + B(t)).

Possibly shrinking Z near z, we may assume that (X, B) is Ic. Note that (X, B(t)) is Ic if and only if
the coefficients of By (t) are at most 1. Note that mld(X/Z > z, B(t)) > 1 if and only if for any prime
divisor E on Y with f(E) = z, multg By (t) < 0 (compare [11, Lemma 3.3]). So the subset

Pr:={teR™| (X,B(t)islc,mld(X/Z > z, B(t)) > 1}

is determined by finitely many linear functions in t with coefficients in Q. In other words, P; is a non-
compact rational polytope containing d. Note that mld(X/Z > z, B(t)) can be computed on Y as the
minimum of finitely many linear functions in t with coefficients in Q. Possibly replacing P; with a
smaller rational polytope containing d, we may assume that mld(X/Z > z, B(t)) is linear on P; and P;
is bounded.

By Remark 2.13, B is effective on the generic fibre of x. It is easy to see that

P, = {t € R™ | B(t) is effective on the generic fibre of 7}

is a rational polytope.

By the construction, P := P; N P, is a bounded rational polytope containing d. If t € P, then
7 : (X,B(t)) — Z is an lc-trivial fibration satisfying the assumptions of Theorem 1.7. So we can
consider the canonical bundle formula

Kx +B(t) = ﬂ*(KZ +B(t)z +M(t)z).

By the convexity of log canonical thresholds, the irreducible components of Supp(B(t)z) belong to a
finite set {Py, P3,..., Py} for any t € P, here {Py, P»,..., Py} is the set of prime divisors on Z in
Uy Supp(B(t’)z), where the union runs over all vertex points t’ € P. Denote the generic point of P; by
zjforl < j < k.Notethatforany I < j < k,1ct(X/Z > z;, B(t); 7*P;) is computed on a log resolution
as the minimum of finitely many linear functions in t with coefficients in Q. So possibly replacing P
with a smaller rational polytope containing d, we may assume that Ict(X/Z > z;, B(t); 7*P;) is linear
intforany 1 < j < k.

Now we can take ti,...,t; € PN Q™ and positive real numbers s1, ..., s; such that Zle s; = 1 and
25:1 sit; = d. By the construction,

k
By = 2(1 —Ict(X/Z > z;, B; 7" P}))P;
Jj=1
k 1

1
ZS[(I —let(X/Z > ZJ',B(t[);ﬂ'*Pj))Pj = ZS[B(ti)Z-

j=1i=1 i=1

By assumption, Theorem 1.7 holds for (X/Z > z, B(t;)) for each i: that is, we can choose M (t;)z > 0
such that

mld(Z E] Z,B(tl‘)z + M(ti)z) > mld(X/Z E] Z,B(tl‘)) - E
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Then setting Mz := Zle siM(t;)z > 0, we have

1

mld(Z > 2, Bz + Mz) > ) smld(Z 3 2, B(t;)z + M (t)z)
i=1

L 1 1

> simld(X/Z > z, B(t;)) — 5= mld(X/Z > z,B) - 5

i=1

Here, for the first inequality, we use the convexity of minimal log discrepancies, and for the last equality,
we use the linearity of mld(X/Z > z, B(t)) on P. O

Proof of Theorem 1.7. By Lemma 4.3, we may assume that B is a Q-divisor. As we described in Section
2.4, there are b-divisors B and M such that

o BZ = Bz, MZ = Mz, and

o for any birational contraction g : Z’ — Z, let X’ be a resolution of the main component of X Xz Z’
with induced morphisms g’ : X’ — X and 7’ : X’ — Z’. Write Kx» + B’ = g’ (Kx + B); then B/
(respectively, M) is the discriminant part (respectively, the moduli part) of the canonical bundle
formula of Kx- + B’ on Z’.

We may write B = Y, dpP, where P is the birational component of B and dp the corresponding
coefficient.

Claim 4.4. For any birational component P of B whose center on Zis 7, dp < % -mld(X/Z > z, B).

We will proceed with the proof assuming Claim 4.4. The proof of Claim 4.4 will be given after the
proof.

By [35, Theorem 8.1] (see Remark 2.15), M is b-semi-ample. Then there exists a resolution g : Z’ —
Z such that Mz is semi-ample, and Bz + Supp(g~'(Z)) is a simple normal crossing divisor. Thus we
may take a general Q-divisor Lz- > 0 on Z’ such that Mz, ~g Lz, Bz + Ly is simple normal crossing,
and for each prime divisor P on Z’ whose center on Z is z, the coefficient of P in Bz + Lz is at most
2 - mld(X/Z > z, B). In this case, mld(Z’/Z 5 z,Bz + Lz/) > mld(X/Z > z, B) — . Note that

Kz7+Bz +Lz ~g Kz +Bz + Mz =g¢g"(Kz + Bz +Mz) ~q.z 0,
hence by the negativity lemma [9, Lemma 3.6.2],
8 (Kz+Bz+8.Ly)=8"8.(Kz7+Bz +Ly) =Kz +Bz +Ly.
Thus Mz ~g g.Lz > Oand mld(Z > z,Bz + g.Lz)) > mld(X/Z > z,B) - 1. O

Proof of Claim 4.4. Fix a birational component Py of B whose center on Z is z:

(X', B) ¥~ (X.B)

Take a resolution g : Z" — Z such that Py is a prime divisor on Z’. Denote the generic point of Py on
Z’ by 7’ and hence Py = z’. Let X’ be a resolution of the main component of X Xz Z’ with induced
maps g’ : X' — X andn’ : X’ — Z’. We may write Kx- + B’ = g"*(Kx + B). Then

mld(X’/Z 5 z,B') =mld(X/Z 5 z, B) > 1.
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In particular, this implies that

mld(X'/Z" 3 7',B") > mld(X/Z >z, B) > 1.

By the construction, the geometric generic fibre of 7’ is a rational curve. So (X’/Z’ 5 7/, B’) satisfies
the assumptions of Theorem 1.10. By Theorem 1.10,

— 1
let(X'/Z' 5 7/,B";n"z’) > mld(X’/Z" 57/, B’) - 5

Hence by the definition of B,
dp, =1-1ct(X’/Z" 5 7/, B';n"*7’)

< % -mld(X’/Z' 57,B’) < % -mld(X/Z > z, B). o

Proof of Corollary 1.8. Note that we cannot get Corollary 1.8 by directly applying Theorem 1.7 to all
codimension > 1 points on Z, as the choice of Mz depends on z € Z in Theorem 1.7. But we can follow
the same line as in Theorem 1.7 to prove Corollary 1.8.

By the same reduction in Lemma 4.3, we may assume that B is a Q-divisor. As we described in
Section 2.4, there are b-divisors B and M such that

] BZ = Bz, MZ = Mz, and

o for any birational contraction g : Z’ — Z, let X’ be a resolution of the main component of X X Z’
with induced morphisms g’ : X’ — X and 7’ : X’ — Z’. Write Kx- + B’ = g"*(Kx + B); then B/
(respectively, M) is the discriminant part (respectively, the moduli part) of the canonical bundle
formula of Kx» + B’ on Z’.

By [35, Theorem 8.1] (see Remark 2.15), M is b-semi-ample. Then there exists a resolution g : Z’ — Z
such that Mz is semi-ample, and Bz + Supp(g~'(Z)) is a simple normal crossing divisor. By applying
Claim 4.4 to all codimension > 1 points on Z, we get that the coefficients of Bz, are at most % Thus
we may take a general Q-divisor Lz > 0 on Z’ such that Mz ~g Lz, Bz» + Lz is simple normal
crossing, and the coefficients of B + L/ are at most % In this case, (Z/,Bz + Lz/) is %—lc. Note that

K7 +Bz + Ly ~Q Kz +Bz + My = g*(Kz + Bz +Mz) ~Q,Z 0,

hence by the negativity lemma [9, Lemma 3.6.2],

g*(KZ + By +g*LZf) = g*g*(KZ/ +Bzf + LZ’) =Kz +BZ’ + Ly

Thus Mz ~g gLz > O and (Z, Bz + g.Lz/) is 1-lc. o

Proof of Theorem 1.4. As the statement is local, we may assume that Z is affine. Since —Kx is ample
over Z, there exists a positive integer N such that —NKx is very ample over Z. Let H be a general very
ample divisor on X such that H ~; —NKx, and take B = ﬁH . Then Kx + B ~q,z 0, B has no vertical
irreducible component over Z, and (X, B) is canonical. By Corollary 1.8, we can choose Mz > 0
representing the moduli part and B the discriminant part of the canonical bundle formula of Kx + B
on Z such that (Z, Bz + M) is %-lc. Note that B > 0 implies that Bz > 0. Thus Z is %-lc. ]

Finally, as an application of Corollary 1.8, we show the following weaker version of Iskovskikh’s
conjecture under a more general setting without using the classification of terminal singularities in
dimension 3 as in [30].

Corollary 4.5. Let 1 : X — Z be a contraction between normal varieties such that

1. dimX -dimZ =1,
2. there is no prime divisor D on X such that codim(n(D), Z) > 2,
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3. X is terminal,
4. Kz is Q-Cartier, and
5. —=Kx is ample over Z.

Then Z is %—klt.

Here, the assumption in (2) is a natural geometric condition: for example, it holds if all fibres of x
are 1-dimensional or if p(X/Z) = 1.

Proof. As the statement is local, we may assume that Z is affine. By Theorem 1.4, Z is %-lc. Assume
to the contrary that Z is not %-klt; then there exists an exceptional prime divisor E over Z such that
a(E,Z) = % Denote by cz (E) the center of E on Z.

By [9, Corollary 1.4.3], we can find a proper birational morphism g : Z’ — Z such that E is the
only g-exceptional divisor. Let X’ be a resolution of the main component of X Xz Z’ with induced
morphisms g’ : X’ —» Xandn' : X' — Z":

x £ .ox

A

7 ——7.
g

We can write Kx + G = g Kx, Kz + 3E = g"K5.
As —Ky is ample over Z, for any 7 € (0, 1) N Q, we can take an effective Q-divisor B’ on X such that

(X, B") is canonical,

B’ has no vertical irreducible component over Z,

Kx + B! ~Q,Z 0, and

Supp(B') > Supp(7~'(cz(E))), and the multiplicity of each irreducible component of
Supp(n~!(cz(E))) in B is a non-constant linear function in ¢.

O O O O

The construction is as follows. Take a sufficiently large N such that -NKx ~z H is a very ample divisor
on X, and Ox (H) and Ox (H) ® Isupp(x-1(c, (E))) are generated by global sections. Now take B to be
a general global section of Ox (H) and B; a general global section of Ox (H) ® Isypp(x-1(c, (E)))- Then

B' = %Bl + 3 By satisfies the requirements for sufficiently small positive rational number s. Here,
the assumption in (3) guarantees that (X, B') is canonical, and the assumption in (2) guarantees that B’
has no vertical irreducible component over Z as Supp(7~' (¢ (E))) has codimension at least 2 in X.

Then by Corollary 1.8, for any ¢ € (0, 1) N Q, we can choose M., > 0 representing the moduli part
of the canonical bundle formula of Kx + B’ on Z such that (Z, B}, + M}) is %—lc, where BY, > 0 is
the discriminant part. In particular, ¢z (E) is not contained in Supp(B’, + M), otherwise a(E, Z, B}, +
M%) < a(E,Z) = %, which is absurd. As we described in Section 2.4, there are b-divisors B’ and M*
such that

o B, = B,, M\, = M},
o Kx+G+g"B' =n"(Kz +B, + M),
o Kz +B, +M., =g"(Kz + B, + M},) = Kz + 3E + g* (B}, + M.,).

negativity lemma [9, Lemma 3.6.2]. As ¢z (E) is not contained in Supp(B’, + M.,), we get multy M/, =
0 and then multg BY,, = % The latter one implies that Ict(X’/Z’ > ng,G + ¢”*B'; n”*E) = % by
definition, where g is the generic point of E. This is absurd, as by the construction of B, lct(X’/Z’ 3
ne,G + g’*B'; n”*E) is a non-constant function in 7. O

Recall that M’ is b-semi-ample by [35, Theorem 8.1] (see Remark 2.15), so M}, < g*MJ by the
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Remark 4.6. 1. By Example 1.3, the assumption in (3) of Corollary 4.5 cannot be replaced by ‘X is
canonical’.

2. We expect that the assumptions in (2) and (5) of Corollary 4.5 are all necessary. In fact, by the
terminalisation of Example 1.3, the assumptions in (2) and (5) cannot be removed at the same time.

Prokhorov provided us with the following example, which shows that Corollary 4.5 cannot be
improved if dim X > 4.

Example 4.7. Consider the following action of ft3,,,+1 on P; x C3

(x;u, v, w) > (EMx; Eu, Ev, EMw),

where m is a positive integer and ¢ is a primitive (2m + 1)th root of unity. Let X = (P! x C)/p2m+1,
Z=C /om+1 and m : X — Z the natural projection. Since py,+1 acts freely in codimension 1,
—Kx is m-ample and p(X/Z) = 1. Note that Z has an isolated cyclic quotient singularity of type
ﬁ(l’ 1, m) at the origin 0 € Z, and mld(Z 3 o) = 2’::;2] (see [4] for the computation of minimal log
discrepancies of toric varieties). On the other hand, X has two isolated cyclic quotient singularities of

types s—— (m, 1,1,m) and 5=—(m + 1, 1, 1, m) that are terminal (see [36, (4.11) Theorem]).

2m+1 2m+1

Acknowledgments. We are grateful to V. V. Shokurov for sharing with us his conjecture (Conjecture 1.1) and for many useful
discussions and insightful suggestions. In particular, Shokurov suggested that we consider sub-pairs in the formulation of the
main results, which greatly simplified our previous proof. The third named author would like to thank his advisor Chenyang Xu
for his support. Part of this work was done while the third named author visited Zhiyu Tian at BICMR, Peking University, during
the 2020 Fall Semester, and he would like to thank them for their hospitality. We would like to thank Caucher Birkar, Yifei Chen,
Jihao Liu, Shigefumi Mori and Yuri Prokhorov for helpful comments. We thank the referees for useful suggestions and comments.

Financial Support. The first named author was supported by a grant from the Simons Foundation (Grant Number 814268,
MSRI) and Start-up Grant No. JIH1414011Y of Fudan University. The second named author was supported by NSFC for
Innovative Research Groups (Grant No. 12121001) and the National Key Research and Development Program of China (Grant
No. 2020YFA0713200).

Conflicts of interest. None.

References

[1] V. Alexeev, Two two-dimensional terminations, Duke Math. J. 69 (1993), no. 3, 527-545. http://doi.org/10.1215/
S0012-7094-93-06922-0
[2] V. Alexeev, A. Borisov, On the log discrepancies in toric Mori contractions, Proc. Amer. Math. Soc. 142 (2014), no. 11,
3687-3694. http://doi.org/10.1090/S0002-9939-2014-12159-9
[3] F. Ambro, The modulib-divisor of an lc-trivial fibration, Compos. Math. 141 (2005), no. 2, 385-403. http://doi.org/
10.1112/S0010437X04001071
[4] F. Ambro, The set of toric minimal log discrepancies, Cent. Eur. J. Math. 4 (2006), no. 3, 358-370. http://doi.org/
10.2478/s11533-006-0013-x
[5] C. Birkar, Singularities on the base of a Fano type fibration, J. Reine Angew. Math. 715 (2016), 125-142. http://doi.org/
10.1515/crelle-2014-0033
[6] C. Birkar. Log Calabi-Yau fibrations, arXiv:1811.10709v2. http://doi.org/10.48550/arXiv.1811.10709
[7] C. Birkar, Anti-pluricanonical systems on Fano varieties, Ann. of Math. (2) 190 (2019), no. 2, 345-463. http://doi.org/
10.4007/annals.2019.190.2.1
[8] C. Birkar. Singularities of linear systems and boundedness of Fano varieties, Ann. of Math. (2) 193 (2021), no. 2, 347-405.
http://doi.org/10.4007/annals.2021.193.2.1
[9] C.Birkar, P. Cascini, C. D. Hacon, and J. MCkernan, Existence of minimal models for varieties of log general type, J. Amer.
Math. Soc. 23 (2010), no. 2, 405-468. http://doi.org/10.1090/S0894-0347-09-00649-3
[10] C. Birkar, Y. Chen, Singularities on toric fibrations, Sb. Math. 212 (2021), no. 3, 20-38. http://doi.org/10.4213/sm9446
[11] G. Chen, J. Han, Boundedness of (€, n)-complements for surfaces, arXiv:2002.02246v2, short version published on Adv.
Math. 383 (2021), 107703, 40pp. http://doi.org/10.1016/j.aim.2021.107703
[12] T. de Fernex, L. Ein, and M. Mustatd, Log canonical thresholds on varieties with bounded singularities, Classification of
algebraic varieties, 221-257, EMS Ser. Congr. Rep., Eur. Math. Soc., Ziirich, 2011. http://doi.org/10.4171/007-1/10
[13] S. Filipazzi, J. Moraga, Strong (&, n)-complements for semistable morphisms, Doc. Math. 25 (2020), 1953-1996.
http://doi.org/10.25537/DM.2020V25.1953-1996

https://doi.org/10.1017/fms.2022.32 Published online by Cambridge University Press


http://doi.org/10.1215/S0012-7094-93-06922-0
http://doi.org/10.1090/S0002-9939-2014-12159-9
http://doi.org/10.1112/S0010437X04001071
http://doi.org/10.2478/s11533-006-0013-x
http://doi.org/10.1515/crelle-2014-0033
http://doi.org/10.48550/arXiv.1811.10709
http://doi.org/10.4007/annals.2019.190.2.1
http://doi.org/10.4007/annals.2021.193.2.1
http://doi.org/10.1090/S0894-0347-09-00649-3
http://doi.org/10.4213/sm9446
http://doi.org/10.1016/j.aim.2021.107703
http://doi.org/10.4171/007-1/10
http://doi.org/10.25537/DM.2020V25.1953-1996
https://doi.org/10.1017/fms.2022.32

24 Jingjun Han et al.

[14] O. Fujino, Y. Gongyo, On the moduli b-divisors of lc-trivial fibrations, Ann. Inst. Fourier (Grenoble) 64 (2014), no. 4,
1721-1735. http://doi.org/10.5802/aif.2894

[15] C. Galindo, F. Hernando, and F. Monserrat, The log-canonical threshold of a plane curve, Math. Proc. Cambridge Philos.
Soc. 160 (2016), no. 3, 513-535. http://doi.org/10.1017/S0305004 116000037

[16] J. Han, Z. Li, and L. Qi, ACC for log canonical threshold polytopes, Amer. J. Math. 143 (2021), no. 3, 681-714.
http://doi.org/10.1353/ajm.2021.0016

[17] J. Han, J. Liu, and V. V. Shokurov, ACC for minimal log discrepancies of exceptional singularities, arXiv:1903.04338v2.
http://doi.org/10.48550/arXiv.1903.04338

[18] J. Han and Y. Luo, On boundedness of divisors computing minimal log discrepancies for surfaces, arXiv:2005.09626v3.
Main part to appear in J. Inst. Math. Jussieu. http://doi.org/10.48550/arXiv.2005.09626

[19] R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, No. 52. Springer-Verlag, New York-Heidelberg, 1977.

[20] Z. Hu, Log abundance of the moduli b-divisors of lc-trivial fibrations, arXiv:2003.14379v3. http://doi.org/10.48550/
arXiv.2003.14379

[21] V. A. Iskovskikh, On a rationality criterion for conic bundles, Mat. Sb. 187 (1996), no. 7, 75-92; translation in Sb. Math.
187 (1996), no. 7, 1021-1038. http://doi.org/10.1070/SM1996v187n07ABEH000145

[22] C.lJiang, A gap theorem for minimal log discrepancies of noncanonical singularities in dimension three, J. Algebraic Geom.
30 (2021), 759-800. http://doi.org/10.1090/jag/759

[23] C.lJiang, Y. Zou, An effective upper bound for anti-canonical volumes of canonical Q -Fano threefolds, arXiv:2107.01037v1,
to appear in Int. Math. Res. Not.. http://doi.org/10.48550/arXiv.2107.01037

[24] Y. Kawamata, Subadjunction of log canonical divisors for a variety of codimension 2, Birational algebraic geometry (Balti-
more, MD, 1996), 719-88, Contemp. Math., 207, Amer. Math. Soc., Providence, RI, 1997. http://doi.org/10.1090/conm/207

[25] Y. Kawamata, Subadjunction of log canonical divisors, II, Amer. J. Math. 120 (1998), no. 5, 893-899. http://doi.org/
10.1353/ajm.1998.0038

[26] J. Kolldr, Which powers of holomorphic functions are integrable?, arXiv:0805.0756v1. http://doi.org/10.48550/
arXiv.0805.0756

[27] J. Kollr, S. Mori, Birational geometry of algebraic varieties, Cambridge Tracts in Mathematics, 134. Cambridge University
Press, Cambridge, 1998. http://doi.org/10.1017/CBO9780511662560

[28] J. Kolldr, K. E. Smith, and A. Corti, Rational and nearly rational varieties, Cambridge Studies in Advanced Mathematics,
92. Cambridge University Press, Cambridge, 2004. http://doi.org/10.1017/CBO9780511734991

[29] T. Kuwata, On log canonical thresholds of reducible plane curves, Amer. J. Math. 121 (1999), no. 4, 701-721. http://doi.org/
10.1353/2jm.1999.0028

[30] S. Mori, Yu. G. Prokhorov, On Q-conic bundles, Publ. Res. Inst. Math. Sci. 44 (2008), no. 2, 315-369. http://doi.org/
10.2977/PRIMS/1210167329

[31] S. Mori, Yu. G. Prokhorov, On Q-conic bundles, 1I, Publ. Res. Inst. Math. Sci. 44 (2008), no. 3, 955-971. http://doi.org/
10.2977/prims/1216238307

[32] S. Mori, Yu. G. Prokhorov, Multiple fibers of del Pezzo fibrations, Proc. Steklov Inst. Math. 264 (2009), no. 1, 131-145.
http://doi.org/ 10.1134/S0081543809010167

[33] Yu. G. Prokhorov, Lectures on complements on log surfaces, MSJ Memoirs, 10. Mathematical Society of Japan, Tokyo,
2001. http://doi.org/10.2969/msjmemoirs/010010000

[34] Yu. G. Prokhorov, The rationality problem for conic bundles, Uspekhi Mat. Nauk 73 (2018), no. 3(441), 3-88; translation
in Russian Math. Surveys 73 (2018), no. 3, 375-456. http://doi.org/10.4213/rm9811

[35] Yu. G. Prokhorov, V. V. Shokurov, Towards the second main theorem on complements, J. Algebraic Geom. 18 (2009), no.
1, 151-199. http://doi.org/10.1090/S1056-3911-08-00498-0

[36] M. Reid, Young person’s guide to canonical singularities, Algebraic geometry, Bowdoin, 1985 (Brunswick, Maine, 1985),
345-414, Proc. Sympos. Pure Math., 46, Part 1, Amer. Math. Soc., Providence, RI, 1987. http://doi.org/10.1090/pspum/046.1

[37] V. V. Shokurov, A.c.c. in codimension 2, preprint, 1994.

[38] V. V. Shokurov, Problems for students, I: Relative thresholds, preprint, 2014.

[39] M. Temkin, Desingularization of quasi-excellent schemes in characteristic zero, Adv. Math. 219 (2008), no. 2, 488-522.
http://doi.org/10.1215/00127094-1699539

https://doi.org/10.1017/fms.2022.32 Published online by Cambridge University Press


http://doi.org/10.5802/aif.2894
http://doi.org/10.1017/S0305004116000037
http://doi.org/10.1353/ajm.2021.0016
http://doi.org/10.48550/arXiv.1903.04338
http://doi.org/10.48550/arXiv.2005.09626
http://doi.org/10.48550/arXiv.2003.14379
http://doi.org/10.1070/SM1996v187n07ABEH000145
http://doi.org/10.1090/jag/759
http://doi.org/10.48550/arXiv.2107.01037
http://doi.org/10.1090/conm/207
http://doi.org/10.1353/ajm.1998.0038
http://doi.org/10.48550/arXiv.0805.0756
http://doi.org/10.1017/CBO9780511662560
http://doi.org/10.1017/CBO9780511734991
http://doi.org/10.1353/ajm.1999.0028
http://doi.org/10.2977/PRIMS/1210167329
http://doi.org/10.2977/prims/1216238307
http://doi.org/10.1134/S0081543809010167
http://doi.org/10.2969/msjmemoirs/010010000
http://doi.org/10.4213/rm9811
http://doi.org/10.1090/S1056-3911-08-00498-0
http://doi.org/10.1090/pspum/046.1
http://doi.org/10.1215/00127094-1699539
https://doi.org/10.1017/fms.2022.32

	1 Introduction
	2 Preliminaries
	2.1 Divisors
	2.2 Pairs and singularities
	2.3 Log canonical thresholds
	2.4 Canonical bundle formula
	2.5 Contractions of Fano type
	2.6 Formal surface germs

	3 Log canonical thresholds on a smooth surface germ
	4 Proofs of the main theorems
	4.1 Proof of Theorem 1.10
	4.2 Proofs of Theorems 1.4 and 1.7


